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Introduction

• The AdS/CFT correspondence relates string theory on a AdS space to a
CFT on the boundary of AdS.

• The best studied example relates IIB string theory on AdS5 × S5 and
N = 4 SU(N) Yang-Mills theory.

• The duality is expected to hold in less symmetric situations, corresponding
to deformations of the original correspondence.
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Janus solution and interface CFT

Janus solution is a simple dilatonic deformation of the AdS5×S5 background
of IIB supergravity.

Named after the two faced Roman god of beginnings, endings, doors and
string dualities.
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The Janus solution is a deformation of AdS5× S5 where the dilaton is non
constant and one parameterizes the noncompact space using AdS4 slices

ds2 = f(µ)
(
dµ2 + ds2AdS4

)
+ ds2S5

The five form and dilaton are given by

F5 = 2f(µ)
5
2dµ ∧ ωAdS4 + 2ωS5, φ = φ(µ)

The undeformed AdS5 is given by f(µ) = 1/ cos2(µ) and φ = const. The
coordinate µ ranges from µ ∈ [−π/2, π/2].

The equation of motion can be reduced to

f ′f ′ = 4f3 − 4f2 +
c20
6

1
f
, φ′(µ) =

c0

f
3
2(µ)
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For a nonzero c0 the coordinate µ ranges from µ = [−µ0, µ0] with
µ0 > π/2.

The dilaton φ approaches two constants values near µ = ±µ0

-1.5 -1 -0.5 0.5 1 1.5
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1

The Janus solution is ’fat’ dilatonic domain wall with a AdS4 world-
volume.
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All supersymmetries are broken, since the dilatino variation is always nonzero

δλ = iPMΓMB−1ε∗ − i

24
ΓMNPGMNPε

The solution is nevertheless stable against a large class of perturbations
[Freedman et al. hep-th/0312055].

Near µ = ±µ0 the metric has the following asymptotic behavior in global
coordinates for AdS4

ds2 ∼ 1
(µ∓ µ0)2 cos2 λ

(
cos2 λdµ2 − dt2 + dλ2 + sin2 λdΩ2

S2

)

in Poincare coordinates for AdS4

ds2 ∼ 1
(µ∓ µ0)2z2

(
z2dµ2 − dt2 + dx2

1 + dx2
2

)
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In global coordinates the boundary consists of two halves of S3 at µ = ±µ0,
joined at the pole of S3 where λ = π/2.

In Poincare coordinates the spatial section of the boundary consists of two
three dimensional half planes joined by a two dimensional interface.

µ

−µ +µ0 0

0
+µ

0−µ

The dilaton behaves as

lim
µ→±µ0

φ(µ) = φ
(0)
± + φ

(1)
± (µ∓ µ0)4 + · · ·
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Interface conformal field theory

The standard field operator mapping of AdS/CFT relates the constant part
of the dilaton φ ∼ z∆−4 with the insertion of the operator dimension ∆ = 4
operator L′ = trF 2 + · · ·.
In Poincare coordinates the boundary corresponds to two half spaces. Since
the action of SYM theory is given by

S =
∫
d4x

1
g2
YM

L′

The dual of the Janus solution can be viewed as a theory where the YM
coupling constant makes a jump across the interface

gYM(xπ) = g
(0)
YM(1 + εΘ(xπ))
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where xπ is the coordinate normal to the three dimensional defect.

x0,1,2

xπ

gYM− g
YM+

xπ=0

The position dependent gauge coupling breaks all supersymmetry, since
the supersymmetry variation of the Lagrangian is

δL =
1
g2

(
∂κX

κ − (∂κζ̄)Sκ
)
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Nevertheless the theory inherits many properties of the original N=4 theory,
and several checks of the correspondence have been performed [Freedman et

al. hep-th/0407073].

There are no degrees of freedom localized at the interface xπ = 0. The
presence of the interface breaks the conformal SO(4, 2) symmetry down to
SO(3, 2) (just as in the case of a boundary CFT). The SU(4) R-symmetry
is unbroken by the interface CFT.
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Classification of supersymmetric Interface CFTs

The original Janus solution breaks all supersymmetry. In Freedman et
al. hep-th/0407073, it was shown that on the field theory side some
supersymmetry can be restored by adding ’Interface counterterms’.

The theory was written in terms of N = 1 chiral and vector superfields. The
interface terms break the R-symmetry to SU(3) and there is one unbroken
supersymmetry subject to the spinor projection

(
1 + iγ5γπ

)
ε = 0

The theory exhibits N = 1 interface susy, meaning 2 real unbroken
supercharges.
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In the following we want to answer the questions systematically

• Is the solution of Freedman et al. the only solution ?

• Can interface counterterms be added to get theories with more
supersymmetry ?

• Can one classify all interface theories with supersymmetry ?
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The action of N = 4 Super Yang-Mills is given by

L0 = − 1
4g2

tr (FµνFµν)− 1
2g2

tr(DµφiDµφ
i) +

1
4g2

tr([φi, φj][φi, φj])

− i

2g2
tr

(
ψ̄γµDµψ

)
+

i

2g2
tr

(
Dµψ̄γ

µψ
)

+
1

2g2
tr

(
ψtCρi[φi, ψ] + ψ†C(ρi)∗[φi, ψ∗])

Where ρi, i = 1, · · · , 6 are the SU(4) Clebsch-Gordan coefficients
(SO(6)gamma matrices). The scalars φi and spinors ψ transform as a
6 and 4 of the SU(4) R-symmetry respectively. The theory has a N = 4
superconfomal invariance.
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The supersymmetry transformations are given by

δ0Aµ = iψ̄γµζ − iζ̄γµψ

δ0φ
i = iζtCρiψ + iψ̄B(ρi)∗ζ∗

δ0ψ =
1
2
Fµνγ

µνζ + (Dµφ
i)γµB(ρi)∗ζ∗ − i

2
[φi, φj]ρijζ

The original interface theory is given by a space dependent coupling constant
gYM(xπ), which makes a discontinuous jump at xπ = 0. The interface
counterterms are localized at xπ = 0. The interface will preserve SO(2, 3).

In order to avoid technical complications we introduce a smooth function
gYM(xπ). This breaks the conformal symmetry.
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2

g

g+
2

2 (

location of interface

−g

πx

πx

)

One checks for the existence of 2+1 dim Poincare supersymmetry, which in
the limit gYM(xπ) → gYM(1+∆gYMΘ(xπ)) to superconformal symmetry.

The Lagrangian is modified by terms proportional to ∂πgYMand (∂πgYM)2

L = L0 + Linterface

where Linterface = 0 for constant gYM and contains all terms of scaling
dimension 3 consistent with gauge symmetry and 2+1 dimensional Poincare
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invariance

In the superconformal limit ∂πgYM ∼ δ(xπ) and the interface terms are
localized at xπ = 0.

The supersymmetry transformations are modified

δΦ = δ0Φ + δinterfaceΦ

The condition of interface supersymmetry then reads that the complete
susy variation of the new Lagrangian vanishes

δL = δ0L0 + δ0Lint + δintL0 + δintLint = 0

The variation of the original action can be expressed in terms of the
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supercurrent and Noether variation of the original action.

− 1
g2

(∂πζ̄)Sπ + 2
∂πg

g3
Xπ + δ0Lint + δintL0 + δintLint = 0

up to total derivatives
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The complete set of possible interface operators is given by

Lψ =
(∂πg)
g3

tr
(
y1ψ̄γ

πψ +
i

4
yij2 ψ̄γ

πρijψ

− i
2
yijk3

(
ψtCρijkψ + ψ†C(ρijk)∗ψ∗)

)

Lφ =
(∂πg)
2g3

tr
(
zij1 ∂π(φ

iφj) + 2zij2 φ
[iDπφ

j] − izijk3 φi[φj, φk]
)

Lφ2 =
(∂πg)2

2g4
zij4 tr

(
φiφj

)

with respect to the SU(4) R-symmetry the operators transform as

y1 : 1 z1 : 1⊕ 20′ z4 : 1⊕ 20′

y2 : 15 z2 : 15 y3 : 10⊕ 10 z3 : 10⊕ 10
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The interface supersymmetry transformations are

δintφ
i = δintAµ = 0, δintψ = (∂πg)χiφi

with some arbitrary xπ dependent spinors χi

The vanishing of the variation can be decomposed by demanding that
independent field combinations like φiψ̄, φi∂πψ̄, Fµνψ̄,, Dµφ

iψ̄ and
[φi, φk]ψ̄.

The SO(2,1) Poincare symmetry can be used to further decompose the
equations

for later convenience we defined

Y2 ≡ yij2 ρ
ij Y3 ≡ −yijk3

(
ρijk

)∗

Z2 ≡ zij2 ρ
ij Z3 ≡ −zijk3

(
ρijk

)∗
(1)
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The equations for unbroken susy are given by

(1) ζ = Y3γ
πBζ∗

(2) Y3ρ
iζ = −(ρi)∗γπBζ∗ + zij1 (ρj)∗γπBζ∗

(3) −ρijζ + y1iρ
ijζ + ρij

∂πζ

∂πg
− 1

4
Y2ρ

ijζ + Y3(ρij)∗γπBζ∗ − 3zijk3 (ρk)∗γπBζ∗

+2zij2 ζ − (ρi)∗(zjk1 + zjk2 )ρkζ + (ρj)∗(zik1 + zik2 )ρkζ = 0

(4)
∂πζ

∂πg
= −iy1ζ +

1
4
Y2ζ

(5) ρi
∂πζ

∂πg
= iy1ρ

iζ +
1
4
Y ∗2 ρ

iζ − zij2 ρ
jζ

(6) χi = −(zij1 + zij2 )(ρj)∗γπBζ∗

(7) (−iy1 +
1
4
Y2 − 1)(zij1 + zij2 )(ρj)∗γπBζ∗ − Y3(z

ij
1 + zij2 )ρjζ
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−zij4 (ρj)∗γπBζ∗ − (zij1 + zij2 )(ρj)∗
∂πγ

πBζ∗
∂πg

= 0

The SU(4) symmetry SYM action and covariance of the interface
Lagrangian allows to find the general solution to these complicated set
of equations.

Firstly one can gauge away Y2 and diagonalize Y3

Y2 = 0, Y3 = eiθD3 = eiθ




1
a

b
c




Z2 = −4iy1
(
I − 4β1 ⊗ β†1

)
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Z3 = 8Y3 + 32iy1 eiθβ1 ⊗ βt1

zij4 = −(zik1 + zik2 )(zjk1 + zjk2 )

Where β is an eigenvector with unit eigenvalue ofD3. The number of linearly
independent vectors β determines the number of unbroken supersymmetries.

The theory with N = 1 interface supersymmetry is given by choosing
a = b = c = 0 and corresponds (after rescaling of fields) to the theory of
Freedman et al.
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There are theories with extendedN = 4 andN = 2 interface supersymmetry
where y1 = Y2 = Z2 = 0 and D3 given by

(I) b = c = 1 e4iθ = 1 SU(2)× SU(2)

(II) b = c = 0 θ arbitrary SO(2)× SU(2)

(III) b = c 6= 0, 1 e4iθ = 1 SO(2)× SO(2)

Theory (I) has N = 4 interface supersymmetry and (II,III) has N = 2
interface supersymmetry.

The theories with extended supersymmetry have a superconformal limit,
a gYM dependent rescaling of the scalar fields eliminates the (∂πgYM)2

terms.
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N=1 Supersymmetric Janus solution

The SYM analysis shows that there is a ten dimensional supersymmetric
Janus solution which is dual to the supersymmetric interface theory of
Freedman et al. The approach we are pursuing is to write down the most
general ansatz consistent with the symmetries and solve the conditions for
the existence of an unbroken supersymmetry.

The solution is of Janus type to guarantee the interface CFT structure.

The symmetry of the ansatz should respect the symmetries of the interface
CFT

SO(3, 2)× SU(3)

The superpotential interface counterterms have dimension ∆ = 3 and are
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in the multiplet transforming as 10 ⊕ 10 of SU(4). The operator field
correspondence maps these operators to the second rank AST potential of
IIB supergravity.

The N = 1 interface conformal field theory corresponds to one unbroken
supersymmetry from the five dimensional supergravity point of view.

The SU(3) symmetry can be implemented by noting that S5 can be
constructed as a U(1) fibration over CP2

ds2S5 = (dβ +A1)2 + ds2CP2

since CP2 = SU(3)/(SU(2)× U(1)) and S5 = SU(3)/SU(2).

The metric ansatz corresponds to Janus like slicing of AdS5 and a squashing
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of the five sphere

ds2 = f2
4

(
dµ2 + ds2AdS4

)
+ f2

1 (dβ +A1)2 + f2
2ds

2
CP2

Where f1, f2, f4 all depend on µ only.

The ansatz for the complex third rank AST is

G = a e5 ∧A2 − ib e4 ∧A2 + c e5 ∧ Ā2 − id e4 ∧ Ā2

Where a, b, c, d all depend only on µ

e5 = f1(µ)(dβ −A1), e4 = f4(µ)dµ

and A2 = dA1 is the Kaehler form on CP2.
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The fermionic fields are the dilatino λ and the gravitino ψM , are complex
Weyl spinors. The supersymmetry variations of the fermions are

δλ = iPMΓMB−1ε∗ − i

24
ΓMNPGMNPε

δψM = Dµε+
i

480
F(5)NPQRSΓNPQRSΓMε

+
1
96

(Γ NPQ
M GNPQ − 9ΓNPGMNP )B−1ε∗

The gravitino variation implies ζ− = 0.

The dilatino variation for ζ+ implies

(c+ d)(c∗ − d∗) = f4|B′|2(f4)−2

The integrability conditions (δεδε′−δε′δε)ψµ of the gravitino equations imply
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for the CP2 directions

f ′2
f2

=
f2
4

2f2B′
(ac+ bd)

f1f4
f2
2

− f4f5 =
f2
4

2f2B′
(ad+ bc)

The fiber component gives

f ′1
f1

=
f2
4

2f2B′
(3ac− bd)

3
f4
f1
− 2

f1f4
f2
2

− f4f5 =
f2
4

2f2B′
(3ad− bc)
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The AdS4 component gives

f2
1f

2
4

f4
2

−
(
f ′2
f2

+
f ′4
f4

)2

= 1

It can be shown that solutions to these first order equations are also solutions
to the equations of motion.

A simple solution of this system of equation can be obtained by setting
a = 0. All functions of the solution can then be obtained from a single
function ψ satisfying

(ψ′)2 =
(

1 +
C2

2

9ρ8
ψ6

)2

− ψ2

where ρ and C2 are integration constants.
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The relations for the metric functions f1, f2 and f4 are

f4
4 =

ρ2

ψ4
+
C2

2

9ρ6
ψ2

f2 =
ρ

f4ψ
, f1 =

ψ

f4

and similarly for the functions b, c, d of the AST.

This solution is presumably closely related the ten dimensional lift of the
supersymmetric Janus solution found in five dimensional N = 2 gauged
supergravity [Clark and Karch, :hep-th/0506265]
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The equation can be easily solved numerically The dilaton is given by

-1.5 -1 -0.5 0.5 1 1.5
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the metric functions f4 and f1, f2 are given by

-1.5 -1 -0.5 0.5 1 1.5

20
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(a) (b)
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the functions c and d of the AST are given by
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The AST field does indeed correspond to a interface counterterm
localized on the defect:

For the Poincaré metric of Euclidean AdS5

ds2 =
1
z2

(
dz2 +

∑

i

dx2
i

)

Near the boundary of AdS5, where z → 0, a scalar field Φm of mass m
behaves as

Φm(z, x) ∼ φnon−norm(x)z4−∆ + φnorm(x)z∆

The metric of the Janus solution has a slightly more complicated asymptotic
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structure

ds2 =
1

(µ∓ µ0)2z2

(
dz2 +

3∑

i=1

dx2
i + z2dµ2

)
+ · · ·

the boundary is reached by ε2 = (µ∓ µ0)2z2 → 0. The AST field satisfies

c(µ) = const(µ0 ∓ µ)3 + · · ·

Which corresponds to a dimension ∆ = 3 operator in the CFT. The non
normalizable part, gives the operator insertion

cnon−norm = lim
ε→0

ε∆−4c(µ)

= lim
ε→0

const

ε
(µ∓ µ0)3
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= lim
(µ∓µ0)z→0

const
(µ∓ µ0)2

z

Which vanishes away from the interface where z 6= 0. I.e at the boundary
µ→ ±µ0 away from the defect. There is no operator source.

At the interface z → 0 the operator source blows up, indicating a delta
function source localized at the interface.
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Conclusions

• The Janus solution is an interesting deformation of AdS5 × S5 solution
leading to a dual interface CFT

• A complete classification of supersymmetric interface CFT’s was given

• A gYM dependent rescaling of the scalar fields allows a superconformal
limit for all supersymmetric interface theories.

• The interface theory of Freedman et al is the only N = 1 (up to SU(4)
rotations).

• Interface CFTs with N = 2 and N = 4 supersymmetry were found.
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• A ten dimensional solutions of the N = 1 supersymmetric interface CFT
was presented. The interface counterterms are produced by turning on
the AST field.

• The equation governing the solution are as complicated as the nonsusy
Janus solution
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Open questions

• It is an open question what the supergravity solution of the N = 2 and
N = 4 theories are.

• It would be interesting to investigate whether the Janus solution
(supersymmetric or not) can be obtained from the near horizon limit
of a brane configuration. The supersymmetric solutions might be more
tractable in this respect.

• Is the supersymmetric Janus solution related to intersecting brane
configurations with the same amount of supersymmetry and the same R-
symmetry ? In particular if one takes the back reaction in Karch-Randall
into account ? How would the localized degrees of freedom disappear ?
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