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Original motivationsOriginal motivations

Claimed planar equivalence between QCDOR and SYM
has interesting physical consequences, e.g.

< yy > in Nf=1 & Nf=3 QCD
(A. Armoni, M. Shifman,  G. Shore, GV)

ÿ One of the original motivations of VW was to
check planar equivalence, and compute its
accuracy at finite N, in a simple QM case

ÿ This has not been done yet (may soon follow)
ÿ However, we stumbled on an amusing model with

unexpected physical and mathematical properties
ÿ Hope that Mike will be amused too..



OutlineOutline

1.1. Planar equivalence and QCD quark condensatePlanar equivalence and QCD quark condensate
2.2. Planar QM: a Hamiltonian approachPlanar QM: a Hamiltonian approach
3.3. An intriguing SUSY matrix modelAn intriguing SUSY matrix model
4.4. Mathematical implications of the modelMathematical implications of the model
5.5. Physical implications of the Physical implications of the mathsmaths..



Planar QM: a Hamiltonian approachPlanar QM: a Hamiltonian approach
ÿÿ In the large-N limit of a U(N) matrix theoryIn the large-N limit of a U(N) matrix theory

singlet states are related to single-trace operatorssinglet states are related to single-trace operators
ÿÿ In SUSY-QM with a single In SUSY-QM with a single bosonic bosonic matrixmatrix  aa  and aand a

single single fermionic fermionic matrixmatrix  ff  these operators look likethese operators look like
binary necklaces (necklaces with two kinds ofbinary necklaces (necklaces with two kinds of
beads, a boson and a beads, a boson and a fermionfermion))

ÿÿ In the specific model of VW leading-order statesIn the specific model of VW leading-order states
are of the typeare of the type

where |0> is the usual empty Fock vacuum



Planar Hamiltonians are also taken to be single-
traces. A trace with n factors will be multiplied by
gn-2.The action of the Hamiltonian on each state
gives, to leading order, a linear combination  of single
trace states with coefficients that depend only on
l = g2N

= O( ll1/2 ) 

e.g. H = gTr(a+a2)



An intriguing SUSY matrix modelAn intriguing SUSY matrix model
ÿ Take the SUSY charges to be, quite simply:

ÿDiagonalize, H, C, F
ÿ Trivial E=0 vacuum, |0>: SUSY is unbroken
ÿ E > 0 SUSY must be organized in doublets of

states with same    CF =(-1)FC
ÿStates w/ C = +(-) E are annihilated by Q+(Q)
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Connection with
Binary Necklaces (BNL)Binary Necklaces (BNL)

&
 Linear-Feedback Shift Registers (LFSR) Linear-Feedback Shift Registers (LFSR)
((E.E.OnofriOnofri, J., J.Wosiek Wosiek & GV,math-ph/0603082)& GV,math-ph/0603082)



ÿÿ Having constructed, counted, and paired the statesHaving constructed, counted, and paired the states
in SUSY doublets, we searched for somethingin SUSY doublets, we searched for something
similar known in math.similar known in math.

ÿÿ GoogleGoogle  hinted at a possible connection with hinted at a possible connection with BinaryBinary
NecklacesNecklaces (cyclic sequences of  (cyclic sequences of zeroeszeroes and  and onesones))
Their number (on-line enc. of integer sequences):Their number (on-line enc. of integer sequences):

ÿÿ A000031(n)A000031(n) =  = Number Number of n-of n-bead necklaces with bead necklaces with 22
colours when turning over is colours when turning over is not not allowedallowed
is given is given by MacMahonby MacMahon’’s formula (s formula (see belowsee below).).
But But there was there was a a problemproblem::

ÿÿ The number of even and odd binary necklacesThe number of even and odd binary necklaces
clearly doesnclearly doesn’’t match! Example @ n=2:t match! Example @ n=2:
(aa), (ff), (af) = (fa) => 2 bosons, 1 (aa), (ff), (af) = (fa) => 2 bosons, 1 fermionfermion, .., ..



ÿÿ Q: How can Q: How can supersymmetry supersymmetry work if nwork if nBB  ≠n≠nFF??
ÿÿ A: A: PauliPauli’’s s exclusion principleexclusion principle kills some BNL giving kills some BNL giving

back the balance between bosons and fermionsback the balance between bosons and fermions
N(n) = NN(n) = NPANPAN(n) (PAN = (n) (PAN = PauliPauli-allowed necklaces)-allowed necklaces)

ÿÿ Playing still with our sequence of integers  wePlaying still with our sequence of integers  we
found that Nfound that NPANPAN(n) = (n) = 2xA000016(n), 2xA000016(n), wherewhere::

ÿÿ A000016(n+1)A000016(n+1) = = Number Number of distinct ( of distinct (infiniteinfinite) output) output
sequences from sequences from Binary Binary n-stage Shift n-stage Shift RegisterRegister which which
feeds feeds back back the complement the complement of of the sum the sum of of its its contentscontents

ÿÿ We were We were able to able to prove that prove that A000016(n+1) are in one-A000016(n+1) are in one-
to-one to-one correspondence with correspondence with PAN(n+1) PAN(n+1) w/ F w/ F oddodd..
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= LFSR

PAN = BNL
= LFSRPAN = BNL

PAN BNL

n= B+FBinary Necklaces, Binary Necklaces, Pauli Pauli Necklaces, LFSRNecklaces, LFSR

Math. def. of PFN = BNL w/ Zk symmetry, k even & F/k odd

SUSYSUSY



Z10 symmetry, 10 = even & F/10= 1 =odd

A Pauli-forbidden necklace
(courtesy of Google)



NPFN fluctuates a lot!

where k is the unique +ve integer (if it exists) for which F/2k

is odd and B/2k is integer (otherwise nPFN is zero).



Strong coupling surprises in F=0,1  F=0,1 sectors
  (JW & GV (JW & GV hephep--thth/0512301)/0512301)

1.1. There is a (1st order?) There is a (1st order?) phase transitionphase transition at  at ll  =1:=1:
the weak-coupling energy gap disappearsthe weak-coupling energy gap disappears

2.2. The spectrum becomes discrete again for The spectrum becomes discrete again for ll  >1;>1;
the the eigenvalues eigenvalues at at ll   are related to those at 1/  are related to those at 1/ ll
by a by a strong-weak dualitystrong-weak duality formula: formula:

3.3. The spectrum can be computed analytically inThe spectrum can be computed analytically in
terms of the zeroes of some terms of the zeroes of some 11FF22 function. Duality function. Duality
and phase transition can be studied analyticallyand phase transition can be studied analytically



4.4. At At ll  > 1 a > 1 a secondsecond E=0  E=0 bosonic bosonic groundground
statestate pops up making  pops up making WittenWitten’’s s index jumpindex jump
by one unit (within F=0,1 sectors).by one unit (within F=0,1 sectors).

5.5. First found numerically. The analytic formFirst found numerically. The analytic form
of the 2nd ground state can be formallyof the 2nd ground state can be formally
given at all given at all ll but is only  but is only normalizable normalizable at at ll
>1>1



Witten index and free energy as
functions of l

l

l

l

Lowest bosonic and fermionic states
as a funtion of l for different
values of the  cutoff B (NB
swapping of SUSY partners at
finite cutoff)

Energies related by l2 (E(1/ l)+1) = E( l)+1



1.1. We fully confirmed SUSY expect.ns @ small We fully confirmed SUSY expect.ns @ small ll
2.2. Rearrangement of doublets more involved thanRearrangement of doublets more involved than

for F=0,1 (F>3 needed to complete SUSY)for F=0,1 (F>3 needed to complete SUSY)
3.3. At large At large ll :  : twotwo more  more E=0E=0 states pop up => states pop up =>

Witten Witten index jumps by two units around index jumps by two units around ll =1 =1

More surprises in F=2,3  F=2,3 sectors
  (JW & GV (JW & GV hephep--thth/0603045 & to appear/0603045 & to appear))



F=0 F=3 F=1 F=2 

F=2,3 F=2,3 



In order to understand what was going on we tookIn order to understand what was going on we took
ll -> infinity: -> infinity:

1.1. Hamitonian Hamitonian becomes block-diagonal in F becomes block-diagonal in F andand B. B.
2.2. SUSY doublets contain states with the same B+SUSY doublets contain states with the same B+22FF
3.3. SUSY acts in (B+F,F) plane along SUSY acts in (B+F,F) plane along diagonalsdiagonals..
4.4. Some states canSome states can’’t find partners => must have E=0!t find partners => must have E=0!
5.5. ““ExperimentallyExperimentally””, lack of SUSY balance only, lack of SUSY balance only

occurred on diagonals with B + 2F = ± 1 (mod 6).occurred on diagonals with B + 2F = ± 1 (mod 6).
6.6. This has now been proven by D. This has now been proven by D. Zagier Zagier (see note(see note

added to OVW paper)added to OVW paper)
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means: contains one
E=0 state at infinite ll



WittenWitten-like -like supertracessupertraces
 From weak coupling:

From strong coupling

In particular:

Verified numerically for n up to few thousands and/or proven
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Our s.c. H can be related, in those magic sectors, to that of the XXZ spin
chain. Connection with combinatorics of ASMs via RS conjectures

(RS = Razumov-Stroganov)

Conjecture (proven by  now?): as ll -> infty there is one and only one E=0
bosonic eigenstate in each (B,F) block with |B-F| = 1

1, 1, 2, 5, 14, 42, 132, 429, 14301, 1, 2, 5, 14, 42, 132, 429, 1430, 4862, 16796, 58786, , 4862, 16796, 58786, 

B
F



ConclusionsConclusions
ÿ The simple model I have discussed illustrates how

SUSY can teach us something about some non-
trivial combinatorial problems

ÿ Viceversa, combinatorial methods have non-trivial
implications on the dynamics of SUSY models

ÿ Combination of analytic & numerical work has been
crucial for progress

ÿ Many opens Qs: e.g. we still do not quite
understand the phase transition at l =1l =1

ÿ Extending the approach to (semi) realistic QFTs
w/ or w/out SUSY remains the final physics goal
of this (otherwise just amusing) mathematical game



One lesson:
You can find (almost) everything with Google!

But you have to be careful!
See what my daughter recently found:



 You still can listen to it at any commercial
 on “CSI:MiamiCSI:Miami”, it’s a sentence saying:
“According According to to the the Quantum Quantum Theory Theory ofof
Veneziano, Veneziano, everything is connectedeverything is connected: : youyou
only need only need to to find the connectionfind the connection”.

Ok, ok. WTF is the Quantum Theory of
 Veneziano… I don’t know… BUT,
 and here comes the the surprisesurprise, Veneziano Veneziano is is not a not a fakefake.

Gabriele Veneziano is an italian theoretical physicist
leading leading a group a group at at CERN for CERN for the the ATLAS ATLAS experimentexperiment

Modern String Theory was started with his paper
on dual dual resonances resonances in Quantumin Quantum Chromodynamics Chromodynamics
where he developed some “hacking” called later
the Veneziano Model (starting point of Superstrings and
 Supersymmetry)ItIt’’s s also also nice to nice to listen listen to to his conferenceshis conferences……((is itis it?)?)


