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I Introduction

Central problem: How to quantise the string in AdSs x S° background ?

It seems that this can be rephrased as the question of solving a particular
set of algebraic equations — quantum string Bethe equations.
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1. Gauge theory

@ Study two point functions of operators, i.e. anomalous dimension at n-loop
—>» problem of diagonalisation of long range spin chain hamiltonian H .
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[Minahan, Zarembo; Beisert, Kristjansen, Staudacher]

@ Get various types of H,. (depending on sector and loop order)

BUT they all appear to be integrable: diagonalisation is “simple”
(enough to solve two-magnon problem)

Using:
o explicit, higher loop H,. where known (i.e. Bethe eqgs)

o assuming BMN scaling
e assuming integrability

[Beisert, Dippel, Staudacher]

—> (ASYMPTOTIC) ALL LOOP (QUANTUM) BETHE EQUATIONSJ




2. Classical string theory

Classical o-model (with fermions) ——» integrable (infinite set of (local) charges)

Charges read off from analytic properties of resolvent G/(z),
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Can (in principle) be solved —> get (all) classical string solutions

—> INTEGRAL EQS FOR THE STRING ON AdS; x S 5J

[Kazakov, Marshakov, Minahan, Zarembo]



1. <+ 2. Gauge theory vs. Classical string theory

Look at the thermodynamic limit of all loop gauge theory Bethe eqs
—> great similarity with integral eqs. in gauge theory!
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3. Quantum string Bethe equations

Start with string theory integral equations —>» discretise

e!tPk — H Skj X Sdressing(pkvpj)
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ug(pk) as for — as in all loop p)

all loop Bethe eqs gauge theory Quantum string Bethe equations

independent of type of excitation

[Arutyunov, Frolov, Staudacher]
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The (near)” pp-wave limit

@ Can we “derive” the unusual dispersion relation (“lattice”)?
@ Can we “derive” Bethe equations i.e. the dressing factor?
@ What is the nature of magnons (i.e. particles) on the string side?

Try to adress these questions by considering a limit where we know how to
quantise strings: (near)” pp-wave limit.

What is this limit?

@ pp-wave: geometry seen by (massless) string moving with
J —oos. t. N = )\/J? = const.
—>» can be obtained by expanding string action in 1/.J, \" = const

[Berenstein, Maldacena, Nastase]

@ near pp-wave: as above, but keeping first 1/.J correction.
[Callan et al.]



Constructing the Hamiltonian

Goal:

Start with GS action on AdSs x S° —» find gauge fixed Hamiltonian —>»
expand in 1/J —>» quantise perturbatively in 1/.J

Up to now: —— expand Langrangian, —>» construct Hamiltonian
not suitable for higher order computations; unusable for other limits.

@ Have non-linear o-model on super coset
PSU(2,2[4)
SO(4,1) x SO(5)

isometry group of (super) AdSs x S°:

@ Using the super current g € PSU(2,2|4)
A=—g7tdg= A0 4 A® L AW 4 AG)

even odd

write the action [Metsaeyv, Tseytlin]
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Constructing the AdS; x S° Hamiltonian

@ Choose particular representation for the coset element

g(x:x,t,0) = AL, 9)g(x)g(x) -

bosonic part gives metric

ds* = —Gu(2)dt* + Gypdg® + a

2 2\ 2
1_|_£ _ ¥

Gy = L) Gy = L)
-7 1+

singled out ¢ and ¢, i.e. manifest SO(4) x SO(4) symmetry.




Constructing the AdS; x S° Hamiltonian

@ Gauge fixing:

(a) Fix reparametrisation invariance with uniform light-cone gauge

[Arutyunov, Frolov]

light-cone:

in AdS two inequivalent null-geodesics: around S! € S% and in the radial
direction of AdS5; —» two inequivalent lL.c. gauge choices —»

take one on the sphere

1
Ty =T, l'j::§((b:|:t)
uniform:
momentum density p, const on the world sheet

p+ =P =FE+ J=const

(b) appropriate fixing of x-symmetry



Constructing the AdSs x S° Hamiltonian cont.

@ First-order form of the Lagrangian

(a) bosonic example

A
L=— gfya’@@ax“agx”glw (x)
is equivalent to

. 1
L=puit+ == (Epupe g™ + 30" 0" g ) + 37 (™)
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solving constraints ot = (xt, 7, 2™)
1 2w
Co=0 = xl_z—P—x'mpm = / do pm 2™ =0
+ 0

level matching condition

C;=0 = P_(z™p")=... light-cone Hamiltonian

Cs



Constructing the AdSs x S° Hamiltonian cont.

(b) inclusion of fermions complicates story significantly:
@ (a) presence of WZW term
(b) inversion of p,(z”,0) hard
(c) non-trivial symplectic structure
£g.f. = Liin — Hl.c.(xM7pma 0, 8{79)
Liin = Pm@™ + f(@m, pm, 0) “00:0” + h(zm,, Pm, 0) “0,00,0”

plus level matching condition

—> H,... exact, light-cone Hamiltonian for AdS5 x S°




Constructing the AdSs x S° Hamiltonian cont.

(b) inclusion of fermions complicates story significantly:
@ (a) presence of WZW term
(b) inversion of p,(z”,0) hard
(c) non-trivial symplectic structure
£g.f. = Lin — Hl.c.($m7pm; 0, 8{79)
£k:in = p’mxm + f(-rm;pm; 0) “961‘,9” + h(xnupnu 9) “6(708t9”

plus level matching condition

—> H,... exact, light-cone Hamiltonian for AdS5 x S° |

<4
¢ Expand H, . in 1/P; keeping A = i const.
Jr

o Redefine (perturbatively in 1/P,) fermions to get canonical Poisson structure.



The near-pp wave Hamiltonian

Quartic Hamiltonian: Hy = Hyy + Hyr + Hyy

(and introduce complex fields Z1 = 22 + 721 etc.)
Boson-boson interactions:

A
Hep = —— 1P, (Ys_oYaZs v Zy —

Fermion-fermion interactions

Ys-aYaZs o2y + Z5—oZoZs—u20 — Yoo Yo Ys_0Y5)

A
Hys = —gp- 0D (n”nn'*n +n' 't + 0" 0T+ 0 'y — [n — 0] )
Boson-fermion interactions

Hoy
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The near-pp wave Hamiltonian-spectrum

Looks complicated! Still manageable analytically due to good gauge choice... J

@ First, solve the free, i.e. quadratic H,

@ Second, compute corrections state |¥) due to H4. Need matrix elements

(U a|H4|Vp)

Simplifications in subsectors ...



The near-pp wave spectrum — subsectors

What are subsectors?
Space is anisotropic — excitations of string in various directions inequivalent.

@ su(1]1) sector: 1 boson and 1 fermion

gauge theory string theory
Ogu(11) = tr(Z7MPYM) e [Wgyqny) =07, 00, -+ 01,,10)
—> qu(1|1) =0 —>» Free theory! Miracle of the gauge choice

BUT we want E, the energy w.r.t to global time

H. .(P)=E—-J P, =E+ J = const.
E=J+H . .(E+J)

have to solve this for E! [Arutyunov, Frolov]



The near-pp wave: spectrum of subsectors

Solve perturbatively in 1/.J, keeping \' = \/J? = const.

M M M _2-

N npw? 4+ nioy
Esuap —J = wk——ZZ
wkw
k=1 k=1 j=1

w; = \/1—{—)\/77,22

the same as result of Callan et al. in static gauge

Nontrivial spectrum, for M-impurity (particle) state, came from free theory!



The near-pp wave: spectrum of subsectors

@ other rank one sectors, easy for M-impurities

e su(2) — fluctuations in S* € S° two bosons Z,Y:

5Esu(2) = <\I]su(2)|H4|\I]su(2)> 7£ 0

¢ sl(2) — fluctations in AdSs mirror to su(2)
dEgy(2) = —0Egy(2)

effect of the opposite curvature

@ higher rank sectors — new features:

degeneracy and nontrivial mixing —» diagonalise matrix (¥ 4|H4|¥ )



From pp-wave to light-cone Bethe equations

Q: Why did we bother going through the previous mess?

Interesting physics can be extracted ...

From AdS/CFT correspondence:

A — J ~ Hgpin chain acting on
. . <—> energy
lattice of letters (spin)

“particles” combinations of letters excitations created
. . . . <> . 1
(changing letter < flipping of spin) by oscillators «

spectrum from Bethe eqgs <—> string Bethe eqs ?



From pp-wave to light-cone Bethe equations

Lightning review of coordinate Bethe ansatz:
Hspin chain|‘l’> = E’\I’>
(1) infinite lattice, solve two-body system, ansatz:

@ (pr,pa2)) = Y Ulwr,x9)al,al,|0)

T1,02
T K T2 \Ij(fl'l,ajg) _ ez(p1xl+p2x2)

1> T U (21, 22) = S(py, pg)e’Pre2trzan)

elastic scattering

—> form of S fixed
—> E:Zism2 (&) +...

— 872
2 Z k
non-relativistic on the lattice



From pp-wave to light-cone Bethe equations

Lightning review of coordinate Bethe ansatz:

(2) periodic boundary conditions on ¥

eipkL = S(p1>p2)7 k= 172

(3) bootstrap to M-body system

M
ePel — H S(pi,pi) s k=1,....M Bethe equations
i=1,i£k

Energy additive Eyo(p1...par) = S0, Epy)
Cyclicity of trace Zf‘i 10i = 0.



From pp-wave to light-cone Bethe equations

String side:
Assume similar structures exist, for finite volume string world sheet,
—> read-off S-matrix

[cf. Staudacher]

@ Assume light-cone “Bethe” eqs

M
. P.
Pk = H S(pr, i) L& Py/2
i=1,i#k

@ Assume the dispersion relation
A
El.c.(pk) = \/1 + — sin? (@)
us 2

—>» compute from Bethe eqs 0 F; .. for two magnons in the limit

- 4
Py — 00, A — 00 5.t A = —5 = const.
Py



From pp-wave to light-cone Bethe equations

M

AP 3 —i Ar 4 _
0F; . = + _ Tk log S ink, iy 5Elsem1»cla55.
27 / T P P, > .c
k.j=1k#j 1+ /\nk, + +

—>» solve for S-matrix to accuracy 1/P;
—>» natural extension to all orders in 1/P,

j=1j#k

in natural variables




Light-Cone Bethe equations—consistency checks

V' correct classical integral equations in P, M — oo, M /P, = const.
v’ correct strong coupling limit A\ — co, J = const.

? L.C. Bethe equations vs. AFS?

? Finite-size effects? Origin of the “lattice”, can we see sin?(p/2) ?

e(p) = \/1 + % sin? (Z)

? How to get finite number of states in fixed .J sectors in string theory?



