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Introduction: Hidden symmetries

D = 11, N = 1 supergravity on T n
[Cremmer, Julia 1979]

n Scalar Coset En/K(En)

1 GL(1)/1

2 GL(2)/SO(2)

3 SL(3) × SL(2)/U(2)

4 SL(5)/SO(5)

5 SO(5, 5)/SO(5) × SO(5)

6 E6/USp(4)

7 E7/SU(8)

8 E8/(Spin(16)/Z2)

9 E9/K(E9)

10 E10/K(E10)

11 E11/K(E11)

y

y

yy

y

y

y

y

y

y [Julia 1982]

y
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Introduction (II)

New impetus for E10 : Cosmological Billiards (BKL)
Near a space-like singularity dynamics of 10 spatial
scale factors can be mapped onto billiard motion in the
fundamental Weyl chamber of E10. [Damour, Henneaux 2001]

Extended to conjectured KM/SUGRA correspondence

Null geodesic mo-
tion of
massless particle
on E10/K(E10)
coset
V(t)

Dynamical
⇐⇒

equivalence

D = 11
(or M-theory??)
G

(11)
MN (t,x)

A
(11)
MNP (t,x)

⇒ see also talk by Thibault Damour
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Near a space-like singularity dynamics of 10 spatial
scale factors can be mapped onto billiard motion in the
fundamental Weyl chamber of E10. [Damour, Henneaux 2001]

Extended to conjectured KM/SUGRA correspondence

Null geodesic mo-
tion of spinning
massless particle
on E10/K(E10)
coset
V(t)

Dynamical
⇐⇒

equivalence

THIS TALK

D = 11 SUGRA
(or M-theory??)
G

(11)
MN (t,x)

A
(11)
MNP (t,x)

ψ
(11)
M (t,x)

[Damour, Henneaux, Nicolai 2002]

⇒ see also talk by Thibault Damour
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Introduction (II)

New impetus for E10 : Cosmological Billiards (BKL)
Near a space-like singularity dynamics of 10 spatial
scale factors can be mapped onto billiard motion in the
fundamental Weyl chamber of E10. [Damour, Henneaux 2001]

Extended to conjectured KM/SUGRA correspondence

Null geodesic mo-
tion of spinning
massless particle
on E10/K(E10)
coset
V(t) Ψ(t)

Dynamical
⇐⇒

equivalence

THIS TALK

D = 11 SUGRA
(or M-theory??)
G

(11)
MN (t,x)

A
(11)
MNP (t,x)

ψ
(11)
M (t,x)

[DHN][Damour, AK, Nicolai 2006][de Buyl, Henneaux, Paulot 2006]

⇒ see also talk by Thibault Damour
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Other approaches and related work

E11 as symmetry before reduction
[West 2001] [Schnakenburg, West 2001]

⇒ see also talk by Peter West

Geodesic E11 coset model
[Englert, Houart 2003]

Borcherds symmetries and mysterious dualities
[Julia, Henry-Labordère, Paulot 2002]

Automorphic forms E10 and Borcherds
[Harvey, Moore 1995]

[Dijkgraaf, Verlinde, Verlinde 1995]

[Brown, Ganor, Helfgott 2004]

[...]
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E10/K(E10) coset (I)

E10 is the Kac–Moody group with hyperbolic Kac–Moody
Lie algebra e10 of infinite dimension. Dynkin diagram

1 2 3 4 5 6 7 8 9

10

y y y y y y y y y

y

y

⇐⇒
Aij : Cartan matrix

(Lorentz signature)

Triangular decomposition (‘matrices’): e10 = n− ⊕ h ⊕ n+

Invariant bilinear form (‘trace’): 〈[x, y]|z〉 = 〈x|[y, z]〉

(Chevalley) transposition: (n±)T = n∓, (h)T = h

and ([x, y])T = [yT , xT ] = −[xT , yT ]

Define the compact subalgebra K(e10) ⊂ e10 by

K(e10) =
{

x ∈ e10 : xT = −x
}
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E10/K(E10) coset (II)

Generalized Iwasawa parametrization (KAN ) (Borel gauge)

V(t) = exp

(

∑

α≥0 φα(t) · Eα

)

E10

e10

K(e10)
Q

P v

Velocity v = ∂tVV
−1 ∈ e10

P(t) =
1

2

(

∂tVV
−1 + (∂tVV

−1)T
)

∈ e10 	K(e10)

Q(t) =
1

2

(

∂tVV
−1 − (∂tVV

−1)T
)

∈ K(e10)

Transformation with g ∈ E10 and k(t) ∈ K(E10)

V(t) → k(t)V(t)g−1 ⇒ P → kPk−1, Q → kQk−1 + ∂tkk
−1
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Bosonic dynamics: D = 1 σ-model

Lagrange function on coset E10/K(E10) [DHN]

L = L(t) =
1

2n(t)
〈P(t)|P(t)〉

L is invariant under time reparametrizations, local K(E10)
and global E10 transformations.

Equations of motion of a null geodesic on E10/K(E10)

D(n−1P) = 0 〈P|P〉 = 0

D = ∂t −Q is the K(E10) covariant derivative:
D(n−1P) = ∂t(n

−1P) − n−1
[

Q,P
]

The system is classically (formally) integrable. [Lax pair]
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Kinematics: Spectral analysis of E10

Follow recursive approach: [DHN]

Level Decomposition under finite subalgebra!

y y y y y y y y y

y

sl(10) ⊂ e10
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Kinematics: Spectral analysis of E10

{α2 ≤ 2}

SL(3)E10

{α2 ≤ 2}

Follow recursive approach: [DHN]

Level Decomposition under finite subalgebra!

y y y y y y y y y

y
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Kinematics: Spectral analysis of E10

{α2 ≤ 2}

SL(3)E10

{α2 ≤ 2}

FACT: No closed formula known describing the root
multiplicities and structure constants of e10.

Follow recursive approach: [DHN]

Level Decomposition under finite subalgebra!

y y y y y y y y y

y

sl(10) ⊂ e10
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Kinematics: Spectral analysis of E10

M

` = 0 Ka
b

Follow recursive approach: [DHN]

Level Decomposition under finite subalgebra!

y y y y y y y y y

y

sl(10) ⊂ e10
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Kinematics: Spectral analysis of E10

M

` = 0 Ka
b

` = 1 Eabc

Follow recursive approach: [DHN]

Level Decomposition under finite subalgebra!

y y y y y y y y y

y
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` = 0 Ka
b

` = 2 Ea1...a6

Follow recursive approach: [DHN]

Level Decomposition under finite subalgebra!
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Kinematics: Spectral analysis of E10

M

` = 1 Eabc

` = 2 Ea1...a6

` = 3 Ea0|a1...a8

` = 0 Ka
b

Follow recursive approach: [DHN]

Level Decomposition under finite subalgebra!

y y y y y y y y y

y

sl(10) ⊂ e10
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Bosonic dynamical versatility

DHN correspondence for sl(10) [DHN;Damour, Nicolai 2004]

D(n−1P) = 0 ⇐⇒ D = 11 (SU)GRA
consistent truncation dictionary EOM truncation

Versatility
One single and essentially unique model on E10/K(E10)
exhibits all known features of (reductions of) maximal
(super)gravities. [AK, Nicolai 2004]

y y y y y y y y y

y

Similar results have been known for E11.
[West 2001][Schnakenburg, West 2001]
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Bosonic dynamical versatility

DHN correspondence for sl(10) [DHN;Damour, Nicolai 2004]

D(n−1P) = 0 ⇐⇒ D = 11 (SU)GRA
consistent truncation dictionary EOM truncation

Versatility
One single and essentially unique model on E10/K(E10)
exhibits all known features of (reductions of) maximal
(super)gravities. [AK, Nicolai 2004]

y y y y y y y y y

yysl(10) ⊂ e10

D = 11, N = 1 supergravity

Similar results have been known for E11.
[West 2001][Schnakenburg, West 2001]
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Bosonic dynamical versatility

DHN correspondence for sl(10) [DHN;Damour, Nicolai 2004]

D(n−1P) = 0 ⇐⇒ D = 11 (SU)GRA
consistent truncation dictionary EOM truncation

Versatility
One single and essentially unique model on E10/K(E10)
exhibits all known features of (reductions of) maximal
(super)gravities. [AK, Nicolai 2004]

y y y y y y y y y

y

y

so(9, 9) ⊂ e10

D = 10, massive N = 2 type IIA supergravity

Similar results have been known for E11.
[West 2001][Schnakenburg, West 2001]

Hidden Symmetries and Fermions in M-Theory – p.10/27



Bosonic dynamical versatility

DHN correspondence for sl(10) [DHN;Damour, Nicolai 2004]

D(n−1P) = 0 ⇐⇒ D = 11 (SU)GRA
consistent truncation dictionary EOM truncation

Versatility
One single and essentially unique model on E10/K(E10)
exhibits all known features of (reductions of) maximal
(super)gravities. [AK, Nicolai 2004]

y y y y y y y y y

y

y

sl(9) ⊕ sl(2) ⊂ e10

D = 10, N = 2 type IIB supergravity

Similar results have been known for E11.
[West 2001][Schnakenburg, West 2001]

Hidden Symmetries and Fermions in M-Theory – p.10/27



Bosonic dynamical versatility

DHN correspondence for sl(10) [DHN;Damour, Nicolai 2004]
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consistent truncation dictionary EOM truncation
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Incorporating fermions

For hidden symmetries, fermions transform under the
maximal compact subgroup K(En) in En/K(En).

⇒ What are the fermionic representations of K(E10)?

K(e10) consists of the anti-symmetric elements of e10:

K(e10) :=
{

x ∈ e10 : xT = −x
}

A useful analogy is so(n) ⊂ gl(n).

However: K(e10) is not a (generalized) Kac–Moody
algebra. No readily available representation theory.

Hidden Symmetries and Fermions in M-Theory – p.11/27



Incorporating fermions

For hidden symmetries, fermions transform under the
maximal compact subgroup K(En) in En/K(En).

⇒ What are the fermionic representations of K(E10)?

K(e10) consists of the anti-symmetric elements of e10:

K(e10) :=
{

x ∈ e10 : xT = −x
}

A useful analogy is so(n) ⊂ gl(n).

However: K(e10) is not a (generalized) Kac–Moody
algebra. No readily available representation theory.

Hidden Symmetries and Fermions in M-Theory – p.11/27



Incorporating fermions

For hidden symmetries, fermions transform under the
maximal compact subgroup K(En) in En/K(En).

⇒ What are the fermionic representations of K(E10)?

K(e10) consists of the anti-symmetric elements of e10:

K(e10) :=
{

x ∈ e10 : xT = −x
}

A useful analogy is so(n) ⊂ gl(n).

However: K(e10) is not a (generalized) Kac–Moody
algebra. No readily available representation theory.

Hidden Symmetries and Fermions in M-Theory – p.11/27



Incorporating fermions

For hidden symmetries, fermions transform under the
maximal compact subgroup K(En) in En/K(En).

⇒ What are the fermionic representations of K(E10)?

K(e10) consists of the anti-symmetric elements of e10:

K(e10) :=
{

x ∈ e10 : xT = −x
}

A useful analogy is so(n) ⊂ gl(n).

However: K(e10) is not a (generalized) Kac–Moody
algebra. No readily available representation theory.

Hidden Symmetries and Fermions in M-Theory – p.11/27



Low sl(10) level structure of K(e10)

Commutation relations [Damour, AK, Nicolai 2006] [West 2003]

[

Jab, Jcd
]

= δbcJad + δadJbc − δacJbd − δbdJac ≡ 4δbcJad

[

Ja1a2a3 , Jb1b2b3
]

= Ja1a2a3b1b2b3 − 18δa1b1δa2b2Ja3b3

[

Ja1a2a3 , Jb1...b6
]

= J [a1|a2a3]b1...b6 − 5! δa1b1δa2b2δa3b3Jb4b5b6

[

Ja1...a6 , Jb1...b6
]

= −6 · 6! δa1b1 · · · δa5b5Ja6b6 + . . .

[

Ja1a2a3 , Jb0|b1...b8
]

= −336
(

δb0b1b2
a1a2a3

Jb3...b8 − δb1b2b3
a1a2a3

Jb4...b8b0
)

+ . . .

[

Ja1...a6 , Jb0|b1...b8
]

= −8!
(

δb0b1...b5
a1...a6

Jb6b7b8 − δb1...b6
a1...a6

Jb7b8b0
)

+ . . .

[

Ja0|a1...a8 , Jb0|b1...b8
]

= −8 · 8!
(

δ
a1...a8

b1...b8
Ja0b0 − δ

a1...a8

b0b1...b7
Ja0b8 − δ

a0a1...a7

b1...b8
Ja8b0

+8 δa0

b0
δ

a1...a7

b1...b7
Ja8b8 + 7δa1

b0
δ

a0a2...a7

b1...b7
Ja8b8

)

+ . . .
with

Jab = Ka
b −Kb

a Ja1a2a3 = Ea1a2a3 − (Ea1a2a3 )T

Ja1...a6 = Ea1...a6 − (Ea1...a6 )T Ja0|a1...a8 = Ea0|a1...a8 − (Ea0|a1...a8 )T

Representations?? ⇒ Use input from supergravity!
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Fermionic correspondence

Know: Bosonic correspondence for SL(10) ⊂ E10

D(n−1P(t)) = 0 ⇐⇒ D = 11 (SU)GRA
consistent truncation dictionary EOM truncation

Postulate: Fermionic correspondence for SL(10) ⊂ E10

D(Ψ(t)) = 0 ⇐⇒ D = 11 SUGRA
KM truncation EOM truncation

Ψ(t) is a K(e10) spinor and D is K(e10) covariant
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Fermions: Supergravity equation
Equation of motion for D = 11 gravitino (flat indices)
[CJS] (A,B = 0, . . . , 10, a, b = 1, . . . , 10)

ΓB
[

(DA(ω) + FA)ψ
(11)
B − (DB(ω) + FB)ψ

(11)
A

]

= 0

with FA := + 1
144(ΓA

BCDE − 8δB
AΓCDE)F

(11)
BCDE .

Use D = 11 supersymmetry to fix ψ(11)
0 = Γ0Γ

aψ
(11)
a and

rescale ψ(10)
a := e1/2ψ

(11)
a . ψ(10)

a has 320 components.

Fix pseudo-Gaussian gauge for the vielbein

EM
A =

(

N 0

0 em
a

)

Evaluate spatial a component of supergravity
equation...
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Making the fermionic correspondence
SUGRA
0 = Ea := ∂tψ

(10)
a + ω

(11)
t ab ψ

(10)b +
1

4
ω

(11)
t cd Γcdψ

(10)
a

−
1

12
F

(11)
tbcd Γbcdψ

(10)
a −

2

3
F

(11)
tabc Γbψ(10)c +

1

6
F

(11)
tbcd Γa

bcψ(10)d

+
N

144
F

(11)
bcdeΓ0Γbcdeψ

(10)
a +

N

9
F

(11)
abcdΓ0Γbcdeψ

(10)
e −

N

72
F

(11)
bcdeΓ0Γabcdefψ

(10)f

+N
(

ω
(11)
a bc − ω

(11)
b ac

)

Γ0Γbψ(10)c +
N

2
ω

(11)
a bc Γ0Γbcdψ

(10)
d −

N

4
ω

(11)
b cd Γ0Γbcdψ

(10)
a

+Ne1/2Γ0Γb
(

2∂aψ
(11)
b − ∂bψ

(11)
a −

1

2
ω

(11)
c cb ψ

(11)
a − ω

(11)
0 0aψ

(11)
b +

1

2
ω

(11)
0 0b ψ

(11)
a

)

Kac–Moody
0 =

(

∂t −
1

2
Qab

vs
J

ab
(0) −

1

2
·

1

3!
Qa1a2a3

vs
J

a1a2a3

(1)
−

1

2
·

1

6!
Qa1...a6

vs
J

a1...a6

(2)

−
1

2
·

1

9!
Qa0|a1...a9

vs
J

a0|a1...a8

(3)
+ . . .

)

(ψa, . . .)

Bosonic dictionary [DHN]

Qab ↔ −ω
(11)
t ab Qa1a2a3

↔ 2F
(11)
ta1a2a3

Qa1...a6
↔ −

2

4!
Nεa1...a6b1...b4F

(11)
b1...b4

Qa0|a1...a8
↔

3

2
Nεa1...a8b1b2 Ω̃

(11)
b1b2 a0
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Kac–Moody SUGRA

Spinor representation Ψ = (ψa, . . .), D = ∂t −Q

Kac–Moody
0 =

(

∂t −
1

2
Qab

vs
J

ab
(0) −

1

2
·

1

3!
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vs
J

a1a2a3

(1)
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2
·
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6!
Qa1...a6
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·
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F

(11)
tabc Γbψ(10)c +

1

6
F

(11)
tbcd Γa

bcψ(10)d

+
N

144
F

(11)
bcdeΓ0Γbcdeψ

(10)
a +

N

9
F

(11)
abcdΓ0Γbcdeψ

(10)
e −

N

72
F

(11)
bcdeΓ0Γabcdefψ

(10)f

+N
(

ω
(11)
a bc − ω

(11)
b ac

)

Γ0Γbψ(10)c +
N

2
ω

(11)
a bc Γ0Γbcdψ

(10)
d −

N

4
ω

(11)
b cd Γ0Γbcdψ

(10)
a

+Ne1/2Γ0Γb
(

2∂aψ
(11)
b − ∂bψ

(11)
a −

1

2
ω

(11)
c cb ψ

(11)
a − ω

(11)
0 0aψ

(11)
b +

1

2
ω

(11)
0 0b ψ

(11)
a

)

Kac–Moody
0 =

(

∂t −
1

2
Qab

vs
J

ab
(0) −

1

2
·

1

3!
Qa1a2a3

vs
J

a1a2a3

(1)
−

1

2
·

1

6!
Qa1...a6

vs
J

a1...a6

(2)

−
1

2
·

1

9!
Qa0|a1...a9

vs
J

a0|a1...a8

(3)
+ . . .

)

(ψa, . . .)

Bosonic dictionary [DHN]

Qab ↔ −ω
(11)
t ab Qa1a2a3

↔ 2F
(11)
ta1a2a3

Qa1...a6
↔ −

2

4!
Nεa1...a6b1...b4F

(11)
b1...b4

Qa0|a1...a8
↔

3

2
Nεa1...a8b1b2 Ω̃

(11)
b1b2 a0
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K(e10) spinor representations: SO(10)

From D(Ψ(t)) = 0 ⇐⇒ Ea = 0 for ψa(t) ↔ ψ
(10)
a (t,x0)

deduce K(e10) action [DKN][de Buyl, Henneaux, Paulot 2006]

Ja1a2

(0)
· ψb =

1

2
Γa1a2ψb + 2δb[a1ψa2]

Ja1a2a3

(1)
· ψb =

1

2
Γa1a2a3ψb + 4δb[a1Γa2ψa3] − Γb[a1a2ψa3]

Transformations up to J(3) known. [DKN,dBHP]

However: These transformations are sufficient to prove
existence of an unfaithful representation of K(e10) of
dimension 320. [For K(e9) see [Nicolai, Samtleben 2004]]

Similarly, can prove existence of an unfaithful Dirac
representation of K(e10) of dimension 32. [dBHP,DKN]

Related to discussion of ‘generalized holonomies’.
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Extended D = 1 σ-model
Lagrange function: Bosons

L = L(t) =
1

2n
〈P|P〉 −i(Ψ|DΨ)vs

Invariant symmetric form (·|·)vs has been constructed
for 320 representation of K(e10) . [DKN]

This was checked for D = 11 supergravity

y y y y y y y y y

yy
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Fermionic versatility: SO(9) × SO(9)

y y y y y y y y y

y

y

IIA: SO(9, 9) ⊂ E10 ⇒SO(9) × SO(9) ⊂ K(E10)

Generators of SO(9) × SO(9)

X ij :=
1

2

(

J ij
(0)

+ J ij10
(1)

)

, X ı̄̄ :=
1

2

(

J ij
(0)

− J ij10
(1)

)

for (i, j = 1, . . . , 9)

Use basis for Γ-matrices with: Γ10 =

(

116 0

0 −116

)

Projectors: P± := 1
2

(

116 ± Γ10
)
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Fermionic versatility: SO(9) × SO(9)

Define [AK, Nicolai 2004] (k = 1, . . . , 9)

ψ̃k = ψk +
1

2
ΓkΓ

10ψ10

ψ̃10 = −
3

2
ψ10 − Γ10Γ

kψk

From K(e10) action and SO(9) × SO(9) basis e.g.

X ij · P−ψ̃10 =
1

2
ΓijP−ψ̃10

X ij · ψ̃k =
1

2
ΓijP+ψ̃

k + 2δk[iP−ψ̃
j]

Implies decomposition to IIA fermions!

320 −→ (9,16) ⊕ (1,16) ⊕ (16,9) ⊕ (16,1)
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Fermionic versatility: SO(9) × SO(2)

y y y y y y y y y

y

y

IIB: SL(9) × SL(2) ⊂ E10 ⇒SO(9) × SO(2) ⊂ K(E10)

Generators of SO(9) × SO(2)

Rrs := Jrs
(0) , Rr9 := −R9r := Jr9 10

(1) , R := J9 10
(0) .

for (r, s = 1, . . . , 8)

Imaginary unit: Γ∗ := Γ9Γ10 satisfies (Γ∗)2 = −1
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Fermionic versatility: SO(9) × SO(2)

Define [AK, Nicolai 2006] (r = 1, . . . , 8)

λ1 := P− (ψ9 − Γ∗ψ10)

λ2 := P− (Γ∗ψ9 + ψ10)

χ9
1 := P− (ψ9 + Γ∗ψ10)

χ9
2 := P− (−Γ∗ψ9 + ψ10)

χr
1 := P−

(

−
4

3
ψr −

1

3
ΓrΓ9ψ9 −

1

3
ΓrΓ10ψ10

)

χr
2 := P−Γ∗

(

−
4

3
ψr −

1

3
ΓrΓ9ψ9 −

1

3
ΓrΓ10ψ10

)

Implies decomposition to IIB fermions!

320 −→ (16,2) ⊕ (144,2)

−→ Conclusions
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Spinors for K(E11)

One can similarly construct unfaithful spinors for K(E11)
– non-compact since one wants SO(1, 10) ⊂ K(E11).

The vector-spinor of K(E11) is the 352 of SO(1, 10). The
Dirac-spinor is the 32.

They decompose correctly under the SO(1, 9)A and
SO(1, 9)B × SO(2) subgroups of K(E11) to the achiral
and chiral fermions of IIA and IIB.

At the dynamical level:
What is the K(E11) covariant spinor equation ??
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Discussion and Outlook
The E10/K(E10) bosonic and fermionic σ-model

Realizes dynamically the known duality symmetries of
maximal supergravity theories for bosons and fermions

Provides a structured way to analyse Einstein’s
equations in a cosmological setting (S-branes)

Predicts certain higher derivative correction terms

Open Problems:

Extension to faithful spinor representations (tensor
product)?

(De-)emergence of space-time and gradient conjecture

Proper interpretation of all higher levels (experimentum
crucis?)

Thank you for your attention
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Proper interpretation of all higher levels (experimentum
crucis?)

Thank you for your attention
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Gradient conjecture

A9 spectrum of e10 contains infinite series of gradient
representations:

` A9 module Generator
3k + 1 [k00000100] Ea1...ak

b1b2b3

3k + 2 [k00100000] Ea1...ak
b1...b6

3k + 3 [k10000001] Ea1...ak
b0|b1...b8

Have the right structure to correspond to spatial
gradients, ∂a1 · · · ∂akFtb1b2b3

(t,x0) (possibly non-local).

Lie-algebraic mechanism for emergence of space-time?

Spatial gradients are only a tiny subset of all
representations: For each ` there is one gradient
representation — total number of representations grows
exponentially with `.

−→ Conclusions
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Bosonic versatility: D9

` D9 module Tensor

0 [010000000] ⊕ [000000000] MIJ , T (I = 1, . . . , 18)

1 [000000010] EA (A = 1, . . . , 256)

2 [001000000] EIJK

Lorentz group is hidden in

SO(9)diag⊂ SO(9) × SO(9) ⊂ SO(9, 9)

Under this group ` = 1 decomposes as

EA → 9 + 84 + 126 + 36 + 1,

i.e. all anti-symmetric tensors of odd degree: C(p) with p = 1, 3, 5, 7, 9. These are just the

massive IIA supergravity RR potentials. NSNS fields on ` = 0, 2.

Using the SO(9) ε-symbol these can also be viewed as even degree forms! =⇒ T-duality.
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Bosonic versatility: A8 ⊕ A1

` A8 ⊕A1 module Tensor Interpretation

0 ([10000001],1) ⊕ ([00000000],3) Ka
b, Ji gravity, axion/dilaton

1 ([00000010],2) Ea1a2α F1,D1

2 ([00001000],1) Ea1...a4 D3

3 ([00100000],2) Ea1...a6α NS5,D5

4 ([01000001],1) Ea1...a7|a8 KK monopole

4 ([10000000],3) Ea1...a8 i NS7,D7,?

Compute the σ-model equations of motion. Compare with IIB equations

Write down a correspondence ‘dictionary’ [AK, Nicolai 2004]

Subtle point concerning the five-form field strength:
The matching implies/requires self-duality! [No supersymmetry has been used!]

Similar spectrum calculation in E11 revealed existence of a nine-brane SL(2,R) quadruplet

and doublet [AK, Schnakenburg, West 2003][AK, Nicolai 2004]. Consistency

with the IIB supergravity algebra was shown by [Bergshoeff et al. 2005].

−→ Conclusions
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Higher Levels Example: IIA

(`1, `2) A8 module E10 element α2 mult(α) µ Object

(1,0) [0,0,0,0,0,0,1,0] (0,0,0,0,0,0,0,0,0,1) 2 1 1 NSNS2

(0,1) [0,0,0,0,0,0,0,1] (0,0,0,0,0,0,0,0,1,0) 2 1 1 RR1

(1,1) [0,0,0,0,0,1,0,0] (0,0,0,0,0,0,1,1,1,1) 2 1 1 RR3

(2,1) [0,0,0,1,0,0,0,0] (0,0,0,0,1,2,3,2,1,2) 2 1 1 RR5

(3,1) [0,1,0,0,0,0,0,0] (0,0,1,2,3,4,5,3,1,3) 2 1 1 RR7

(4,1) [0,0,0,0,0,0,0,0] (1,2,3,4,5,6,7,4,1,4) 2 1 1 RR9=MASS

(2,2) [0,0,1,0,0,0,0,0] (0,0,0,1,2,3,4,3,2,2) 2 1 1 NSNS6

(3,2) [0,1,0,0,0,0,0,1] (0,0,1,2,3,4,5,3,2,3) 2 1 1 DUAL GRAV

(3,2) [1,0,0,0,0,0,0,0] (0,1,2,3,4,5,6,4,2,3) 0 8 1 DUAL DIL

(4,2) [1,0,0,0,0,0,1,0] (0,1,2,3,4,5,6,4,2,4) 2 1 1 GRAD NSNS2

(4,2) [0,0,0,0,0,0,0,1] (1,2,3,4,5,6,7,4,2,4) 0 8 1 ?

(5,2) [0,0,0,0,0,1,0,0] (1,2,3,4,5,6,8,5,2,5) 2 1 1 ?

(3,3) [1,0,0,0,0,0,0,1] (0,1,2,3,4,5,6,4,3,3) 2 1 1 GRAD RR1

(3,3) [0,0,0,0,0,0,0,0] (1,2,3,4,5,6,7,5,3,3) 0 8 0 ?
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