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1. INTRODUCTION

Linear and semidefinite programming (LP, SDP), regularisation through basis pursuit (BP) and Lasso
have seen great success in mathematics, statistics, data science, computer-assisted proofs and learning. The
success and performance of LP is traditionally attributed to the fact that it is polynomially solvable (col-
loquially, “in P”) for rational inputs. On the other hand, in his list of problems for the 21st century [86]
S. Smale calls for “[Computational] models which process approximate inputs and which permit round-off
computations”. Indeed, since e.g. v/~ and exp(-) do not have exact representations, inaccurate data input is a
daily encounter. The relevance of such a model is further emphasised by the fact that even a rational number
such as 1/3 is stored approximately in base-2 when using floating-point arithmetic, a situation faced by most
software. This model allowing inaccurate input of arbitrary precision, which we call the extended model,
leads to extended versions of fundamental problems such as: “Are LP and other aforementioned problems
in P?” The same question can be asked of an extended version of Smale’s 9th problem [86] on the list of
mathematical problems for the 21st century. Recall, Smale’s 9th problem reads

Is there a polynomial time algorithm over the real numbers which decides the feasibility of

the linear system of inequalities Ax > vy, and if so, outputs such an x?

One can thus pose this problem in the extended model where A and y are given as inexact inputs with
arbitrary precision (see for example Lovasz [[61, p. 34]). Similarly, the optimisation problems BP, SDP, as
well as (constrained and unconstrained) Lasso, where the task is to output a solution to a specified precision,
can likewise be posed in the extended model. Given the widespread use of randomised algorithms, one
can then ask questions on the existence of randomised algorithms providing an approximate solution with
a certain probability. We will collectively refer to these problems as the extended Smale’s 9th problem (see
Problemﬂ]for the precise formulation), which we will consider in both the Turing [91]] and the Blum-Shub-
Smale (BSS) [[16] model for real arithmetic.

We settle this problem in both the negative and the positive, revealing two surprises: (1) In mathematics,
sparse regularisation, statistics, and learning, one successfully computes with non-computable functions
(e.g., in compressed sensing, for which we provide a detailed account). The same happens also in computer-
assisted proofs, for example in the proof of Kepler’s conjecture (Hilbert’s 18th problem) [5051]]. (2) In order
to mathematically characterise this phenomenon, one needs an intricate complexity theory for, seemingly

paradoxically, non-computable functions.

Main results (The extended Smale’s 9th problem). Short summary of Theorems
Consider the task of computing a minimiser of LP, BP, or (constrained and unconstrained) Lasso in the
extended model, and choose any (P-norm to measure the error. Then, for any integer K > 2, there exists a

class of feasible inputs Q) such that, simultaneously, we have the following.
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(i) No algorithm, even randomised, can produce K correct digits of the true solution for all inputs in )
(with probability exceeding p > 1/2 in the randomised case).

(ii) If we allow randomised algorithms with non-zero probability of not halting (i.e., not producing an
output), then no such algorithm can produce K correct digits for all inputs in ) with probability
exceeding p > 2/3. However, there does exist such an algorithm that produces K correct digits for all
inputs in Q with probability 2/3.

(iii) One cannot decide if a given algorithm taking inputs from S fails to produce K correct digits on a
given input (with probability exceeding p > 1/2 in the randomised case). This is in fact strictly harder
than solving the original problem in the following sense. Even if given an oracle for solving, e.g., LP
accurately, one cannot decide if the algorithm for solving LP successfully produces K correct digits of
the true solution.

(iv) There does exist an algorithm that provides K — 1 correct digits for all inputs in Q). However, any
such algorithm will need an arbitrarily long time to achieve this. Specifically, there is an Q' C ) with
inputs of fixed dimensions, such that, for any T > 0 and any algorithm T, there exists an input . € Q'
so that either T'(1) does not approximate the true solution with K — 1 correct digits or the runtime of T
on v exceeds T. Moreover, for any randomised algorithm T™® and p € (0,1/2), there exists an input
v € Q' such that

P(I"*" (1) does not approximate the true solution with K — 1 correct digits
or the runtime of I on ¢ exceeds T) > p.

(v) The problem of producing K —2 correct digits for all inputs in Q is in P, i.e., can be solved in polynomial
time in the number of variables n.

(vi) If one only considers (i) - (iv), ) can be chosen with any fixed dimensions m < N with m > 4 (see
for the precise formulation of the problems) . Moreover, if one only considers (i) - (iii), then K
can be chosen to be 1.

(vii) For BP problems with ¢ as in (I4), satisfying the robust nullspace property (which is satisfied with
high probability in many cases in the sciences) there is an approximation threshold ¢y > 0. That is,
the problem of computing an e-approximation of a minimiser is in P for € > eq and ¢ P for € < ¢,
regardless of P vs NP and

%5 < e(5) < 0.
(viii) Similar results to the above hold for the extended LP feasibility decision problem, see Theorem|[6.1]

In the above, we use the unqualified term algorithm to mean an algorithm that always provides an output,
i.e., always halts. More precise and elaborate versions of these claims will follow in Theorem [3.3] Theorem

Theorem[6.1] and Theorem[7.1

Remark 1.1 (Condition and failure of modern algorithms). It may come as a surprise that the above
results are independent of the many condition numbers in the literature (see §8.1). Indeed, bounded condition
numbers generally do not imply the existence of successful algorithms, and, on the other hand, there are
problem classes in P with infinite condition numbers, see Theorem E] and Remark@ Moreover, the input
can be bounded from above and below. The reader is invited to consult §4|for a demonstration of the failure
of modern software consistent with the above results.

The extended Smale’s 9th problem has implications in and connections to a variety of fields such as
computer-assisted proofs, hardness of approximation, phase transitions in combinatorial and continuous op-
timisation, randomised algorithms and compressed sensing that can be summarised briefly as follows.

Computer-assisted proofs — Non-computable problems: The recent computer-assisted proof, led by T.
Hales [50,/51]], of the long-standing Kepler’s conjecture/Hilbert’s 18th problem was possible despite relying
on computing with non-computable problems. This is a consequence of the extended Smale’s 9th problem
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for deciding feasibility as shown in Theorem [6.1]in §6] A crucial part of the proof of Kepler’s conjecture
consists of the numerical computation of LPs with inexact input, as in the extended model described above.
In view of (i) - (iii) above, this may seem paradoxical. However, as shown in §@ non-computable problems
can indeed be used in computer-assisted proofs, the Dirac-Schwinger conjecture proved by C. Fefferman and
L. Seco in [3644] serving as another example. Our result in Theorem [5.1] described in (iii) above on the
limits of computing the exit flag, can be interpreted as limitations on proof checkers.

Hardness of approximation and the PCP theorem — Phase transitions: The problem of computing e-
approximations (see §3.3) to the objective function of NP-hard optimisation problems — as a result of the
PCP theorem (see the work of S. Arora, U. Feige, S. Goldwasser, C. Lund, L. Lovész, R. Motwani, S. Safra,
M. Sudan and M. Szegedy [4}/6,7,46]) — often leads to phase transitions at the approximation threshold
ea > 0 (see (3.3)). Indeed, assuming that P # NP we often have the following:

Computing €a>e Computing e-approx
e-approx € P ca<e is NP-Hard (thus ¢ P)

(1.1)

The extended Smale’s 9th problem leads to similar, yet more complex, phase transitions for the problem of
computing e-approximations to minimisers in the extended model for classical combinatorial optimisation
problems such as LP. This phenomenon is characterised by the strong breakdown-epsilon €f; and the weak
breakdown-epsilon e (Definition and Definition [8.20), yielding phase transitions in several directions
for LP (the computational cost is measured as a function of the number of variables):

Computing e-approx ¢ k-EXPTIME V k
but € R (computable)

B
b o (1.2)
New
&
. o _w Computing
Computing ep=€p >¢
e-approx ¢ R
e-approx € P eh=ep<e
(non-computable)

New phase-transitions in continuous and robust optimisation (regardless of P vs NP): The extended
Smale’s 9th problem is related to many areas of continuous optimisation such as complexity theory, approxi-
mation algorithms for hard problems, fundamental limits in continuous optimisation and robust optimisation
— see for example the work of Y. Nesterov & A. Nemirovski [72}73], A. Nemirovski [66}/67]], Y. Nes-
terov [68H71]], and the work of A. Ben-Tal, L. El Ghaoui and A. Nemirovski [[10,[12]]. It leads to phase
transitions as in (I.2)) for the problem of computing e-approximations to minimisers in continuous optimisa-
tion and in combinatorial optimisation. The phase transitions are independent of the P vs NP question.

Our statements above using integers (K, K — 1, K — 2) can be viewed as ‘quantised’ phase transition

thresholds. In particular, we consider the integers [|log(e})|] and [|log(e})|], but one can easily state our
main results with the actual breakdown-epsilons describing the 'unquantised’ phase transition threshold as
in (T.2). The phase transition between P and non-computable problems (the lower part of (T.2)) is not a
direct consequence of our stated theorem, but can easily be established from our constructions used in the
proofs with simple modifications. The new results suggest a classification program on which problems in
continuous and combinatorial optimisation will have such phase transitions in the extended model.
Randomised algorithms: To address the extended Smale’s 9th problem in the probabilistic setting we
develop a theory for randomised algorithms through the probabilistic strong breakdown epsilon e} and the

probabilistic weak breakdown epsilon epy (Definition[8.27)and Definition[8.30). This yields phase transitions
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similar to (I.2) in the probabilistic sense for both continuous and combinatorial optimisation problems. See
(3:6) for an example of a phase transition diagram in the probabilistic setting.

Compressed sensing: The work of E. Candes, D. Donoho and T. Tao initiating the vast field
of sparse recovery is based on minimisers of BP. This is an example of the extended Smale’s 9th problem
in the sciences. Indeed, this is a discipline where phase transitions as in (I.2) happen. In Theorem [7]]
we characterise the approximation threshold given the standard assumptions required in the field. The first
results leading to upper bounds were done by A. Ben-Tal and A. Nemirovski [11].
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1.1. The computational problems — Finding minimisers. Finding minimisers for linear and semidefinite
programming, regularisation techniques such as basis pursuit, Lasso etc. has become a main focus over the
last decades. These approaches have in many areas of mathematics, statistics, learning and data science
changed the state of the art from linear to non-linear approaches, typically via obtaining minimisers of both

convex and non-convex problems [[1}[5,[20-27} 31134, 531551 73,(76,[83,/90]. The list of areas using these

techniques is far reaching and their influence has been extensive. The key problems to compute are:
(i) Linear Programming (LP)
z € argmin(z, ¢) subject to Az =y, x>0, (1.3)
(i) Basis Pursuit (BP)
z € argmin J (z) subject to ||Az — y|2 < 4, § €10,1], (1.4)
=
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(iii) Unconstrained Lasso (UL)

z € argmin || Az — y||3 + A T (z), A € (0,1], (1.5)
(iv) Constrained Lasso (CL;
z € argmin || Az — yl|2 subject to [|z|s <7, 7 >0, (1.6)
(v) Semidefinite Programminzg (SDP)
Z € a;g;gﬂin(C, X)sn subject to (Ag, X)gn = b, X =0, k=1,...,m. 1.7)

In the above notation we have
ACR™N yeR™ ce RN, J(z) = |z or T (z) = [lz]lzv.
where the TV semi-norm is defined as ||z||Tv = Zj\;l |z; — xj41|. For SDP, the notation is
C, Ay, € S™ (real n x n symmetric matrices), by € R, (C, X)gn = trace(CT X).

Note that all of the problems above may have multi-valued solutions in certain cases. Whenever this
occurs, the computational problem of interest is to compute any of these solutions. We will throughout the
paper use the notation

E: Q3 M, (1.8)
to denote the multivalued solution map, mapping an input ¢ € €2 to a metric space (M, dnq), allowing
measurement of error. The metric space is typically RY or C"V equipped with the || - |2 norm, however, any
metric can be considered. Even though the solution map = may be multivalued, in our theory the output of an
algorithm will always be single-valued. Thus, if I' :  — M is an algorithm we measure the approximation
error by

dist g (I'(e), E(e)) = §éIElfL) dpm (T (), €)-

Remark 1.2 (Objective function vs minimisers). In this paper we are primarily concerned with the problem
of obtaining minimisers that are vectors and not the real-valued minimum value of the objective function.
There is a very rich literature [[13}17,/19}/70./72]] on how to compute the objective function, and, in particular,
the minimum value f(z*) = min{f(z)|x € X}, for some convex function f : R? — R, convex set
X C R?, and minimiser z* € X. The traditional problem of interest is as follows. Given € > 0, compute an
z. € R such that f(z.) — f(z*) < e. Note that f(z.) — f(z*) < € does not necessarily mean that

|lze — 2| <e. (1.9

In this paper, however, the problem of computing . satisfying (I.9) is the main focus. The motivation behind
this is self-evident as there are vast areas of mathematics of information, regularisation, estimation, learning,
compressed sensing and data sciences where the object of interest is the minimiser and not the minimum
value.

2. THE EXTENDED MODEL AND THE EXTENDED SMALE’S 9TH PROBLEM

The question: “is LP in P?” [48,[58,|60] was a fundamental problem whose solution, proven by L.
Khachiyan — based on work by N. Shor, D. Yudin, A. Nemirovski — reached the front page of The New
York Times [49]. The affirmative answer has been refined several times and is now typically stated in the
following form. One can solve LPs with rational inputs in runtime is bounded by

On3°L? -log L -loglog L), (2.1)
where n denotes the number of variables and L is the number of bits or digits required in the representation of
the inputs [56,78]]. The problem, however, is that in an overwhelming number of problems in computational

mathematics and scientific computing the input contains irrational numbers. This leads to the following basic
question:
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Given a class of LPs that contain irrational numbers which can be computed in polyno-
mial time, what is the computational cost of computing a K-digit accurate approximate
minimiser? Is that problem in P (solvable in polynomial time in the number of variables

n)?

Note that the estimate (2.1)) will not answer this question as L = oo for an irrational number.

2.1. Inexact input and the extended model. An example of an LP where the matrix A contains irrational
numbers is when its rows derive from the discrete cosine transform or a discrete wavelet transform. Note that
these are not contrived examples. In fact, in the fields of inverse problems, medical imaging, compressed
sensing, etc. this is a common occurrence. Since A contains numbers that cannot be represented exactly as
binary numbers, the bound (2.1)) does not apply. Therefore, the classical model for asking “is LP in P?” does
not address the common case of irrepresentable input. On the practical side, an overwhelming amount of the
modern software used is based on floating-point arithmetic, and hence if the input is rational, there will be
inexactness due to the floating-point representation. For example, 1/3 can only be approximated in base 2,

giving rise to round-off approximation. Indeed, the following quote explains the situation succinctly:

“But real number computations and algorithms which work only in exact arithmetic can of-
fer only limited understanding. Models which process approximate inputs and which permit

round-off computations are called for.”
— S. Smale (from the list of mathematical problems for the 21st century [86])

This issue illustrates the classical dichotomy in mathematics between the discrete and continuous. Indeed,
as mentioned above, classical complexity analysis for LP is done in a discrete model. Yet, LP can also be
naturally considered in the continuous world, which is the standard way in which Smale’s 9th problem is

stated. The following quote draws attention to this dichotomy:

“ Perhaps the most successful tool in economics and operations research is linear program-

ming, which lives on the boundary of discrete and continuous.”

— L. Lovasz (from“Discrete and Continuous: Two sides of the same?”
in “Visions in Mathematics”, essays on mathematics entering the 21st century [62]])

These issues call for an extension of the continuous model that accommodates inexact input, discussed next.

2.1.1. The extended model - inexact input provided by an oracle. Suppose that we are given an algorithm
(a Turing or Blum-Shub-Smale (BSS) machine) intended to solve LP (or any of the other problems in §I.T),
and furthermore assume that the algorithm is equipped with an oracle & that can acquire the true input to
any accuracy €. A natural assumption in this scenario is that the oracle completes its task in time polynomial
in | log(e€)| (see for example Lovdsz [61, p. 36]). More concretely, given a domain ¢ C C™ of inputs, the
algorithm cannot access ¢ € {2, but rather, for any k € N, it can call the oracle & to obtain 7 = O'(¢, k) € C"
satisfying

16(1, k) — t]joo < 27F, VieQ, Vk eN, (2.2)

and the time cost of accessing (1, k) is polynomial in k. Another key assumption when discussing the
success of the algorithm is that it must be “oracle agnostic”, i.e., it must work with any choice of the oracle
O satisfying (2.2). In the Turing model the Turing machine accesses the oracle via an oracle tape and
in the BSS model the BSS machine accesses the oracle through an oracle node. Note that the extended
computational model of having inexact input can be found in many areas of the mathematical literature,
and we mention only a small subset here: E. Bishop [14], M. Braverman & S. Cook [[18]], F. Cucker & S.
Smale [30], C. Fefferman & B. Klartag [3545], K. Ko [[59] and L. Lovasz [61].
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2.1.2. The extended Smale’s 9th problem. Given that the input is inexact, the output of an algorithm will
come with an error as well. The model, both in the Turing and the BSS case, where one measures the
computational cost of running the algorithm in terms of the number of variables n and the error (or the
number of correct digits K = |log(€)|, where € is the error) is well established. See, for example Blum,
Cucker, Shub and Smale [[15, p. 29], Grotschel, Lovéasz and Schrijver [49, p. 34] and Valiant [92, p. 131]).
We thus arrive at the following extension of Smale’s 9th problem.

Problem 1 (The extended Smale’s 9th problem). Given any of the problems in (1.3) - (I.6), represented by
the solution map = mapping a class of inputs §) into a metric space (M, daq), is there an algorithm which
decides the feasibility of the problem, and if so, produces an output that is correct up to K digits (where
the error is measured via dist oq) and whose computational cost is bounded by a polynomial in K and the

number of variables n?

This question can be asked both in the Turing model, where the computational cost can be expressed
either in terms of the number of steps performed by the Turing machine, or alternatively in terms of the total
number of arithmetic operations and comparisons as well as the space complexity. In the BSS model, the
computational cost is given by the total number of arithmetic operations and comparisons executed by the

BSS machine. We will consider all these cases.

Remark 2.1 (Weaker and randomised versions of the extended Smale’s 9th problem). The question in
Problem [T| can be weakened by asking if, for a fixed K, there is an algorithm — with polynomial runtime in
the number of variables — that produces an output that is correct up to K digits. One can also weaken the
statement by allowing randomised algorithms and asking whether an algorithm succeeds with probability
p € [0, 1]. In the case of feasibility questions one can weaken the question by relaxing the constraints to only
be satisfied up to a certain accuracy. For example, given K € NU {oo} and M € R, one may ask to decide
whether there is an z € RY such that

(x,¢) < M subjectto Ax =y, x>0,

where (z,¢)x = | 105 (x, c) |10~ . We will discuss this particular problem later in §6.1/in connection with
the computer-assisted proof of Kepler’s conjecture.

3. MAIN THEOREM I (PART A): THE EXTENDED SMALE’S 9TH — COMPUTING SOLUTIONS

The main results on the existence of successful polynomial cost algorithms for the extended Smale’s 9th
problem are summarised in Theorem [3.3] Theorem [6.1] and Theorem[7.1] whereas Theorem [5.1] deals with
the decision problem of certifying the correctness of an algorithm (the “exit flag” problem). We now present
each of these theorems.

3.1. Universality of the results. The statements in the theorems below are well-defined up to the definition
of an algorithm, randomised algorithm and runtime. There are a myriad of different types of machines
that can be used as the formal definition of an algorithm: the Turing machine [91]], the BSS machine [16],
the von Neumann architecture [93]], the real RAM [77]], etc. as well as their randomised versions. The
different models are not equivalent when it comes to computability and runtime. Thus, to create universal
impossibility results we use the concept of a general algorithm (defined in §8.2)) and a randomised general
algorithm (defined in §8.5)) that encompasses any reasonable definition of a computational model in the way
that they are more powerful than any standard machine, therefore making the impossibility results stronger.
Some of the results are slightly weaker than what we actually prove. The fully formal statements of the

theorems can be found in the propositions in §8|further below, and references to these follow each theorem.
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3.2. The paradox - A complexity theory for non-computable functions. The first paradoxical result
demonstrates the following intricate phenomenon. Key problems used in statistical estimation, sparse reg-
ularisation, compressed sensing, learning, and modern data science require a complexity theory for non-
computable functions. The term “non-computable” here refers to the classical definition given by Turing
in [91] (there is an algorithm that for any € > 0 produces an e-approximation). In the following = will
denote the solution map (as in (I.8)) to any of the problems (T.3) - (I.6) with set of inputs £2, so that

Q= J Qun Z:Qny =My, 3.1)
N>m>4

where (),,, v is a nonempty set of inputs for = of fixed dimensions m and N, and M y is RY equipped with
the || - ||, norm for some p € [1, cc]. The standard doubled arrow notation = : Q,,, y = My indicates that
the mapping = is multi-valued. The fact that the dimensions blow up is crucial in order to make sense of “in
P”-type statements.

Remark 3.1 (Computing K correct digits). Having specified the p-norm || - ||, for measuring the error in
My, we frequently discuss whether an algorithm can “produce (or compute) K correct digits for =”. For
an algorithm having access to the dimensions m, N and an oracle representation ¢ (according to [2.2)) of an
input ¢ € §Q,,, n, this will mean the assertion that

dist o (T'(m, N,7),Z(1)) = . mf : |T(m, N,7) — &, <1075, (3.2)

S0

for all m, N and all possible oracle representations ¢ of all v € §2,,, . Moreover, in the randomised case,
(3:2) should happen with a certain probability that will always be made explicit.

Remark 3.2 (Condition numbers). In the following we refer to several condition numbers common in the
literature, namely the condition of a matrix, the feasibility-primal condition number Crp, and the condition
of a solution map. The precise definitions of these can be found in

Theorem 3.3 (The extended Smale’s 9th problem - computing solutions). Let = denote the solution map to
any of the problems (1.3) - (I.6) with the regularisation parameters satisfying § € [0,1], A € (0,1/3], and
T € [1/2, 2] (and additionally being rational in the Turing case) and consider the || - ||,-norm for measuring
the error, for an arbitrary p € [1,00]. Let K > 2 be an integer. There exists a class ) of feasible inputs as
in (3.1) so that we have the following.

(i) No algorithm can produce K correct digits on each input in Q as in (3.2). Moreover, for any p > %,
no randomised algorithm can produce K correct digits with probability greater than or equal to p on
each input in €.

(ii) If we allow randomised algorithms with a non-zero probability of not halting (not producing an output),
then, for any p > 2, no such algorithm can produce K correct digits with probability greater than or
equal to p on each input in Q). However, there does exist such an algorithm that can produce K correct
digits on each input in Q2 with probability 2/3.

(iii) There does exist an algorithm (a Turing or a BSS machine) that produces K — 1 correct digits for
all inputs in . However, any such algorithm will need an arbitrarily long time to achieve this. In
particular, for any fixed dimensions m, N, any T > 0, and any algorithm I, there exists an input
v € Q. N such that either T’ on input v does not produce K — 1 correct digits for =(1) or the runtime
of T on v exceeds T. Moreover, for any randomised algorithm T™ and p < 1/2 there exists an input
L € QN such that

P(I"*" (1) does not produce K — 1 correct digits for Z(v)

or the runtime of I" on 1 exceeds T) > p.
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(iv) There exists a polynomial pol : R — R, as well as a Turing machine and a BSS machine that both
produce K — 2 correct digits for all inputs in §2, so that the number of arithmetic operations for both
machines is bounded by pol(n), where n = m + mN is the number of variables, and the number of
digits required from the oracle 2.2) is bounded by pol(log(n)). Moreover, the space complexity of the
Turing machine is bounded by pol(n).

(v) If one only considers (i) - (iii), £ can be chosen with any fixed dimensions m and N provided that

m > 4 and N > m. Moreover, if one only considers (i) then K can be chosen to be 1.

The statements (i) - (iii) above are true even when we require the input in each §,, N to be well-conditioned
and bounded from above. In particular, for any input . = (y, A) € QN (L = (y, A, ¢) in the case of LP)
we have Cond(AA*) < 3.2, Crp(t) <4, Cond(Z) < 179, ||ylloo < 2, and || Al|max = 1.

The precise and slightly stronger version of Theorem 3.3]is summarised in Proposition [8.32]and Proposi-

tion[8.33

Remark 3.4 (Lower bound on the vector component of the inputs). Note that the matrix component of
every input t = (y, A) € Q in Theorem [3.3|is bounded from both below and above with universal bounds,
specifically, || A||max := max; ; |A; ;| = 1. The vector component y admits an upper bound but does not
admit a lower bound uniform across 2. This minor deficiency is an artefact of our construction of €2 and
could be easily remedied by carrying out a more involved construction. This, however, would significantly
increase the technical detail of the proof while not contributing to the theory nor any of the techniques
developed, so we refrain from doing so.

Remark 3.5 (Theorem@] and semidefinite programming (SDP)). The results of Theorem@] also hold for
the SDP problem (1.7), which can be shown easily by employing the standard argument to recast the LP
problem (together with the associated class €2) as an SDP. With this embedding the impossibility results hold
immediately, however the parts referring to the existence of algorithms would need to be proven separately.

3.3. Consequence of Theorem [3.3]- Hardness of approximation and phase transitions. A crucial prob-
lem in combinatorial optimisation is the question of hardness of approximation [4}/6},(7,/46]. In particular,
we follow [75]] and suppose we are given an optimisation problem depending on n variables. Thus, for each
instance z € Q C R™, where 2 is some domain of inputs, we have a set of feasible solutions, call it F'(z).
Moreover, the goal is to minimise an objective function/cost function f, : R? — R for some d € N and

OPT(z) := mi L (x).
(2) ,in f (x)

Many optimisation problems may be NP-hard. However, for any ¢ > 0 one can ask if there exists an
algorithm T" such that for any instance z € Q,I'(z) € F(z) and
f-(T(2)) < (14 ¢)OPT(2), Runtime(I'(2)) < pol(n), (3.3)

for some polynomial pol : R — R. The output I'(z) satisfying (3.3) is referred to as an e-approximate so-
lution. Hardness of approximation is traditionally investigated in the Turing model, thus the word algorithm
here means a Turing machine, and Runtime(I'(z)) is the runtime of the Turing machine I" given input z.
One can also ask if there is a randomised algorithm I""*" such that

P( £ () < (1+ e)OPT(z)) >92/3,  Runtime(I™(2)) < pol(n). (3.4)

An algorithm T, as described above — such that (3.3) is satisfied — is called an e-approximation algo-
rithm, and a randomised algorithm I'™*" such that (3.4) is satisfied is called a randomised e-approximation
algorithm. Given an optimisation problem one defines the approximation threshold, as defined in [[75]]

ea = inf{e > 0| there exists an e-approximation algorithm}, (3.5)
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and the probabilistic approximation threshold
epa := inf{e > 0] there exists a randomised e-approximation algorithm}.

For several NP-hard optimisation problems it follows that eps = 0 and ep = 0. Indeed, in several cases there
are polynomial-time approximation schemes (PTAS) or polynomial-time randomized approximation schemes
(PRAS) [4,/75]]. However, if P # NP, there are also many examples where €5 > 0, which implies a sharp
phase transition, where the problem of computing an e-approximation is in P for € > €5 but ¢ P fore < ep
as visualised in the phase transition diagram (L.T).

The techniques built to prove the probabilistic statements in Theorem [3.3|can be used to establish phase
transition diagrams for LP, BP, Lasso, etc. as in @ in the probabilistic case. The key are the probabilis-
tic strong breakdown epsilon epp and the probabilistic weak breakdown epsilon eppy (Definition and

Definition [8.30):

Computing e-approx ¢ BPP
but € R (computable)

(3.6)

Computing e-approx ¢ R,
VI ¢ >1/23 st
P(I'"#"(¢) is not an e-approx) < ¢

Computing b =€pp >€

e-approx € P Sp=evy<e

4. FAILURE OF MODERN ALGORITHMS AND COMPUTING THE EXIT FLAG

A crucial topic in computational mathematics is the reliability of algorithms. This is a paramount issue in
pure mathematics when computer-assisted proofs are used and in applications in the sciences in general. It
is therefore natural to test whether the built-in algorithms in, for example, Matlab are reliable. We consider
two concrete examples: the linear program

m]iRn T, + 29 subjectto x4 (1 — 8wy =1, x1,x9 > 0, 4.1)
z€ER?

where § > 0 is a parameter, and the centred and standardised (so that the columns of the design matrix are

normalised) Lasso problem

min 43052 — gl + Ml @2
where m = 3, N =2, A\ € (0,1/v/3],
15 1
s |0 5 A egee - (1 - Ters
5 1 1 cy=(V2 -1v2 0) eR’, 4.3)
20 0

and Dy is the unique diagonal matrix such that each column of AsDs has norm /m.

In order to compute a solution to {@.I)), we consider Matlab’s 1inprog command; a well-established
optimisation solver for linear programs. This is a general purpose solver, which offers three different al-
gorithms: ‘dual-simplex’ (the default), ‘interior-point’, and ‘interior-point-legacy’. Besides a minimiser,
linprog also computes an additional output — EXITFLAG — which is an integer value corresponding to
the reason for why the algorithm halted. Note that +1 indicates convergence to a minimiser, all other values
indicate some form of failure. In Table [T we apply the three 1inprog algorithms (with default settings) to
the problem (4.1)) with different values of §. The results are fascinating. Not only does 1 inprog completely
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‘dual-simplex’ ‘interior-point’ ‘interior-point-legacy’
1) Error EXITFLAG | Error EXITFLAG Error EXITFLAG
2-1 0 1 0 1 6.0- 10712 1
2-15 0 1 0 1 3.0-107° 1
2-20 0 1 0 1 7.0-1077 1
27210 1 0 1 7.1-1078 1
2726 14 1 1.4 1 1.2-1071 1
278 | 14 1 14 1 4.6-1071 1
27301 1.4 1 1.4 1 7.1-1071 1

TABLE 1. Testing the output of 1inprog applied to the problem in @) for the algo-
rithms ‘dual-simplex’, ‘interior-point’ and ‘interior-point-legacy’. The table shows the
error ||& — Z||,2 and the value of EXITFLAG (1 means successful output), where Z is the
true minimiser of (@.I)) and Z is the computed approximate minimiser. Note that machine
epsilon is €acn = 27°2.

Default settings ‘RelTol’ = €mach ‘RelTol’ = €mach

-1

¢ s
MaxIter =e€_ . .

1) Error Runtime Warn Error Runtime Warn Error Runtime Warn

2-28 1.17 < 0.01s 1.17 < 0.01s 1.17 < 0.01s
230 1.17 < 0.01s 1.17 < 0.01s 0 1.17 < 0.01s

TABLE 2. The output of 1asso applied to (4.2)) with inputs as in (4.3) and A = 0.1. The
table shows the error ||& — Z||2 (wWhere & is the true minimiser and Z is the computed

271 [ 1-10716 < 0.01s 0 1-10716 < 0.01s 0 1-10716 < 0.01s 0
2°7 0.68 < 0.01s 0 2-10716  0.02s 0 2-10716  0.02s 0
2-15 1.17 < 0.01s 0 1.17 0.33s 1 1-107  1381.5s 0
2720 1.17 < 0.01s 0 1.17 0.33s 1 nooutput > 12h 0
2-24 1.17 < 0.01s 0 1.17 0.34s 1 no output > 12h 0
2-26 1.17 < 0.01s 0 1.17 0.34s 1 nooutput > 12h 0

0 0 0

0 0

minimiser), the CPU runtime, and a boolean value indicating whether a Warning was
issued.

fail to compute a minimiser accurately, it also fails to recognise that the computed minimiser is incorrect: in
all cases, the EXITFLAG returns the value +1 indicating a successful termination.

To compute a solution to (@.2)), we consider Matlab’s 1asso command. We test it with default settings
as well as the tolerance parameter set to machine epsilon €y, = 2752 and also the maximum number of

iterations to ¢}

mach- The lasso routine does not have an ‘exit flag’, however, it provides a Warning if it

considers the output to be untrustworthy. The results of this experiment are summarised in Table [2] where
we display 1 under the Warn column if a Warning was issued, or 0 if no warning was issued. As is evident,
the failure of 1asso is similar to the failure of 1inprog, however, an interesting observation is that the
Warning parameter is occasionally able to verify the wrong solution, yet, most of the time, no warning is
issued despite completely inaccurate outputs. The failures of the EXITFLAG and the Warning suggest the
following foundational question:

Problem 2 (Can the ‘exit flag’ be computed?). Consider an algorithm designed to compute any of the
problems (L3) - (LL6). Suppose that the algorithm should produce K correct digits. Can we compute the
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‘exit flag’ for this algorithm, i.e., the function taking on the value 1 if the algorithm succeeds in producing

K correct digits, and O else?

5. MAIN THEOREM II: THE EXTENDED SMALE’S 9TH — COMPUTING THE EXIT FLAG

5.1. The exit flag cannot be computed - even when given an exact solution oracle. Let = denote the
solution map (as in (I.8)) to any of the problems (T.3) - (I.6), let K € N, and let I be an algorithm
approximating =. Suppose that € is a collection of inputs such that no algorithm can produce K correct
digits for all inputs in § (recall that the existence of such an €2 is guaranteed by Theorem [3.3). The exit flag
problem is as follows. Is it is possible to decide whether I" fails or succeeds on a particular input? More
precisely, can we find another algorithm that can compute the exit flag, meaning the function of the input
taking on the value 1 when I" succeeds in producing K correct digits for a particular input and 0 when it
fails?

5.1.1. Exact solution oracle. To illustrate the difficulty of computing the exit flag, we add the assumption
that we can also access the true solution, and show that even with this extra information the task is impossible.
We thus assume for a fixed (but arbitrarily small) parameter w > 0, the algorithm can access a p € B, (Z(¢)),
i.e., an element of M that is strictly within w of a true solution. We will consider an algorithm with access to
such an oracle to be successful only if it works for any such p. Throughout the paper we will use the wording
“with access to an exact solution oracle of precision w” to mean the situation just described, and this concept
will be formally treated in To avoid trivial examples we need another assumption. For instance, if I"
outputs values that do not belong to the range of the solution map =, then one can easily construct examples
where it becomes trivial to check if T" fails. Concretely, if I" produces correct output when I'(¢) € Z(Q2) and
wrong output when I'(¢) = £ ¢ E(Q), the exit flag is easy to compute: it is simply 0 when the output is £ and
1 otherwise. A natural assumption precluding this situation could thus be that T'(¢) € Z(Q2), for all ¢ € Q.
This, however, would again create issues in the Turing model if Z(Q2) contained elements with irrational

entries, and hence we introduce another precision parameter o > 0 and make the following assumption:
distpm(T'(1), E(Q)) < o forall ¢ € Q. 3.1

We are now ready to state the following result which shows that computing the exit flag is typically harder

than the original problem.

Theorem 5.1 (Impossibility of computing the exit flag). Let = denote the solution map to any of the problems
(L3) - (LO) with the regularisation parameters satisfying 6 € [0,1], A € (0,1/3], and 7 € [1/2,2] (and
additionally being rational in the Turing case) and consider the || - ||,-norm for measuring the error, for an
arbitrary p € [1,00|. Let K € N and fix real o and w so that 0 < o < w < 107X, Then, for any fixed
dimensions N > m > 4, there exists a class of inputs S for = such that, if T is an algorithm satisfying (5.1))
with parameter o for the computational problem of approximating = with K correct digits, then we have the

following.

(i) No algorithm, even randomised with access to an exact solution oracle of precision w, can compute the
exit flag of T (with probability exceeding p > 1/2 in the randomised case).

(ii) If we allow randomised algorithms with non-zero probability of not halting (producing an output), then
no such algorithm, even with access to an exact solution oracle of precision w, can compute the exit
flag of T with probability exceeding p > 1/2.

(iii) The problem of computing the exit flag of T is strictly harder than computing K correct digits of = in
the following sense: if one is given the exit flag as an oracle then it is possible to construct an algorithm
that computes K correct digits of Z. However, if one is instead given an oracle providing a K-digit

approximation to =, then it is still not possible to compute the exit flag of I'.
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(iv) For linear programming and basis pursuit, however, there exists a class of inputs QF # Q such that
no algorithm, even randomised with non-zero probability of not halting, can compute the exit flag of T’
(with probability exceeding p > 1/2 in the randomised case), yet one can compute the exit flag with a

deterministic algorithm with access to an exact solution oracle of precision w.

The statements (i) and (ii) above are true even when we require the input in each () to be well-conditioned
and bounded from above. In particular, for any input . = (y, A) € Q. N (L = (y, A, ¢) in the case of LP)
we have Cond(AA*) < 3.2, Cpp(t) < 4, Cond(E) < 179, ||ylloc < 2, and || Aljmax = 1.

The precise version of Theorem [5.1]can be found in Proposition [8.41]

Remark 5.2 (Halting vs non-halting algorithms). Note that (ii) in Theorem directly implies (i) and is
hence a stronger statement. However, we deliberately put both (i) and (ii) in the statement of the theorem
to allow comparison with Theorem @ Indeed, in Theorem @] there is a difference in the lower bound for
the probability between the case of a halting algorithm vs. a non-halting algorithm, which is not the case in
Theorem 5.1

6. MAIN THEOREM III: THE EXTENDED SMALE’S 9TH — FEASIBILITY AND KEPLER’S CONJECTURE

6.1. Smale’s 9th problem and the computational proof of Kepler’s conjecture. There is an important
link between Smale’s 9th problem and the recent proof of Kepler’s conjecture [[50|51]. Kepler’s conjecture,
originally stated in 1611 [57]], hypothesised an optimality result for sphere packing in three dimensions.
Continuing for nearly two decades, the program led by T. Hales [50,51]] concluded with a computer-assisted
proof (the Flyspeck program) verifying Kepler’s conjecture. The link to Smale’s 9th problem is that Hales’
program hinges on the numerical verification of more than fifty thousand decision problems of the following
form: Given K € NU {oo} and M € R, does there exist an z € RY such that

(x,c)r < M subjectto Az =y, x> 0 coordinatewise, (6.1)

where (z,¢)x = |10%(z,¢)|1075? What makes this numerical verification delicate is that the inputs
(y, A, ¢) are also approximated through numerical computation, and hence we find ourselves in the extended
model. Informally, we could think of (z, ¢) i as (x, ¢) computed to K correct digits (in the Flyspeck program
(6.T) is computed with K = 6). The key question is now, is this problem in general decidable?

We will consider input sets of the form

Q= U QN sothat Eg : Qv — {0,1} = {no, yes}, (6.2)
m<N
where, for each m and N, €),,, v is a non-empty set of inputs of fixed dimensions m and IV for the solution
map Zg of (6.I). Again, as in §3.2] we need to have inputs of arbitrarily large dimensions in order to be able
to state “in P” results. We make the dependence of the solution map on K explicit, as we will consider (6.1))
on the same input set and with the same M, but with different values of K.

Before discussing decidability, we note the following intricacy behind the choice of K. Suppose that the
K-th digit behind the decimal point is 9. Then {z € RY | (z,¢)x < M} = {z € RN | {(z,¢) k1 < M},
and hence Ex = Ex_1, i.e., the decision problem (6.1)) is indistinguishable for K and K — 1. Now, writing
S;) for the set of positive real numbers whose k-th digit after the decimal point is 9, we have the following
theorem demonstrating the intricacy of the Smale’s 9th problem in the extended model. This theorem shows
that Smale’s 9th problem in the extended model actually becomes a classification theory and testifies to the
intricacy of the computational proof of Kepler’s conjecture.

Theorem 6.1 (The extended Smale’s 9th problem - deciding feasibility). Let M > 0 be real and K > 2 an
integer, and consider the decision problem for this value of M and the corresponding solution maps

Ek, Ex—1, and Ex_o. Then there is a class of inputs Q as in (6.2) such that we have the following:



14 A. BASTOUNIS, A. C. HANSEN, AND V. VLACIC

(i) There does not exist any sequence of algorithms {T';} ;jcn with output in {0, 1} so that, for all . € Q,
we have lim;_,oo T'; (1) = Ex(¢) and, if Tj(v) = 1 for some j € N, then Zg (1) =T, (1) = 1.
(ii) There does not exist a randomised algorithm I'"", even with non-zero probability of not halting, such
that, for all v € §, we have T™* (1) = Zk (¢) with probability exceeding p > 1/2.
Additionally, depending on whether M is in one (or both) of S or 8% _,, one or both of the following hold
as well:

(iii) There does exist an algorithm " (Turing or BSS machine) such that, for all v € ), we have I'(1) =
Ek—1(t). However, any algorithm will need arbitrarily long time to compute =g 1. In particular,
for any fixed dimensions m and N, any T' > 0, and any algorithm I, there exists an input v € €, N
such that either T'(1) # ZEx_1(1) or the runtime of T on v exceeds T. Moreover, for any randomised
algorithm I'™ and p € (0,1/2), there exists an input v € Q,,, n such that

P ("% (1) is wrong or the runtime exceeds T') > p.

(iv) There exists a polynomial pol : R — R as well as a Turing machine and a BSS machine that both
compute =y _o for all inputs in §Q, so that the number of arithmetic operations for both machines is
bounded by pol(n), where n = m+ mN is the number of variables, and the number of digits required
from the oracle 2.2)) is bounded by pol(log(n)). Moreover, the space complexity of the Turing machine
is bounded by pol(n).

Concretely, (iii) holds whenever M ¢ S%, whereas (iv) holds whenever M ¢ S?(_l. Finally, if one only
considers (i) - (iii), Q) can be chosen with any fixed dimensions m < N with N > 4. Moreover, if one only

considers (i) then K can be chosen to be 1.
The precise version of Theorem|[6.1] can be found in Proposition [8.43]

6.2. Undecidable problems in computer-assisted proofs: The proof of Kepler’s conjecture. The Fly-
speck program is a stunning example of a successful computer-assisted proof of one of the few open ques-
tions spanning several centuries. However, Theorem|[6.1|reveals that the computational proof is actually even
more intricate than one might think. In fact, part (ii) of Theorem [6.1] demonstrates that the general deci-
sion problem is actually undecidable even for K = 1, and even in a randomised setting. Moreover, part (i)
reveals that not only is it undecidable, but no sequence of algorithms can certify a positive answer to the de-
cision problem. In the language of the Solvability Complexity Index (SCI) hierarchy (see §8.2)), this means
that the problem is not in 3;. Given the results of Theorem [6.1} it may seem paradoxical that one could
prove Kepler’s conjecture through the Flyspeck program by trying to decide the decision problem =g with
K = 6, which is done in the proof. There are other examples too of conjectures that are proven by means of
computer-assisted proofs relying on problems that are non-computable in the general case, for instance the
Dirac-Schwinger conjecture proved by C. Fefferman and L. Seco in [36-44] (see further discussion in [§])).

Theorem [6.1] shows that the Flyspeck program may have been impossible in several ways. Specifically,
any of the following scenarios could have happened.

(1) Conditions of part (i) of Theorem[6.T]apply, i.e., the answer to all 50000 decision problems involved
in the proof would have been yes, and hence Kepler’s conjecture would have been true, yet the com-
putations in the Flyspeck program would continue forever, regardless of the computing power, never
producing the 50000 affirmative answers needed. Thus, it would never confirm Kepler’s conjecture.

(2) Conditions of part (ii) of Theorem apply instead of part (i). In particular, one might design a
sequence of algorithms {I'; } ;e so that for any linear program input ¢ we have I';(¢) — Zx (1) as
j — oo and, if I';(¢) = 1 for some j € N, then I';(¢) = Zx(¢). Still, because of (ii), if one of
the decision problems had a negative answer, the Flyspeck program would run forever and never
conclude with an answer. Moreover, one could not even use randomised algorithms and conclude

with a probability better than coin flipping.
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(3) Conditions of part (iii) of Theorem [6.1] apply instead of parts (i) and (ii), i.e., there is an algorithm
T" such that for any linear program input ¢ we have I'(¢) = Ex(¢). However, because of (iii) the
following could occur. All 50000 decision problems would have answer yes, yet it would take 105°

years for the Flyspeck program to conclude that Kepler’s conjecture was true.

The scenario (1) can, in fact, always be avoided by considering different decision problems where one
replaces (z,¢)x < M in (6.I) by (z,c)x < M. For this problem, a statement analogous to part (i) of
Theorem is no longer true. In fact, for every K € N, there does exist a sequence of algorithms {I'; } jen
such that for any linear program input ¢ we have I';(¢) — Zx(¢) as j — oo and, if I';(¢) = 1 for some
j € N, thenT';(¢+) = Ex(¢). In the proof of Kepler’s conjecture, all decision problems have the property
that (x, c)x < M for some feasible x (and the appropriate M). Moreover, these decision problems can be
solved quickly, and one is in fact in conditions analogous to part (iv) of Theorem[6.1]

7. MAIN THEOREM I (PART B): THE EXTENDED SMALE’S 9TH IN THE SCIENCES

7.1. The extended Smale’s 9th problem and compressed sensing - Why things often work in practice.
In view of Theorem [3.3] a natural question is the following: Under which conditions on the set of inputs
may in the extended model be in P? Obvious candidates for such conditions would be various stan-
dard assumptions on problems in the sciences such as sparse regularisation. Thus, Theorem below is a
continuation of Theorem [3.3| demonstrating and quantifying the phase transitions in concrete examples. A
fundamental concept is sparsity, where we say that a vector x is s-sparse if it has at most s non-zero entries.
Furthermore, a standard requirement is that the matrix A satisfy either the restricted isometry property or the
robust nullspace property (RNP). We will only consider the latter. Concretely, a matrix A € C™*¥ is said
to satisfy the ¢2-robust nullspace property of order s with parameters p € (0,1) and 7 > 0 if

loslla < L= llosell + Az, 1)
for all index sets S C {1,..., N} with |S| < s (where | - | denotes the cardinality) and vectors v € CY. The

notation vg means that the entries of v with indices in S are set to zero and the remaining entries are left

unchanged. We can now make our question more specific.

Problem 3. Given K € N, is the problem of computing K correct digits of a solution to the BP problem
(T:4) in the extended model in P, assuming y = Awx, for some x guaranteed to be s-sparse, and A satisfies

the (?-robust nullspace property of order s with parameters p and T?

We consider classes of inputs specified as follows. Fix real constants p € (1/3,1), 7 > 10, b; > 3, and
by > 6, and, for € € [0, 1] and s, m, N € N such thatm < N and s < N define

Qv = {(y, 4) € R™ x R™N | (y, A) satisfies (T3}, (7.2)
where
A satisfies the RNP ([7.1)) of order s with parameters p and 7,
(7.3)
lly — Az[|2 < e for some s-sparse z, ||y[|2 < b1, [[All2 < ba/N/m.
Finally, set
= {J %~ (74
s,m,NeN
m<N

Then, defining log,,(0) = —oo and recalling the definition of the Crcc condition number (see §8.1), we
have the following theorem.

Theorem 7.1. (The extended Smale’s 9th problem and compressed sensing). Let =pp denote the solution
map to the £*-BP problem (L4) and consider the || - ||a-norm for measuring the error. If Q5 ,,,  and Q° are

as in (1.2) and (7.4)) the following holds.
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(i) There exists a constant C' > 0, independent of p, T, by and by, such that if we fix s = 2* for some k € N
and m, N satisfying N > m > Ts and m > Cslog?(2s)log(N), then we have the following. For
0 € (0,1] and
K > [logyo (2671)],

there does not exist any algorithm (even randomised) that can produce K correct digits for Zpp (with

0
s,m,N"*

(ii) There exists a polynomial pol : R? — R and, for every § € [0, (1—p)/(167)], there exists an algorithm

probability exceeding p > 1/2 in the randomised case) for all inputs in {2

I's (either a Turing machine or a BSS machine) such that, for K € N satisfying

K < [logyo ((1—p)(167)71671) ], (7.5)

I's produces K correct digits for Zpp for all inputs in Q°. In the case that 6 = 0, is to be
interpreted as K < co. Moreover, the runtime of Is (steps performed by the Turing machine, arithmetic
operations performed by the BSS machine) is bounded by pol(n, K), where n = m+mN is the number
of variables. In particular, for 6 = 0, the runtime is bounded by pol(n, K) for all K € N.

(iii) Consider the (*-BP problem (T4) with § = 0. For any fixed s > 3, there are infinitely many pairs
(m, N) and inputs 1 = (Az, A) € QO, where x € R™ is s-sparse and A € R™*N is a subsampled

Hadamard, Bernoulli, or Hadamard-to-Haar matrix such that
ORCC(L) = Q.

In particular, appreciating (ii) and (iii), there exist inputs in ) with infinite RCC condition number, yet

the problem is in P.

The precise version of Theorem [7.1] can be found in Proposition [8.36] The proof of Theorem [7.1] reveals
upper and lower bounds on the probabilistic strong breakdown epsilon epp (Definition for ¢!-Basis
Pursuit given that A satisfies the robust nullspace property. Indeed, we have
167
—-p

Theorem can be viewed as the quantified cousin of Theorem @ Indeed, Theorem demonstrates
the facets of Theorem [3.3]in areas in the sciences where the phenomenon described in Theorem [3.3] occur

0.

1
30 SehB S g

under usual conditions. However, it is important to emphasise that, while Theorem[7.1)and Theorem [3.3]ex-
plain why things fail, they also explain why things often work. Specifically, the negative part (i) of Theorem
can be interpreted in conjunction with the positive parts (ii) and (iii) as follows. Error bounds in sparse
regularisation are typically linear in §, hence not being able to compute a minimiser to better accuracy than
d is perfectly acceptable.

Remark 7.2 (In P, yet the condition number is co). Part (iii) of Theorem demonstrates how one can
have tractable problems that are nonetheless ill-conditioned according to the RCC condition number. More-
over, our examples are not contrived, but key examples from applications. Indeed, subsampled Hadamard
matrices (where the rows are randomly sampled in a typical compressed sensing fashion) and Bernoulli
matrices form the foundations of compressive imaging in microscopy, lensless camera, compressive video,
etc. 3.

8. THE SCI HIERARCHY — MATHEMATICAL PRELIMINARIES FOR THE PROOFS

In this section we present outlines of the proofs of the main theorems and how to navigate through the
manuscript. In addition we present the mathematical preliminaries needed. We begin by giving a brief
account of the new concepts introduced in the paper in order to prove the theorems. The techniques used
in proofs as well as the mathematical preliminaries are based on the recent program on the Solvability
Complexity Index (SCI) hierarchy that was initiated in [[52]] and has been developed in a series of papers
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[8L9L128L129,/52] in order to solve longstanding computational problems. The SCI hierarchy generalises the
arithmetical hierarchy [74] to arbitrary computational problems in any computational model. It is motivated
by Smale’s program on foundations of computational mathematics and some of his fundamental problems
[84,85]] on the existence of algorithms for polynomial root finding — solved by C. McMullen [|63,/64,/87|] and
P. Doyle & C. McMullen [32].

8.1. Condition - precise definitions. We recall the standard definitions of condition used in optimisation
[79,80], [15] [19]. The classical condition number of a matrix A is given by Cond(A) = || A||2||A~||2. For
different types of condition numbers related to a mapping = : @ C C" — C™ we need to establish what
types of perturbations we are interested in. For example, if {2 denotes the set of diagonal matrices, we may
not be interested in perturbations in the off-diagonal elements as they will always be zero. In particular, we
may only be interested in perturbations in the coordinates that are varying in the set €2. Thus, given Q2 C C"
we define the active coordinates of € to be A(Q) = {j € {1,2,...,n} |3z, y € Q,z; # y;}, which we
refer to as the active set as well as

Q= {z e R" |3y € Qsuchthat z4c = yac}, A= AQ). (8.1)

In particular, 2*°* describes the perturbations allowed as dictated by the active set of coordinates, namely the
perturbations along the non-constant coordinates of elements in 2. We can now recall some of the classical
condition numbers from the literature [[19].

We begin with condition of a mapping. Let £ :  C R™ — R™ be a linear or non-linear mapping, and

suppose that = is also defined on some set Q with Q C Q. Then,

{distoo(E(Ji +2),E(x)) } 7 (8.2)

1]]o0

Cond(Z) =sup lim  sup
z€Q =0t L corng
0<]|z[loc <€
where we allow for multivalued functions by defining disto. (2(2), Z(2)) = infez(a),rezz) 12" — 2|0
(here, the supremum of the empty set is understood to be 0). We typically choose ) to be the largest set on
which = can be defined in a natural fashion.

Next we have distance to infeasibility and the Feasibility Primal condition number, defined for both
Linear Programming and Basis Pursuit (T.4). Specifically, we define the set of infeasible inputs (which
we denote by X¥F) for a linear program to be the set of (y, A) such that no z exists with z > 0 and Az = y.
Similarly, for basis pursuit denoising with parameter 6 > 0, we define the set of infeasible inputs (which
we also denote, with a slight abuse of notation, by ¥FF) as the set of inputs for which no 2 exists with
[Az —yll2 < 0.

We then define the Feasibility Primal (FP) condition number for either basis pursuit or linear programming

with inputs in € according to

il if dist A). SFP A xt] £
CFP(:U,A) = disto[(y,A),2FPNQa] 2 [(yv ), ] 7& 63

00 otherwise

where we use the standard V, A as notation for max/min respectively and where, for a pair (y, A) € R™ X
R™*N and a set of pairs S C R™ x R™*N dist, is defined in the following way:

dista[(y, 4), 8] = inf{[ly" — yll2 V [|A" = All2 | (4, A") € S}.

Here, the infimum of the empty-set is understood to be co. Note that UL (I.3)) and CL (I.6) are always
feasible, and hence the Feasibility Primal condition number is not defined for these problems.
Finally, we have the distance to inputs with several minimisers and the RCC condition number: For any

of problems (T.3) to (T.6), we define the set of inputs with several minimisers (which we denote by =RCC)
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to be the set of pairs (y, A) such that the problem with input (y, A) has at least two distinct solutions. We
then define the RCC condition number according to

__yll2vIIAll2 if dist A). ©RCC A Qact 0
Crooly, A) = { T0l0.A4)5FCnae] 2 [(y,4), ] #

00 otherwise

(8.4)

Remark 8.1 (RCC condition number). Note that the definition of the RCC condition number here is slightly
weaker than the one in [[19]], that is to say, our RCC condition number is less than or equal to the one
defined in [[19]. However, our weaker definition simply makes our results stronger in that we show that
Crec(y, A) = oo yet the problem of computing minimisers is still in P. We have also split the definition
in [19] into two parts - one for feasibility, and one for two minimisers. This allows for a more granular
analysis of the influence of condition.

8.2. SCI hierarchy. To formalise our results and the underlying theory we recall the definitions from [§]]

and start by defining a computational problem.

Definition 8.2 (Computational problem). Let {2 be some set, which we call the input set, and A be a set of
complex valued functions on €2 such that for 1,15 € €, then ¢; = 5 if and only if f(¢1) = f(i2) for all
f € A, called an evaluation set. Let (M, d) be a metric space, and finally let Z : @ — M be a function
which we call the solution map. We call the collection {=, 2, M, A} a computational problem. When it is
clear what M and A are we will sometimes write {=, Q} for brevity.

The set €2 is essentially the set of objects that give rise to the various instances of our computational
problem. It can be a family of matrices (infinite or finite) and vectors, a collection of polynomials, a family
of Schr’odinger operators with a certain potential etc. The solution map = :  — M is what we are
interested in computing. It could be one of the problems in (I.3), the set of eigenvalues of an n x n matrix,
the spectrum of a Hilbert (or Banach) space operator, root(s) of a polynomial, etc. Finally, the set A is the
collection of functions that provide us with the information we are allowed to read, say matrix elements and
vector coefficients, polynomial coefficients or pointwise values of the potential of a Schr’odinger operator,
for example.

8.2.1. Algorithms and tower of algorithms. The cornerstone of the SCI framework is the definition of a
general algorithm, introduced next.

Definition 8.3 (General Algorithm). Given a computational problem {Z, Q, M, A}, a general algorithm is
amapping I : Q — M U {NH} such that, for every ¢ € 2, the following conditions hold:

(i) there exists a nonempty subset of evaluations Ar(¢) C A, and, whenever I'(t) # NH, we have
Ar()] < .
(ii) the action of I" on ¢ is uniquely determined by { f(¢)} rear.()»
(iii) forevery /' € Q such that f(./) = f(¢) forall f € Ar(¢), it holds that Ar(v/) = Ar ().

Remark 8.4 (The purpose of a general algorithm: universal impossibility results). The purpose of a general
algorithm is to have a definition that will encompass any model of computation, and that will allow im-
possibility results to become universal. Given that there are several non-equivalent models of computation,
impossibility results will be shown with this general definition of an algorithm.

Remark 8.5 (The non-halting output NH). The non-halting “output” NH of a general algorithm may seem
like an unnecessary distraction given that a general algorithm is just a mapping, which is strictly more
powerful than a Turing or a BSS machine. However, the NH output is needed when the concept of a general
algorithm is extended to a randomised general algorithm (as done in §8.5) needed to prove Theorem [3.3]
Potentially surprisingly, as shown in Theorem [3.3] allowing a randomised algorithm to not halt with positive
probability makes it more powerful. Note, however, that adding the NH as a possible output of a general
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algorithm does not make any results weaker. A technical remark about NH is also appropriate, namely that
Ar(v) is allowed to be infinite in the case when I'(¢) = NH. This is to allow general algorithms to capture
the behaviour of a Turing or a BSS machine not halting by virtue of requiring an infinite amount of input
information.

Owing to the presence of the special non-halting “output” NH, we have to extend the metric dpq on
M x Mtoda : MU{NH} x M U{NH} — R>¢ in the following way:

dm(z,y)  ifz,ye M
dm(z,y) =40 ifz =y=NH (8.5)
00 otherwise.

Definition [8.3]is sufficient for defining a randomised general algorithm, which is the only tool from the
SCI theory needed in order to prove Theorem [3.3] However, for several other results, the full definition of
the SCI hierarchy will be useful. The first is the concept of a tower of algorithms, which is important in the
general SCI theory in order to allow for problems that require several limits, such as spectral problems for

operators on Hilbert spaces.

Definition 8.6 (Tower of algorithms). Given a computational problem {=,Q, M, A}, a general tower of
algorithms of height k for {Z,Q, M, A} is a family of sequences of functions

Lpe Q> M, Ty Q=M Ty : 2= M,
where ny,...,n; € N and the functions I',,, .. ,, are general algorithms in the sense of Definition @
Moreover, for every ¢ € €0,
E()= lim Tp, (), Ty ()= lim Ty 0 (0) j=k—1,...,1, (8.6)

N —00 n;j—r00

Remark 8.7 (Multivalued functions). When dealing with optimisation problems one needs a framework that
can handle multiple solutions. As the setup above does not allow = to be multi-valued we need some slight
changes. We allow = to be multivalued, even though towers of algorithms are not. Hence, the only difference
to the standard SCT hierarchy is that the first limit in (8.6)) is replaced by

dist p(E(¢), T (1)) — 0, ng — 00,
where dist y(2(¢), ', (1)) := infpez() da(z, Ty (1)).

As already mentioned above, the purpose of a general algorithm is to obtain universal impossibility results.
Conversely, for a more granular analysis of the complementary positive results, i.e., the analysis of problems
where it is possible to construct an algorithm, we define arithmetic towers depending on the underlying

computational model.

Definition 8.8 (Arithmetic towers). Given a computational problem {=Z, 2, M, A}, where A is countable, an
arithmetic tower of algorithms of height k for {=,Q, M, A} is defined as a tower of algorithms whose

lowest-level functions I' = I'y,, ., : Q@ — M satisfy the following: For each . € ) the mapping

1
(Mg, ...yn1) = Doy (8) = T ({F(¢)}ren) is recursive, and T'y, ., () is a finite string of

complex numbers that can be identified with an element in M.

Remark 8.9 (Recursiveness). For the positive results we will always construct recursive algorithms, the
meaning of which depends on whether one is working with the Turing or the BSS model. In the Turing case,
recursive means that f(:) € Q, forall f € A and ¢ € Q, A is countable, and I',, . », ({f(¢)} fea) can be
executed by a Turing machine [91], that takes (ny, ...,n1) as input, and that has an oracle tape providing
f(u) for every f € A, see for example [59]. In the BSS model, recursive means that f(¢) € R (or C) for
all f € A,and Ty, n, ({f(¢)} rea) can be executed by a Blum-Shub-Smale (BSS) machine [[15]] that takes
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(ng,...,n1), as input, and that has an oracle node that provides f(¢), for every f € A. See also Remark
.16}

8.2.2. Solvability Complexity Index and Hierarchy. With the concept of towers of algorithms established we
can finally define the Solvability Complexity Index (SCI).

Definition 8.10 (Solvability Complexity Index). Given a computational problem {=, 2, M, A}, it is said to
have Solvability Complexity Index SCI(Z, Q, M, A),, = k of type a, where a = G (for ‘general’) or « = A
(for ‘arithmetic’), if k is the smallest integer for which there exists a tower of algorithms of height k£ and type
a. If no such tower exists then SCI(Z, 2, M, A), = oo. If there exists such a tower {I';, },en of height I,
and additionally = = T',,, for some n; < oo, then we define SCI(Z, 2, M, A), = 0.

The Solvability Complexity Index induces the SCI hierarchy. The key is that this hierarchy does not
collapse regardless of the computational model [8]]. Thus, it provides a universal framework for classifying
problems in scientific computing.

Definition 8.11 (The Solvability Complexity Index Hierarchy). Consider a collection C of computational
problems and a type a = A or a = G for the computational problems in C. Define
A = {{E,9Q} € C|SCI(E,Q), = 0}
Ay ={{E5,Q} € C|SCI(E,Q)q < m}, Vm € N,

[1]

as well as
AT = {{E,Q} € C| F{T"}en tower of type « s.t. Vn dist g (T (¢), Z2(1)) < 27"}

8.2.3. The computational problems. We are now ready to formalise the problems of interest (T.3)-(T.6) as
computational problems in the sense of Definition for fixed dimensions m and N. In all the problems
under consideration we consider (M, d) = (R™ U {oo}, | - ||), where the norm depends on the different
problems. In all cases except for neural networks, the set {2 will always contain vectors and matrices, and
thus the set of evaluations will naturally be the collection of the coordinate functions. Concretely, we will
often consider input sets {2 whose elements are of the form ¢ = (y, A) with y € R™ and A € R™*¥ in
which case we let

vec m me j=m,k=N
AN = {fjec}jL:1 U {fj,kdt ;-:1’}@:1 )
where f7°°(¢) = y; and f}’2*(1) = A; x. In the following we write 7 for || - ||; or || - [|Tv depending on the
context.
() Linear Programming: « €  is of the form ¢ = (y, A), where y € R™ and A € R™*¥_ For fixed
¢ € RY the solution map is given by
=(¢) = argmin(z, ¢) such that Az =y, x> 0.
z€RN
(ii) Basis Pursuit: + € Qs of the form ¢ = (y, A) where y € R™ and A € R™*¥_ For a fixed parameter
0 > 0 the solution map is given by

=) argming v J () such that || Az — y||s <0, if ¢ is feasible

Z20) = .

1%/ else

(iii) Constrained Lasso: §2 consists of inputs of the same form as for basis pursuit. For a fixed parameter
T > 0, the solution map is

E(¢) = argmin || Az — yl|2 such that ||z[[; <.
zeRN
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(iv) Unconstrained Lasso: §2 consists of inputs of the same form as for basis pursuit. For a fixed param-
eter A > 0, the solution map is

Z(:) = argmin || Az — y[|3 + A T (2).
z€RN

8.3. Inexact input and perturbations. Suppose we are given a computational problem {Z, Q, M, A}, and
that A = {f;};es, where (3 is some index set that can be finite or infinite. However, obtaining f; may be a
computational task on its own, which is exactly the problem in most areas of computational mathematics. In
particular, for ¢ € €, f;(¢) could be the number e’ for example. Hence, we cannot access f;(¢), but rather
fin(t) where f; () = f;(¢) as n — oo. In this paper we will be interested in the case when this can be
done with error control. In particular, we consider f;,, : & — D,, + D, where D,, := {k27 " |k € Z},
such that

{fin()}jes = {fi(W)}seplle <277, Ve e (8.7)
By analogy with A; classification, we will call a collection of such functions A;-information for the com-
putational problem. Formally, we have the following.

Definition 8.12 (A;-information). Let {Z, ), M, A} be a computational problem with A = {f;},c3. Sup-
pose that, for each j € 8 and n € N, there exists an f;,, : & — D, + iD),, such that holds. We then
say that the set A = {fjn|Jj € B,n € N} provides A;-information for {Z, Q, M, A}. Moreover, we denote
the family of all such A by £1(A).

Remark 8.13. One can take the analogy with A; classification in the SCI hierarchy even further by con-
sidering f; that are higher up in the hierarchy, and analogously define A,,,-information for m > 1 (see [8]]).
However, this is beyond the scope of the present paper.

Note that we want to have algorithms that can the computational problems {=, Q, M, f\} for all possible
choices of A € £! (A). In order to formalise this we define what we mean by a computational problem with
A1 -information.

Definition 8.14 (Computational problem with A;-information). Given {Z, Q, M, A} with A = {f;},cg, the
corresponding computational problem with A, -information is defined as {=Z, Q, M, A}A1 = {é, Q, M, A},

where

0= {z: {510 £1200, 500, )}y |0 € Q) fin 2 Q= Dy + D, satisfy } . (88)
2(i) = E(1), and A = {fj.n}jnepxn, where f;, (i) = fjn(1). Givenan i € €, there is a unique ¢ € Q
for \Yhich i ={(fi1(0), fi.2(0), fi3(0), ... )}jeﬁ (by Definition . We say that this ¢ € Q corresponds to
req.

Remark 8.15. Note that the correspondence of a unique ¢ to each 7 in Definition ensures that = and the
elements of A are well-defined.

One may interpret the computational problem {Z, Q, M, A}t = {é, Q. M, JNX} as follows. The col-
lection € is the family of all sequences approximating the inputs in 2. For an algorithm to be successful
for {Z,Q, M, A} it must work for all i € Q. that is, for any sequence approximating ¢, as opposed to a
particular choice of A;-information for {=, Q, M, A} according to Definition The relation between
these two closely related concepts will be further elucidated in §8.6|below.

Remark 8.16 (Oracle tape/node providing A;-information). For impossibility results we use general algo-
rithms and randomised general algorithms (as defined below), and thus, due to their generality, we do not
need to specify how the algorithms read the information. However, all positive results are done for problems
{2, Q,M, A} = {é, Q, M, JNX} with either a Turing or a BSS machine, and we thus need to specify how
ieQin (8:8) is passed to the algorithm as an input. Suppose that §, the index set for A, is countable. In
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the Turing case we follow the standard convention in the literature (see for example [59]), in particular, ¢ is
represented by an oracle tape that, on input (j,n) € 8 x N (where j is an integer or otherwise encoded in a
finite alphabet), prints the (unique) finite binary string representing the dyadic number fjn (). Similarly, for
a BSS machine, we assume the standard setup (see [[15]]) with an oracle node that on input (j,n) € § x N
returns f; (7).

8.4. Breakdown epsilons — the key to proving K, K —1, K —2 -type theorems. The purpose of breakdown
epsilons is to characterise the lower bounds on the accuracy that can be achieved by algorithms. As the
name suggests, the breakdown epsilons are the fundamental barriers on the best possible accuracy that any
algorithm can achieve. There are two types of (deterministic) breakdown epsilons, namely the strong and
the weak one, as well as their probabilistic versions. We define and discuss each of them in detail below. We

begin with the strong breakdown epsilon.

Definition 8.17 (Strong breakdown epsilon). Given a computational problem {=, Q, M, A}, we define its

strong breakdown epsilon as follows:
€ := sup{e > 0]V general algorithms I"; 3¢ € Q such that dist o (T'(¢), Z(¢)) > €}.

Hence, the strong breakdown epsilon is the largest number ¢ > 0 such that no algorithm can provide
accuracy exceeding e.

Remark 8.18 (The breakdown epsilons with respect to a specific computational model). The purpose of
the strong and other breakdown epsilons is to establish universal impossibility results in the form of lower
bounds on the achievable accuracy, and hence we define them in terms of general algorithms (and randomised
general algorithms to be introduced below). However, occasionally, it may be convenient to work with the
concept of a breakdown epsilon specific to the computational model. This can easily be done by replacing
the words ‘general algorithm’ in Definition [8.17]by either ‘Turing machine’ or ‘BSS machine’, for example.
In this case we will use the superscript ‘A’ (for arithmetic):

e%’A is the strong breakdown epsilon in the Turing (or BSS) model,

where, as in Remark @], the Turing model is understood if the inputs are rationals, and the BSS model
otherwise.

The weak breakdown epsilon, introduced next, is the largest e > 0 such that all algorithms will need to
use an arbitrarily large amount of input information to reach e accuracy. To make this precise we first need
to define the minimum amount of input information, which, in turn, we define in terms of an enumeration of

the elements in A. We thus assume that A is countable and enumerated according to
A={frlkeN k<|A]}, (8.9)

where |A| denotes the cardinality of A. As we will see below, although we assume that A has a specific enu-
meration, many of the key concepts defined below, including the weak breakdown epsilon, are independent
of the specific enumeration, and so the only assumption needed is that A be countable.

Definition 8.19 (Minimum amount of input information). Given the computational problem {=, Q, M, A},
where A = {fi |k € N, k < |A|} and a general algorithm I', we define the minimum amount of input
information Tr(¢) for T and ¢« € Q) as

Tr(v) := sup{m € N[ fn € Ar(1)}-

Note that, for ¢ such that I'(t) = NH, the set Ap(:) may be infinite (see Definition [8.3), in which case
Tr(t) = oo.

We are now ready to define the weak breakdown epsilon.
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Definition 8.20 (Weak breakdown epsilon). Given the computational problem {Z, 2, M, A}, where A =
{fx |k € N, k <|A|}, we define the weak breakdown epsilon by

ey = sup{e > 0|V general algorithms T" and M € N 3. € Q such that
distpm(T'(¢),E(2)) > eor Tr(e) > M}.

As mentioned above, it is easy to see that the weak breakdown epsilon is independent of the ordering of A.

In words, if the breakdown epsilons are greater than €, we have the following:

(1) (Strong Breakdown Epsilon) For any algorithm there is an input such that the algorithm fails to
produce an e-accurate solution on that input.

(ii) (Weak Breakdown Epsilon) One can choose an arbitrary large integer M and find an input such that
the algorithm will need to have used at least the M/ -th input and still not have reached € accuracy. In

other words, the amount of information needed is unbounded to reach e-accuracy.

Remark 8.21 (Independence of ordering). Although the minimum amount of input information is dependent
of the enumeration of A in (8.9), it is easy to see that the weak breakdown epsilon and the probabilistic weak
breakdown epsilon (to be defined below) are independent of the choice of the enumeration.

8.4.1. The weak breakdown epsilon for problems with A1-information. In the case of computational prob-
lems with A;-information, the minimum amount of input information is related to the ‘accuracy needed’ on

the input to the algorithm.

Definition 8.22 (Number of correct “digits’ on the input). Suppose that A = { fem | (k,m) € B x N}
provides A;-information for {Z, 2, M, A}. Given a general algorithm I" for the problem {Z, Q, M, A}, we

define the ‘number of digits’ required on the input according to
Dr(t) =sup{m € N|3k € Bst. frm € Ar(t)}.

Remark 8.23 (Interpretation of Tt and Dr: accuracy on input and lower bound on runtime). Consider the
computational problem {Z, Q, M, A} above. Then, independently of the enumeration of A used to define
Tr, we have that

Dr(ty) — 00 asn — oo = Tr(tn) — 00 asn — oo, (8.10)

for every general algorithm I" and every sequence {¢,,}22 in 2. Moreover, in the case when A is finite,
the implication (8:10) also holds in reverse. Therefore, the weak breakdown epsilon for problems with
A1 -information derived from a finite set of evaluations is equivalently given by

e = sup{e > 0|V general algorithms I" and M € N 3, € 2 such that
distpm(T'(¢), E(¢)) > e or Dp(¢) > M}.
Note that any reasonable complexity model would have a definition of runtime of an algorithm I' such that

the runtime is at least the number of digits it acquires from the input. In particular, any reasonable definition
of the runtime of I (such as the standard definition to be specified in §8.8) will have

Runtimer(¢) > Dr(1). (8.11)

Hence, for such computational problems, Dr can be used to show that if the weak breakdown epsilon is
greater than e then any algorithm will have arbitrarily large runtime when attempting to achieve e-accuracy.

8.5. Randomised algorithms. In many contemporary fields of mathematics of information such as deep
learning, the use of randomised algorithms is widespread. We therefore need to extend the concept of a

general algorithm to a randomised random algorithm.
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Definition 8.24 (Randomised General Algorithm). Given a computational problem {=, Q, M, A}, where
A ={fr|k € N, kK <|A|}, a randomised general algorithm (RGA) is a collection X of general algorithms
I:Q— MU{NH}, a sigma-algebra F on X, and a family of probability measures {P,},cq on F such
that the following conditions hold:
(Pi) For each ¢ € Q, the mapping I'}*" : (X, F) — (M U {NH}, B) defined by I'"**(T") = I'(¢) is a
random variable, where B is the Borel sigma-algebra on M U {NH}.
(Pii) Foreachn € Nand: € Q, wehave {I" € X |T1(¢v) < n} € F.
(Piii) Forall¢q,t2 € Qand E € F sothat, foreveryI' € E'andevery f € Ap(¢1), wehave f(i1) = f(t2),
it holds that P,, (E) =P, (E).
It is not immediately clear whether condition for a given RGA (X, F,{P,},cq) holds independently
of the choice of the enumeration of A. This is indeed the case and will be established in Lemma[9.2] further
below.

Remark 8.25 (Assumption |(Pi1)). Note that in Definition is needed in order to ensure that the
minimum amount of input information also becomes a valid random variable. More specifically, for each

L € 0, we define the random variable
Trean (1) : X — N U {oo} according to T — T (¢).

As the minimum amount of input information is typically related to the minimum runtime, one would be
dealing with a rather exotic probabilistic model if Trran (¢) were not a random variable. Indeed, note that

the standard models of randomised algorithms (see [4]]) can be considered as RGAs (in particular, satisfying
((P1)).

Remark 8.26 (The purpose of a randomised general algorithm: universal lower bounds). As for a general
algorithm, the purpose of a randomised general algorithm is to have a definition that will encompass every
model of computation, which will allow lower bounds and impossibility results to be universal. Indeed,
randomised Turing and BSS machines can be viewed as randomised general algorithms.

We will, with a slight abuse of notation, also write RGA for the family of all randomised general algo-
rithms for a given a computational problem and refer to the algorithms in RGA by I'**". With the definitions

above we can now make probabilistic version of the strong breakdown epsilon as follows.

Definition 8.27 (Probabilistic strong breakdown epsilon). Given a computational problem {=, Q, M, A},
where A = {fi |k € N, k < |A]}, we define the probabilistic strong breakdown epsilon 3y : [0,1) — R

according to
epp(p) =sup{e > 0, |[VI"™" € RGA 3. € Q such that P, (dist p (I}, E(¢)) > €) > p},
where I'}*" is defined in[(PD)]in Definition

As already mentioned in previous sections, impossibility results for randomised algorithms can differ if

one considers only those algorithms that halt on every input, leading to the following two definitions.

Definition 8.28 (Halting randomised general algorithms). A randomised general algorithm I'"*" for a com-
putational problem {E, 2, M, A} is called a halting randomised general algorithm (hRGA) if P, (T =
NH) =0, forall . € Q.

We denote the class of all halting randomised general algorithms by hRGA.

Definition 8.29 (Probabilistic strong halting breakdown epsilon). Given the computational problem {Z, Q, M, A},
where A = {fi |k € N, k < |A|}, we define the halting probabilistic strong Breakdown-epsilon €&, :
[0,1) — R according to

eppp(P) = sup{e > 0, |VI™" € hRGA 3. € Q such that P, (dist p (T}, E(2)) > €) > p},
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where I''" is defined in in Definition [8.24]

Note that the probabilistic strong Breakdown-epsilon is not a single number but a function of p. Specifi-
cally, it is the largest ¢ so that the probability of failure with at least e-error is greater than p. Similarly, there
is a probabilistic version of the weak breakdown epsilon.

Definition 8.30 (Probabilistic weak breakdown epsilon). Given the computational problem {=, 2, M, A},
where A = {fi |k € N,k < |A

according to

}. we define the probabilistic weak breakdown epsilon e} : [0,1) — R

epp(p) =sup{e > 0|VI™ € RGA and M € N 3, € Q2 such that
P, (dist g (T3, Z(1)) > € or Trvan (1) > M) > p},
where I'}*" is defined in [(PD)]in Definition

As for the (deterministic) weak breakdown epsilon discussed above, it is easy to see that the probabilistic
weak breakdown epsilon is independent of the enumeration of A. The probabilistic weak breakdown epsilon
describes a weaker form of failure than the probabilistic strong breakdown epsilon. In particular, the weak
breakdown epsilon of p is the largest € so that for, any randomised algorithm and M € N, the probability
of either getting an error of size at least ¢ or having spent runtime longer than M, is greater than p. The
connection between the different breakdown epsilons will be summarised in Proposition[9.1] further below.

8.6. Different types of impossibility results. There are several non-equivalent statements about the non-
existence of algorithms for a computational problem {=, Q, M, A} with A;-information that we will discuss.
For a fixed € > 0, the statements are as follows:
(i) IA € L1(A) such that, for the computational problem {Z, 2, M, A}, we have € > ¢.

(if) When considering the computational problem {=, 2, M, A}Al, we have e, > ¢.

(i) {Z,0Q, M,A}? ¢ A§.
Note that (i) = (ii)) = (iii) . Observe also that (i) says that there is a particular choice A of collec-
tions of approximations that provide A;-information for A such that no algorithm, given this specific A;-
information, will be able to secure € accuracy. Note that the strong breakdown epsilon in (i) and (ii) could be
replaced with any of the other breakdown epsilons (at a fixed p, in the case of the probabilistic breakdown
epsilons), and the implication (i) = (ii) would still hold. However, the implication (ii) = (iii) holds

only for the various strong breakdown epsilons.

Remark 8.31 (Turing’s classical definition of non-computability). Note that in the SCI hierarchy frame-
work, the classical Turing definition of non-computability [59,91] is equivalent to {Z, Q, M, A}A1 ¢ Af.
However, as the main results in this paper demonstrate, in order to characterise the many facets of scientific

computing one needs the richness of the SCI hierarchy framework.

8.7. Theorem3.3]- Part (i) and (ii) in the SCI language. Let = denote the solution map (as in (I.8)) to any
of the problems (I.3) - (L.6). The statements in Theorem [3.3]are well-defined up to the definition of (random)
algorithms and their runtime. Now that we have defined these concepts and the breakdown epsilons, we state
(i) and (ii) in Theorem [3.3]in the precise SCI language. For m, N € N such that m < N and a class of inputs

Q for any of the problems (T.3)) - (I.6), define
Uy ={(v,4) € Q[ (y,4) €ER™ xR™N}, - My =R, (8.12)

In the case of linear programming, we set ¢ = (1,...,1) € R¥ for each fixed dimension N. We then have
the following.

Proposition 8.32. Let = denote the solution map to any of the problems (1.3)) - with the regularisation
parameters satisfying § € [0,1], A € (0,1/3], and T € [1/2,2] (and additionally being rational in the Turing
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case) and let the metric on My be induced by the || - || ,-norm, for an arbitrary p € [1,00]. Let K > 1 be

an integer. There exist a set of inputs

Q= |J Qun, sothat Z:Qpn = My, (8.13)
m,NeN

4<m<N

where Q,,  and My are defined as in (8.12), and My is equipped with the ||- ||, norm for some p € [1, x],
as well as sets of A1 -information /A\va € LY(Ap, n) such that we have the following.

(i) For the computational problem {E,Qy, N, My, /A\m,N} with any m, N € N, 4 < m < N, we have
e (p) > 1075, forallp > 1. Hence {Z, Qp v, My, Ay v }21 ¢ AT

(ii) For the same {E,QWN,MN,/A\WN} as in (i) we have €s5(p) > 107X, for all p > % However,
when considering the problems {=, QT,L,N,./\/IN,AWN}Al = {é, Qm’N,./\/lN,[Xm’N}, there exists
a randomised algorithm I'™" (a randomised Turing machine or a randomised BSS machine), with a
non-zero probability of not halting, that takes the dimensions m, N and any i € Qm’ N as input (see
Remark([8:16) and satisfies

P; (dist v (™" (m, N, 7), 2(0)) < 1075) >

Wl o

The statements above are true even when we require the inputs in Q,, N to be well-conditioned for all
m, N and bounded from above and below. In particular, for any input 1 = (y,A) € ,, n we have
Cond(AA*) < 3.2, Crp(t) <4, Cond(E) < 179, ||[Ylloo < 2, and ||Al|max = 1.

8.8. Runtime of algorithms. In order to provide exact statements of the rest of Theorem we need the
precise definition of the runtime of an algorithm, for which one has to specify a computational model. Recall
that we want to prove results about algorithms for problems {Z, 2, M, A}** with A;-information, as such
results are stronger than, say, the corresponding results for {=, Q,, n, My, A} with a particular choice of
A e L(A). We have already discussed specific computational models in Definition and Remark
however, in order to make precise statements about complexity we need to specify such models more closely.

Concretely, we will consider the following models.

(1) (Turing model). We follow the classical setup in [59], wherein the components of the inputs 7 =
{fin(t)}jnepxn € Q are provided by an oracle tape that, at various times during the computation,
contains a binary string representing one of the dyadic numbers f;,(¢). Specifically, the Turing
machine can make a query to the input oracle €, which then writes f; () onto the oracle tape at
cost j +n, always choosing the unique finite binary string representing f; ,(¢). Now, given a Turing

machine T for the problem {Z, 2, M, A}21, we define its runtime on 7 as follows:

Runtimer(7) = the number of steps performed by the Turing machine I before halting

+ the sum of costs of all the calls to the oracle for 7 (with the cost as above).

Note that this model accounts implicitly for the cost of all the calls to the oracle, as the output of the
oracle is printed on the work tape, and hence read by the machine.

(ii) (Arithmetic Turing model). In the case where one only wishes to count the number of arithmetic
operations and comparisons that an algorithm performs, there is no canonical account of the cost of
calling the oracle, as opposed to the classical Turing model above. Hence, in this model (as discussed
in @ and (see for example Lovasz [61} p. 36])), it is natural to adopt the convention that the cost
of calling the oracle & (as specified in item (i) above) is given by pol(n), for all j € 8, n € N, and
¢ € €, for some non-zero polynomial pol fixed beforehand. Thus, we define the arithmetic runtime
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of an algorithm I" in the Turing model on ¢ as follows:
Runtimer(7) = the number of arithmetic operations and comparisons
performed by I" before halting
+ the sum of costs of all the calls to the oracle for 7 (with the cost as above).

(iii) (The BSS model). In this model, the BSS machine is equipped with an extra oracle node & for
L= {fin(t)}jnepxn € Q that outputs fjn on input (j,n) (see [15] for details). As discussed
in §2.1.1 and in item (ii) above, it is customary to assume that the cost of calling the oracle is
polynomial in n, as in the arithmetic Turing model. Thus, given a BSS machine I" for the problem

{Z,Q, M, A}21, we define its runtime on 7 as follows:
Runtimer(7) = the number of arithmetic operations and comparisons
performed by the BSS machine I" before halting
+ the sum of costs of all the calls to the oracle for 7 (with the cost as above).

8.9. Theorem [33] — Part (iii) - (v) in the SCI language. We follow the setup in Note that with the
definitions of runtime in §8.8|all satisfy (8.11), and hence we have that, for a given problem {=, Q, M, A}At
with A finite and a probabilistic weak breakdown epsilon e}z (p) > r, for some p,r > 0, any randomised
algorithm will require an arbitrarily long runtime in order to achieve accuracy of at least r with probability
at least p.

We are now ready to formalise the rest of Theorem 3.3]

Proposition 8.33. There exist Q and A, x € L' (A n) as described in §.13) for which the conclusion of
Proposition[8.32| holds with K > 2, and we additionally have the following.

(iii) For the problem {E,Q,,L7N,MN,1AX,,L7N} with any m, N € N, 4 < m < N, we have that e}5(p) >

10-E=Y for all p > % However, when considering the problems {Z,Q, n, My, Ay N 12T =
{é, Qm’N, My, /N\m’N}, there exists an algorithm T (a Turing machine or a BSS machine) that takes

the dimensions m, N and any © € S:Zm N as input (see Remark and satisfies
distaq (D(m, N, 7),2(0)) < 10~ K=D),

(iv) There exists a polynomial pol : R — R and an algorithm T (a Turing machine or a BSS machine) that
takes the dimensions m, N and any © € Qm, N as input (see Remark and satisfies

dist uq (T(m, N, 7),2(2)) < 107 E=2),

Furthermore, in the Turing case, the arithmetic runtime and the space complexity of the Turing machine
are bounded by pol(n.yay), where niyay = mN +m is the number of variables, and the number of digits
read from the oracle tape is bounded by pol(log(nyay)). In particular, the runtime in the Turing model

is polynomial in N,y. In the BSS case, the runtime is likewise bounded by pol(nyay).

In the proof of Proposition we will additionally need the following concepts of the size of a dyadic
rational and the encoding length of rational vectors.

Definition 8.34 (Size of dyadic rationals). For a dyadic rational d given by its binary representation d =
+5,8p—1 - So-t1ta - - - ty, we call m its precision, and we define its bit size as m + n + 3. The bit size of a
dyadic rational vector or matrix is defined as the sum of the bit sizes of its entries. We define the bit size of

a vector of dyadic rationals as the sum of bit sizes of its entries.

Definition 8.35 (Encoding length of rational numbers). We define the encoding length of an integer n € Z
as Len(n) = 1 + [logy(|n| +1)]. For a rational p/q € Q, where p and ¢ > 0 are coprime integers, we
define the encoding length of p/q as Len(p/q) = Len(p) 4+ Len(q). Similarly, if w is a vector of rationals,
we define the encoding length Len(w) as the sum of the encoding lengths of the components of w.
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8.10. Theorem [7.1]in the SCI language. We recall the setup for Theorem Fix real constants p €
(1/3,1), 7 > 10, by > 3, and by > 6. For s, m, N € N such that m < N and € € [0, 1], define

Qv = {(y, A) € R™ x R™N | (y, A) satisfies §T3)}, (8.14)

where

A satisfies the RNP (7.1) of order s with parameters p and 7,

(8.15)
lly — Az||2 < e for some z that is s-sparse, and ||y||2 < b1, [|A]2 < bay/N/m.
Finally, define
= J . (8.16)
s,m,NEN
m<N

Proposition 8.36. Let Zpp denote the solution map to the ¢*-BP problem (I.4) and consider the || - ||2-norm
for measuring the error. If QS . and Q° are as in (8.14) and (8.16) the following holds.

(i) There exists a constant C' > 0, independent of p, T, by and by, such that if we fix s = 2F for some k € N
and any m, N such that N > m with m > Cslog®(2s)log(N), then we have the following. For an
arbitrary § € (0,1] consider the computational problem {Zgp, Q22 ., M, A}21, where M = RN,
Let

K > [logy, (2671)].

Then, for any p > 3, we have €}, (p) > 1075 Hence {Epp, ng’N,M,A}Al ¢ A

(ii) There exists a polynomial pol : R* — R and, for every § € [0, (1—p)/(167)], there exists an algorithm
I's (a Turing machine or a BSS machine) that takes any dimensions m, N, the accuracy parameter K,
and any i € ngm’ N as input (as described in Remark and satisfies

dist o((T's(m, N, K, 7),Zgp(i)) < 107X

forall K € N satisfying
K < |logy, (1= p)(167)"107 1) | 8.17)

In the case that § = 0, ®817) is to be interpreted as K < oo. Moreover, the runtime of T's (steps
performed by the Turing machine, arithmetic operations performed by the BSS machine) is bounded
by pol(n, K), where n = m + mN is the number of variables. In particular, for 6 = 0, the runtime is
bounded by pol(n, K) forall K € N.

(iii) Consider the (*-BP problem (T.4) with § = 0. For any fixed s > 3, there are infinitely many pairs
(m, N) and inputs . = (Az, A) € QO, where x € R™ is s-sparse and A € R™*N is a subsampled
Hadamard, Bernoulli, or Hadamard-to-Haar matrix such that

CRC(;'(L) = Q.

In particular, appreciating (iii) and (iv), there exist inputs in ) with infinite RCC condition number, yet

the problem is in P.
Remark 8.37. The independence of the runtime on § in part (ii) is a consequence of (§.17).

Remark 8.38. One can strengthen the result in part (ii) in the following way: it is possible to use Ne-
mirovski’s surface-following method (concretely, the result in Section 4.2 in [66]) to devise an algorithm
that solves the basis pursuit problem with ¢! regularisation up to precision 10~% > 1675/(1 — p) to obtain
the explicit complexity bound O(1)- N3:5. K -log (2 + lj\i—Tp) in the arithmetic model of computation (more
precisely, the BSS model with an oracle for the square root). We choose not to do so in this paper and instead
base our proof of part (ii) on the ellipsoid algorithm to obtain simple polynomial time complexity bounds in
both the BSS and Turing models of computation.
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8.11. Computing the exit flag — Theorem in the SCI language. Let {=,Q, M, A}2! be a computa-
tional problem and recall the definition of {Z, 2, M, A}A1 = {é, Q,M, /~\} from Deﬁnition Suppose
that we are interested in finding an algorithm I that, for every ¢ € Q, computes an approximation to E(Z)
with  accuracy (i.e. so that dist o((I'(2), Z(7)) < ). If the breakdown epsilon €}, is greater than x then this
task is impossible — there will be at least one input for which the algorithm fails to get x accuracy. However,
that does not mean that a given algorithm will fail on all possible inputs. There may be a set of inputs for
which the algorithm succeeds in producing an output that is x away from a true solution. This leads to the

following exit flag question:

Can we design an algorithm that identifies whether or not I fails on a given input (meaning

that T fails to produce k accuracy on its input)?

Phrased more precisely in the language of computational problems, given a recursive (either in the Turing
or the BSS model) algorithm T" for {é, Q. M, /~\}, we define

Qr = {i € Q| dist\(T'(2),2(0)) < &} C Q, (8.18)
then € > « implies that Qr is a strict subset of (. Now, defining

- 1 ifie
B neetr (8.19)
0 if[EQ\QF,

(1]

the exit flag problem is to design an algorithm I'” to solve the computational problem
{27.9.{0,1}, A} = {27,0.{0,1}, A}, (8.20)
where the metric on the space {0, 1} is inherited from R.

Remark 8.39 (Key assumption). Of course, this problem is trivial if the algorithm produces outputs that are
far away from the set =(€2). This is a somewhat contrived scenario as such algorithms would not be sensible
candidates for attempting to solve the problems defined in equations (T.3)-(T.6). We thus need to make a
technical assumption on the type of algorithms we will analyse for the exit flag problem. Concretely, we fix
an « < x and assume that our algorithm I" defined on 2 satisfies

dist v (1'(2), 2(Q)) < a forall 7 € Q. (8.21)

Given the computational problem {Z¥ 2, {0,1},A}, one may ask where it lies in the SCI hierarchy.
We will provide results on this, however, in some circumstances we will actually prove stronger results by
considering the problem of computing the exit flag with additional access to an oracle that provides an exact

solution to the problem that I' is trying to solve. In particular, one can ask:

Given an oracle for the true solution, can we design an algorithm that identifies whether or

not I fails on a given input (meaning that I fails to produce K correct digits when given

the input)?
Concretely, we will assume that we are allowed to design the exit flag algorithm I'” so that I'¥ has access to
both and element p of E(Z) as well as the input 7. We will consider I'¥ to be successful only if it correctly
computes the exit flag for every such p. Indeed, it is reasonable to preclude the exit algorithm from being able
to access a ~’convenient” element of E(Z), as this would make it too powerful for any nontrivial statements to

be made.

8.11.1. Formalising the oracle computational problem. In order to make the concept of an oracle for the
true solution precise we need to formalise the definition of an oracle computational problem. Consider two
computational problems {=;, 2, M1, A1} and {E2, 2, Ms, Ao} with the same input set 2, and assume that
My C CM. Given w > 0, suppose that functions {gx }2L,, gi, : Q1 — D, are such that

{gk ()AL € B (22(1)). (8.22)
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Then {gj(¢)}#L, is an w-accurate approximation of an element of Z2(¢). We can thus define
L£99=2 (A1) = {A U{gi}rly gk : Q = D,k € {1,..., M}, satisfy (822)} (8.23)

Note that it is crucial to allow for the approximation parameter w since a Turing machine would be unable to
access the true solution if it has irrational entries.

Now, for a fixed Af‘ € LO9%E2(A;), the computational problem {Z;, Q,./\/ll,AT} would allow the
algorithm to access information about =;. However, as discussed above, a sensible algorithm relying on
“oracle information” ought to work with every choice of such an oracle. We thus define a new oracle
computational problem {Z¢,Q° M, AL} by analogy to Deﬁnitionaccording to

0° = Qo(w) = {LO =1P {gk(L)}i”:l | e Q, {gk}{c”:l satisfy @])} , (8.24)

P09 =Z1(t) and A? = {fO| f € A1} U {g}M |, where the f© and g© are defined as

(1]

The dependency on w in the definition of Q€ (w) will usually be suppressed to lighten the notation. We can

now make the following formal definition.

Definition 8.40 (Oracle computational problem). Given two computational problems {Z;, 2, M1, A;} and
{E9,Q, Mo, Ao} as specified above, we say that

{Ela Qa M17 AI}OM}’{E%Q’M%AQ} = {5?7 QO) M17 A?}

where Q©, 2, and A{ are as specified above, is the oracle computational problem with respect to {Z, 2, My, Ao }.
Whenever it is clear which computational problem the oracle problem is relative to, we will simply write
{Ela Q7 M17 A1}07w for {El7 Q7 M»l Al }OWJ,{EQ,SLM%AZ} .

8.11.2. Computing the exit flag with an oracle. Returning to the exit flag problem, one could also ask the
opposite question to what we asked above:

Given an oracle for the exit flag can we design an algorithm that produces w accurate

solution to the original problem?

A positive answer to this question and a negative answer to the original question can be seen as evidence
that the exit flag problem is strictly harder than the original problem, which is the topic of the following

proposition formalising Theorem [5.1]

Proposition 8.41 (Impossibility of computing the exit flag). Let = denote the solution map to any of the
problems (L.3) - (L.6) with the regularisation parameters satisfying § € [0,1], A € (0,1/3], and T € [1/2, 2]
(and additionally being rational in the Turing case) and let the metric on M be induced by the || - ||, norm.
Let K € N and fix a and w so that 0 < o < w < 107X, Then, for any fixed dimensions m < N with
m > 4, there exists a class of inputs Q) such that, if T is a general algorithm for the computational problem
{Z,Q, M, A} = {2,Q, M, A} satisfying (B21) (where we write A for Ay, v to lighten the notation) and
{EF,0,{0,1}, A} = {EF,Q,{0,1}, A} is the exit flag computational problem defined in (8.20), we then
have the following.

(i) There exists a AT € EO""E(]\) such that, for {ZF,Q,{0,1}, At} we have &5(p) > 1/2, for all
p> 1
(ii) The problem of computing the exit flag of T is strictly harder than computing a K digit approximation to
= in the following sense: For the oracle problem {é, Q, M, /NX}O"" with respect to {=F Q, {0,1}, 1~\}
we have e‘BA < 107K (see Remark. However, when considering the oracle problem {ZF Q, {0,1}, ZNX}O*“’
with respect to {Z,Q, M, A}, we have €5, > 1/2 (which follows from (i)).
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(iii) IfZ is the solution map to either linear programming or basis pursuit, there exists a class of inputs Q¥ #
Q such that, if U is a general algorithm for the computational problem {=,QF M, A} satisfying
(821) with «, then there is a A € L'(A) so that for {ZF Q% {0,1}, A} we have €35(p) > 1/2,

1 —_

for all p > 5. However, if we consider the oracle problem {2F,QF, {0,1}, A}O with respect to

=, 08 M, A}2, then {EF OF {0,1}, A}O« € Af
The statements above are true even when we require the inputs in Q,, N to be well-conditioned for all
m, N and bounded from above and below. In particular, for any input o = (y,A) € QN we have
Cond(AA*) < 3.2, Crp(t) <4, Cond(Z) < 179, ||[ylloo < 2, and ||Al|max = 1.

8.12. The full SCI hierarchy and the feasibility part of the extended Smale’s 9th problem. In order to
prove Theorem we need the full SCI hierarchy. Building on the SCI hierarchy introduced in Definition
one may assume that the metric space M, say M = R or M = {0, 1} with the standard metric, is
equipped with extra structure, say a total order, that allows one to define convergence from above or below
of functions valued in M. By analogy to using the metric d 4 in the approximation property (8.6) of towers
of algorithms, the extra structure on M allows us to define for a new type of approximation. As we argue
below, this is important, for example, in computer-assisted proofs and scientific computing.

For simplicity of exposition, in this subsection we consider only computational problems whose solution

map Z is single-valued.
Definition 8.42 (The SCI Hierarchy for a totally ordered set). Given the setup in Definition and addi-
tionally assuming that M is totally ordered, we define the following sets:

¥y = 10§ = Ag,

Yo = {H{E, QM A} e A, | Ftower {T

m

.n,yofheight ms.t. T, (¢) S E() Vi € QF,
ny p of height m s.t. Ty, (1) N\ E(¢) Ve € 2},

Hgl = {{57 QvaA} € Ag«b+1 | 3 tower {an

,,,,,

for m € N, where  and \, denotes convergence from below and above respectively, and the towers of
algorithms are assumed to consist of halting algorithms.

In the special case when M = {0, 1}, Definition yields the full SCT hierarchy for arbitrary decision
problems, where 1 is interpreted as true and O as false. One can then naturally consider a computational
problem with A;-information {Z, 2, M, A}** and ask in which of the sets A, X%, or I it lies.

8.13. Theorem|6.1]in the SCI language. Recall that, for k € NU {oc} and M € R, our decision problem
of interest is to decide whether there is an 2 € R¥ such that

(x,c)p < M subjectto Az =y, x > 0 coordinatewise, (8.25)

where (z, ¢)y, := [10%{z,¢) |107% with ¢ setto (1,...,1) € R for each fixed N as in corresponding
to a computational problem with solution map

1, Jz € RY satisfyin
S0 (0,1}, () = ying @23 (8.26)
0, else

and set  of inputs of the form ¢ = (y, 4) € R™ x R™*N _ Now, for k € N, define the set

Si=J [(n+09)-107%D (n+1)-10"*V), (8.27)
neNU{0}

in other words, S} is the set of positive real numbers whose k-th digit after the decimal point is 9. Note that,
for all k£ € N, we have

MeS) = {zecRY|[(z,c)p <M}={zeRY |(z,c)p_1 <M} = EZ,=Er_1,
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and therefore the computational problem (8.26) is indistinguishable for ¥ = K and ¥ = K — 1 whenever
M € SY%. When this is not the case, the following proposition shows that the problem for ¥ = K and
k = K — 1 can have fundamentally different computational properties on the same set of inputs.

Proposition 8.43. Consider a real M > 0 and an integer K > 2. There exist a set of inputs

Q= U QN sothat  Zg : Qv — {0,1},
m<N

where Q, n is defined as in (812) and sets of Ay-information [Xva € LY(Ap, N) such that
(i) {2k, Yn.n, {0,1}, Ay n} & £, for allm, N € Nwithm < N, and
(ii) for {Ek,Qm n, {0, 1},]&,”7]\;} with any m, N € N such that m < N, we have 5 (p) > %,for all
p> i
Additionally, depending on whether M is in one of Sy or 8% _,, one or both of the following hold as well:
(iii) For {Zx_1,m n,{0,1}, /AXm,N} with any m, N € N such that m < N, we have e};(p) > %,for all
p> % However, when considering the problems

{EK—la Qm,N, {07 1}7 Am,N}Al = {EK—la Qm,N; {Oa 1}) [\m,N}a

there exists an algorithm I' (a Turing machine or a BSS machine) that takes the dimensions m, N and

any i € Qm, N as input and satisfies
F(ma Na Z) = éK—l(z)

(iv) Considering the problems {Zx_2,Qm n,{0,1}, Ay y}21 = {EK_Q,le7N7 {0, 1},1~Xm7N}, there
exists a polynomial pol : R — R and an algorithm I (a Turing machine or a BSS machine) that takes

the dimensions m, N and any . € Qm N as input and satisfies
F(mv N7 Z) = EK72(Z)

Furthermore, in the Turing case, the arithmetic runtime and the space complexity of the Turing machine
are bounded by pol(Nyar ), where niyay = mN +m is the number of variables, and the number of digits
read from the oracle tape is bounded by pol(log(nay)). In particular, the runtime in the Turing model

is polynomial in N,y In the BSS case, the runtime is likewise bounded by pol(nyay ).

Concretely, (iii) holds whenever M ¢ S%, whereas (iv) holds whenever M ¢ S?(_l.

9. TOOLS FOR PROVING IMPOSSIBILITY RESULTS — BREAKDOWN EPSILONS AND EXIT FLAGS

The main tools can be summed up in the following three statements. We commence with a proposition

describing the relationship between the different Breakdown epsilons.

9.1. The key mechanisms for the Breakdown epsilons. The connection between the different Breakdown
epsilons can be summarised in Proposition 0.1] further below.

Proposition 9.1. Given a computational problem {E,Q, M, A} with A = {fx |k € N,k < |A|}, and
p,q € (0,1) withp < ¢, we have

9.1)
9.2)

enp(P) < pp(p) < epp(p), and 9.3)
ep < €g. (9.4)
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Proof of Proposition[9.1] We start with (9.1), and observe that €3 (¢q) < €ip(p) follows directly from the
definition. To see that 5 (p) < € we argue by contradiction and suppose that €3 (p) > €. Then there
exists an € > 0 such that €j5(p) > € > €}. Hence,

VI € RGA 3¢ € Q such that P, (dist p (T}, 2(¢)) > €) > p. 9.5)
However, since € > €} there exists a general algorithm I' such that for all ¢ € €2, we have that
dist p (T'(¢), E(1)) <e.

Since I' can be seen as an RGA with X = {T'} and P, (dist p(I'(¢), Z(¢)) > €) = 0, which violates (9.3).
Note that the argument to establish (9.2)) is identical to the proof of (9.1I). Finally, we notice that (9.3) and
(9.4) follow directly from the definitions. a

As the next two propositions will rely on the use of Dr(¢), the minimum number of digits on the input,
together with randomised general algorithms, it will be opportune to immediately state and prove that Dr(¢)
is a random variable. Concretely, we have the following two lemmas:

Lemma 9.2. Let I be an RGA for a computational problem {E,Q, M, A}, where A = {f; | j < |A|} is
countable, and let X, F, and {P,},cq be as in Definition Then,

(i) forevery. € Qandevery f € A, {T € X | f € Ar(v)} € F, and
(ii) for every bijection 6 : N — N and every n € N, we have

{I'e X[Ar() € {foy,---> form }} € F-
In particular, T is an RGA for {Z,Q, M, A} independently of the enumeration of A.
Proof. Proof of| ' Take arbitrary « € {2 and f; € A. The claim follows from in Definition after
observing that {I' € X | f; € Ap(\)} ={T € X |Tr(¢) < j}I\{T' e X |Tr(¢) <j—1}.

Proof of{(ii); Consider an arbitrary n € N and define the set S = {6(j)|j € N, j < n}. Then, for every
L€ (),

{Te X |Ar() € {for)s - fom}} =X\ |J {TeX|f€Ar(n)},

JEN\S
which must be an element of F, since each of the sets {I' € X | f; € Ap(¢)} is in F, by the already
established item [(1)] and F is a o-algebra. (]

Lemma 9.3. Let {Z,Q, M, A} be a computational problem with A countable and let A= {fem |k <
|A|,m € N} € LY(A) be arbitrary. Furthermore, let T™ be an RGA for {Z,Q, M, A} with X and F as
in Definition[8.24) Then, for each v € ), the function Dran (1) : X — N U {oo} defined by I' — Dr (1) is

F-measurable.

Proof. Consider an arbitrary n € N and define the set S = {(k,m) € N? |k < |A|,m < n}. Then, for each
L € (), we have

{T'€ X|Dr(t) <n}={T € X|Ar(t) C {fu,m|(k,m) € S}}
=X\ |J {reX|fimeir(@}eF
(k,m)EN2\S
since each of the sets {I' € X | fx,m € Ap(¢)} isin F, by item[(i)]of Lemma[9.2] and F is a o-algebra. Then
clearly

{I'e X|Dr(1) =oc} = X\ | J{T'€ X|Dr(:) <n} € F,
neN

and thus Drran (1) is measurable, as desired. O
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Remark 9.4. It will be useful throughout the paper to note that any of the breakdown epsilons of a com-
putational problem {E, 2, M, A} is at least as large as the corresponding breakdown epsilon of any other
computational problem {=,Q¥', M, A’} with ' C Qand A’ = {f |ov |f € A}.

The next proposition serves as the key building block in the impossibility results in all our main theorems
except for Theorem [5.1} Note that the proposition is about arbitrary computational problems, and is hence

also a tool for demonstrating lower bounds on the breakdown epsilons for general computational problems.

Proposition 9.5. Let {Z,Q, M, A} be a computational problem with A = { fi, | k € N, k < |A|} countable,

and let {t1}°5° 1, {12152 | be sequences in §). Consider the following conditions:

(a) There are sets S*, 5% C M and r > 0 such that inf,, cs1 ,es2 dp (21, 22) > Kk and (i) C S
forj =12

(b) For every k < |A| there is a ci, € C such that | fi (1)) — cx| < 1/4™, forall j = 1,2 and n € N.

(c) Thereis an \° € Q such that for every k < |A| we have that is satisfied with ci, = fi(:°).

(d) Thereis an .° € Q for which conditionholds and additionally 1 = 1°, for alln € N.

(e) = is single-valued, M is a totally ordered set, and inf Bs (Sl) > sup S2, for some & > 0.

Depending on which of the conditions—are fulfilled, there exists a A € £ (A) such that some of the
Jollowing claims about the computational problem {Z,Q, M, A} hold:

(i) €8 > efz(p) > k/2 forp € [0,1/2),

(ii) € > € (p) > k/2 forp € [0,1/2) and €i5(p) > k/2 forp € [0,1/3),
(iii) €pp(p) = K/2 forp € [0,1/2).
(iv) {2,Q,M,A} ¢ ©¢.

Concretely, if[(a)land[(b)are fulfilled, then () holds, if[(a)l—[(c)|are fulfilled, then|(i)|and (i) hold, if[(a)—[(d)]
are fulfilled, then|(i)— hold, and finally, —|(e)|are fulfilled, then|(i)|— hold.

Proof of Proposition[9.5] We begin by defining the inputs ¢,, € 2, forn > 1, according to 1o, = th t1slon-1 =
2 1. Now, if onlyand are fulfilled, we can assume w.l.o.g. Q = {¢,, | n > 1} (see Remark , and,
in the cases whenholds as well, we define ¢ := ° and assume w.l.o.g. Q = {¢,, |n > 0}.

Our aim now is to produce the desired A;-information for 2. For m,n € N and k < |A[, choose dZ’m €
Dy, + iDyy, such that | fx(t,) — dp™| < 27™ as well as ¢ € D, + iD,, such that |cf* — ¢i| < 27™//2.
Now, for k < |A| and m € N, define fi , : Q@ — D, + iDy, according to

dZ’m, ifl<n<m
fom(tn) = , fore, € Q. (9.6)
e, ifn=0o0rn>m
We claim that A := {fi,, | k < |A],m € N} provides A, -information for {Z, Q, M, A}. To this end, first

note that, due to assumption (b) and our construction of {¢,, },>1, we have |cx, — fi(tn)| < 2= (n+2) for all
n > 1. Now, for n,m € N with n > m, we have 2~ ("12) < 2=(m+3) "and therefore

[fem(en) = fe(en)| = leg* = fu(en)| < 6" — ekl + lex = fr(in)]
<272 427D < (124 1/8) 27 < 27
Similarly, in the cases whenholds so that 1o € Q, we have |f (o) — fu(to)| = | — fr(wo)] =
e — ¢p| < 27™/V/2 < 27™. Finally, for 1 < n < m we have | i (tn) — fi(tn)| = |dp™ — frltn)] <
27" by the above definition of d;"". Therefore A provides Aj-information for the computational problem
{E,Q, M, A}, as desired.
Proof of[(a)| [(b)] = [(i}} We argue by contradiction and assume that

epp(p) < /2, for some p € (0,1/2). 9.7)
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for the computational problem {Z, 2, M, A}. Therefore, there exist an NV € N and a I'"*" € RGA such that
P, (dist o (T7*",2(2)) > £/2 or Trean(t) > N) < p, Vi€ Q. 9.8)

Now, recalling the definitions of 1t and Dr, we see that there must exist an M € N such that
Dr(t) >M = Tr(t) > N, (9.9)

for all algorithms I for {Z,Q, M, A} and all © € €. Next, let the measurable space (X, F) and the prob-
ability measures {IP,, }, cq associated with I'"®" be as in Definition of an RGA. We now define the
following sets that form the basis for the rest of the argument:

Fj :={T € X |dist (T (¢ear+j), E(ear+j)) > w/2 or Dr(earyj) > M}, j=12

Fy = {T € X |distg(T(tars2), E(are2)) > £/2} and Fy = {I' € X | Dr(tar42) > M}. Note that (Pi)
in Definition the continuity of the metric d, and Lemma together imply that Fy, F5, F, and 132
are measurable. Also observe that (9.8) and (9.9) imply that P, ,, . (F;) < p for j =1,2.

Claim 1: We now claim the following.

O X = F UE,.
(I IP)LJ\IJrl (F2 N FQC) = ]PLM+2 (F2 n F2c)
) P, (F) =Py, , (F2)

To see |(I)l we argue as follows. Consider an arbitrary I' € X. Suppose by way of contradiction that
¢ FrandT ¢ Fy. In particular, Dr(¢ar+1) < M. Consequently, whenever f ., € Ar (tar+1) we must
have m < M . Therefore, by (9.6) it follows that fi m (tar41) = frm(erry2) = ¢

Hence, by property in Deﬁnitionof a general algorithm, it follows that Ap(cp711) = Ar(targz).
Thus, byin Deﬁnition T(tapr+1) = T(epar42). The assumption that T’ ¢ Fy and T ¢ F, yields

diStM(F(LM+1),E(LM+1)) < I€/2 and
dist aq (F(LM+1), E(LM+2)) = dist g (F(LM+2), E(LM+2)) < 5/2.
Therefore infe, ez, 1),e262(nr40) M (§1,62) < K, which contradicts and hence we conclude that

F'eF ol e FQ, establishing (I).
To prove [(IT)] and [(TIT}] it suffices to demonstrate that

P, (ENF§) =P, (ENF5) VEecF (9.10)

LM+1(

Indeed, given (©O10) |1 .follows immediately since F, € F, whereas follows by letting £ = X since
then IP’LMH( h) =1-— IP’LMH(I%'QC) =1-P, (F§) = ]P’LMH(Z*D—'Q). To show (9.10) consider any E € F
with E N F2 # @ (if instead E N F2C were empty there is nothing to prove). Now, forI' € E N FQC and
Frm € Ar(ears2). it follows from F§ = {I' € X | Dr(tar42) < M} that m < M. Hence, by (9.6), we
have fim(tar41) = frm(tar42) = ¢, and thus @:10) follows immediately by [(PiiD)]in Definition [8.24] of
a randomised general algorithm, completing the proof of the claim.

Armed with the claim we are ready to derive the desired contradiction. In particular,

1<P,,, (F)+P,, . (F) by [T
= ]P’LMH (F1) + Poyyy (B2 N ES) + P,y (Fa N F)
S Py (F1) + Puya (Fo N F5) +Poyy, (F) by T
Poa s (F1) + Poyy o (Fo N ES) 4 Py, (F) by [(TID)
<Py (F1)+ Py, (Fa) <2p <1 since Fy C Fy,

which yields the final contradiction.
Proof of [(a)-[(c)]] = [({)]-[(i)]: Item [(D]holds by the argument above. For item [(iD)] we will first show
that e} (p) > k/2 forall p € [0, 1/3) and then demonstrate that ef; > €}, 5(p) > /2 forall p € [0,1/2),
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for which it will suffice to show that €}, ;(p) > /2 for p € [0,1/2) because by Proposition [9.1| we have
that 5, > ¢,z (p). To this end, first recall from the beginning of the proof that the set 2 now contains the
element ¢o. Suppose by way of contradiction that €}.5(p) < x/2 for some p € [0,1/3), so that there exists
aI'"™" € RGA with the corresponding measurable space (X, F) and probability measures {P,_ }, cq such
that

P, (F") <p, foralln e NU {0}, (9.11)

where we define
F":={T € X |dist \(T(tn), E(tn)) > /2}, n € NU{0}. 9.12)

Note that by (Pi) in Deﬁnition@ and the continuity of the metric d it follows that the F"* are measurable.
Additionally, for . € Q and n € NU {0}, we define G"(¢) := {I" € X | Dr(¢) < n}, i.e., the collection of
general algorithms whose number of required input digits is bounded by n € N when applied to ¢, and note
that these sets are measurable due to Lemma Now, X \ U>Z, G™(1o) C FY, as every I € X for which
Dr(1o) = oo must have |Ap(10)| = oo (by Deﬁnition and therefore I'(¢g) = NH (by Definition ,
which then implies dist rq(T'(z0), =(t0)) = oo (by Definition (8:3) of the extended metric on M U {oo}).
Therefore, P,,(F°) < p implies

P, (X\ U g"(to)) <p. (9.13)
n=1

We next make the following claim.
Claim 2: There is an n € N such that we have the following:
M Py (G"(e0)) > 2p,
1) G™(19) C FHL U Fnt2,

() P,y (F" NG (10)) =P,y (F"F1 NG (20)), and Py (F" 2 NG (20)) = P, 1, (F" 2N G (0)).
The contradiction arises by combining these results: indeed, byand 2p < P, (G"(0)) = P,y (F™N
G™(10)) U (F™2 N G"(10))) and by we get that P, (F"*1 N G" (1)) + P, (F"2 N G™(10)) =
P, (F" N G™(10)) + P,y (F™2 N G™(10)). Therefore

2p < P, (G"(10)) = Py ((G"(10) N F" 1)U (G™ (o) N F™H2)) (9.14)
<SPy (G (o) N F™) + Py (G () N F™F2) (9.15)
=P, (G" () NF") + P, (G (o) N F™F2) (9.16)
<P, . (F""HY+P,  (F"?) <2p by (@-17), (9.17)

which is the desired contradiction establishing item It thus remains to prove Claim 2.
For [(D] suppose on the contrary that we have P, (G™(19)) < 2p for all n € N. Then, as G"(19) C

gntl (o) for all n, monotone convergence implies

p>P, <X\ U g”(m)> = lim 1P, (G"(t0)) > 1 - 2p, 9.18)
n=1

which is a contradiction since p € [0,1/3). Therefore, there exists an n € N for Whichholds. We now
prove [(ID] and [(TIT)] for this n. To this end, we make the intermediary step of showing that

I(tnt1) = T(tnye), forallT € G"(1p). (9.19)

Indeed, for T' € G™(¢p), it follows immediately from the definition of the set G" and the definition of Dr
that if fy ,, € AF(LO), then m < n < n+1 < n+ 2. Thus, by the construction of A, it follows that
fem(t0) = fem(tnt1) = frem(tnye), for all fr ., € AF(LO). Hence, by propertyin Deﬁnition
of a general algorithm, it follows that AF(L[)) = AF(Ln+1), and similarly we get that AF(LO) = AF(Ln+2).
However, the fact that Ap(tg) = Ar(iny1) = Ar(inio) together with in Definition imply that
I'(t0) = T(tnt1) and T'(ep) = T(tp42), and hence T'(y41) = [(tp2), establishing (9:19).
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We can now show Consider an arbitrary I' € G™ (). We have shown that I'(¢,+1) = T'(tp42).
Hence, if ' ¢ F" ™ and T ¢ F"*2 then dist p (T (tnt1), E(tnt1)) < £/2 and

diStM(F<Ln+1),E(Ln+2)) = diStM<F(Ln+2>,E(Ln+2)) < I€/2

together yield
dM (513 52) < K,

inf
§1€E(tn+1),62€E(bn2)
which would contradict[(a)} Therefore [(I)] must hold.

Finally, to prove we note that both G™(19) N F™*! and G"(19) N F™*2 are measurable because
G"(19), F™*1, and F"*2 are all measurable. We will show the result only for G™(19) N F™*1 as the corre-
sponding argument for G"(19) N F"2 is similar. If T' € G™(10) N F" ! then T’ € G (1), which by (9:19)
implies that fi p (tnt1) = fl.m(to), for all fy ., € AF(LO). The resultnow follows immediately from
[(PiiD) in Definition [8.24] of an RGA.

The proof that €}, 3(p) > /2 for all p € [0, 1/2) is almost identical to the argument above, and we will
point out the minor differences. We again argue by contradiction assuming that €5,5(p) < /2, and the
proof is identical up to (9.13). At this point it follows by Definition [8:28] of a halting randomised general
algorithm that P, (I';*" = NH) = 0. Hence, (9.13) becomes

P,, <X\ D g"(L0)> =0 (9.20)

n=1

and thus[9.18]is to be replaced by

0>P, <X\ U g"(L0)> = lim 1-P,,(G" (o)) > 1~ 2p,

n=1
which contradicts p € [0,1/2). The rest of the proof is identical to the argument above.
Proof of[(a)-[d)] = Items [(1)] and [(iD)] have already been established. For[(ii1)] the proof stays
close to the proof of Indeed, the proof is identical to the proof of [(ii) up to and including (9-11)). Now,
however, conditionimplies that ¢5,, = L}L =9 = 4 and thus F° = F?" for all n € N. Next, instead of

(0:13) we write
X=F'u U G"(10). 9.21)

n=1

We then change Claim 2 to the following:
Claim 2': There is an odd n € N such that we have the following:

@) P,y (F°UG™(r0)) > 2p
ary G"(w) C F*tt U Fnt2,

) P, (F™ NG (t0)) =P, (F"'NG™ (1)), and P, (F"2NG"(10)) = P, ., (F" 2 NG (10)).
The proof of |(I)| follows from (9.:21)) and monotonicity of the sets F'* U G™(10): indeed, if by contradiction
P,,(F°UG" (1)) < 2p for all odd n then

1=P(X) =P, (lim FOUG" (1)) = lim P,,(F*UG" (1)) < 2p

by the monotone convergence theorem, which contradicts p € [0, 1/2). The proofs of part and |(III")| are
then identical to those presented in the proof of Claim 2.

The calculation in (9.14)), (9.13), (9.16)), (9.17) is then changed to
2p <P, (FOUG"(10)) =Py (FOU(G"(10) NF™ ) U (G (o) N F™?))
<P, (FO) + P, (G" (o) N F™2) < 2p since F* = F"" as n is odd,

which yields the desired contradiction that establishes that[(@)]—[(d)] = [D]{GiD}

Proof of[(a)]-[(e]] = [({)]-[(iv}} Suppose by way of contradiction that there exists a tower of algorithms
{T,, }nen of height 1 for {Z,Q, M, A} such that T',, () ,* 2(1) as n — oo, for all © € Q. Thus, recalling
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that (° = 1} due to condition |(d)| and that Z(¢}) € S* by|(a), there exists an ng € N so that T',,(t9) C
Bs (E(LO)) C Bs (Sl)

Now, let M be a sufficiently large odd natural number such that M > Dr, (o). It then follows immedi-
ately from the definition of Dr, thatif fx ., € A]"no (t0), then m < M. Thus, by the construction (9.6) of
A, it follows that Jem(to) = fem(ear), for all fi , € /A\pno (t0), and hence by propertyin Definition
of a general algorithm, it follows that Apno (t0) = /A\pn0 (tar), which further by |(ii)| in Definition
implies that I'y,, (tar) = I, (t0) € Bs(S?).

On the other hand, we have I'y,, (¢ar) < E(ear) as we assumed 'y (eas) 7 E(ear) as n — oo, and
hence Ty, (tar) < E(epr) = = LfM+1)/2 . Furthermore, by |(d)|= L?M+1)/2> € S? and thus T, (1ar) <
sup 5% < inf Bs (') where the last inequality follows from(e)| This stands in contradiction to I, (tar) €
Bs(Z(S)). thereby concluding the proof. O

9.2. Impossibility results for the exit flag. In this section we will state and prove a result that will be useful
when proving the negative results contained in Theorem [5.1]

Proposition 9.6. Suppose that T : Q— Misa general algorithm for a computational problem {Z, 2, M, A}t =
{é, Q, M, A} specified according to Remark and assume that the assumptionholds. Furthermore
suppose that there exists an 1y € Q and, for j = 1,2, there exist a set S7 C M and a sequence {13, }°>, C Q
satisfying the following:

(a) infe cs1 ey es2 daa (&, &2) > 25, for some k> 0.

(b) Z(¢)) C S7 foralln € Nand j € {1,2}.

(c) There exists ¥ € ST such that dist p (27, Z(2)) — 0asn — oo forj = 1,2.

(d) Forevery f € Athen |f(i}) — f(i0)| < 1/2" foralln € Nand j = 1,2.

(e) E(Q) C Br—w(E(10)) U Bi—w (') U By (22), for some w € (0, k).
Then, for the exit flag problem {ZF Q. {0, 1}, A} relative to T, as specified in (820), we have e (p) > 1/2.
Furthermore, whenever M = R, for some N € N, if we additionally assume that

(f) dist (27, 2(:0)) < w, for j € {1,2},
then there exits a At Eo’w’é(f\) such that, for the computational problem {2 Q. {0,1}, AT}, we have
eop(p) > 1/2.

Proof. Using the sequences {¢:}, {2} and the input :° € Q, we define the following inputs in €.

b =500, £, F GO, (), i) )Y ess
2721 = {(fj(llo)’ fj(LO)7 sy fj(LO)a fj(Li)7 fj(bi)’ s )}jeﬁ’ (9.22)

n times

0= {(fj(bo)v fj(LO)7 L) fj(L0)> fj(l’o)v fj(LO)ﬂ cee )}j€57

where 3 is the indexing set (recalling Definition (8.14). By assumption each of i, i% and 2 are in €, for
every n € N. We will prove each of the following:

A) There exists Ny € N such that, for all n > Ny, I'(i}) = I'(i2) = I'(i°) and at least one of the
following occurs:
Ai) dist g (T(2), 2(21)) > & forall n > Np.
Aii) distoq(T'(12),2(i2)) > & for all n. > Np.
B) There exists N1 € N such that at least one of the following occurs:
Bi) dist(I(i%),2(i%)) < k.
Bii) dist(T(7}),Z(ik)) < k forallm > Ny.
Biii) dist(T'(i2),2(i2)) < s forall n > Nj.

n

[1]: [1x [11
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C) There exists a sequence {i,}°°, C Q (constructed from (° and subsequences of {s}} and {:2})
satisfying the following:
Ci) Forall n € Nboth 2 (75,) = 1 and 2% (i5,,_1) = 0.
Cii) For all m < n and j € 3 we have fjm(Zn) = ﬂm(io), where the fj,m are as given in
Definition 814
Ciii) Either z5,, = 7o for all n or z3,,_1 = i for all n.
Moreover, under assumption [(f)] we have
Civ) There exists a dyadic vector v € DM such that, for all n, dist v((v, Z(iy)) < w.

Proof of [A); The proof of this step is similar to the proof of Proposition[9.5] Recall the definition of the
number of digits on the input

Dr(i) := sup{k € N|3j € B with f; » € Ar(0)}.

required by T, and set Ny = Tt ("), which is guaranteed to be finite since the assumption implies that
I'(i%) # NH. Note that by the definition of the sequences {7} }°° ; and {i2}2°, and i° in (9.22), we have
that f(ip) = f(il) = f(i%) for all f € Ar(ip) whenever n > Ny. Thus, byin Deﬁnitionofa
general algorithm, it follows that Ap(Zy) = Ap(il) = Ap(i2). Consequently, by andin Definition
B3] we get that, for some = € M,

r=T() =T3G) =T@G2), forn > N. (9.23)

Suppose now that neither [AD)] nor hold. Then there are n; > Ny and ny > Ny such that both

distaq (2, 2(2,,)) = dista(D(2h,), é(fiu)) < k and dist apq(, é([ﬁz)) = distp(T(2),2(i2)) < k.
But then by assumptionwe have dist o (z, S) < k, dist v (, S?) < k and hence dist o (S?, S?) < 2k,
contradicting assumption [(a)}

Proof of [BJ} By the assumption on I', there exist a y € Z(12) and an € > 0 such that dy(z,y) =
a — e < w — e where z is the common value in (9.23). Moreover, by assumption we have y €
B (E(:%)) UBi—w (2') UBy—y (2%). We now split into two cases:

Casel: y € B._.,(Z(.%)). Inthis case, there exists y* € Z(:") (depending on €) such that dist u (y, y?) <

K — w. Thus
dist o (T'(2°), 2(i°)) = dist v (T(2°), 2(°)) < dist g (, y?)
< distpq(2,y) + dista(y, y?) < (W —€) + (5 —w) < K,
and so [Bi)|is satisfied.

Case 2: y € B._.(27), for some j € {1,2}. We take N; > Nj to be sufficiently large so that, for
every n > N7y, there is a v™ € Z(¢J,) with daq(27,v™) < e. The existence of such an N; is guaranteed by
assumption [(c)} Then, for n > Ny,

distq (D(,), () = distm(D(#,), E(e),)) < dist (@, 0")
< distaq (2, y) + distuq (y, 27) + dist g (27, 0™)
S(w- O+ (r—w)te=r.

If j = 1 then we have shown that[Bii)] occurs, whereas if j = 2 we have shown that[BiiD)| holds.
Proof 0' To construct (7,,)52 ;, we distinguish two cases depending on Whetheris true or false.
Case 1:dist o((T'(i°), 2(i°)) < k occurs. We set ia,, = i° for all 1 so that holds and ZF (75,,) = 1.
To define Zo,_1, we distinguish between whether or holds. Suppose for now that [AD)] holds. If
assumption [(P)] additionally holds, we let N2 > Ny be such that dist v (2!, Z(2})) < w/2 for all n > No
(the existence of N is guaranteed by assumption [(c)), and else we let No = 0. Now, implies that
EE(Z}L i N2) = 0, for all n, and so setting 2,1 = Z&L YA establishes Moreover, follows by @
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and the definition of f]m Under assumption we use the density of the dyadic numbers in R to choose a
dyadic vector v satisfying both d (2!, v) < w/2 and dist pq (2!, Z(:°)) + dpaq (2!, v) < w. Then

distM(v,é(Zgn_l)) < distM(xl,E(L}HNz)) + dM(xl,v) <w/24+w/2 =w,

and similarly dist u (v, 2(iay)) < distaq(z, 2(°)) + daq(x',v) < w, allowing us to conclude If
insteadholds, we similarly let N5 > N be such that dist o (22, Z(:2)) < w/2 forall n > Na, provided
holds, and else we set Ny = 0. Letting 3,1 = ffl TN, and choosing v to be sufficiently close to 22 then
yields[C)] and [Civ)| by the same argument as above.

Case 2: dist v (I'(°), 2(i%)) > K occurs. We set ia,,_, = i° forall n so thatholds and 28 (iy,_1) =
0. To define Z,, for all n, we distinguish between whether [Bii)| or [Biii)| holds, one of which must occur since
is false by the assumption dist v (I'(i%), Z(i°)) > k. Suppose for now thatholds. Provided assump-
tion[(F)] holds, we let No > N be such that dist aq (2!, Z(1})) < w/2, for all n > N (the existence of N is
guaranteed by assumption|(c)), and else we set N = 0. Then, setting ia, = I, , n,» Wehave 28 (i} v ) =1
for all n, thus establishing|Ci), whereas follows by (9:22)) and the definition of f;,. Under assumption
We again the density of the dyadic numbers in R to choose a v € D so that both d (v, z') < w/2 and
dist (21, 2(e0)) + dpq (v, 2') < w. Then

dist pg (v, Z(Tgn_1)) < distaq(zt, 2(0°) + da (v, 21) < w

and similarly dist v (v, Z(i2,)) < dista(z!, Z(ehy,)) +dam (v, 21) < w/2+w/2 = w, establishing
Similarly, if [Biii)| holds, we let No > Np be such that dist r((2(:2),2%) < w for all n > Na, provided
assumption holds, and else we set No = 0. Letting 2,1 = Zi N, and v sufficiently close to z2 then
yields and[Civ)| by the same argument as before, thus completing the proof of [C)]

Now that we have shownto we can show €3 (p) > 1/2 for both the exit flag problem {27, Q, {0,1}, A}
itself as well as the oracle problem {22, {0,1}, AT}, where AT € £O«-Z(A) will be specified in due
course. The two proofs are very similar so we will discuss differences only when they occur. For the oracle
problem (under assumption , we fix a g* = (¢7,....95) : Q — DM such that, for i € Q, we have
g* (i) = vif i = i, for some n, and else g*(7) is assigned a value satisfying dist v (g*(7), 2(i)) < w, but is
otherwise arbitrary. Then {gi (1)}, € BX(Z(7)), for all 7 € €, and thus, letting AT = AU {g; M|, we
have AT € £LO“E(R).

Next, we will argue by contradiction and assume that, for some fixed p € [0,1/2),

3T ¢ RGAsuchthat Vi e Q P (I £ =2(,)) < p. (9.24)

Continuing with this " € RGA we define the failure sets F by F" := {T'F € X |TE(7,) # ZE (i)},
for n € N. For each t € Q and n € N we also define the set G*(:) := {I'? € X |Tr=(¢) < n}. Note that

it is clear from [(Pi)]and in Definition of an RGA that F" and G"(v) are measurable. By (9.24) it
follows that

P; (F*)<p YieQ,neN. (9.25)

We will show that this leads to the desired contradiction. From here the proof is very similar to the proof of
and [(iiD)]in Proposition[9.5] Suppose we have the following.

D) There exits N3 such that if n > N3 then P, (F° U G™(19)) > 2p.

E) Foralln € N, G"(ip) = (F"*1 N G"(ip)) U (F" 2N G"(iy)).

F) Foralln € N, Pz (F"*2 N G"(io)) = P;, ., (F"™2 N G"(p)).
Assuming (D)-(F), we may choose an integer > N3 so that r is even if iy = I3, 1 for all n and r is odd if
Lo = lay for all n (we know at least one of these occurs by . Then both iy = ;.41 and the conclusion
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of D) holds for this . Thus, by arguing similarly to in (9.14), (9.13), (9-16), (9.17), we obtain

2p < P, (FO UG (10)) = P, (FOU(G" (o) N F™TH) U (G (T0) N F"2)) by D) and [E}]
< Py, (F°) 4+ P, (G (i) N F™2) since FO = F"™ " as iy = 41
= IP)ZO (Fo) + P5r+2 (gT(LO) N FT+2) < PZO (FO) + ]P)Zr+2 (FT+2) <2p bymand @’

which yields the desired contradiction. Thus, to complete the proof, it remains to establish (D)-(F). To this
end, note that[D)|follows from P, (X) = 1 > 2p,

X=r'ulJ 3" (w),
n=1
and the fact that {G"™ (o) }nen is an increasing sequence of sets. To showwe start by assuming that I'? ¢
G"(io) and then argue by contradiction. If I'¥ ¢ F"+! and T'® ¢ F"*2 then T'¥(7,,,1) = Z¥(i,,41) and
I'E(iy42) = E¥(iy42). Since T'F € G"(iy) we have T'F(7,,41) = I'®(i,,42) (this almost follows verbatim

from the argument demonstrating (9.19) — the only differences here are that we use and, for the oracle

case, the fact that g, (7,,+1) = v = gj(In42), forall j = 1,..., N and n € N). Thus Z(7,,41) = EX(i,52),
which contradicts Finally, the proof of ﬂ is verbatim from the proof of (II) in Claim 2 in (iii) in
Proposition[9.5] O

10. GEOMETRY OF SOLUTIONS TO PROBLEMS (L.3) - (I.6) — PART I

The purpose of this section is to provide some simple inputs and solutions of each of the problems listed
in (T.3)- (T.6) that will be used to show that the breakdown epsilons for such computational problems can
be non-zero. The intent will be to use these inputs and solutions to prove Theorems [3.3] [5.1] and [6.1} We
will separately address counterexamples for ¢! regularisation and TV regularisation as the examples we
construct are somewhat different in these two settings. As the results of this section are simple consequences

of elementary convex analysis, their proofs are deferred to Appendix [A]

10.1. Linear programming. Our counterexample relies on a family of matrices A(a, 3,m, N) € R™*N
and a family of vectors y*(y;, m) € R™ for positive parameters «, 3, y; where the dimensions m and N
satisfy m < N and N > 3. Additionally, where there is no ambiguity we write A = A(«, 3,m, N) and
y™ = y*(y1, m) to simplify notation.

The families A (v, 3, m, N) and y* (31, m) are defined as follows:

Aa,B,m,N) = (Oé B —1) S (Im—l Om—lxN—m—Q)

(10.1)
yA(yum) = Yi€1.
where y; is always assumed to be positive.

We now state a lemma that relates these inputs to the corresponding solutions of the LP problem.
Lemma 10.1. Let ¢ = 1y be the N-dimensional vector of ones. Then the solution Z1p to the linear
programming problem satisfies

{ ayvlﬁ €1 } l.fO[ > ﬁ
Eee(y™, 4) = { {5e2 | if8>a. (10.2)

[ (e + (1= t)ea) [t € 0,1]} ifa=7
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10.2. ¢! regularisation. Here, our counterexamples rely on a family of matrices L(a, 3,m, N) € R™*N

and a family of vectors y"(y;,m) € R™ for positive parameters a, 3,y; where the dimensions m and

N satisfy 4 < m < N. Additionally, where there is no ambiguity we write L = L(«, 3, m, N) and

y“ = y"(y1,m). Specific to constrained lasso, we also introduce the family of vectors 3" (y;, m) that

depend on the regularisation parameter 7 and again if there is no ambiguity we write y©* = % (y;, m).
The families L(c, 3,m, N), y*(y1,m) and y°*(y;,m) are defined as follows:

L(a, B, m,N) = (04 5) ® (Im—l 0m71XN7m71>

Yy, m) = yier, Yy (y1,m) = yrer + Tea.

(10.3)

where y; is always assumed to be positive. We now state some simple lemmas that relate these inputs to

their solutions under unconstrained lasso, basis pursuit and constrained lasso.

Lemma 10.2. Assuming that aN B > \/(2y1), the solution Eyy, to the unconstrained lasso problem satisfies

{%61} fa>p
Sun(y™ ) = ¢ { e | fa<B. (104
{t(222) er+ (1-0) (22 ) eIt € 0,1)} ifa=5

Lemma 10.3. Assuming that y, > 9§, we have
{y1;5€1} l:fa > /8
Eppon(y", L) = {—“ﬁ“sez} ifa<p. (10.5)
ey + (1 - @70 te0,1]} ifa=4

(avﬁ)y12 satisfies v < T, the solution to the ot

Lemma 10.4. Assuming that y1 > 0 is so that r = THavH)Z

constrained lasso problem Zcy, satisfies

{rei + (1 — r)es} ifoa >
ECL(yCL, L) = { {res+ (1 —r)es} ifa<fB. (10.6)
{tres + (L —t)rea + (1 —r)es |t € [0,1]} fa=p

10.3. TV regularisation. Our counterexamples rely on a family of matrices T'(cv, 3, m, N) € R™*¥ and
a family of vectors yTV (y;,m) € R™ for positive parameters v, 3,%; where the dimensions m and N
now satisfy 4 < m < N. As before, where there is no ambiguity we write T = T'(«, 5, m, N) and
y™ =y(y,m).

The precise definitions of the families 7'(«v, 3, m, N) and y™V (y;,m) are as follows:

m—1

T:a61®61+ﬂ61®61\/+€m®€]v_1+ZBT®€7~ERmXN, 107
r=2 .

yV =yie; €R™, y; > 0.

To simplify the results that follow, we also define the value § = 6(«, 3, m) by

[N

0(a, B,m) = ((m —1)* + (a+ B)*(m — 1)) 2. (10.8)

We now present some important lemmas relating these inputs to the corresponding solutions of problems
(L.4) to under TV regularisation. In the following, we use the flipping operator Py, : RY — RV,
defined as (Prip¥)i = UN—it1-
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Lemma 10.5. Assume that y; > 60/(m — 1). Then

{n(y1,a,B)} ifa<p
Zeprv(y"Y.T) = S {Pupn(ys, a, B)} fa>p, (10.9)
{tn(y1, a, B) + (1 = t)(Papn(y1, @, B)) |t € [0,1]}  ifa =0

where
n(yhaaﬁ)l = n(y17aaﬂ)2 == ﬁ(yLOé,B)N—l = w;
_ _ (10.10)
n(yr, @, )N = 5(0“;/8) + & if/v(rg D

Lemma 10.6. Let T and y™V be as above, let y; > W%. Let Zyr v denote the solution map for

TV Unconstrained Lasso with parameter \. Then

{¥(y1, 0, 8)} ifa<p
Everv(y"Y. T) = { {(Pupt(y1, 0, B))} ifa>p, (1011
{{tv(y1, 0 8) + (1 — 1) (Puptb(yr, . B)) | £ € 0,1]} ifa =
where

Yy, o, B)1 =Yy, a,B)2 = =Yy, a, B)n-1 = m )

B AMa+ p) 1 _ AG2
Yy, o, B)N = 2(m —1)(a V B) + aVp (yl 2(m — 1)2(04\/5)) .

(10.12)

10.4. Linear programming and basis pursuit examples for the exit flag theorem. For o > 0 let

AE(avmv N) =ad (Im—l Om—lxN—m—l) (10 13)

L
Y~ (y1,m) = yreq,
where y; is always assumed to be non-negative (but not necessarily non-zero). Additionally, assume that c

is the N-dimensional vector of 1s. We then have the following:

Lemma 10.7. For basis pursuit and linear programming we have

(y1/a)er  ifa>0

Eup(y®, A") = Zpp(y", AP) = :
0 ifa=y1 =0

10.5. Objective values for linear programming and Smale’s 9th problem. Our counterexamples used
when proving Theorem[6.1]rely on the matrix and vector pairs defined as follows for a, 5 > 0:

LP,D _ -
A (avﬁamvN) - (Oé 6) @ (Im—l Om—1><N—m—1) ) (1014)
yL(yhm) = Yi€1.

where y; is always assumed to be non-negative. We then have the following lemma:

Lemma 10.8. For k € Nand real M > 0, consider the decision problem (8.25) with ¢ = 1y (for each fixed
dimension N € N) and the corresponding solution map Ej, as defined in (8:26). Then, for y; > 0, a > 0,
B >0, we have

ifyi/a < 107%([10kM | + 1)

= (5 (51, ). AP (0, B N)) = ;
k(Y (y1,m) (o, 8,m, N)) 0 ifyi/a>107F([10"M] +1)

(10.15)

where =}, is defined in (8:26). In addition, for all o, B € R, we have =i (y"“(0,m), AL*:P(a, B,m, N)) = 1.
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11. PROOF OF THEOREM [3.3]— PRELIMINARIES: CONSTRUCTING §)

11.1. Strategy for the proof. The proof of Theorem 3.3]formally consists of the proofs of Proposition[8.33]
(corresponding to parts (i) and (ii) of the theorem) and Proposition@] (corresponding to parts (iii) and (iv)
of the theorem), which will be proved in §13]and §T4] respectively.

The strategy for these proofs is as follows. First, for each of problems (I.3) - (I.6), we need to con-
struct a suitable input set (which will depend both on K and any relevant regularisation parameters) of the
desired form, i.e., a set 2 = Um ~N £m,~, where each €, y consists of inputs of fixed dimension. The
computational problem corresponding to each €1, y (for fixed m and N) will have a strong breakdown
epsilon exceeding 10X as well as a weak breakdown epsilon exceeding 105+, This will be achieved
by setting Qy,,, v = 25, y UKL ., where 2 is a set of input for which the computational problem
{5, O, N M, A} has a strong breakdown epsilon of size exceeding 10~ % and (7, N 1s a set of input for
which {Z, ij% N M, A} has a weak breakdown epsilon exceeding 10~ %+1, where the evaluation set A will
be provided by Proposition[9.5] The whole construction will make heavy use of the results presented in §10]
Specifically, our inputs will take the form of matrix vector pairs (y%, A), (y~, L) and (y*V,T) presented in
that section.

The algorithms whose existence is claimed in the statements of Propositions [8.32] and [8.33] will be con-
structed with the help of various subroutines introduced in §12]

11.2. Constructing the sets of inputs for Theorem

11.2.1. The set of inputs. Each individual problem will require a separate input set. Moreover, they will
depend on the integer K from the statement of Theorem|[3.3]as well as any relevant regularisation parameters.
We will denote the input sets for LP, ¢* BP, ¢! UL, CL, TV BP and TV UL by

QLP7 QBP,el 7 QUL,@1 ’ QCL,Zl ’ QBPTV 2nd QUL,TV7 (11.1)

respectively. We remark that these will depend on K and the regularisation parameters 4, A, and 7, however,
in order to lighten the notation, we omit making this dependence explicit. For linear programming and the
' regularised problems, the set £ C R? defined by £ = ([1/4,1/2] x {1/2}) U ({1/2} x [1/4,1/2]) will
prove useful whereas for the TV problems we denote, for integers n (and for given basis pursuit denoising

parameter § and unconstrained lasso parameter \)

1— 3102 if3.107" < 4
(11.2)

otherwise

V1= if3.107" < 46

Tn =

NN

otherwise

and define £BPTV:" = ([r,,,1/2] x {1/2}) U ({1/2} x [rp,1/2]) and LYTV:" = ([s,,,1/2] x {1/2}) U
({1/2} x [sn, 1/2]). Recall the definitions of A(a, 8, m, N') and y* (y;, m) from (T0.1), L(c, 3, m, N') and
y“(y1, m) from (10.3), as well as T'(«v, B,m, N) and y TV (y1, m) from (10.7), and, for k > 1, define

Qi = {(y"F(m), A(a, B,m, N)) | (a, B) € L},
I = { (P m), L, B,m N)) (0, ) € £}
QI = { (5 ), L Bom, N) ) [ (e 9) € £ s
QS8 = {(y* (m), L(a, B,m, N)) | (a, ) € L},
QELP]\;F;/s _ {(yBP,Tv,k(m) a ,B,m, N) | ’5 c [,BP,TV,k}7
leng‘Zs _ {(yUL,TV,k(m) o, B, m, N) | a,b’ EUL,TV,k}
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where the superscript s notes that the input sets are designed for results concerning the strong breakdown
epsilon, and

yLP’k(m) = yA(2 -107F, m), yBP’Zl’k(m) = yL(Z S107K 44, m),

yUL,Zl7k(m) = yL (2 . 107]@ 4 )\’m) , yCL,k(m) = yCL (107k+1’m) ;
om 3 107F (11.4)
BP,TV,k(, ) . , TV _ :
Y (m) ==y (9(1/2, 12,m) {7 6(1/2, 1/2,m)} 1 ’m> ’

7.107k 1 3.10°%
UL, TV,k = TV 1 _
YUV E () o= (4 +A[ +m_1] 4(m_1),m),

where A € (0,1/3] is the regularisation parameter from the UL problem (I.3) and ¢ € [0, 1] is the regulari-
sation parameter from the BP problem (T.4). Where it is either clear or superfluous to the result proven, we
will omit the dependency on m in the definition of the y vectors.

To create input sets that capture the required weak breakdown epsilons, we use the superscript w and, for
k > 2, define

Qe = { (" (m), Ala, B,m, N)) | (o, B) € L\ {=°}}
TR f{(yB” £ m), L, B,m, N) ) | (@, B) € £\ {2}
UL, ¢ w oL k— a
QUL 7{(yUL ). L g,mN)| B)e L\ {z }} s
Qo = {(WH (m), Lia, B,m, N)) | (e, B) € £\ {2°}}
QE'LP]\}T;/W _ {(yBP , TV, kE— 1 m) B,m N ) ‘ Ck7 E ﬁBP,TV,k—l \ {Za}}
QELI\;.[‘;/W — {(yUL TV, k—1 m) B,m N ) | EUL,TV,k—l \ {Za}},

where 2% is the corner point (1/2,1/2) of £, whereas for k = 1 we let each of anlfj’\‘,'fk, szj\f R QSLLAé AR

QS}]\? i QiPNT ;/ Y, and QELLNT ,\! " be the empty set. We now define the fixed-dimension input sets as the

union of the corresponding “strong” and and “weak ” sets:

LP,s LP,w CLZ _ CLZ CLZ,W
Qme_Q NkUQme’ Qme Q Qme’
BP,¢! BP,¢ls BP,/w UL, ¢! ULe,s UL, w
Qlec Qme UQme’ Qme Qme UQme:7 (11.6)
QBP TV QBP TV&UQBP TV, w QULTV QUL TVSUQUL STV, w

m,N,k m,N,k m,N,k ) m,N,k m,N,k m,N,k )
foreach k > 1, m > 4, and N > m, and the combined input sets as the union of the fixed-dimension input

sets with the given value of K over all admissible dimensions:

LP _ CL,¢t _ CL,¢* BP,¢' _ BP, ¢!
O = U QmNK? Q = U QmNK’ Q = U QmNK»

m,N€eN m,NeN m,NeN
N>m2>4 N>m>4 N>m>4
UL,¢t UL,¢! BP, TV BP, TV UL, TV UL, TV L7
Q= ) ik 90TV = |J olvk eV = |J ik
m,N€EN m,NeN m,NEN
N>m>4 N>m>4 N>m>4

11.3. Size and conditioning of the inputs. In this section we will analyse the bounds on the inputs as well
as each of the condition numbers relevant to the input sets defined in §I11.2]

11.3.1. Size of the inputs.

Lemma 11.1. For natural numbers m and N, let y € R™ and A € R™*N_ Then for an integer k > 1 the

following hold:

(1) If (y, A) is an element of one of the sets anpl\sf s QE;PA? i Qghf P QSLL]\f O then ||y| s < 2 and

[Allmax < 1.
(2) If (y, A) is an element ofﬂi?j\;Z’s then ||y]loo < 3/2 and || A||lmax = 1.
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(3) If (y, A) is an element ongLI’“jVT,Z’S then ||y||oo < 107/180 and || A]|max = 1.

Similarly, for an integer k > 2 the following statements hold:

. LP, BP,¢', UL, ¢, CL,¢*,
(4) If (y, A) is an element of one of the sets Q' ', Q"% 7Y, Q5 2™ QG Y then ||yl < 2 and

[Allmax < 1.
(5) IfQ=Q 3 " then ||yl|oo < 3/2 and || Al|max = 1.
(6) IfQ = Q)50 then |yl s < 107/180 and || Allmax = 1.

. .. LP,s BP,/'s ULt s ~CL,¢ s .
Proof. We start with the case that (y, A) is in one of meNJC, Qm,N,k 7Qm,N,k va,N,k . In this case, we

must have exactly one of A = A(«, 8, m, N) or A = L(a, 8, m, N). In any of these cases it is easy to see
that || Al|max = 1 directly from the definitions. We also have ||y o < max(2-107%,2-107% +§,2-107% +
A, 10"““, 7) < 2, as each of these terms is at most 2.
N BP,TV,s., - BP,TV,s - _
ext, we analyse (y, 4) € Q, "y, "rif (y, A) € Q"% " then (writing 6 = 6(1/2,1/2,m) and by the

definition of yBF-TV:F)
vl _om (3 107" _ 1 _3-107* +7~10*’c
Ylee =g 6) 4 ~m—1\" 4 1
_ 43 107h T0th 4 3-107F
B 4(m —1) 4 3 2

where the first inequality follows because § < 1 and # > m — 1 and the final inequality because m > 4.
Since k > 1 we obtain ||y]|ec < 3/2. By the definition of QE&&?;}’S, we have A = T'(a, 8, m, N) for some
(o, B) € LBPTV:F Thus from the definition of T and the fact that o, 3 < 1/2 we conclude that || A||pax < 1.
Thus we have shown 2]

To analyse the case where (y, A) € QHILNT,\C“, note that if (y, A) € QHlLNTZE then

Il _7-10—’€+A gL _3-107F
Yllo =77 A(m — 1)

7-107F 1 (1 3.10—k) 1 3-107F 4
< <

m—1

- 4 +3

3 4

m-1- 2 9

where the first inequality follows because A < 1/3 and the final inequality because m > 4. Thus for k > 1
we obtain ||y||ec < 4/9 + 3/20 = 107/180. The argument that ||A||max < 1 is identical to the analysis
performed to prove the bounds on QBPTV except now we replace all statements and sets referring to basis
pursuit with those referring to unconstrained lasso. This proves 3]

Finally, we can prove [ to[6] by using|[T]to 3]and noting the inclusions

LP,w LP,s BP, (' w BP, ¢! s UL, w UL, s CL,¢% w CL,¢ s
Qm,N,k g Qrn,N,lcfl7 Qm,N,k g Qm,N,kfl’ QWL,N,I@ g Qm,N,kfl’ Qm,,N,k g Qm,N,kfl
BP,TV,w BP,TV,s UL, TV,w UL,TV,s
Qm,N,k: g an,N,lcfl7 Qm,N,k g Qm,N,krfl
that hold whenever k > 2. O

11.3.2. Condition of the solution map. We compute the condition of the solution map for the problems LP,
¢* BP, ¢* UL, TV BP, and TV UL, with the input sets as specified in g11.2] Concretely, we prove the
following lemma.

Lemma 11.2. We have
cond(Spp, Q¥P) < 15,  cond(Zyp, QU=') < 28, cond(Scr, QL) < 2,
cond(Zgp, QBP) < 24, cond(Eppry, WP TV) < 35, cond(Zurry, QUHTY) <179, (11.8)

1 1 1 .
where QLF, OBF.6 QUL.E BP.TV OCLE  1nd QULTV gre defined in @)
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This will give us the desired bounds on the condition numbers. Proving Lemma [TT.2] will be straightfor-
ward for linear programming and the ¢! regularised problems but will require a bit more effort for the TV
problems. We thus state and prove three simple lemmas that will be useful.

Lemma 11.3. Let o, 3 > 0, and let z = (24, 25) € R% Then
(a4 2a) V(B+25) —aVp| < lz]w-

Proof. Suppose w.l.o.g. that & > . Then o — ||z]jcc < a0+ 2o < (@4 24) V (B + 23) < a+ ||z 00, and
80 |[(a + 2za) V (B + 28) — a| < |2]|c0s as desired. O

Lemma 11.4. Let (o, ) € LEETV':™ for some natural number n and let m, N, 0 = 0(-,-), and n = n(-,-,")

be as defined in (10.8) and (10.10). Let y1 > 0 be such that u(y1, o, 8) = y1 — d0(a, B, m)/(m —1) >0
and z = (2, 2a, 28) € R with ||2||oc < § A (1, o, B). Then p((y1, v, B) + z) > 0 and

In(y1; @, B) = n(yr + 2y, & + Za; B+ 258)lloo < 14(y1 + 1)|2]|co-

Proof of Lemma([IT4] First note that, using the mean value theorem and the fact that o + z,, 3 + 23 €
[1/8,5/8], we have

(o + 2o, B+ 23, , Vuw0(u,v, 0o
0+ 2008+ 2p,m) — O Bom)| < e ([, m) 2] .
2 —1 5 :
< max  [POtOmDh o max 2wt o)zl < 2l
(u,w)€[1/8,5/8] 0(u,v,m) (u,0)€[3/8,5/8] 2

(u+v)(m —1)/0(u,v,m) = [1/(u+v)*>+1/(m —1)]~ 172 < < (u+w).
We can now write

0-(a+2a+B+25), plya.p) +2)
O(a+ 2o, B+ 23, m) N (+ 2za) V(B + 28) ol

77(1/1 +zy,a+za,ﬁ+25) =

where 15 € RY is the vector of all ones, so that

HU Y1, & aﬂ ( 1+Zy7a+zavﬂ+zﬁ)”00

clatmistn, seis, ) ) Meentd  snes, )
O(a + za, B+ 23, m) O(a, B, m) N - (+ zq) V(B + 28) N aVp N -
_‘ (atzat+PB+2s) 6 (a+5)‘ u((y1, . B) +2) _u(yha,ﬁ)’

O(a+ za, B+ 23,m) 0o, B,m) | |(a+z24) V(B+ 25) avpg |

(11.10)
We will bound each of the latter two terms separately. Write f(u,v) = u/v, for v non-zero. Note that,
since (a, ) € LBPTV:" we have o + zo + B+ 25 € (1/2,5/4): indeed, 1/2 = 3/4—2/8 < a+ 3 —
2||zlo0 £ @+ 2o + B+ 23 and similarly o + 2o + S+ 23 < o+ 4+ 2||2]joc < 1+2/8 =5/4. In
asimilar way, m — 1 < /(m —1)2+ (m —1)(a+ za + B+ 23) < /(m—1)24+5(m —1)/4 < m so
that 0(a + 24, 8 + 23, m) € [m — 1, m]. Thus, by the mean value theorem

‘5'(0“"2{1"'5"‘2[3) B 5-(a+ﬂ)‘
O(a+ 2,8+ 25,m)  0(a,B,m)

<6 \Y% ) : ot V|6 + s + ) -0 s M
<o e VS (2l VI8 20 B4 2 m) = Oe Som)) i

IN

1 5/4 85|12 0o
(o + i) el V1660 + 20,6+ 90 — 0 o)) < P,

where in the final line we used (T1.9), 6 < 1, and the assumption that m > 4. Next, again using (TT.9), we

obtain

) 11
(1, @, B) + 2) = plyr, @, B)| < |zy| + ———|0(a + za, B+ 25,m) — 0(a, B,m)| < FHZHooa
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since ¢ € [0,1] and m > 4. In particular, since ((y1, @, 8) > 2||z||0o and p(y1, o, ) < y1 we obtain

((y1, @, B) + 2) € [[|zlloo /6,91 + 11[|2[|o0 /6] C [0, 31 + 1/4],

establishing the claim that ((y1, a, 5) 4+ z) > 0. Now, by Lemma[11.3] (o + z,) V (8 + z3) € [3/8,5/8].
Therefore, using the mean value theorem together with the bounds above we obtain

M((yl,a,ﬁ)—’_z) (yl» ,ﬁ)

(a+za)v(/8+25) Oé\/ﬁ ‘ (u, 1))6[012?123-4] x[2,5] ||Vf(u v)”l
(1, @, ) + 2) = pyr, @, BV [(+ 2a) V (B + 25) — v B]) (11.12)

< (5 + Gt} (Bt Vi) = (B0 4 22 ol

Combining (TT.10), (IT.TT)), (IT.12) as well as the assumption § < 1 yields ||n(y1,a, 3) — n(y1 + 2y, @ +
Zas B+ 28) |0 < 14(y1 + 1), as desired. O

Lemma 11.5. For some natural number n, let (o, 8) € LY2TV-" and let m, N, 0 = 0(-, ), and 1 = (-, -, )
be as in subsection[I0.3] Suppose y1 > 0 is such that

sy, @, B) == y1 — AB(a, B,m)2 [2(m — 1)*(av B)] T >0

and z = (zy, Za, 23) € R? with ||z]oc < 3 A 155(y1, . B). Then <((y1, v, B) + 2) > 0 and

[¥(y1, 0, B) = (Y1 + 2y, & + 20, B+ 25) oo < 112(y1 + 1)||2]|oo- (11.13)
Proof of Lemma[I1.3] As in the proof of Lemma|I1.4] we first obtain |0(c+ zq, 8+ 23, m) —0(cr, B, m)| <
21z]loc and O(c+ 24, B4 25, m) € [m—1,m]. Moreover, using Lemma|l1.3{we get (a+ zq) V (,B+z5) €

[3/8,5/8]. Next, we write

/\(Oé—f—Za—FB—FZB) 1 §((y1,a,ﬁ)+z) eN
2m—1)((a+za) V(B+25)  (a+2a)V(6+23)

w(yl +Zy,a+2a,ﬂ+2ﬂ) =

where 15 € RY is the vector of all ones, so that

IW)(ylvaaﬁ) - ¢(y1 + 2y, & + Zavﬁ + Zﬁ)HOO

A (a+ 20 + B+ 25) A(a+B)
H m—1)((a+ za) V (5+Zﬁ))1_2(m_1)(0‘\/5)1H "
S((y1,a, ) + 2) ex — S(y1, a ,5)6NH
(a+zq) V(B+25) aVvpi - (11.14)
A (a+zo+ B+ 25) A (a+p)

‘2(7” —D(a+za)V(B+zp)) 2(m—1)(aVh)
c((yl,a,6)+z) _ g(yhavﬂ)’
(a4 zq) V(B + 23) avp |’

We will bound both of these terms separately. The first term can be bounded as follows. Let f(u,v) = u/v
and note that « + 8 + zo + 23 € [1/2+1/4 —2/8,1/2+1/2 4+ 2/8] = [1/2,5/4]. We thus obtain

‘ A (a+4zo + B+ 23) A (e+p) '
2(m—1)((a+2za) V(B+23) 2(m—1)(aVp)
A
S e g (VA (ot 25l Vet 2a) V(B4 25) —aVED (1)

A 1 5/4 12)[ 2] _ 4]2]lco
< AN < <
<o (375 s ) @l ¥ follo) < S 212
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since A < 1/3 and m > 4. For the second term, using the mean value theorem with the function g(u,v) =
u? /v, we first obtain the following bound

‘0(a+za7ﬂ+2’5,m)2 0(0[,6,771)2

(a+2a) V(B +2s) avp
Sue[rnrg)l{m] IVg(u,v)l1 - [|6(a + za, B+ z3,m) — 0(c, B,m)| V |[(a + 2a) V (B + 23) —a V ]
UE[%,%]

< (Bs ) (Bl v hole ) <180+ mP el

and therefore, since A < 1/3 and m > 4, we find

2 2 2 2 2
A 0(a+ 20,8+ 25, m)°  0(a, B,m) < o\lzfl (1+ < 5HzHOO
2m—1)% | (a+za) V(B + 28) aVp m—1 3
Therefore,
A O+ 20,8+ 25,m)*  0(a, B,m)?

|<((y17a7ﬂ) +Z) - <(y1,a7ﬂ)| < |Zy| + 2(m

—1)2 | (a+2a) V(B+25) aVvp

25
< (143 el < 2800

In particular, since y; > <(y1,a,5) > 10||2]lco, we must have ¢((y1,a,8) + 2) € [2]|z]|eo/3, 41 +
28||z|l0/3] C [0,y1 + 7/6] and hence s((y1, @, 8) + z) > 0. Using the mean value theorem together
with the bounds above and Lemma [[T.3] we obtain

s((y,a,8)+2) <(y1,a,ﬁ)’
(4 z0) V(B + 28) aVp

(S max ]I\Vf(u,v)lll'[Ic((yl,a,ﬂ)JrZ)*@(yl,a,ﬁ)lVl(a+2a)v(5+25)*avﬂl]

-

u,v)E[0,y1+3Z]x[2,2

1 (y1+ 1)
< (== + 2280 (10)2]loe V [12]l00) < 110(y1 + 1)] 12| oo
< (37 + s ) - (10lle V1) < 11000 + D]
(11.16)
Combining (TT.14), (TT.13) and (TT.16) gives the desired inequality (TT.13). O
With Lemma[TT.3] Lemma[IT.4]and Lemma[TT.5]at hand, we are ready to prove Lemma[T1.2]
Proof of Lemma[I1.2] We first establish that
cond(Epp, QS ) < 15, cond(Zur, QUM ) <28, cond(Zcr, Q4 0) < 2,
H o Y 11.17)

- BP,¢' s - BP,TV,s - UL,TV,s
Cond(:BPan’NJg ) <24, COHd(:BpTv,Qm’N,k ) < 35, COIld(_‘UL”[‘V,Qm’NJC ) <179

forintegers k > 1 and N > m > 4, and then argue via the inclusions between the “strong” and “weak’ input
sets to prove (I1.8). We work through each of the problems in turn, calculating their condition numbers.
S

Case 1 (Linear programming): The active coordinates of Qﬁlp ~.rare {(1,1),(1,2)} for the matrix part
of the input and {1} for the vector part. Thus,

act
e (Qﬁfﬁ,k) only if 1* = (y""* + z,e1, A(a + 2a, B + 23,m, N)),

for some suitable z and «, 8 such that there is an ¢ € anpz\s,k with « = (y*P* A(a, 8,m, N)). For

the sake of brevity, we will let y; = yIfP’k. Let us assume first that ¢ is such that & # (. Then, for
€€ (0,41 A Lla — B|) and z = (2, 24, z3) € R® such that 0 < ||z||s < € we have both o + z # 3 + 25
and sgn(a + zo, — (8 + 23)) = sgn(a — (), and so by Lemma|10.1]|

Y1+ 2y
a+zq) V(B + 2s)

where v =ej ifa > f,andv =es if a < .

Y1
aVp

ELp(t?) :( v and Zpp(t) = v,
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Next, consider an input ¢ = (y, A(a,a,m, N)) € QZP;[K u Q%PA‘}VK, and let z = (2y, 24, 23) € R® be

such that 0 < ||z/[oc < 91 A 3. It then follows by Lemma that

Z1p () C {(a - Zil)tfi o et (1= tes) [t 0, 1]} and

Zip() = {£ (ter + (1= )ea) |1 € 0,11}
Therefore in all possible cases for ¢ and ¢* with e sufficiently small we must have

Y1+ 2y o ’
(a+za)V(B+23) aVp|
Moreover, in all the cases above we have 0 < y;+2, < 2y; < 4-107% < 1,and [(a+2za)V(B428)—aVi] <
[| 2]/ by Lemmal[11.3] Thus, for ||| sufficiently small (in particular insisting that ||z||o, < 1/8), the mean

value theorem applied to the function fip(u,v) := u/v gives

distoo (ELp(t), Zrp(?)) < a%ae}z

Y1+ 2y Y1 8 64
a _ < max_ ||V fie(u,0)|: - <(S4+22). < 10]|2]|ow.
e [ TS W< e (el e < (54 ) Bl < 100

veld, g
We hence deduce that
dist (2 = z
cond(ELp,erf]’\S,k): sup sup limsup  sup { istoe (SLr (1), ZLp (v ))} < 10.
T N>m24 eqlfy  en0t e (ol ) 12lloo

0<]|z]lc <€

Case 2 (Unconstrained lasso with ¢! regularisation): The active coordinates of Qg%lks are {(1,1),(1,2)}
for the matrix part of the input and {1} for the vector part. Thus,

act
s () onlyif et = (uURF b zyen, Lo+ 20 B+ 2g,m, V),

for some suitable z and v, 3 such that there is an . € Qilfj\fj,f with ¢ = (yV™¢* L(a, 3, m, N)). For the
sake of brevity, we will let y; = y}jL’[l’k. For such an ¢ note that vV 3 = § > ﬁ Let € € (0,y;) be small
enoughsothata vV 5 — e > m and consider z = (2, za, 23) € R? such that 0 < ||z[|o < €. We then
have 0 < y1 + 2, < 2y1 < 2(1+ A) < § and again (@ + 24) V (B4 25) — @V B] < 2]/ by Lemma
Thus an argument analogous to the one presented when analysing cond(ZEpp), but employing Lemma

[T0.2]instead of Lemma [T0.T] gives

dist oo (EUL(L>7 EUL(LZ))

2@V By — A 2((a+20) V(B+25)) (y1 +2y) — A

max
T(adec| 2(aVp)? 2((a+ 2a) V (B + 23))°
1 A U
< max  [Viee@olh-lele =  max ( L ) Nl
(u,v)€[0,£]x[2,2] (uw)el0,8]x[2,2) \|v| [v3  v?

where fyp o1 (u,v) = 2252, Noting that |\/v® — u/v?| < ((A/v3) V (u/v?)) and A < 1/3 we obtain

202

disteo (Zur (1), Eur(+?)) < 8/3 + (8%/3% v 83/33) < 22 from which cond(Zy,, Qg%;jf,f) < 22 follows.
Case 3 (Constrained lasso with /! regularisation): The active coordinates of QSLLA?; are {(1,1),(1,2)}
for the matrix part of the input and {1} for the vector part. Thus,

act
¥ e <Q§Ij]§’1ks) only if .* = (y°™* + zyer, L(a + zq, B+ 25, m, N)),
. . CL s _ . _ (,CLk
for some suitable z and «, 8 such that there is an ¢ € Q7 with ¢ = (y ,L(a, 8,m, N)). For
the sake of brevity, we will let y; = ny’k. For such an ¢ let r = % = 2y;/5 = 4-107% and
note that » < 1/2 < 7 and so Lemma [10.4] applies. Next, let € € (0,41 A 1/2) be small enough so

that % < 7, and consider z = (zy, 24,23) € R3 such that 0 < ||z]|oc < €. We then have

0<wyi+2z <2y <2and|(a+24) V(B+23) —aV | <|z2|l by Lemma|l1.3] Thus an argument
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analogous to the one presented when analysing cond(Zrp ), but employing Lemma instead of Lemma

[TO.] gives
dist (EcL(¢), Zcn(t?))

< max <7-(a\/5):l/12) Ti((a—’_za) (ﬂ+zﬁ y1+2y

1 u(l —v?) )
< max \Y u,v R loo = max Nzlloo
< i, (9wl (wmemuxpg](]1+02 o |) e

)
where fer(u,v) = 1it5. Noting that |1/(1+v?)|+ [u(l — v?) /(1 4 v?)?| < 2/(1+v?)? for the specified

range of (u, v), we obtain
disteo (Ecr (1), Zcn(t?)) < 2/(1 + (3/8)%)2 < 2,

from which we deduce that cond(Z¢y,, QZL]\? O <2

Case 4 (Basis pursuit with ¢! regularisation): As before the active coordinates of QBP @ Aare{(1,1),(1,2)}
for the matrix part of the input and {1} for the vector part. Thus,

act
e (Qipj\f ks) only if /* = (yBP’el’k + zyer, L(a + 2o, B+ 23, m, N))

QBPZk with ¢ = (yBP’el’k,L(a,ﬂ,m,N)). For

. For such an ¢ note that § < § + 107% < y1 < 2 so for
€ € (0,51 — d) and 2z = (2y, 24, 25) € R? such that 0 < ||z]|oc < €, an argument analogous to the analysis
of cond(Zpp) except employing Lemma instead of Lemma shows that

for some suitable z and «, 8 such that there is an ¢ €

the sake of brevity, we will let y; = y]13P £k

o - oy < |41 =0 yitzy =0
dist (2 , 2 < -
istoo (EBPDN(1)), EBPDN(L7))) aVvp (a+za)\/(5+zﬁ)‘
< max |V fp,er (u,v)[]1 - [|2]|oc

- (u,v)€[0,2]x[2,8]

1 u—20 8 2
<! - . <= 1
<(3+ )wm_(g(ww)<7vw

02
where fgp o1 (u,v) = “—_5 , from which we deduce that cond(:BpDN,Qm NE ) <17.
Case 5 (Basis pursult with TV regularisation): The active coordinates of QB v TV #are {(1,1), (1, N)}

for the matrix and {1} for the vector. Thus,

act
Lz e (QE@PA?Z S) only if 1* = (yBPTV:F 4 zye1, T(a+ 2z, B+ 23,m, N)),

for some suitable z and «, 3 such that there is an ¢ € QEEE;“ with ¢ = (yBPTV:F T(a, B,m, N)). For the
sake of brevity, we will let y; = ;""" Suppose that a # 8. Fore € (0, |a—p|AIAL (yl—W))

and z = (2y, 2, 25) € R3 such that 0 < ||z|cc < € we have o + z, # B + 25 and, by Lemma
d0(a + 2o, B + 2, M)
m—1
Suppose for now that o < (. Then, by Lemma|10.5} we have ZEgprv (¢*) = 1(y + 2y, @« + 2o, 8 + 23) and
thus by Lemma[TT.4 we find

Y1+ zy >

distoo (Epprv (L), EBPTV (7)) = [[0(Y1 + 295 @ + 205 B+ 28) — N(Y1, @, B) |0
< U(y1 + Dzlloe < 35[0
where the final inequality follows from y; < [|y]|ec < 3/2, proven in Lemma In the case a > (3, the
same logic and an application of Lemma [I0.5]yields
disteo (Epprv(t), ZBPTV (1)) = [ Pripn (Y1 + 2y5 @ + 20, B + 28) — Paipn(y1, @, B)l
< 14(y1 + Dlzllee < 35/ 2o,
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as the flipping operator Ppip, is an isometry. Next, assume o = /3 and let z = (2, 24, 23) € R? be such that
0<|zllc <3A% (y1 - M). Then, by Lemma|10.5] we have both

m—1

Epprv (%) N{n(y1 + 2y, a + 20, B+ 2p), Paipn(y1 + 2y, 8+ 23, + 20) } # @
and Zgprv () = {tn(y1, o, B) + (1 — t) Puipn(y1, B, @) |t € [0,1]} . Therefore,
distoo (Eprv (1)), EBPTV (7)) < [I0(Y1 + 295 @ + 20, B+ 28) — N(Y1, @, B0
V[ Pripn(y1 + 2y, @ + Za, B+ 23) = Paipn(y1, @, B)lloo
and thus using Lemma we obtain diste (Epprv(¢?), ZpTv(t)) < (Y1 + 1)zl < 352 co-

Since we have now shown that this bound holds in the cases o > 3, a < 3 and o = 8 we can conclude that
cond(ZEgprv, QELPNTXS) < 35.
Case 6 (Unconstrained lasso with TV regularisation): The active coordinates of QELLNT Z’S are {(1,1), (1, N)}

for the matrix and {1} for the vector. Thus ¢~ is in the active set
act
(QTUHLNT,CV§> only if 1* = (y""T™VF 4+ 2 e, T(a + 24, B+ 25,m, N)),

for some suitable z and o, 8 such that there is an ¢ € QELLNTZS with ¢ = (yY% ™V, T(a, B,m, N)). For
the sake of brevity, we will let y; = yEL’TV’k. For such an ¢ we consider z = (2, za,28) € R3 such
that 0 < [z[oc < £ A T55(y1, 2, B8), where <(y1,c, ) = y1 — AO(e, B)* [2(m — 1)2(a\/ﬁ)]_1. By
Lemma we conclude that ¢(y1 + 2y, + 2o, 8 + 23) > 0, and so Lemma applies to the input
(y + zye1, T(a + zqa, B + 23,m, N)). An argument analogous to the one presented for Basis Pursuit with

TV regularisation employing Lemma[T1.3|instead of Lemma [TT.4]then yields
107
dists (EULT\/(LZ), EULTV(L)) < 112(y1 + 1) <112 (180 + 1> <179,

where the penultimate inequality follows from Lemma Hence cond(ZSypty, QELNT;’S) < 179, as
desired.

This establishes each of the claims in (TT.17). It remains to prove (TT.8). We do this for linear program-
ming only as the argument for the other cases is analogous. If K = 1 there is nothing to prove, so assume

1
w.l.o.g. that K > 2. Note that the active coordinates for Qipjf /2, are the same as the active coordinates
BP, /' s
for 2, jc- Thus

— BP,¢, BP, ¢, - BP, ¢, —_ BP,¢,
cond(Zp, Qm,N,qu U meN’KS) = cond(Zrp, Qm,N,stl) V cond(ZEpp, QmNKS)
1 1
and (TT.T7) implies that cond(Q2" ;%) and cond (27 ;%) are both bounded above by 10 since K > 2.

1 1
Next, note that QELP 1\1; Ple Q?npj’f /2_1- This allows us to conclude that

_ BP,¢! - BP,¢t s BP,¢ s
cond(Epp, Qm,N,K) = cond(:Lp,Qm7N1K71 U Qm,N,K) < 10,
and hence
1 1 1
cond(Erp, WBTY) = sup cond(QiP;\fI’(S U fo_)j\f ) <10.
Nomo4 N, N,

O

Lemma 11.6. For any natural numbers m, N, and k with k > 1 and 4 < m < N the FP condition number
of every input to any of the problems LP, /* BP, {* UL, CL, TV BP and TV UL with respective input sets
QLP QBP.E QUL OCLL OBPIV nd QULTY s bounded by 4.

Proof of Lemma(I1.6] Suppose for now that the input is in one of the “strong” input sets, and consider first
an input (y, A) = (y, A(a, 8,m, N)) € Qﬁlp]\b,k Recall that Crp (y, A) = %, where
py, A) = sup{e| 32 = (24, 20, 25) € R, [|2]loc < €
st. (y + zyer, A(a + 24, B+ 23, m, N)) is feasible for LP}.
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Concretely, by recalling that c is the vector of ones of length N and inspecting the explicit form of A(« +
Za, B + 23, m, N ), we see that it is necessary and sufficient for at least one of a + z, and 3 + 23 to be
positive for the LP problem to be feasible. As oV 3 = 1, we deduce that p(y, A) = 2, and therefore
Crp(y, A) = % =2

Next, note that, for z = (zy, 24, 23) € R?, the matrices L(a + z4, 8 + 23, m, N) and T'(a + 23,8 +
zg, m, N) are onto as long as at least one of o + z,, and 3 + zg is nonzero, and therefore p(y, A) > % for
the problems ¢! BP, CL, and TV BP with inputs (y, A) in Qipj\f o Q%ﬁ ,f, and QsleT V%, respectively.
By Lemma lylloo < 2 and ||Al|max < 1, we deduce that Crp(y, A) < 7 = 4 in the case of /! BP,
CL, and TV BP.

Finally, inputs (y, L(«, 3, m, N)) and (y, T(c, 3, m, N)) are feasible for the /! UL and TV UL problems
for any values of y, a, and $3, and therefore Crp(y, A) = 0 in the case of ¢ 1 UL and TV UL for any input
set. The proof is entirely analogous in the case when the input is in one of the “weak’ input sets, and thus
the proof of the lemma is complete. U

Lemma 11.7. Let (o, 8) € L. Then cond(AA*), cond(LL*) < 16/5. In addition, for k > 1 and (o, B) €
LEFTVE or (o, B) € LYETVF we have cond (TT*) < 18,

Proof of Lemma[IT7] Note that M := AA* = LL* = TT" = ( 52) @ I,,,—1. Therefore cond(M) =
MM = (02 + 85 V1) - (0% + 43T V1) < 1.3 = 18 -

11.4. Inequalities to control the breakdown epsilons for the TV problems. Below follows a collection
of inequalities that are needed to estimate the breakdown epsilons for the TV problems.

Lemma 11.8. Lerp € [1,00], n € N, and set

y1 = om[0(1/2,1/2,m)]~" + [7 — 3(0(1/2,1/2,m))"*]107" /4.

Then
s 8) = (o, o, 8l > 2107 (L.18)
(af,8")eLt

and

g0 1y 0 B - n(y1, o, B)n| < 5-107 271 /6. (11.19)
a, e BPTV,n

Proof. We first prove the following inequalities for general y; > 0 and then specialise to the value of y; in
the statement of the lemma:

20m
i — Py LB > 2YP 2y — 11.20
. (Y1, e, B) — Paipn(yr, @, )|l > e TERYCR (11.20)
(a/ B/)EEBPTV n
(with the convention 2! /p = 1 when p = 00) and, recalling 7, from (TT.2),
26 [4r2 + (m — 1)
In(y1, e, B)1 — nly1, ., B)n| < 241 irs ] (11.21)

(o) LBV T Te(1/2,1/2,m)
To this end, we have for (o, 3), (o/, 3') € LBFTV:" and p < oo

||77(y170676) - Pﬂipn(yla 75 HP |:|/’7 Y1, 75)1 - (Pﬂlpn(yha ﬂ )) | +
!l p 1/p
+ 0,0 By = Pun(yr o )y ||

1/
|:| (yla 76)1 _n(yla /aﬁl)N|p+|n(y17a7/8)N_n(ylva/aﬁ/)1|p:| ’

Y

)

. b el
|:2 ( min ‘n(yhUyU)N—n(yl»U ,’U)1| ]

u7v)€£BRTV,n
(ul 'L)/)EﬁBP'TV’n
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and therefore

min ,a, 3) — Py o, B, > min 21/p , — o B,
gy In(y1, e, B) = Paipn(y1, &', 8')llp = .- (Y1, a, B)nv —n(y1, ', )1
(a/,/B/)eLBP,TV,n (a/,B/)ELBP,TV,n

where this inequality also holds for p = co by an analogous argument. Next, by the definition of 7 we have,

for (a7 ﬁ), (O/, B/) c EBP,TV,n’

§(a+p) 2060(a, B) (o’ +B')
0(a, B) m—1 0(a’, ")

n(y1, @, B)N—n(y1, o, )1 > 2y1 + = 2y1+6g(a+B)+h(a’+3")

where
u 2¢y/(m —1u2 + (m —1)2
o) — 2/ D@ 1)
V(m —1)u2 + (m —1)2 m—1
and h(u) = —1 —. A simple calculation yields, for u € [1/2,1],

V(m=1)+(m-1)2/u
o) = —(m—1) [(2u—1)(m — 1) 4 2u?] <0
[(m = 1) +w(m— 1P =7
so that g(u) > g(1). Itis also clear that h(u) is decreasing on [1/2, c0) and that if (o, B), (o, B') € LBPTV:n
then (o + 3), (&¢/ + 3') € [3/4,1]. Thus
min  2P|n(yr, o, B)n = nlyi, o', 81 = 27 (210 + 6g(1) + Sh(1)) .

o, BELBPTVn
o B eLBRTV:m

Noting that g(1) + k(1) = —2y/m — 1+ (m — 1)2/(m — 1) = —2m/60(1/2,1/2,m) gives (I1.20).
To obtain (TT.21), we note that n(y1, a, 8)1 < n(y1, o, B)n and 6(c, B, m) is increasing in its arguments
provided (a, 3) € [0,00)2. Thus

9 0 ny ns
oy, — 260y o500 m)
m—1

max ‘n(ylvaaﬁ)l_n(y17avﬂ)1\l| = m—1

max
(a,B)ELBRTV,n (a,B)ELBPTV.
We conclude (IT.21) by noting that
O(rp, 1, m)/(m —1) > 0(rp, 70, m)? [0(1/2,1/2,m)(m — 1)] " = [4r2 4+ (m — 1)][0(1/2,1/2,m)]"".

With the specific choice y1 = dm[0(1/2,1/2,m)]~* + [7 — 3(0(1/2,1/2,m))"!]107"/4 and using
m > 4, we calculate

2L/P |9y, — 925”1] > <7 3)) 107" > <7 _ 3) 107" >2-107",

(1/2,1/2,m) 2 20(1/2,1/2,m 2 2m—1)
from which we conclude (TT.18)), as well as
) 26 [4r2 + (m—1)]  25(1 —4r2) 7 3 107
n 0(1/2,1/2,m)  6(1/2,1/2,m) ' \2  26(1/2,1/2,m)

SR (U A 3 Lo-n
= 450(1/2,1/2,m) ' \2  20(1/2,1/2,m)

7-107" 5-107"*! _5.10-ntl2-l/p
< < :
2 12 - 6
where we used 1 — 4r2 < 3-107"/(44), which is by the definition (TT.2). This concludes the proof of
([L.19). m

Lemma 11.9. Letp € [1,00], n € N, and

Yy =7-107"/4+ A1+ 1/(m—1)) = 3-107"/(4(m — 1)).
Then
min  [[¢Y(y1, @, B) — P (yr, o/, 8')|p >2-107" (11.22)

(a’ﬁ)eL"UL,TV,n
(O/ ﬁ,)GEUL'TV‘n
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and
max_ [¢(yi, @, B)1 — Y(y1, o, B)n| < 5- 10727 1/P 6, (11.23)

«,BELULTV.n
Proof. As in the proof of Lemma[IT.8] we will first prove the following inequalities for general y; > 0, and
then specialise to y; in the statement of the lemma:

1
min_ (1, @ 8) — Py, o 8]l > 217 {2;/1 P <1 n )] (11.24)

«,BeLUbTVn m—1
o IBIGCUL.TV,W

and, recalling s,, from (T1.2),

0(81, 8n,m)?

max |w(y17avﬂ)l - 1/’(3/1a04a5)N‘ S le —2A

11.25
(a,B)ELULTV,n (m—1)2 ( )

To this end, note that

. _ . !l : 1/p o !l
(Q,B)IQ[IJI&L‘TV*" ||¢(y1aavﬂ) Pﬂlpw(yl’a ’6 )”P > (a,ﬁ)rélél{}hw'r" 2 |’l/)(ylaa36)N 7/’(2/1,04 35 )1|

(a/,ﬂ/)eLUL'TV’n (a/7ﬁ/)ELUL.TV,n
(11.26)
Next, a simple calculation and the definition of ¢ yields, for (a, 8), (o/, ') € LYLTV:m,
20+ B)?2+2(m—1) — (a+ o + 0
1/1(9170475)N_¢(y170/75l)1 :2?41—)\ ( 6> ( ) ( ﬂ) + ( 5)
(m—1) m—1
2 —1/4)2+2(m—-1) -1 ! !
gy A (Kot B VAT RAm =)~ 18 (45D o
(m—1) m—1

By noting that o+ 3,/ + 3’ € [1/2, 1] we see that the right hand side of this expression is minimised when
a+ 8 =a + B = 1. Applying these values of o + 8 and o’ + 3’ in (I1.27) and combining with (T1.26))

yields (T1.24).
For (IT:23), we note that ¢(y1, o, )1 < ¥(y1,, 8)n and O(a, B, m) is increasing in its arguments
provided (o, 8) € [0, 00)?. Thus

9(a7ﬂam)2 0(sn,sn,m)2
_ — 2y — 2N | <2y — AT
(aﬁ)rggggw\w(y1,a,ﬂ)1 Yy, o, B)n| (a,ﬁ)%%ﬁiw,n[ 1 m—1)2 | =W (12

Now, with the specific choice y; = 7-107"/4 4+ A(1+1/(m — 1)) —3-107"/(4(m — 1)) and using
m > 4, we calculate

1 7 3
o/ oy —ox (14— > —2 10" >2-10""
{yl A( +m—1)]_<2 2(m—1)> 0z 0

as well as
0(sn, Sn,m)%  T7-107" 1 452 3-107"
2y1 — 2\ L = 2\ — n —
n (m —1)2 > TS T m=1) T ame)
7-100"  5-107"*t1  5.107ntl2-l/p
< < <
- 2 12 - 6
since 1 —4s2 < 3-107"/(4)) by the definition (TT.2). This concludes the proof of (TT.23). O

11.5. The strong breakdown epsilons. Our aim will be to prove that, for each of the computational prob-
lems under consideration, we have €}, 5 (p) > 107* for p € [0,1/2) and €5 (p) > 107* for p € [0,1/3).
We do so in the following lemma:

Lemma 11.10. Let k, m, and N be natural numbers with N > m > 4 and k > 1, and consider the compu-
tational problem {2, v 1, M, A N}, where Q05 1 is one of (I1.3) and = is the appropriate solution
map. Then there exists a A € LY (A, N) such that, for the computational problem {=, QN M A}, we
have €5, 5(p) > 107% forp € [0,1/2) and €5 (p) > 107% forp € [0,1/3).
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Proof. The proof is based on using Proposition[9.5] Concretely, for linear programming, we will construct
input sequences {5,102 C Q5 n s {2 }o2, C 95,y aninput 0 € Qv as well as sets ST C R™
and S? C R™ such that the following hold:
(i) infricgt p2ege ||zt — 22|, >2-107F.
(i) 0 = (y°, A% € R™ x R™*N and o}, = (y?", A7") € R™ x R™*N forj = 1,2 and n € N,
satisfy
7" = 40 lloos | A7™ = A% [max < 477 (11.28)
(iii) 2(¢}) € Stand Z(:2) C S?, foralln € N.
For the ¢! and TV problems we will do the same, except that we respectively write L and T instead of
A. Once we have done this, the result will follow by part of Proposition [0.3] We thus work through

. — LP,s —_ BP,¢! s _ UL,¢% s —_ CL,¢% s
each of the computational problems {Erp, 2, § 1}, {E6p, @, v i} {SuL: Qv i {Ecn, Qv i

— BP,TV,s = UL,TV,s
{\:BPTva Qm,N,k }, and {HULTVa Qm,N,k } 1n turn.

Case {Zpp, Q7% }: We set
v = (y""F L(1/2,1/2,m, N)),
o= (PN L(1/2,1/2 =47 m,N)), o = (U0 L(1/2 - 47", 1/2,m, N)),
S'={4-107%¢;}, and S%={4-10"ey},
where e; is the i-th canonical basis vector of R”. We note that (TT.28)) immediately holds, hence establishing
(ii). Next, we have inf,1cg1 2¢52 |28 — 22|, = [|4-107%e; —4-107Fes]|, > 2-107F, yielding (i). Finally,
to see (iii), note that Lemma(10.1{implies Zrp (1) = {4-107%¢; } and Zp.p(:2) = {4-107Fey}, forj = 1,2
andn € N.
1
Case {Zpp, Qipj\?,f}: We set

L = (B L(1/2,1/2,m, N)),
L= (BPR [(1/2,1/2 — 47" m,N)), 2 = (BP0 R L(1/2— 47" 1/2,m, N)),

n n

St ={4-10"%¢;}, and S%={4-10"%ey},

from which (TT.28) immediately holds, hence establishing (ii). Next, we again have inf,1cg1 42¢ g2 |21 —
22|, = ||4-107%e; —4-107%es||, > 2- 107, yielding (i). Finally, to see (iii), we use Lemma|10.3to find
that EBPDN(L}L) = {2(5+2-10_k—5)61} = {4'10_k61} = Sland EBPDN(L?L) = {2(6+2~10_k—6)62} =
{4-107%ey} = S2.
C - UL,¢% sy, . . . - BP,¢(! s
ase {Zur, 2, v 4 }: The argument is almost identical to that for {Zgp, 2, & "}, except that y

replaces yBP’Zl *_and we use Lemma to obtain

UL,¢% k

Son(h) = {(A+2-107F = N)[2(1/2)]] te1} = {4-107Fe;} = ST

and similarly Sy, (12) = {4-107%ey} = S2.
1 1
Case {Zc1, QSLLAf 2°}: Here, the argument differs slightly from the argument for {=gp, Qipj\f 1. Again,
we replace yBP-¢" ¥ with yC™* As before, we immediately obtain (ii). We now define §* = {4-10~%e; +
(1 —4-10"%)ez} and S? = {4-10"%ey + (7 — 4 - 107%)e3} and note that

: 120 —4.10~ke. — a.10—F 10k
vesh g |5 — 2|, = ||4-107%e; —4- 10 "eq|l, > 2- 107",

and thus (i) is satisfied. To establish (iii), we note that for (o, 5) € £ we have o V § = 1/2 and thus the

parameter  given in[[0.4]satisfies
r=(aVB)y " 1+ (avp)]=2-10"""/5=4.10"" < 7.
Therefore Lemma [[0.4] applies and so

Een(tl) = {rei + (1 —r)es} = {4107 ey + (7 —4-107%)es}
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and similarly 2, (12) = {4- 107K ey + (1 — 4- 1075 )e3}, as desired.
Case {EppTv, Qipj\;rkvs} We choose ng so that 1/2 — 47" € [ry, 1/2] and, writing y; = yllgp’gl’k, we
set
L= PPTVR T(1/2,1/2,m, N)),

o= PPV R T(1/2,1/2 = 4770), m,N)), 2= (PP TVRE (/2 — 4777 0),1/2,m, N)),

n

S' = {Pupn(y1, @, 8) | (a, B) € L2TVF},and - 5% = {n(y1, @, B) | (v, B) € LEFTVEY,

It then follows by the choice of ng that .°, ¢}, and 2 are all in QETPNT . We also immediately have (TT:28)

and hence (ii) holds. Now, by Lemma[T1.8](where we choose n = k in Lemma[T1.8) and more specifically

equation (TI.18) we have

: 1 2 _ . _ . /oY) . —k
Lrlnelgl ||‘T - ||P - (a7[3)réléll;1RTV,K Hn(yl»%ﬁ) Pﬂlp(ylu « 7ﬁ )”p >2-10 )
z2c 82 (a/76/)E£BRTV,K

and thus (i) follows. Finally, using Lemmawe immediately obtain EBPT\/(L%) C S9, for 7 =1,2and
n € N, establishing (iii).

Case {ZyLTv, QELNT ,\!’S}: This time the argument is very similar to that for {ZEgpry, fof J\? ;/S} We
list only the differences: first, we replace 32" TV-* with y UL TV-*  Again, it follows immediately that[11.29]
holds. The definitions of S* and S? are also identical with one difference — we replace 1 with ¢ defined in
Lemma|[I0.6] The argument for (i) is the same except we replace all mentions of Lemma[T1.8] with Lemma
[IT.9] and inequality (IT.18) with (IT.22). Finally, part (iii) is identical except now we use Lemma [T0.6]
instead of Lemma [[0.3] O

11.6. The weak breakdown epsilons. Similarly to the previous subsection, our aim will be to prove that, for
each of the computational problems under consideration, we have both €5 (p) > 10~**1, for p € [0,1/2),
and e > 10~F+1,

Lemma 11.11. Let k, m, and N be natural numbers with N > m > 4 and k > 2, and consider the compu-
tational problem {2, QY 1, M, Ay N}, where Q) 1 is one of (LL.5) and = is the appropriate solution
map. Then there exists a A € L' (A, ) such that, for the computational problem {Z, QN M A}, we
have e¥5(p) > 107**L forp € [0,1/2), and €} > 10~k+1,

Proof. The proof reads almost identically to that of Lemma [TT.I0] so we will only list the differences.
Concretely, for linear programming, the proof proceeds by constructing input sequences {:2}5°, C €,
{12100, c Q,an ¥ = (y9, A%) € R™ x R™*¥ (a crucial difference from the proof of Lemmais that
we no longer require . € Q) as well as sets S' € RY and $? C R¥ such that the following hold:
(i) infricst p2ese |2 — 220 > 2- 107FFL,
(ii) For j = 1,2 and each natural n, ¢J is a tuple (y?™, A7") for y»»™ € R™ and A7'". These tuples will
satisfy
Iy = 97 lloos A7 = A% lmase < 477 (11.29)
(iii) For each n, both Z(:1) C S and Z(:2) C S2.
Again, for the £* and TV problems we do the same, except that we respectively write L and T instead of A.
These are the conditions required for us to apply part|(i)| of Proposition and conclude that ejz(p) >
10~F*! forp € [0,1/2) and that €} > 105 +1. We go through the differences to the proof of Lemma
for each of the computational problems in turn.
Case {Z1p, Q;PAV,V . }: in the definitions of °, ., and .2 we replace y"F+* with y-F-F~1
of 107 is replaced by 10~ %+,

—_ BP0t w .
Case {Epp, (2, ;" }: we replace y
10~ k+1,

, and every instance

BP.t'k with yBP-¢'k—1 and every instance of 10~* is replaced by
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- Lt 1
Case {Zyr, Q750 /W) we replace yUlo!

107k+1.

UL,¢t k—1

with y and every instance of 10~" is replaced by

1
Case {Ecr,, QS 1V} we replace yCF with yCL+ 1. We replace 4 - 10~ in the definitions of S* and

5% by 4 - 107*+1 so that inf,1cg1 42¢52 |2t — 22|, > 2+ 1075 +1. Finally, the value of  now becomes
2.107%+2/5 = 4. 107k+1,

Case {Epprv, QELP NT ]X’W}: we replace y with y and every instance of 10" is replaced

by 10~**+1, In addition, Lemma is applied by setting n to k& — 1 instead of k.

- LT . _ . k.
Case {ZyLrTv, Qi’]’\,’,\j’w}: we replace yUTV:F with yUl-TV:E=1 and every instance of 10~* is replaced

by 10~%*+1, In addition, Lemma is applied by setting n to k — 1 instead of k.

BP,TV.k BP,TV,k—1

O

Note that in none of the cases in the proof of Lemma is 1% contained in €2, so these arguments are
not sufficient to prove that the strong breakdown epsilons are greater than or equal to 10~**! (indeed, this
statement is not true).

12. PROOF OF THEOREM [3.3]— PRELIMINARIES: CONSTRUCTING THE SUBROUTINES

To construct the algorithms required to prove Proposition [8.33] and part (ii) of Proposition [8.32] and, we
require various subroutines. Throughout this section, we consider the computational problem {=Z, Q,, v,
My, A N2 = {é, Qm’N,MN, /N\m,N}, where ,,, v is one of (IL.6) and = is the corresponding so-
lution map. For the linear programming case, we fix the notation for an element of Qm, ~ by writing
i = ({y](.")}zozo, {Ayg %Ozo)j’k, corresponding to an ¢« = (y, A) € €. For the ¢! and TV problems the
notation is analogous, except that we respectively write L and 7" instead of A.

We begin with a subroutine termed OutputEta which applies only to the basis pursuit with TV regulari-
sation problem. Informally, the purpose of this subroutine is to approximate the function 7 defined in §10.3]
The exact specification of the subroutine is given below and a proof of its correctness and complexity is
given in Lemma[I2.1]

Subroutine OutputEta:

Inputs: Dimensions m, IV, and natural numbers kg and a k..

Oracles: 0. and Oy, providing access to the components yj(»”)

Output: n* € DV (in the Turing case) or * € RY (in the BSS case).

and TJK’T,;) of an input ¢.

1. Setny = (4ke + Len(N) + 7) V (4kx + 1) and use the oracle O, to obtain yf := ygm) and the
oracle O, to obtain o’ := Tl(ﬁl) and 8’ := T1(Z\1/)~ We then compute a w € I so that

_1 ’ n2y\ —1/2
w (m :I(f‘;“ﬁ) > (12.1)
to ke + Len(N) + 4 bits of precision.
2. Next, set ng = k. + Len(N) + 2 and compute nf =75 = --- =ni_; € D (or R, in the BSS case)

so that
. 0+ BHw
i~ & ) (12.2)
m—1
to ng bits of precision, incurred by converting a rational to a dyadic (in the BSS case, we simply
assign the right hand side to 7).
3. Similarly we compute 13 € ID (or R, in the BSS case)
0B ow  (m—1+(a+p)
A —— (/v p) (ofVvp) m—1

(12.3)

to ng bits of precision, again incurred by converting a rational to a dyadic (in the BSS case, we
assign the right hand side to 7},).
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Lemma 12.1. Assume that the subroutine ‘OutputEta’ is applied to an input T corresponding to v = (y,T) =
(yBYTVE T(a, B,m, N)) € Qipl\f 2, where (o, 8) € LEBPTV'F for some natural number k with k < k.
Then the output n* satisfies |n* —n(y1, o, B)||, < 107%<, and the number of digits needed by the oracles as
well as the BSS and the Turing runtime are all bounded above by some polynomial in k., ke, and log(N).

Proof. Let o and (3 be as in the statement of the lemma. For ease of notation we also write z, = ¢} —y1, 2o =
o/ —aand zg = ' —Baswellas z = (2, za, 25). Note that then || 2]|oc < 27" < 107 /(TON)A10~Fx /2,
by definition of n;.

Our argument to prove the correctness of OuiputEta will rely on bounding ||n* — n(y}, o/, 3)||1 and
(I7(y1, , B) — n(yi, &', B')|l1 separately. For the first of these two terms, we note that 7(y}, o', 8') can be

written as
1

B =“w+53(m—1+@ﬂ+aﬁ>2

(yl’ 75) (ylva ﬁ) (yb

m—1 m—1

and
1

|y m—1+ (' + 802 (m—1+(a/+ )\
(yh aﬁ) (yla aﬂ)1+o/\/5/_6< (a/\/ﬁl)(m—l) )( m—1 )

Thus, using the triangle inequality, we obtain
N(a' + ") Jrm—1+(o/+,6”)2 w
m—1 (/v ") (m —1)

Since (o, 3) € LBPTV:F we must have v + 3 < 1 and o V 3 = 1/2. Thus because z,, 25 < 107Fx < 1/4,
we note that both o’ + 5’ < 3/2 and, using Lemma|11.3} o/ vV 5’ > 1/4. Therefore

(T vy ) < a4 ()|

Furthermore, as § < 1 and N > m > 4 we obtain
3N 9 N 5N
f|l————+4 1+ —— 44+3< —.
{2(m—1)+ ( +4(m—1)>] o rEtesg

Therefore, as w is computed to precision k. + Len(N) + 4 so that 2~ (ke tLen(N)+4) < 10—k /(10N and
27"2 < 107%¢ /(10N) by definition of ng, we obtain

+N27 "2
m—1

! N2 *%
I = ntot o' 501 <5 1+ 0

1

. 5N (o' + B2\ 2 5N -107% N -107k 107k
I _77(91;0/75/)”1§21U—(1+m1 + = .

N27"2 < =
+ - 20N 4N 2

Next, we will bound ||7(y1, o, 8) — n(y;, ', B)||co using Lemma To apply Lemma we must
show that ||z||leo < (1/8) A (1 (yl, a, 3)/2) where the function p is defined within the statement of Lemma
Because (yTV,T) € QE’LPA? Jwith k < kg and 0(1/2,1/2,m) > m — 1 > 1 we have

sm 3 107% sm (7—3)-107Fx
Y11= 2775775 5+ - > +
8(1/2,1/2,m) 0(i/2,1/2m)) 4 = 8(1/2,1/2,m) 4
and thus, because 0(cv, 3, m) is increasing in both a and 3 and (o, 8) € LBPTV:E < [1/4,1/2] x [1/4,1/2],
sm 660(1/2,1/2,m) (7—3)-107k=
A PR e 1 =10

Hence, as ||z|lcoc < 107%x/2 < (1/8) A (u(y1,a, 3)/2), the conditions of Lemma are met. We
conclude, this time using ||z||o, < 107%</(70N), that

In(y1, e, B) = 0y, o, B)loo < 14(y1 + 1)|2]Jcc < 107 %< (y1 + 1)/(5N).

By Lemmall 1. ljwe have y1 < 3/250 [[n(y1, o, B)—n(y1, o, f') || o < 107" /(2N). Therefore ||n(y1, v, )~
(s, o, Bl < 1077 /2.
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The proof of correctness completed by combining the already established inequalities ||n(y1, o, 8) —
n(yh, o, 8|1 < 107% /2 and ||n* — n(y}, o', B")||1 < 10~%</2. Indeed, we have

7" =0y, o, B)lp < lln* = nyy, o, 8l
< In(yr, e, B) = nyi, o, B + In* = n(yh, o, 8]l < 107

Next, we note that number of digits ny = (4k.+Len(N)+7)V (4kxk +1) needed by the oracles is polynomial
in kg, k., and log(NN). All that remains is to bound the complexities. Note that it suffices to show that the
Turing runtime is polynomial in k., kx, and Len(V), as this will then imply the desired polynomial bound
on the BSS runtime.

To this end, as noted in [|65, Page 92-93], we recall that it is possible to use Newton-Raphson iteration
to compute the reciprocal square root of an w-bit number to v bits of precision at the same cost (up to
constants and asymptotically in u and v) as a multiplication operation on two integers each with number of

bits bounded above by u V v. Since we have already shown that (o’ + 8')? < 4, the number of bits of the
m71+(a1+13/)2
m—1

bits of the denominator is O(log(m)). The length of k. + Len(NN) + 4 is clearly polynomial in k., kg, and
Len(N). Hence (since multiplication of b-bit integers can be done in O(blog(d)), the runtime of computing

numerator of is bounded above by a polynomial in k., kr, and Len(N) and the number of

w in the Turing model is polynomial in k., kx, and Len(N). In particular, Len(w) must be bounded above
by a polynomial in k., kx and Len(NV).

The right hand sides of both (12.2) and (I2.3) involve finitely many additions, multiplications and sub-
tractions of rational numbers each with lengths bounded above by a polynomial in ke, kx, Len(N), and
Len(d). Since 4 is assumed to be fixed, the numerator and denominator of the right hand side of both (12.2)
and can be computed in Turing runtime polynomial in k., kg, and Len(V).

For each of equations (12.2)) and (12.3)) the conversion between the rational (say, g1 /g2) right hand side to
a dyadic is done through integer division to nq bits of precision. Again, as noted in [65], Page 92-93] this can
be done in Turing runtime polynomial in Len(q;/¢2) and ny. But we have already established that both of
these quantities are bounded above by some polynomial in k., kg, and Len(V), and thus the Turing runtime
of this step is also polynomial in the same quantities.

We have therefore bounded each of the steps of the subroutine by polynomials in k., kx, and Len(N'). But
the subroutine itself only performs finitely many steps and thus the overall Turing runtime is also bounded
by a polynomial in k., k, and Len(NV). The proof is complete by noting that Len(N) = O(log(N)). O

Similarly, we formulate OutputPsi, which applies only to the unconstrained lasso with TV regularisation
problem. Informally, the purpose of this subroutine is to approximate the function ¢/ defined in Its
exact specification is given below and a proof of its correctness and complexity is given in Lemma([12.2]

Subroutine OutputPsi:

Inputs: Dimensions m, N, and natural numbers kx and a k..

Oracles: O, and Oy providing access to the components yj(-”) and Tj(;? of an input 7.

Output: 1)* € DY (in the Turing case) or 10* € R (in the BSS case).

1. Setny = (4k. + Len(N) + 9) V (4kx + 3) and use the oracle O to obtain y; := yﬁ"l) and the
oracle Oy, to obtain o’ := Tl(ﬁl) and 3’ := Tl(ﬁ\l,).

2. Next, set ng = 4k, + Len(N) + 1 and compute ] = 5 = --- = ¢5_; € D (or R, in the BSS
case) so that

Al + 5"

2(m —1)(a/ Vv j3) (12.4)

(Gl

to nq bits of precision, incurred by converting a rational to a dyadic (in the BSS case, we assign the
right hand side to ¢7).
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3. Similarly, compute 13, € D (or R, in the BSS case) so that

Ao+ 7)) n 1 J M@+ 82+ (m—1)]
2m—1)(o/ VvV B) o vp A\t 2(m —1)(a’ VvV B)

Y~ (12.5)
to ngy bits of precision, again incurred by converting a rational to a dyadic (in the BSS case, we

assign the right hand side to ¥};).

Lemma 12.2. Assume that the subroutine ‘OutputPsi’ is applied to an input [ corresponding to v = (y,T) =
(y9=TVE T(a, B,m, N)) € Q}iLAt}ﬂks where (o, B) € LYLTV'E for some natural number k with k < k.
Then the output 1* satisfies ||{* — 1 (y1, o, B)|l, < 107%¢, and the number of digits needed by the oracles
as well as the BSS and the Turing runtime are all bounded above by some polynomial in ki, ke, and log(N).

Proof. We start by proving correctness. Let « and 3 be as in the statement of the lemma. For ease of notation
we also write z, = Y] — Y1, 2o = & —aand zg = ' — fas well as z = (zy, zq, 23). Note that then
[[2][oc < 27 < (107 /(512N)) A (107%x/8), by definition of n;. Next, by definition of ny, we have
27"2 < 107 /(2N), and thus ||* — ¥(y;, o/, )|, < N - 2772 < 107%< /2. It thus suffices to show that
v (y1, o, B) — ¥(yh, o/, B')|l, < 10~*< /2. We will accomplish this by using Lemma

As in the proof of Lemma let z, = Y] — ¥1, 20 = &/ —a, and zg = ' — 5. To apply Lemma
we must verify the condition ||z]|cc < (1/8) A (s(y1, @, 8)/10) where the function ¢ is defined in Lemma
Because (y,T') € QSZLA?KS aswellasm >4 and k < kg

_7-10—’¢+A gL 3-107% >3'10_kK+A gL
nETy m—1) 4m-1) = 2 m_1)"

Thus the definition of r from[IT.5]implies that

3.10 kx 1 0(c, B,m)?
>- 14— ) -2
Wia.f) 2 — +A< +m1> A =1
~3-107Fx +)\9(1/2,1/2,m)2 B )\G(a,ﬁ,m)Q 3.107Fx
B 2 (m —1)2 (m—1)2 = 2

since once again 6(«, 3,m) is increasing in a and 3, and (v, ) € LBPTV-E y £BPTV.K=1 11 /41 /2] x
[1/4,1/2]. Hence ||2]|oo < 107%% /8 < 3-107Fx /20 < (1/8) A (s(y1, v, 3)/10) and thus the conditions
of Lemma[TT.3 are met.

We conclude that [|¢(y1, o, 8) — ¥ (y1, @, 8)|leo < 112(y1 + 1)[12]|00 < 112(y1 + 1) - 107K /(512N)
where we used ||2]|oc < 107 /(512N). By Lemmal[11.1] y; < 107/180s0 112(y; +1) < 112-287/180 <
256. Therefore [[v(y1, v, B) — $(y}, ', 8')loc < 10~% /(2N) and thus [[¢:(y1, v, B) — (v}, o, 3)]l, <
(g1, @ B) — ¥(wh, !, B) oo - NV/P < 1075+ /2, as desired.

Next, we note that number of digits ny = (4ke + Len(N) + 9) V (4dkx + 3) needed by the oracles is
polynomial in kg, k., and log( V). All that remains is to bound the complexities. Note that it suffices to show
that the Turing runtime is polynomial in k., kx, and Len(N), as this will then imply the desired polynomial
bound on the BSS runtime.

The right hand sides of both (12.4) and (12.3)) involve finitely many additions, multiplications and subtrac-
tions of rational numbers each with lengths bounded above by a polynomial in k., k-, Len(N), and Len(\).
Since A is assumed to be fixed, numerator and thee denominator of the right hand side of both (I2.2) and
(12:3) can thus be computed in Turing runtime complexity polynomial in ke, kr, and Len(V).

For each of equations (12.2) and (12:3) the conversion between the rational (say, g1 /¢2) right hand side
to a dyadic is done through integer division to ng bits of precision. Again, as noted in [65 Page 92-93] this
can be done with complexity polynomial in Len(q; /g2) and ny. But we have already established that both
of these quantities are bounded above by some polynomial in k., kx, and Len(N), and thus the complexity

of this step is also polynomial in the same quantities.
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We have therefore bounded each of the steps of the subroutine by polynomials in ke, kx, and Len(N),
and, as the subroutine itself only performs finitely many steps, the overall Turing runtime is also bounded by
a polynomial in k., kx, and Len(N). Noting that Len(N') = O(log(NN)) concludes the proof. O

Next, we need the following subroutine which operates in the case when the input Z corresponds to an ¢ in
LP,w BP,/'w AUL, ' w ~CL,'w ~HBP,TV,w UL, TV,w . - . -
oneof 0 . @ ve Qo Ni Qe > Qg or€ v, . Wetitle this subroutine Weak as it is
used in §11.6]to give lower bounds on the weak breakdown epsilons. The subroutine is defined as follows:
Subroutine Weak:
Inputs: Dimensions m, N, and a natural number k..

Oracles: O and Oy,,¢ providing access to the components y(n) and Agnk) (respectively L;”k) or Tj(;;)) of

J
an input 7.

Output: 2 € DV (in the Turing case) or z € R” (in the BSS case).

1. We execute a loop that proceeds as follows — at each iteration, we increase n, starting with n = 1.
What we do now depends on the problem at hand. In the linear programming case we use the oracle
O ma, to read Aﬁ”l) and A§”§ and setd = Aﬁ"f - A§"§ For the ¢! problems we likewise read L§"1) and
L%) and setd = Lgtl) - L§”2) . For the TV problems we read Tl(ﬁ) and Tl(?\), and setd = Tl(ﬁ) - T1(7;\)r
Next, we branch depending on the value of d:

a. Ifd > 27" then we output x € DV with ||z — 4 - 107K +1e ||, < 107*« for linear program-
ming, basis pursuit with ¢! regularisation or unconstrained lasso with ¢! regularisation. For
constrained lasso we output z € DV with ||z —4-107K+le; — (7 —4-107K+1)ez||, < 107 F-.
For basis pursuit TV we apply the subroutine OusputEta to obtain n* = OutputEta(m, N, kg =
K —1,k.) € DV, to which we apply Prip and output as x (so that x = Pp;pn™). Finally, for un-
constrained lasso TV we apply the subroutine OuzputPsi to obtain ¢* = OutputPsi(m, N, kx =
K —1,k) € DV, to which we apply Pgip and output the result as x (so that x = Pp;pep*). In
all of the above cases we terminate execution after outputting x .

b. Alternatively, if d < —27""! then we output x € DV with ||z — 4 - 107K+ 1ey ||, < 107
for linear programming, basis pursuit with ¢! regularisation or unconstrained lasso with ¢! reg-
ularisation. For constrained lasso we output x € DV with ||z — 4 - 107 5*ley — (7 — 4 -
10~ K+1)ez)|, < 107%<. For basis pursuit TV we apply the subroutine OutputEta to obtain
n* = OutputEta(m, N, kx = K — 1,k.) € DV, which we output as z. Finally, for uncon-
strained lasso TV we apply the subroutine OutputPsi to obtain ¢* = OutputPsi(m, N, kx =
K—1,k) € DV, which we output as z. In all of the above cases we terminate execution after
outputting x.

If neither of these conditions are met then the loop continues by executing the next iteration.

We have presented the Turing version of the subroutine. For the BSS version, all instances of D are replaced
by R.

Lemma 12.3. Assume that the subroutine ‘Weak’ is applied to an input © corresponding to v in one of
LP,w BP,/'w AUL'w ~HCLw ~BP,TV,w UL,TV,w . .

Qm,N7K, QWN’K , QWN,K , Qm,NLK , QWN’K or QWN’K . Then the subroutine always terminates

with an output x such that dist p((z, 2(7)) < 107, for the solution map = corresponding to the problem at

hand.

Proof. We start the proof by analysing the case where the problem is either linear programming or an £!
regularisation problem. By the assumption that ¢ is in one of the “weak” input sets, it must be of one of
the following forms: (y“F-*~1, A(a, 8, m, N)) for linear programming, (yBP’Zl’K_l, L(a, 8,m, N)) for
basis pursuit denoising with ¢! regularisation, (yULvevi ~1, L(e, B, m, N)) for unconstrained lasso with ¢*
regularisation or (y““*~1 L(a, 8,m, N)) for constrained lasso with ¢! regularisation, where («, 3) € L,

a # B. Our argument for each of the cases o > § and o < f3 is identical, so we will start by assuming that
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«a < 3. First, we fix an n and assume that the values of each of the variables accessed in the statement of
the loop are given at the n-th iteration. In particular, d < a+ 27" — ( —27") < 2—7+1 and hence the
subroutine never exits atfal

By contrast, for n sufficiently large d < o — 8 + 27" < —27"F! gince « is strictly smaller than
B and thus eventually the subroutine does exit at E} Hence the output = of the subroutine satisfies ||z —
4107 K+leyll; < 1075 (or ||lo — 4 - 107K +ley — (7 — 4 - 107K+ )es|; < 107F« if the problem is
constrained lasso). We now use Lemma in the case of LP, Lemma in the case of BP with ¢!
regularisation, Lemma in the case of unconstrained lasso with ¢! regularisation, or Lemma in the
case of constrained lasso with ¢! regularisation) to conclude that the subroutine is correct in the case a < /3.

The case o > 3 is identical except now the value d will never be smaller than —2~"*! and instead we
will eventually (after sufficiently many iterations, depending on ¢) have d > 27"*!. Thus the subroutine
always outputs  with ||z —4-10"E+te; ||; < 107" (or ||z —4-107E+le; — (7—4-107KE+1)eg]|, < 107F
for constrained lasso), which for « > f3 is the correct output by one of Lemma Lemma[10.3] Lemma
[10.2) or Lemma|[10.4] depending on the computational problem being analysed.

The argument that the subroutine is correct for the TV problems is similar. This time ¢ is either

(yPP VK= T(a, B,m, N))

for basis pursuit or (y"TV-X =1 T(a, 3,m, N)) for unconstrained lasso. Once again, if & < 3 the sub-
routine will exit at [b] (and never at[a]). This time, however, the subroutine OutputEta for basis pursuit
denoising is called to find n* and then outputs z = n* (similarly, for unconstrained lasso, OutputPsi is called
to find ¥ and output x = ¢*). Note that in this case, for basis pursuit denoising, by Lemma we have

=(¢) = {n(y1, e, B)} (or for unconstrained lasso we use Lemma|l10.6[to obtain Z(¢) = {¢)(y1, @, 8)}), where

BPTV,w o UL TV.W "ag appropriate. Lemma for basis pursuit denoising
1 1

(correspondingly Lemma for unconstrained lasso) as well as the inclusion Q?nl?j\f Pl e Qipjé P

(correspondingly ngl’\(;’ll’(w C QELJ\flKil for unconstrained lasso) now yields ||z — n(y1, o, B)|lp = ||n* —
n(y1, o, B)llp < " —n(y1, o, B)|l1 < 107k« (correspondingly ||z — ¥ (y1, v, B) ||, < 107*<). Thus for the

TV problems the subroutine returns x with dist v (z, =(7)) = dist s (2, Z(¢)) < 107%« in the case o < 3.

vy is the first coordinate of y ory

The case o > [ for the TV problems is identical to the above except now the subroutine will execute
and never giving = Pppn* or = Pyiptp*. The same argument as before shows that dist v((2, 2(7)) =
dist v (@, Z(1)) < 107k, O

Finally, we need a subroutine ‘IdentifyStrongOrWeak’ which determines whether the input ¢ corresponds

to an ¢ in one of

LP,s BP,¢'s ~HUL,0's CL,¢',s ~BP,TV,s UL,TV,s
Qm,N,K’ Qm,N,K’ Qm,N,K , Qm,N,K’ Qm,N,K , OF Qm,N,K )

(which we call the ‘InputStrong’ case) or an ¢ in of

LP,w BP, ¢} w UL, w UL/ ,w ~BP,TV,w UL, TV,w
Qm,N,K ) Qm,N,K ’Qmw,K ’Qm,N,K ’Qm,N,K , Or Qm7N,K >
(which we call the ‘InputWeak’ case), provided either of these two cases occurs.
Subroutine I1dentifyStrongOrWeak:
Inputs: Dimensions m, N.
(n)

Oracles: O\ec providing access to the components y; - of an input .

Output: Either ‘InputStrong’ or ‘InputWeak’.
1. We set two values, tg and ¢1, depending on the problem at hand:
a. For linear programming, we set tg = 2 - 10~% and t; = 2- 10~ K+1,
b. For basis pursuit with ¢! regularisation we setto =2 - 10~% + dand t; = 2- 107K+ 4 4.
c. For unconstrained lasso with ¢! regularisation we set g = 2-10% +Xand ¢; = 2-107K+1 4\,
d. For constrained lasso we set tg = 10~ %+! and ¢t; = 107K +2,
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~1/2

e. For basis pursuit with TV we compute [(m — 1)/m] to 4K bits of precision, yielding some

value w. We then set
3\ 107X 3 10~ K+1
t0:6w+<7—)4, t1:(5w+<7— )

m m—1 4

f. For unconstrained lasso with TV we set tg = 7 - 1075 /4 + \(1 + 1/(m — 1)) and t; =
3-107 K12 L A1+ 1/(m — 1)).

2. Using the oracle Oy, we read y := ygu{). Ify, <tg+2- 274K we output ‘InputStrong’ and

terminate the subroutine. Else if ] > t; — 2 - 27*X we output ‘InputWeak’. The subroutine then

terminates.

Lemma 12.4. The subroutine ‘IdentifyStrongOrWeak’ correctly identifies the cases ‘InputStrong’ and ‘In-
putWeak’ as described above. Moreover, the number of digits needed by the oracles as well as the BSS and

the Turing runtime are all bounded above by some polynomial in log(m).

- .. LP,s BP, (s UL,¢% s CL,0' s BP,TV,s
Proof. Suppose first that ¢ = (y,-) is in one of Q% r, Q"% 2, Q% 2, QU0 2, Q4 ", or
UL, TV s . . . . . . . . .
QN 5. For linear programming, basis pursuit with ¢! regularisation, unconstrained lasso with ¢! reg-

ularisation and constrained lasso we have y; = tp and so y; < tg + 2—4K _ For basis pursuit TV, we have
om 3110°% m 37107K
< 7T—— | —— <6 ) - 7T——| —
U= 91/2,1/2,m) + [ m] g ot ‘ (w 9(1/2,1/2,m))‘ - [ m} 4
37 107K
<dw46-274 4 {7] <ty 274K
m 4

where the first inequality holds because #(1/2,1/2,m) < m and the final inequality because § < 1. For
unconstrained lasso TV

- 7-10°K
y1f74

10-K 10-K
+)\[1+ 1 ]310 7-10
m—1

1
M1+ —— | =ty <tg+ 274K,
4m—1) — 4 + [er—l} o=tot

Thus in each of the cases 3] < y; + 27K <ty +2-27*K and so the subroutine outputs ‘InputStrong’.

. - . LP,w BP ¢! w UL, w UL, w
We now consider the case where ¢ = (y,) is in one of € "\'p . Q& &, Q0 2L Q0N i

QELPJ’\?:X’W , or QSLLNTXW We first show that yy; > t; — 274K and hence y; > t; — 2 - 27*K_ For linear
programming, basis pursuit with ¢! regularisation, unconstrained lasso (with both ¢! and TV regularisation)
and constrained lasso we have y; = ¢; and thus the claim is true. For basis pursuit with TV, we have
om 3 10~ K+1 3 10~ K+1

> 7 — Z L > — 974K
y1_9(1/2,1/2,m)+{ m—J 1 } g =1
since § < 1, as claimed. Finally, for unconstrained lasso we have

710K+ 1 3-107 K+t .10 H!
nmTy Am—-1) = 4

since m > 4 and so the claim follows. Therefore the subroutine outputs ‘InputWeak’ provided we can also

25w—5-24K+[7—
m—1

1
" et

m—1 m—1

show that ¢/} >t + 2 - 274K (i.e. the subroutine does not branch and output ‘InputStrong’).

We thus will aim to show that i/} > to + 2 - 274K for each of the computational problems. For linear
programming we have ¢} > 2-107K+1 274K 5 9.10=K 1.2.274K = ¢, 1. 2.274K The same argument
for basis pursuit with £! regularisation or unconstrained lasso with £* regularisation gives y} > to+2-274K,
Similarly, for constrained lasso we get y/; > 107K+2 — 274K ~ 10=K+1 4 9. 0= K+ _5.107K/4 >

to + 2 - 274K For basis pursuit with TV, starting from 3, > t; — 274K we get
3 10~ K+1 37 107K 30 37 107K
p>tog—2 4T —— | ——— — T —— =ty -2 63 - —— 4+ =
m—1 4 m 4 m—1 m 4

and since —30/(m—1)+3/m is increasing in m, for m € [4, c0) (as can be seen by analysing the derivative),

we obtain y; >t — 274K 4 (63 — 30/3 + 3/4) L= >t — 274K £ 5.10"K > #( 4+ 3- 274K and thus
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Yl >y — 274 > ¢+ 2 - 274K Finally for unconstrained lasso with TV we start from y; > ¢; and argue
30-10K 1 7-107F 1 23107 K
>t = bl - FAl1+ + >ty +4- 274K,
2 m—1 4 m—1 2

sothat y} >y — 274K > g+ 2. 274K,

Next, we note that the only call to the oracle &, requires 4K digits, which is constant, as K is assumed
to be fixed. It remains to estimate the complexity. Note that it suffices to show that the Turing runtime is
polynomial in log(m), as this will then imply the desired polynomial bound on the BSS runtime.

We do so by separately considering the different possible problems.

a. For linear programming, basis pursuit, unconstrained lasso with ¢! and constrained lasso, the run-
time of computing the numerator and the denominator of ¢y and ¢; is O(1) since K, §, A, and 7 are
all assumed to be fixed.

b. For basis pursuit with TV, the computation of w can be done as in Lemma@] - we use Newton-
Raphson iteration to compute w as in [[65} Page 92-93]. The complexity of this operation, done to 4 K
bits of precision, is polynomial in Len[m/(m — 1)] and 4K. Since Len[m/(m — 1)] = O(log(m))
and K is fixed, the overall complexity of computing w is polynomial in log(m). Note that such
a w also has Len(w) bounded above by a polynomial in log(m). The computation of ¢y and ¢; is
then done by finitely many arithmetic operations on fractions each of lengths bounded above by a
polynomial in Len(4), Len(w), Len(m) and Len(10~%+1). Since § and K are assumed to be fixed
across all inputs and Len(w) is bounded above by a polynomial in log(m), the overall complexity
of this step is bounded above by a polynomial in log(m).

c. For unconstrained lasso with TV the complexity of computing ¢y and ¢; is bounded above by a
polynomial in Len()\), Len(m), and K. Since A and K are fixed, the complexity of this step is
bounded above by a polynomial in log(m).

In all the cases above both £y and ¢; are computed in Turing runtime bounded above by a polynomial in
log(m), so their length must also be bounded above by a polynomial in log(m). Furthermore, by Lemma
11.1) we must have Len(y]) < Len(y;) + 4K = O(1). Hence the comparisons in can be done in
complexity polynomial in log(m). The final output of ‘InputWeak” or ‘InputStrong’ can be done as an O(1)
boolean assignment.

We conclude that in the bit complexity model the subroutine ‘IdentifyStrongOrWeak’ takes at most some
polynomial in log(m) bit operations. Estimating the arithmetic complexity is simpler - there are finitely
many arithmetic operations done, except in where the number of Newton-Raphson iterates required
can be bound by a polynomial in log(m). Each Newton-Raphson iteration takes finitely many arithmetic

operations and hence the overall arithmetic complexity is bounded by a polynomial in log(m).
]

13. PROOF OF THEOREM [3.3} PARTS (I) AND (11)

Parts (i) and (ii) of Theorem @] are formally stated in Proposition @], which we now prove with the
set () being one of depending on the problem. Before proceeding to the breakdown epsilon bounds
and algorithm constructions, we note that Lemmas[T1.2} [TT.6] and[T1.7] guarantee the desired bounds on the
condition numbers and Lemma [IT.1]establishes the upper and lower bounds on the size of the inputs.

13.1. Proof of Proposition We consider the fixed-dimensional computational problems {Z, Q,,, v,
M, Ay, N}, where Qv is one of (TL.6) with &k = K. Writing Q,,, v = 5, v U Q}), v, for the cor-
responding “strong” and “weak” components as defined in (IT.3) and (TT.5), Lemma[TT.10| establishes the
existence of a

A ={f;1j < nvar,n € N} € L (Ao v)
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such that, for the computational problem {=, 2}, My, A5}, we have €, 5(p) > 107K, for p € [0,1/2),
as well as €55 (p) > 107X, for p € [0,1/3). Similarly, Lemma|l 1.11]establishes the existence of a

A = {f 17 < nvar,n € N} € LY (A n)
such that, for the computational problem {Z, Q2 \, M ~, AV}, we have €¥5(p) > 10-K=D for p €
[0,1/2) and €f > 10~ =1 Now, defining Am,N = {fjnlJ < nvar,n € N}, where we let f;,, () =

Sa()ifee Q) yand fj () = £, (0) if 0 € Q) for j < nyar and n € N, we have that A n provides
Aj-information for {Z, 2, v, Mn, A n}, and in view of Remark we have that all the breakdown
epsilon bounds mentioned above also hold for {=, Q,,, n, My, /A\m’ ~ }- This already establishes part (i) of
Proposition [8.32] as well as the breakdown epsilon bound in part (ii) (and, indeed, the breakdown epsilon
bounds in Proposition[8.33] which will be useful later).

In order to complete the proof of part (ii) of Proposition it remains to show the existence of a
recursive (i.e., implementable on a Turing machine) algorithm (which we will call Randomised K digit
algorithm) that returns K correct digits with probability greater than or equal to 2/3 on all inputs of the
problems {E,Qm,N,MN,Am)N} = {E, Qu.n, My, Ay, y}21 for varying m and N, where Q,, v is
one of and = is the corresponding solution map. As in the previous section, we fix the notation
for an element i of ,, . For the linear programming case, we write i = ({y‘gn)}gozo, {Ayg}%":o)j,k,
corresponding to an ¢ = (y, A) € Q,,, . For the ¢! and TV problems the notation is analogous, except that
we respectively write L and T instead of A.

To construct this algorithm, we need a randomised subroutine, which we call BiasedCoinFlip, that takes
a natural number n and returns ‘true’ with probability 1/n and ‘false’ with probability 1 — 1/n. Note
that this subroutine halts with probability 1, and, for each execution of the subroutine, the probabilities of
returning ‘true’, respectively ‘false’, are assumed independent of previous executions of the subroutine. Such
a subroutine can easily be constructed using a randomised Turing machine with access to coin flips that return
true with probability 1/2 and false with probability 1/2.

To construct the desired Randomised K digit algorithm, we first need to design a subroutine Guess that
randomly chooses between K digit approximations to two plausible solutions, each with probability 1/2.
Concretely, we define:

Subroutine Guess:

Inputs: Dimensions m, N.

Oracles: Oy and Oy, providing access to the components yj(-") and A;”k) (respectively L;nk) or Tj(;i)) of
an input 7.

Output: A potential solution vector z € DV (in the Turing case) or 2 € R™ (in the BSS case).

1. First, we make a random coin flip that returns ‘true’ with probability 1/2 and ‘false’ with probability
1/2.

a. If the coin flip outputted ‘true’ then the output of Guess depends on the problem at hand: for
linear programming, basis pursuit with ¢! regularisation or unconstrained lasso with £ regular-
isation we output z € DV with ||z — 4 - 107 %¢;||, < 107, for constrained lasso we output
z € DV with ||2—4-10"F ey +(7—4-10"F)es||, < 107X, for basis pursuit with TV regularisa-
tion we output the result of Outpz,ttEtaﬁv“ﬁ‘“at (m, N, ko = K, k. = K) and for unconstrained
lasso with TV regularisation we output the result of OutputPsi(ive“ﬁmat (m,N,kg = K, k. =

b. If the coin flip outputted ‘false’ then our output depends on the problem at hand: for linear pro-
gramming, basis pursuit with ¢! regularisation or unconstrained lasso with ¢! regularisation we
output x € DY with ||z —4-10~Key |, < 107X, for constrained lasso we output z € DV with
lz—4-10"Kea+(1—4-10"K)es||, < 1075, for basis pursuit with TV regularisation we output
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the result of PﬂiPOLttputEmﬁv“’ﬁ"’at (m, N, kg = K, k. = K) and for unconstrained lasso with
TV regularisation we output the result of PﬂipOutputPsiﬁV“"ﬁ“‘at (m,N,ky= K, k. = K).

With the subroutine Guess and the subroutines constructed in §12} we are ready to specify the desired
Randomised K digit algorithm. In accordance to the claim of part (ii) of Proposition this algorithm
does not necessarily halt.

Randomised K digit algorithm

Inputs: Dimensions m, N.

Oracles: Oy and Oy, providing access to the components yj(-") and A;”k) (respectively L;nk) or Tj(f,i)) of
an input 7.

Output: With probability at least 2/3, some vector z € RN with dist v((z, 2(7)) < 107K,

1. We execute Idem‘ifyStrongOrWeakﬁ“’“’ﬁmat (m, N). If this evaluates to ‘InputWeak’, we execute the
subroutine Weak?ves:Zmat (m, N, k. = K) and terminate. Otherwise, we continue to

2. Initialise n = 1 and execute the following loop: First, execute BiasedCoinFlip(2"~1 + 2). If this
subroutine returns ‘true’ then we execute Guess? 7™ (m, N ) and terminate. If instead Biased-
CoinFlip returns ‘false’ then we increment n. Next, in the linear programming case we use the oracle
Omay to read Ag"l) and Ag"Q) and set d = Ag"l) - A(I"Q) . For the ¢! problems we read Lg"l) and L(1"2)
and set d = Lgnl) - Lgnz) , and for the TV problems we read Tl(ﬁ) and T’ 1(7}\), and set d = Tl(ﬁ) - Tl(rj\),
We then branch depending on the value of d:

a. Ifd > 227" then we choose z € DV with ||z — 4-107%e; ||, < 107X for linear program-
ming, basis pursuit with ¢! regularisation or unconstrained lasso with ¢! regularisation. For
constrained lasso we choose x € DX ||z —4-107Ke; + (7 — 4 - 107K )ez]|, < 107K, For
basis pursuit TV, we set x to be the result of PﬂipOutputEtaﬁve“ﬁ“‘“ (m,N, kg = K, k. =
K). Finally, for unconstrained lasso with TV regularisation we set = to be the result of
PﬂiPOLttputPsiﬁve“’ﬁ"‘z‘t (m,N,ky = K, k. = K). In all cases, we output = and then termi-
nate the procedure.

b. Alternatively, if d < —2-27" then we choose z € DV with ||2—4-10" e, ||, < 107X for linear
programming, basis pursuit with #! regularisation or unconstrained lasso with ¢! regularisation.
For constrained lasso we choose z € D with ||z —4-10"% ey + (7 —4-107K)es||, < 107K.
For basis pursuit TV, we set x to be the result of the subroutine 014tputEta‘ﬁve"‘’ﬁ“‘at (m, N, ko =
K, k. = K). Finally, for unconstrained lasso with TV regularisation we set z to be the result
of OutputPsi€ves:Fmat (m,N, ko = K, k. = K). In all cases, we output z and then terminate
the procedure.

If neither of these conditions are met then the loop continues by incrementing n and executing the

next iteration.

We need to prove that this algorithm does indeed achieve what is stated in its preamble, i.e., we need to
show that, for each given input, the algorithm terminates with probability greater than or equal to 2/3 with a
correct output, i.e., a vector x at most 107X away from a true solution. To this end, we let ¢ be the element
of €2 that 7 corresponds to, and consider the following four cases separately:

Case 1 : For this case, ¢ is of the following form: (yLP’S, Ala,1/2,m, N )) for linear programming,
(yBPv@le, L(a,1/2,m, N)) for basis pursuit denoising with ¢* regularisation, (yUL*elvs, L(a,1/2,m,N))
for unconstrained lasso, (yCL*S, L(a,1/2,m, N)) for constrained lasso, (yBP’TV’S,T(oa7 1/2,m, N)) for

ULAVs T(a,1/2,m, N)) for unconstrained lasso

basis pursuit denoising with TV regularisation and (y
with TV regularisation, where 1/4 < o < 1/2 for the ot problems, r,, < o < 1/2 for basis pursuit with TV,
and s, < o < 1/2 for unconstrained lasso with TV.

In this case, Lemma (respectively Lemmaor Lemma|10.2)) show that the solution is 4 - 10~ e,

for linear programming (respectively, basis pursuit with ¢! regularisation or unconstrained lasso with ¢!
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regularisation). For constrained lasso, applying Lemma shows that the solution is 4 - 10~ ¥ey + (7 —
4 -10%ey). Similarly, Lemma shows that the solution is 1(y1, v, 1/2) for basis pursuit with TV
regularisation and Lemma m shows that the solution is t(y1, @, 1/2) for unconstrained lasso with TV
regularisation. Therefore, for linear programming, basis pursuit with ¢! regularisation or unconstrained
lasso with ¢* regularisation the algorithm is correct whenever it outputs x € D" within 10~ of 4- 10~ e,,
and is likewise correct for constrained lasso whenever it outputs 2 € D within 10~ of 4 - 107 Key +
(1 —4-10"%ey). The correctness of OQutputEta (Lemma thus implies that the algorithm is correct
for basis pursuit TV whenever the output is OutputEtaﬁ“’“ﬁ"‘“ (m,N,ky = K,k = K) and similarly
the correctness of OutputPsi (Lemma[12.2)) implies that the algorithm is correct for unconstrained lasso TV
whenever the output is OutpuPsi®vec:Omat (m,N,ky = K, k. = K).

By Lemma([l2.4] the subroutine IdentifyStrongOrWeak in of the algorithm will evaluate to ‘Input-
Strong’, and hence the algorithm will proceed with the loop in[step 2] We therefore proceed with an analysis
of this loop.

Next, let F, be the event that the subroutine Guess is executed in the n-th iteration of the loop and note
that, on the event (|JI_, F.)°, the value of d after n iterations satisfies d < a + 27" — (1/2 —27") <
227" (since o < 1/2) and hence never results in the termination of the algorithm. By contrast,
d<a+2""—1/2+ 27" and since « is independent of n and strictly smaller than 1/2 this expression will

be smaller than —2 - 27" for sufficiently large n. Now, define
ng = inf{n € N| F,, does not occur and d < —2-27"}.

Note that the value of ng depends on ¢ through d.

Then P(F,) = 0, for n > ng, whereas for n < ng, P(F,) is equal to the probability that the algorithm
has executed n — 1 iterations of the loop without terminating and the execution of BiasedCoinFlip(2"~* +2)
returns ‘true’. Note that these two events are independent since the result of BiasedCoinFlip(2"~1 + 2) is
independent of all prior calls to the subroutine BiasedCoinFlip. Thus

P(Fn) = [1 _P(DlFr)
r=1

and, since the events F;., forr = 1,...,n — 1, are disjoint, we obtain the recurrence

(2nt 271 n <mng

n—1

P(Fn) = |} - Z]P(Fr)
r=1

(2mt42)7 1, n < ng

and P(F,,) = 0 for n > ng. Using strong induction one can show that this implies that
P(F,)=3"1-2=("D pn < ng and P(F,) =0, n> ne.

We have argued that ng is finite — this implies that the algorithm halts with probability 1. Because the
algorithm is correct if it outputs an z within 10~ of 4 - 10~ e, for LP and ¢* problems or 4 - 10~ %Xe, +
(1 — 4 - 1075 )es for the constrained lasso case, as well as QuiputEta® %= (m, N, ko = K, k. = K)
in the basis pursuit with TV case or OLttthtPsiﬁm”ﬁmat (m,N,ky = K,ke = K) for the unconstrained
lasso with TV case (and we have already argued that Weak is never executed) we conclude that the only
possible incorrect outputs are an x within 105 of 4 - 10~ % ¢; (in the linear programming or £* cases) or
4.107Ke; + (r—4- IO’K)eg (in the constrained lasso case), or

T = PﬂipOutputEtaﬁm’ﬁ"‘at (m,N, ko= K, k. = K)

(in the basis pursuit TV case), respectively x = PﬂipOutputPsiﬁV“’ﬁ“‘at (m,N,ky = K, k. = K) (in the
unconstrained lasso TV case). Each of these can occur only if the subroutine Guess returns ‘true’. Since
Guess returns ‘true’ with probability 1/2, an incorrect output occurs with probability >~ 7 | P(F,)/2 <
fo’:l 3-1.27" = 1/3. Thus, with probability at least 1 — 1/3 = 2/3, the algorithm produces a correct

output.
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Case 2: For this case, ¢ is of the following form: (y™F*, A(1/2,1/2,m, N)) for linear programming,
(yBP’Z1 *,L(1/2,1/2,m, N)) for basis pursuit denoising and (yULvelvs, L(1/2,1/2,m, N)) for unconstrained
lasso, (y°™*, L(1/2,1/2,m, N)) for constrained lasso, (y®"" TV, T(1/2,1/2, m, N)) for basis pursuit de-
noising with TV regularisation and (yUL’TV’S, T(1/2,1/2,m, N )) for unconstrained lasso with TV regular-
isation.

As in the proof of Case 1, and again by Lemma[I2.4] the algorithm proceeds to execute the loop in
This time, however, the algorithm never terminates at either [step 2a] or [step 2b]— indeed, in the n-th iteration
wehaved <1/2+4+27" —(1/2—2"")=2-2 " andsimilarlyd > 1/2—-2"" —(1/2+27") = -2.27".
Thus the algorithm only terminates in the n-th iteration if the subroutine Guess is executed. As in the proof

for Case 1, we let F;, be the event that the subroutine Guess is executed in the n-th iteration. The same

argument as before shows that P(F,,) = 3= - 2= (=1 (and this occurs for all n since [step 2a| and |step 2b|

never result in the termination of the algorithm). Hence the probability the algorithm terminates with the

execution of the subroutine Guess is given by

P( D F,) = iP(FT) = i?,—l 227l = 9/3,

Note that, whenever Guess is executed by the algorithm, then, for each of linear programming, basis
pursuit with ¢! regularisation and unconstrained lasso with ¢! regularisation, the output of the algorithm
isan z € DV within 10~% of either 4 - 10~ %e; or 4 - 10~ ¥ e,, which, by Lemma , Lemma
or Lemma satisfies dist r(z, 2(2)) = distaq(w, Z(¢)) < 107K Similarly, for constrained lasso the
output of the algorithm is an z € D~ within 10~ of either 4- 10X ey + (7 —4-10"%)egor 4- 10" Key +
(1 —4-107%)es and this time Lemmaimplies that dist \((z,Z(¢)) < 1075 The situation is only
marginally more complicated for basis pursuit with TV regularisation — indeed, Lemma [I0.5] shows that
n(y1,1/2,1/2), Paipn(y1,1/2,1/2) € Z(¢) and thus, writing « for the output of Guess, we have by Lemma
that dist o(z, (7)) < 10~%. Finally, for unconstrained lasso with TV regularisation Lemma m
shows that ¥(y1,1/2,1/2), Paipt(y1,1/2,1/2) € Z(¢) and thus, writing 2 for the output of Guess, Lemma
implies that dist v((z, (7)) < 107, We conclude that, with probability 2/3, the algorithm produces
a correct output.

Case 3: For this case, ¢ is of the following form: (y"*, A(1/2,8,m, N)) for linear programming,
(yBP’fl’s, L(1/2,8,m, N)) for basis pursuit denoising with ¢! regularisation, (yUL’Zl*S, L(1/2,8,m, N))
for unconstrained lasso, (yCL’S, L(1/2,8,m, N)) for constrained lasso, (yBP’TV>S, T(1/2,8,m, N)) for
basis pursuit denoising with TV regularisation and (yU“™V-* T(1/2, 8, m, N)) for unconstrained lasso
with TV regularisation, where 1/4 < 3 < 1/2 in the ¢! case, r,, < 3 < 1/2 in the basis pursuit with TV
case and s,, < 8 < 1/2 in the unconstrained lasso with TV case.

In this case, the argument for correctness proceeds as in Case 1, with the only exceptions being that now
[step 2bnever results in the termination of the algorithm (as opposed to Case 1 where never results in
the termination of the algorithm) and that now the correct solution is 4 - 10~ % e, for linear programming and
basis pursuit with ¢! regularisation, 4 - 10~%e; + (7 — 4 - 1075)e3 for constrained lasso, Pripn(y1,1/2,8)
for basis pursuit with TV, or Pgipt(y1,1/2, 5) for unconstrained lasso with TV. Similarly to the argument
for Case 1, the algorithm will only provide the wrong answer or fail to halt if Guess is called and outputs
an x € DV within 107X of 4 - 10~ ¢, for linear programming and basis pursuit with ¢ regularisation,
4-10"K ey + (7 —4-107K)es for constrained lasso, 1(y1, 1/2, 3) for basis pursuit with TV, or ¢ (y1,1/2, 5)
for unconstrained lasso with TV. This occurs with probability bounded above by

S B(E)/2 =1/,

n=1

and thus the algorithm produces a correct output with probability at least 2/3.



70 A. BASTOUNIS, A. C. HANSEN, AND V. VLACIC

Case 4: For this case, ¢ is of the following form: (yLRW, A, B,m, N )) for linear programming,
(yBP’zlvw, L(a, 8,m, N)) for basis pursuit denoising with ¢! regularisation, (yUvalvw, L(a, 8,m, N)) for
unconstrained lasso, (yCLVW, L(a, B,m, N)) for unconstrained lasso, (yBP’TV*W, T(«a, 8, m, N)) for basis
pursuit denoising with TV regularisation and (yUL’TV’W, T(a,8,m,N )) for unconstrained lasso with TV
regularisation, where (o, 3) € L in the ¢! case, (o, 3) € LBPTV-E=1 in the basis pursuit with TV case and
(o, B) € LUSTV-E—=1in the unconstrained lasso with TV case.

By the correctness of IdenifyStrongOrWeak (Lemma [12.4), the algorithm proceeds immediately by exe-
cuting Weak?vee:Omat (m, N, k. = K) . The correctness of Weak (Lemma then shows that the algorithm
always outputs some x with dist v (-, 2(2)) < 107, Therefore, in this case the algorithm is correct with
probability 1.

These are the only possible cases for ¢, and thus, with probability at least 2/3, the algorithm halts and
outputs an x such that dist v (x, Z(2)) < 1075, as desired.

14. PROOF OF THEOREM [3.3} PARTS (IIT) AND (IV)

Parts (iii) and (iv) of Theorem [3.3]are formally stated in Proposition [8.33] which we now prove. Recall
that the breakdown epsilon bounds in Proposition [8.33] were already proved in §I3.1] Thus, all that remains
to prove in part (iii) is the existence of a deterministic algorithm that achieves at least 10~ (5K —1) accuracy
on the problems {é, QmJ\/, Mny, ]\m,N} = {E,Q n, My, AmJ\;}Al for varying dimensions m and N,
where ,,, n is one of (I1.6) and = and A, n are the corresponding solution map and set of evaluations.

14.1. Proof of part (iii) of Proposition [8.33] As in the previous two sections, we fix the notation for an
element 7 of ©2,,, , writing i = ({yj(»")}jf:o, {Aﬁ) }ZO:O)j,k’ corresponding to an ¢ = (y, A) € Q,, v, in the
linear programming case, and analogously for the £* and TV problems, writing respectively L and 7T instead
of A. The desired algorithm makes use of the subroutines established in[12]and is specified for each of the
computational problems as follows:

Deterministic K — 1 digit algorithm

Inputs: Dimensions m, N.

Oracles: Oy and Oy, providing access to the components yj(-") and A;”k) (respectively L;nk) or Tj(;i)) of
an input 7.

Output: A vector z € DV (in the Turing case) or z € RY (in the BSS case) with dist r(z,2(i)) <
10~ K+1,

1. We execute IdentifyStrongOrWeakﬁV“’ﬁmat (m, N). If this evaluates to ‘InputWeak’, we execute the
algorithm Weak %> (m, N, k. = K — 1) and terminate. Otherwise, we continue to

2. For each of linear programming, basis pursuit with ¢! regularisation and unconstrained lasso with ¢*
regularisation we output an z € D with ||z — 210" Ke; +2- 107K ey, < 107X and terminate.
For constrained lasso we output an z € DV with [|z—2-107%e; +2-107 K ex+(7—4-107K)es]|, <
10~%. For basis pursuit with TV regularisation we set n* = OutputEtq®vee: Omat (m,N,ky =
K, k. = K) and output © = (Ppuipn* + n*)/2 and terminate and finally for unconstrained lasso
with TV regularisation we set 1/* = OutputPsi® % (m N ky = K,ke = K ) and output
x = (Puip0* + %) /2.

Unlike the algorithm described in the proof of part (ii) of Proposition [8.37] it is clear that this algorithm
always terminates. Hence it suffices to show that if z is the output of the algorithm then dist ¢ (2, Z(7)) <
10~5+1, We do this by separately considering the following two cases for ¢ € € that 7 corresponds to.

Case 1: For this case, ¢ is of the following form: (yLP’S,A(a,@m,N )) for linear programming,
(yBP’ZI’S, L(c, 8,m,N)) for basis pursuit denoising with ¢* regularisation, (yULvelvs, L(a, 8,m, N)) for
unconstrained lasso, (y“™*, L(c,1/2,m, N)) for constrained lasso, (y®"" 1V T'(a, 8,m, N)) for basis

pursuit denoising with TV regularisation and (yUL’TV’S, T(a,8,m,N )) for unconstrained lasso with TV
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regularisation, where (o, 3) € L for the ¢* problems, (o, 3) € LBPTV:K for basis pursuit with TV, and
(a, B) € LU-TV-K for unconstrained lasso with TV. By the correctness of IdentifyStrongOrWeak (Lemma
[12.4), in this case the algorithm will execute

By Lemma(respectively Lemmaor Lemma we have Z(1)N{4-107Key,4-107 K ey} #£ @

for linear programming (respectively, basis pursuit with ¢! regularisation or unconstrained lasso with ¢!
regularisation). Thus for any of linear programming, basis pursuit with ¢! regularisation or unconstrained
lasso with ¢! regularisation we conclude that
dist o (2, 2(0)) < max{daq(z,4- 107 Key), dpg(z,4 - 107K ey)}
<|2-107 ey +2-107Key||, +2- 1075 = (24 21F1/P)107K < 107K+,

The same argument but this time with Lemma and the addition of (7 — 4 - 10~ %)e3 where appropriate
shows that dist v (z, Z(¢)) < 1075+ for constrained lasso.
Similarly, Lemmam shows that Z(¢) N {n(y1, o, B), Paipn(y1, a, B)} # @ for basis pursuit with TV
regularisation. Thus if z is the output of the algorithm and n = 7(y1, o, 3) we have
p }

diStM (l’, E(L)) < maX{dM ((E, n)a dM (.’L’, Pﬂipn)}
By Lemma [12.1| we obtain [|[n* — n|l, < 1075 < 107K+1/6. Moreover, ||(m1 — nn)(e1 — en)|l, =

+ max{
p
<|n* - 77”17 + 5“77 - Pﬁip””p = [n" — 77Hp + 5”(771 —nn)(er — €N)||p.
2'/P|ny — | and by applying Lemmal(l1.8|(equation|11.19) with n = K we obtain
[n(y1,a, B) — n(y1, 0, B)N| < 5+ 1()*K+12*1/p/6_

N+ Puipn™ 1 — Phipn)
2 2

N+ Phipn
2

1+ Paipn
2

— Paipn

)

P

- < max
1 N| S
|77 n | (o, B)€LBPTV, K

We conclude that dist g (z, (1)) < 1075+ /6 4+ 5. 107K+ /6 = 107K+,
Finally, for unconstrained lasso with TV regularisation, applying Lemma [T0.6] shows that

E(L) n {w(ylaaaﬁ)aPﬁipw(ylaaaﬂ)} 7& 9.

Therefore if « is the output of the algorithm and ¥ = 9 (y1, @, §) then an argument similar to the above

establishes
st (, (1)) < max{dna(z, ), daa(e, Pug)} < 6% = ¥l + 310~ ow)(er — ex)l

This time, by Lemma we obtain [[¢* — [, < 1075 < 107K+1/6. Moreover, ||(11 — ¥n)(e1 —

en)|l, = 2YP|¢hy — ¥y and by Lemma (equation [11.23) with n = K we obtain [y — ¥n| <
max o, g)e o [P(y1, o, B) — P(y1, o, B)n| < 5-107K+1271/7 /6. We therefore conclude that

dist apq(2,2(2))) < 5-107 K+ /6 41075+ /6 = 107K +1,

We have thus established that for any of linear programming, basis pursuit or unconstrained lasso (with
either ¢! or with TV regularisation), the output z satisfies dist v((z, 2()) = distaq(z, 2(1)) < 107K+,

Case 2: For this case, ¢ is of the following form: (yLP*W, A(a, B,m, N )) for linear programming,
(yBP’@l’W7 L(c, B, m, N)) for basis pursuit denoising with ¢! regularisation, (yUL’el’W, L(a, 8,m, N)) for
unconstrained lasso, (y“™", L(a, 8, m, N)) for constrained lasso, (yB"" V", T(a, 8, m, N)) for basis
pursuit denoising with TV regularisation and (yUL’TVVW, T(a,8,m,N )) for unconstrained lasso with TV
regularisation, where (o, 3) € L for linear programming and the ¢! regularised problems, («, ) € £BPTV.K~1
for basis pursuit with TV, and (a, 3) € LY-TV-K=1 for unconstrained lasso with TV.

By the correctness of IdenifyStrongOrWeak (Lemma [12.4), the algorithm proceeds immediately by ex-
ecuting Weak¥vee»Omat (m, N,k = K — 1). The correctness of Weak (Lemma then shows that the

algorithm always outputs some z with dist v((z, 2(2)) = dist pq (2, 2(2)) < 107K+,
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These are the only possible cases for each of the inputs, and we can thus conclude that the algorithm halts
and outputs an = € RN such that dist v (2, Z(2)) < 10~ 5+, completing the proof of Proposition part
(iii).

14.2. Proof of part (iv) of Proposition The desired algorithm that achieves 10~ (5 ~2) accuracy and
has polynomial Turing arithmetic and BSS runtime, as well as Turing space complexity, and requires at most
a polynomial in log(ny,,) digits form the oracles, where n,, = mN + m is the number of variables, is
specified as follows:

Polynomial time K — 2 digit algorithm

Inputs: Dimensions m, N.

Oracles: 0. and Oy, providing access to the components y§"

) and Ay;f) (respectively Lgnk) or Tj(;?) of
an input Z.

Output: A vector z € DV (in the Turing case) or x € R (in the BSS case) with dist r(, é([)) <
10—K+2.

1. We execute IdentzfyStrongOrWeakﬁvec’ﬁ"‘“" (m, N) and branch depending on the result:

a. If the output of IdentifyStrongOrWeak was ‘InputWeak’ then we output depending on the prob-
lem at hand. For each of linear programming, basis pursuit with ¢! regularisation and uncon-
strained lasso with ¢! regularisation we output an x € D with ||z — 2 - 10~ K+le; 4 2.
10~ K+1ey ||, < 107K ~1) and terminate. For constrained lasso we output an 2 € DV with
|2 —2-10"K+1e; +2.107 K+ ey + (1—4-107K+1) ey, < 107K~ and terminate. For basis
pursuit with TV regularisation we set )* = OQutputEta® %> (m, N, kg = K—1,k. = K—1)
and output z = (Ppipn* +n*)/2 and terminate and finally for unconstrained lasso with TV reg-
ularisation we set ©* = OutputPsi®< % (m N ky = K — 1,k. = K — 1) and output
x = (Puipy)* 4+ 1)*)/2 and terminate.

b. If the output of IdentifyStrongOrWeak was ‘InputStrong’ then we output depending on the
problem at hand. For each of linear programming, basis pursuit with ¢! regularisation and
unconstrained lasso with ¢! regularisation we output an € DV with ||z — 2 - 107 Ke; +
210 Key|, < 10~5=1 and terminate. For constrained lasso we output an 2 € DV with
|2 —2-10"Ke; +2-107Kea+ (7 —4-107K)es]|, < 10~F~1 and terminate. For basis pursuit
with TV regularisation we set * = QuiputEta®ve<»7mat (m, N, kg = K, ke = K—1) and output
x = (Paipn™ + n*)/2 and terminate and finally for unconstrained lasso with TV regularisation
we set " = OutputPsi”*= 7™ (m, N, ko = K, k. = K —1) and output = = ( Pyiptb* +10*)/2
and terminate.

We show that the algorithm outputs a vector z with dist o (, 2(Z)) < 10~5*2 by analysing the following
two cases for ¢ € 2 that 7 corresponds to:

Case 1: For this case, ¢ is of the following form: (y"*, A(a, 3,m, N)) for linear programming,
(yBPlevS7 L(a, 3,m, N)) for basis pursuit denoising with ¢* regularisation, (yUL7EI’S, L(a, 8,m, N)) for
unconstrained lasso, (yCL’S, L(a, 8, m, N)) for constrained lasso, (yBP:TVvS, T(a, 8, m, N)) for basis pur-
suit denoising with TV regularisation and (yUL’TV’S, T(a, 8, m, N )) for unconstrained lasso with TV reg-
ularisation, where (o, 3) € L in the ¢* case, (o, 8) € LBPTV:K in the basis pursuit with TV case and
(o, B) € LY%TV-K in the unconstrained lasso with TV case. By the correctness of IdentifyStrongOrWeak
(Lemma([I2.4), in this case the algorithm will execute

We have already shown in the proof of part (iii) that this will result in an output 2 with dist y (z, (7)) <
10~ K+, It thus remains to analyse the complexity of the algorithm. To this end, first note that Lemmas
[12.2] and [12.4)imply that OutputEta, OutputPsi, and IdentifyStrongOrWeak request at most a polynomial in
log(nyar) digits from the oracles, and therefore so does the algorithm overall. Next, it suffices to show

that the Turing and BSS runtime of the algorithm is polynomial in 7y,;, as this will then imply the desired
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polynomial bound on the Turing arithmetic runtime and the Turing space complexity as well. Note that
Lemma [T2.4] implies that the Turing and BSS runtime of executing IdentifyStrongOrWeak is bounded by a
polynomial of log(m), whereas Lemmas andimply that the Turing and BSS runtimes of executing
OutputEta and OutputPsi are bounded by a polynomial of K and log(/N). This, in particular, means that
Len(n*) and Len(v¢*), and hence the Turing runtime of computing z, are bounded by a polynomial of
log(N). As K is fixed, we deduce that the the overall Turing and BSS runtime of the algorithm is bounded
by a polynomial of log(m) and log(N), which is itself bounded by a polynomial of 7., as desired.

Case 2: For this case, ¢ is of the following form: (yLP*W, Ala, B,m, N )) for linear programming,
(yBP’El’W, L(a, B, m, N)) for basis pursuit denoising with ¢! regularisation, (yUL>€1’W, L(a, B,m, N)) for
unconstrained lasso, (y““%, L(a, 8,m, N)) for unconstrained lasso, (y" TV, T'(«, 8, m, N)) for basis
pursuit denoising with TV regularisation and (yY“™ ", T(«, 3,m, N)) for unconstrained lasso with TV

regularisation, where (o, 3) € £ in the ¢! case, (o, ) € LBPTV.E-1

in the basis pursuit with TV case and
(o, B) € LU-TV-K=1 in the unconstrained lasso with TV case. In this case, the correctness of IdentifyStron-
gOrWeak (Lemma|[I2.4)) implies that the algorithm will execute Our analysis is very similar to that
of part (iii) Case 1.

By Lemmal[l0. 1| (respectively Lemmal[10.3Jor Lemma[10.2) we have Z(:)N{4-10"K+1e;, 410~ K +1e, }
@ for linear programming (respectively, basis pursuit with ¢! regularisation or unconstrained lasso with ¢*
regularisation). Thus for any of linear programming, basis pursuit with ¢! regularisation or unconstrained

lasso with ¢! regularisation we conclude that

dist p(2,2(1)) < max{daq(z,4- 1075 ey), dag(z,4- 1075 ey)}

<|2-107 K+ ey 42107 K+ ey ||, +2- 107 E D = (2 4 21H1/P) 10 K+ < 107 K42,

The argument for constrained lasso is identical but now we add (7 — 4 - 10~%*1)e; to both the true solution
and the output value of the algorithm. Applying Lemma[10.4]allows us to conclude that dist v((z, Z(¢)) <
10~5+2. Similarly, Lemma shows that Z(¢) N {n(y1,a, B), Paipn(y1,c, 5)} # @ for basis pursuit
with TV regularisation. Thus, writing n = 7(y1, @, 3), we obtain as in the proof of part (iii), case 1 that
dist pm(z,Z(0)) < [In* —nllp + | —nn|21/P /2. Next, by Lemmawe obtain ||n* —n|l, < 10~K-1 <
10~%+2/6. Moreover, Lemma(equation withn = K — 1 gives

[ =] < s n(y1, . B) = nyr, 0, B)n| < 5- 107K F2271/P /6.

We conclude that dist p(z, (1)) < 5-1075+2/6 + 1075+2 /6 = 10~ 5+2,

Finally, for unconstrained lasso with TV regularisation Lemma [10.6| shows that Z(¢) N {¢(y1, v, B),
Pript(y1, @, B)} # @. Therefore, writing 1) = 9 (y1,a, 3), we obtain as before that dist v((z,=(2)) <
3* — ||, + |1 — ¥ |21/P /2 Thus applying Lemma(equation withn = K — 1 gives

1 — Y| < () [ (y1, . B) — (yr, o, B)n| < 5- 107K +2271/P 6,

We conclude that dist vq (2, Z(2)) < 5-1075+2/6 + 107542 /6 = 107K +2, Therefore, in all cases we have
dist uq(x, 2(2)) = distaq(x,Z(e)) < 10-K=2). Finally, the complexity analysis is entirely analogous to
the one presented in Case 1. As these were the only possible cases for ¢, the proof of part (iv) of Proposition

[8:33]is complete.

15. PROOF OF THEOREM [5.1]

Theorem [5.1]is formally stated in Proposition [8.41} which we now prove.
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15.1. Constructing the sets of inputs. The constructions here will be similar to those in the proof of The-
orem[3.3] As before, each computational problem will require a separate input set. We will denote the input
sets for LP, /! BP, ¢! UL, CL, TV BP and TV UL by

1 1 1
QLPE BPLLE QULLLE (CLLE BPTV.E ULTV.E (15.1)

respectively. These input sets may depend on K, w, w, the dimensions m, N, and any relevant regularisation
parameters. As in the proof of Theorem[3.3] we will omit this dependency in order to avoid cluttered notation.
For the ¢! problems, there is no dependence on w or w and we simply set

LP,E _ oLP;s BP¢'E _ OBP's UL/ E _ ULt s CL('E _ oCL/t's
Q = Qm,N,K’ Q = Qm,N,K» 0 = Qm,N,K’ Q = Qm,N,K

LP,s BP,¢' s AUL,¢ s CL,¢ s .
where the sets Q) & 1, Q. & i, Q& i and Q"% - are defined as in §11.2

The situation is slightly more complicated for the TV problems: starting with basis pursuit TV, we recall n
from §10.3)and r as defined in and choose ' € (1, 1/2) so thatif o € [r, 7] and y1 € [0, 3/2],
then ||n(y1,, 1/2) — n(y1,1/2,1/2)|, < 1075 — w. The existence of 7’ is guaranteed by the continuity
of i and the assumption that 10~% — w > 0.

For unconstrained lasso TV we recall 1 from and sg as defined in and choose sy €
(sk,1/2) so that if & € [rf, 7] and y1 € [0,107/180] then ||¢(y1,@,1/2) — (y1,1/2,1/2)||, <
107% — w. Again, the existence of s’ is guaranteed by the continuity of ¢ and the assumption that
10~% — w > 0. We then set

LOFTVEE = ([rje, 1/2] x {1/2}) U ({1/2} x [, 1/2)
LOTEEE = (s, 1/2] x {1/2}) U ({1/2} x [s%,1/2])

and
QBP,TV,E _ {(yBP’TV’S,T(Oé7B,m7N)) | (O[,ﬂ) c EBP,TV,E,K} ;
QUL,TV,E — {(yUL’TV’S,T(a,B,m,N)) | (a7 5) c ﬁUL,TV,E,K}

Note then that QBFTV-E C QELP]’\;F X’S and QULTV.E C QSQLAF,F I\g’s so once again the statements about the
condition and size of the inputs follows from Lemmas[TT.1} [TT.2}[TT.6] and [TT.7]

15.2. Proof of Proposition[8.41]part (i). Using the setup above we can now prove part (i) of the proposition.

Proof of Proposition part (i) . Note that part (i) is an immediate consequence of part (ii) as discussed
in Remark[5.2] Therefore we will focus on proving part (ii). To do this we will employ Proposition 9.6 with
x = 107X For each of the input sets €2 discussed above, we will construct an input 1o € €, sequences of
inputs {¢1}5° ; and {12}2°  in (), subsets St and S? of RY and vectors 2!, 22 € R¥ satisfying requirements
m to |()[in Proposition with k = 107X, To do so, we present an argument similar to the one used in
Lemma [TT.10] covering each computational problem separately.

Case {Z1p, Q'PF}: We recall A from (T0.1) and y“F* from (TT.4) and set
W0 = (Y%, A(1/2,1/2,m, N)),
= (y"" A(1/2,1/2 47" m,N)), = (P00 A(L/2-477,1/2,m, N)),

et =4-10"Key, 22 =4-10"Key, St={2'}, and S%= {27},

from which Proposition [9.6](d)]immediately holds. Arguing as in Lemma[IT.10]gives us Proposition[9.6][(a)|
Lemma [T0.1] gives Proposition 0.6|[(b)] It is then obvious that Proposition [9.6[(c) holds. Now, by Lemma
10.1} we have that, for o € [0,1/2), Zpp(y™*, A(o,1/2,m, N)) = {2?} and similarly, for 8 € [0,1/2),
Erp(y~Ts, A(1/2,8,m, N)) = {z'}, and thus

ELP(QLP’E) - {ZL’l} U {[L’2} U ELP(LO). (15.2)

which implies Finally, to show we note that Lemma implies 21, 22 € Z(.°).

3= 3

L

—
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- 1 1
Case {Epppn, QBF ¢ B} We recall yBP¢ +* from (TT.4) and set
0_ (,BPl's
= (y ,L(1/2,1/2,m,N)),

n n

t =4-10"Fe, 22 =4-10"Fey, St ={z'}, and S?={2?}.

L= (B D(1/2,1/2 — 47" m, N)), 12 = (BP0 L(1/2 — 47" 1/2,m, N)),

The remainder of the argument is identical to the LP case except we use Lemma[T0.3]instead of Lemma[T0.1]
and obtain

Spppn (QP1F) C {21 U {2} U Zppon (0 (15.3)

instead of (15.2).

Case {Zyr, QU44 B} : We recall yV™¢"* from (TT:4) and set
O = (yUBrs 0(1/2,1/2,m, N)),
L= (Ul 0(1/2,1/2 — 47" m, N)), 2 = (yVr S L(1/2 — 47", 1/2,m, N)),

ot =4.10"Fe, 22 =4-10"Fey, St ={z'}, and S%={2?}.

The remainder of the argument is identical to the LP case except we use Lemma|[T0.2)instead of Lemma[T0.1]
and obtain

EuL(QUF) € (2"} U {2?} UEuL(0) (15.4)
instead of (15.2).
Case {Zcr,, QCL’P’E}: We recall 3% from (TT.4) and set
0 = (y°s L(1/2,1/2,m, N)),
=y, L(1/2,1/2 — 47", m,N)), 2 =y L(1/2—-47",1/2,m,N)),
2t =4-10Ke; + (1 -4-1078)es, 22 =4-10"Fey + (1 —4-107K)es,
St ={z'}, and S%={2?},

S= 3

L

=

from which Proposition [0.6](d)]immediately holds. Arguing as in Lemma[TT.T0]gives us Proposition[9.6][(a)|
Lemma [T0.4] gives Proposition [0.6][(b)] It is then obvious that Proposition [9.6|[(c)] holds. Next, by Lemma
we have that, for a € [0,1/2), Zcr(y°™*, L(a, 1/2,m, N)) = {22} and similarly, for 3 € [0,1/2),
oL (y©™*, L(1/2,8,m,N)) = {z'}. We thus obtain

EcL(QYE) C {21} U {2?} UZcL(Y) (15.5)

which implies Finally, to show we note that Lemma implies 2!, 22 € Z(.°).

Case {Zpprv, QB TV-E}: We recall T' from (10.7) and yBF>TV:* from (TT4), and choose ng € N so

that 1/2 — 4770 € [r,1/2]. Now, writing y; = y77"T V"%, we set

L= PPTVE T(1/2,1/2,m, N)),

uo=(yPPTVE T(1/2,1/2 =470 m, N)), 2 = (YT T(1/2 — 4770, 1/2,m, N)),

at = Pﬂipn(y171/271/2)7 z? =77(y1,1/271/2)7

S1:{Pﬂipn(ylaaal/2)‘a€[Tll(a]-/z]}ﬂ and 52:{77(91»1/2a5)|5€ [r/l(v]-/2]}
By the choice of ng and the definition of % we have that (°, % and (2 are all elements of QBF"TV-E and
we also see immediately from the definition that Proposition [9.6)[(d)] holds. Next, by Lemma [T0.5] we get
Proposition [9.6|[(b)] whereas the continuity of 7 together with Lemma [T0.5] yield Proposition [9.6|[(c)] The
same argument as in the proof of Lemma[TT.10] gives us Proposition [9.6[[(a)]

Now, by Lemma we have that y; € [0,3/2], and so, by Lemma and the definition of '
we obtain that, for a € [}, 1/2] and ¢ = (yBFP TV T(a,1/2,m, N)) we have |Zppry (1) — 7!l =
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In(y1, @, 1/2)—n(y1,1/2,1/2) |0 < 107K —w. Similarly, for 3 € [r),1/2] and c = (yBFTV:s T(1/2, 8, m, N))
we obtain ||Zpprv (L) — 7%||ec < 107K — w. Hence

Epprv(QPPTVE) C Blg-x_y, (2') UBjg-x o (2%) UBio-x o (Egprv(e?)). (15.6)

We conclude that Proposition [9.6][(e)] holds. Finally, to show [0.6|[(f)] we note that Lemma [T0.5] implies
z' 2% € 2(.0).
Case {Zyrrv, QUTV-EY: We recall yY™TV+s from (TT.4) and choose ng € N such that 1/2 — 4770 ¢

[s%,1/2]. Writing y; = 7™ TV%, we set

0 = (yY»TVs T(1/2,1/2,m, N)),
Ll _ (yUL’TV’S7T(1/27 1/2 _ 4—n—n07m’ N)), L2 _ (yUL,TV,s, T(1/2 _ 4—n—no’ 1/2,m,N)),

n n

xl = Pﬂipw(ylal/Qa 1/2)’ xZ =¢(y171/2»1/2),
St ={Pup¥(y1, 2, 1/2) |a € [s%, 1/2]}, and % = {9(y1.1/2,8) | B € [s%, 1/2]}.

The remainder of the argument is very similar to that in the case {Egprv, QBP’TV’E} with the major
difference being that we replace 7 by 1, 1% by s’ references to Lemma by references to Lemma|10.6|
yBE TV by yULTVos "and the bounds 1 € [0,3/2] by y; € [0,107/180]. This then yields

EULT\/(QUL’TV’E) - Elo—K_w (.231) U EIO_K—w (372) @] ElO_K—w (EULT\/(LO)) (157)

instead of (I5.6). As before, we are able to conclude that assumptions [(a)| to [(F)]in Proposition[9.6hold.
Therefore, for each computational problem we have shown that assumptions [(a)| to ()] in Proposition [9.6]

hold, and thus there exits a At € EO’“’E(A) such that, for the computational problem {27, 2, {0,1}, AT},

we have €35 (p) > 1/2, as desired, completing the proof of part (i) of Proposition [8.41] O

15.3. Proof of Proposition [8.41] part (ii). The fact that for the oracle problem {ZF, (2, {0,1}, A}©* with
respect to {é, Q, M, ]\} we have €}; > 1/2 follows directly from part (i) of the proposition. It thus suffices
to show that the oracle problem {é, Q, M, A}O”’J with respect to {2, Q, {0,1}, fx} can be computed in the
arithmetic model to within 10~ accuracy. The first step of our recursive algorithm that achieves this will
make use of the exit flag to determine if the input is a representation of . — if not, the algorithm proceeds by
executing a loop similar to the algorithm Weak defined in §12]

To this end, for the linear programming case, we recall (8:24) and fix the notation for an element of Qe
by writing I = ({yjn) <, {A;?,g}%‘;o)jyk @ =F(7), corresponding to an ¢ = (y, A) € € and the solution
=P (7) to the exit flag problem, i.e., 2 (i) = 1 if dist \((I'(2), 2(2)) < 10~% and (i) = 0 else. For the
¢' and TV problems the notation is entirely analogous, except that we respectively write L and T instead of
A. The exact specification of the algorithm is now as follows:

Algorithm ComputeTrueSolution:

Inputs: Dimensions m, N.

Oracles: Oy, Omat, and Oy providing access to the components yj(") , Ay;g) (respectively LSTL) or Tj(;i)),
and 2 (7) of an input .

Output: A vector z € DY (for the Turing machine) or z € R (for the BSS machine) with

dist v (z, Z(7)) < 1075,

1. IfZF(7) = 1, we run I on 7 and output I'(7). Otherwise, we proceed to the next step.

2. We execute a loop that proceeds as follows — at each iteration, we increase n, starting with n = 1.
What we do now depends on the problem at hand. In the linear programming case we use the oracle
Omay to read the values Agnl) and Agnz) and set d = Ag"l) - Ag"; In the ¢! case we use the oracle
Omat to read the values L(lnl) and Lgnl) and set d = Lgnl) — LE"Q) For the TV problems we similarly
read the values Tl(ﬁ) and Tm\), and setd = Tl(,”l) - TI(TE\),

Next, we branch depending on the value of d:
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a. If d > 227" then we output an z € DV with |z — 4 - 107%ey||, < 107% for lin-
ear programming, basis pursuit with ¢! regularisation or unconstrained lasso with ¢! regu-
larisation. For constrained lasso we output an x € DV with ||z — 4 - 107 %e; + (7 — 4 -
107 8)es||, < 107%. For basis pursuit TV we apply the subroutine OutputEta to obtain
0 = OutputEta® %> (m,N, kx = K,k = K), to which we apply Ppip and output as
x (so that x = Py;pn™). Finally, for unconstrained lasso TV we apply the subroutine QutputPsi
to obtain ¢* = OutputPsiﬁV“ﬁ“‘“(m, N,kx = K,k. = K), to which we apply Ppi, and
output as x (so that x = Fyip1p™). In all of the above cases we terminate the algorithm after
outputting x.

b. Alternatively, if d < —2 - 27" then we output an z € DV with ||z — 4 - 107K e, < 107K
for linear programming, basis pursuit with ¢! regularisation or unconstrained lasso with ¢
regularisation. For constrained lasso we output an x € D with ||z — 4 - 107 Key + (7 —
4-107%)esl|, < 107%. For basis pursuit TV we apply the subroutine OutputEta to obtain
0 = OutputEta®% (m, N, kx = K, k. = K), which we output as x. Finally, for
unconstrained lasso TV we apply the subroutine OutputPsi with parameter € to obtain ¥* =
OutputPsi® % (m_ N, ki = K, k. = K), which we output as z. In all of the above cases
we terminate the algorithm after outputting x.

If neither of these conditions are met then the loop continues by executing the next iteration.
Lemma 15.1. For every input T in Q, ComputeTrueSolution outputs a vector x with dist v (z, 2(2)) < 107K,

Proof. First, observe that if ‘ComputeTrueSolution” exits at [step 1| then ‘ComputeTrueSolution’ outputs a
value within 10~ of the true solution — this follows from the definition of the exit flag oracle.

Next, for each of the computational problems, let 9, 21, and 22 be as in the proof of part (i). Now, for
any 7 corresponding to .°, we claim that the algorithm always terminates at Indeed, we proved there
that

(1]

(Q) € Bip-xy(z') UBig-x o, (2?) UE()

and that 2!, 2% € Z(.°). Consequently, we have £(Q) C Bj-x _, (2(:°)). Furthermore, by assumption
we have dist o((T'(2), Z(92)) < w. Hence

dist o (T'(2), 2(2)) = disty(0(2), 2(:°)) < distag(T(2), 2(Q)) + igl(om dist o (w, Z(i%))

§w+107K—w:107K,

completing the argument that the algorithm always exits at[step I}

All that remains is to prove that ‘ComputeTrueSolution’ is correct whenever ¢ corresponds to an element
¢ € Q other than ¢ as well as =¥ (7) = 0. The proof of this step is very similar to the proof of Lemma
Indeed, since ¢ # (0, ¢ has to be of one of the following forms for the ¢! problems: (yLP’S, L(a, 8, m, N))
for linear programming, (pr’él’s, L(a, B,m, N )) for basis pursuit denoising with ¢! regularisation and
(yULv‘ﬂvs, L(a, 8,m, N)) for unconstrained lasso with ¢! regularisation where o, 3 € £, o # 3. Similarly,
for the TV problems ¢ must be of one of the following forms: (y®"TV:* T'(ar, 8,m, N)) for basis pursuit
TV where a # 3 and (a, ) € LBPTVEEK and (yULVTV*S, T(«a, 8, m, N)) for unconstrained lasso TV where
a # Band (o, B) € LYYTVEE The remainder of the proof from here is identical to that of Lemma
except that all references to the value 10~ %1 are now replaced by 10~% . The above construction establishes
that, given an oracle for the exit flag, one can compute Zto precision 10~%, concluding the proof of part
(ii). O

15.4. Proof of Proposition [8.41] part (iii).
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Proof of Proposition[8.4]|part (iii). We recall the definition of A from (10.13), define the input set
according to

o = {(yL(yl,m),AE(a,m,N)) ly1=3-100% .0 and ac [0,1/2)},

and let = be either Z1p or Egppn With § = 0. We first construct a A € £} (A) such that, for the computa-
tional problem {Z7, Qf, {0,1}, A} and p > 1/2, we have €3 (p) > 1/2 and second, we design an algorithm
that outputs a solution to the oracle problem {Z¥ QO {0,1}, [X}O’“ with respect to {é, O M, [X}.

To accomplish the first task, we will use Propositionwith x = 107X Concretely, we set

LO = (yL(Oam)aAE(OamaN))7 Ll = (yL(3 : loiK ! 27n7m)7AE(27n7m7N))7 L2 = LO

n

2t =3-10"%e; eRY, 22=0ecRY, S'={2'}, and S%={z?}.
We now prove that conditions [(@)] to [(€)] of Proposition[9.6hold. Starting with[(a)} we note that
disto((S1,5%) = daq(2t,0) =3- 107K,

By Lemma ZE(1) = {2’} foralln € N and j = 1,2. This gives us both |(b)| and We also have
O =2 and |f(el)— ()] < max(3-107K27" 277) = 27" forall f € A, and thus|(d)|holds. Finally, for
¢ € QF we can use Lemmato see that Z(¢) = {z'} or (1) = {22} and henceholds. An application
of Propositiontherefore establishes that e} (p) > 1/2, for p > 1/2, as desired. Next, we construct the
desired algorithm, which will be identical for both basis pursuit and linear programming. Similarly to the
proof of part (ii), we write

P= ({20 A 1520), 4 @ Lox (D},

for an input 7 € ) corresponding to an ¢ = (y, A) € € and a solution oracle {gx (i)}, € BX(Z(i)). We now
define:
Algorithm ComputeExitFlag:
Inputs: Dimensions m, NN.
Oracles: U providing access to the components gy, of an input £
Output: Either 1 if dist v((T'(2), 2(2)) < 107K or 0 if dist o ('(2), Z(2)) > 10~
1. We use O, to read g1(2): if |g1(7)] < 107F then we set x = 0 € RY, otherwise we set z =
310 Ke,.
2. We output 1 if [|T'(Z) — z/|s < 1075, Otherwise, we output 0.
To prove the correctness of ‘ComputeExitFlag’, we will prove that Z(7) = {z} for every input i € QF.
Indeed, let ¢ be the element of Q¥ that i corresponds to. There are two cases to consider: either . = (y"(3 -
10~ Ka,m), A%(a,m, N)) for some o > 0 or ¢ = (y“(0,m), AE(0,m, N)). In the first case Lemma
tells us that Z(¢) = {3 - 10~%}. In particular, since {g(Z)}r € B°(Z()), we must have |g; (Z)| >
3-10% —w > 10~% and hence ‘ComputeExitFlag’ sets x = 3-10~%, which is the only element of Z(¢). If
instead ¢« = (y"(0,m), A¥(0,m, N)) then Lemma|[10.7tells us that Z(z) = 0. Hence |g; (/)| < w < 107K,
Thus ‘ComputeExitFlag’ sets = 0, which is the only element of Z(¢) = Z(7). We have thus shown that
Z(i) = {x}. Therefore T'Z(i) = 1if |T'(Z) — z]lso < 1075 and T'Z(7) = 0 otherwise. But this is exactly
the output of ‘ComputeExitFlag’ in[step 2] and thus the algorithm ‘ComputeExitFlag’ computes the exit flag
as claimed. (|

16. PROOF OF THEOREMI[G.]]

Theorem [6.1] is formally stated in Proposition [8.43] which we now prove. Our strategy is similar to that
for the proof of Theorem [3.3] We begin by defining the input set €2 and then verify the conditions of (9.3).
This, together with an additional algorithm we write to prove part (iii) will complete the proof of Proposition

B.43
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16.1. Constructing the input and evaluation sets. Let 1/ and K be as in the statement in the proposition,
recall the definition of S} from (8:27) and define M), = 107%(|10*M| + 1), for k € N U {0}. Note that
My, < My._4, for all k € N, with equality if and only if M € Sp.

We recall the definitions of y* and A“F:P from (T0.14) and for natural 7m and N with m < N define the
sets szﬁ and lepj\v,v as follows:

Qs = (W (Mga,m), AYPP(a, 1,m, N)) | a € [0,1]}
QY = {(y (Mg —1a,m), AYPP(a,0,m,N)) |a € (0, 1]}
U {(y~(0,m), AP (~a,0,m, N)) | a € (0,1]}

and set
o= J oyuery.
1<m<N

16.2. Proof of Proposition [813] parts (i) and (ii). Fix m, N € N with m < N and define the constant
sequence {t1}2°, C Qﬁzp]f, and input ° € lep;, by ¢} =0 = (y%(0,m), AMPP(47" 1,m, N)), as well
as the sequence {:2}>°, C anpjf, by 12 = (y*(4 " My), ALPP (47" 1,m, N)). If we define S* = {1}
and S? = {0}, then (4 "Mg)/4™" = 10X ([105XM] + 1), and so by Lemma [10.8| we have Ex (1)) =
Ex(9) € St and Zx(:2) € S?, for all n € N. The conditions — of Proposition are readily
seen to hold with for these sequences and the sets S and S2, allowing us to conclude that there exists a
As € LY(A,,,n) such that {E, anpjf,, {0,1}, A%} ¢ %€ as well as €35 (p) > 1/2, forp € [0,1/2).

Next, consider the sequences {¢1}2°; and {12}2 | given by 1L = (y*(0,m), AXF:P(—47" 0,m, N))

n=1
€ anpl\‘;’ and 2 = (yH“(Mg_1 -47",m), ALPP(4=" 0,m,N)) € QI:nP]\‘,” Defining :° ¢  according
to ¥ = (y~(0,m), A¥F:P(0,0,m, N)), we have |f() — f(:°)] < 47, for f € Ay, 7 € {1,2},
and n € N, whereas by Lemma we obtain Z(¢1) € S' = {1} and E(:2) € S* = {0}, and
thus Proposition implies the existence of a Av LY (A, n) such that, for the computational problem
{Ex—1, 0 &, {0,1}, A™}, we have el (p) > 1/2, forp € [0,1/2).

Now, defining Ay, n := {fjn|j < Tvar,n € N}, where we let f;,.(1) = f5a()if e € Q5 v and
fin(t) = an(b) if v € Q n, for j < nyar and n € N, we have that Ap, v provides A;-information
for {Ek, Q. N, Mn,Am n}, and in view of Remark we have that all the breakdown epsilon bounds
mentioned above also hold for {Ex, Q. v, {0, 1}, /A&m, ~ }- This establishes parts (i) and (ii) of Proposition

[8:43]as well as the weak breakdown epsilon bound in part (iii).

16.3. Proof of Proposition M ¢ 8) = (iii). To complete the proof of part (iii) under the
additional assumption M ¢ S, it remains to construct an algorithm that, for each m and N with m <
N, outputs an approximate solution to {Zx_1, Q. n, {0, 1},Am7N}A1 = {EK—th,N, {0, 1},/~\m7N}
of accuracy 1051, Our construction is similar to the one used in Concretely, the algorithm is
constructed as follows. First note that Mg < My _1, since we are assuming M ¢ S%. Now, writing
i= ({yj(-”)}zozo, {A§"k) ﬁ'ozo)j,k for an input 7 € Q,,, v corresponding to an t = (y, A) € Q,, n, we define:

Algorithm K — 1 digit Smale’s 9th problem

Inputs: Dimensions m, N.

Oracles: O, providing access to the components Ag",z of an input ¢ € Qm, N-

Output: Either 1 or 0.
(1) We use Oy to read Agzg If Ag > 3/4 then we output 1 and terminate the algorithm, otherwise
we proceed to the next step.
(2) We execute a loop that proceeds as follows — at each iteration, we increase n, starting with n = 1.
Use oracle Oy, to read Ag"l) CIf A§”1> > 27" we output 0 and terminate the algorithm. If instead

A(lnl) < —27" we output 1 and terminate the algorithm.
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To show the correctness of this algorithm, we consider three cases depending on which ¢ € €, x the input
¢ corresponds to:

Case 1: The input ¢ = (y*“(Mga,m), A¥Y:P(a,1,m, N)) € QI;”P;, for some [0, 1]. Observing that
(Mga)/a = Mg < Mgy whenever o € (0, 1], Lemma[10.8]yields Zx_1(¢) = 1, for all [0, 1]. On the
other hand, since A*""P(a,1,m, N); 2 = 1 by the definition of A*":P, we obtain ASQ% >1-1/4=3/4
and hence the algorithm also outputs 1.

Case 2: The input ¢t = (y“(Mg_1a,m), A¥F'P(a,0,m, N)) for some a € (0,1]. In this case we
have (Mg_ja)/a = Mg _1, and thus by Lemma we obtain that Zx_1(¢) = 0. To analyse the
output of the algorithm, note first that since A" (a,1,m, N); 2 = 0 by the definition of AY*P we obtain
A{‘g < 0+1/4 < 3/4 and hence the algorithm proceeds to step We have Aﬁ"f >a—27" > —27"since
« is positive. Hence the loop never terminates by outputting 1. However, again using that « is positive, for
sufficiently large n we have Agnl) > o — 27" > 27" and hence the algorithm eventually outputs 0.

Case 3: The input ¢ = (y"(0,m), AY*'P(—a,0,m, N)) for some o € (0,1]. In this case, by Lemma
we obtain that Zx _1(¢) = 1. Our analysis of the output of the algorithm is similar to Case 2 and we
once again proceed to step 2] This time the loop never terminates by outputting 0 since for all n we have
Aﬁ"f < —a+27" < 27" because « is positive. Instead for sufficiently large n we have Ag”f <—a-27"<
—27™ and hence the algorithm eventually outputs 1.

These are the only possible cases for ¢ and so the algorithm always returns Zx _1(¢), as desired.

16.4. Proof of Proposition M ¢ 8)._, = (iv). The assumption M ¢ S9-_, implies that M _1 <
M o and therefore, as (Mg a)/a = Mg < Mig_1 < Mg_9and (Mg_ja)/a = Mg_1 < Mg _s, for
all o € (0, 1], Lemma implies that Ex_o(¢) = 1 for all ¢ € ,,, n. Our construction of an algorithm to
compute = o is thus trivial — we simply create an algorithm that immediately outputs the value 1.

17. GEOMETRY OF SOLUTIONS TO PROBLEMS (T.4) - (I.3) — PART II

17.1. A (5s — 1) x 5s matrix with the RNP of order s = 2" for non-unique minimisers of /! BP and
¢ UL. We construct a family of robust nullspace matrices which have a line segment of minimisers when

performing basis pursuit denoising or unconstrained lasso with ¢! regularisation.

Proposition 17.1. Fix a natural number s = 2"~ and real numbers o,y > 0 with o > v(a? + 1). Then
there is a matrix A € R™*N withm = 5s — 1 and N = 5s such that the following properties hold:

% a2~2 2 a2~4 4 ) — 2
(1) [[AA*2 < \/(1+ = ) + 2+ 5 (A4 < \/1+2a2 + o5 (44 a29?)%
(2) A obeys the robust nullspace property of order s with parameters p = 1/3 and

7= /414l (447 o
(3) Forany § > 0 there is ay = Ax for some s-sparse x with ||ylla < 61 + o2, such that

EppoN (Y, A) = {t (1125 ® 025 B c215) + (1 — 1) (025 & —c1125 ® c215) |t € [0,1]},

where

§ (=v—ra*+a) 20 (ay—1

=— 7 = — 1), C=+v»»+01- 2, 17.1

c1 c C2 s c + 72+ (1 —ay) (17.1)
Proof. Let H,, be the 2™ x 2" dimensioned Hadamard matrix in ‘natural ordering’ (see[B.2|for a definition).
Setm = 55 — 1 and N = 5s, and let A be the R"™*" matrix defined by

S L P<H1®Hn n® Hn

B 2\/g Os><4s ’yanl
Pej =€5-1, P61 = 0,

>, n=(0,0,a7,0)",
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where {e;} represents the canonical basis, so that P is the projection from 1,2,...,N to 2,3,...,N. To
show (T)) we first compute

H1®Hn 77®Hn—1 H1®Hn 77®H77,—1
Osx4s YH, 1 Osx4s YH, 1

B ( 4slis+n@n* @sly, ~(n® Hyp—1)H;_, )

(@ Hp—1)Hy_y)* V2l
4 Is 2.2 * Is 2 Is
_ S4+§<v§®§*®s cwg@s s (L ® (S ® L)),
ay? (€ ® sl) ~v2sl
where ¢ = (0,0,1,0)7 and
(14925 o «f 10 —a
S = 0 1 0|, st=]10 1 0 . (17.2)
O‘TWZ 0 % —a 0 (4+a’y)

Thus, by the definition of P it follows that
AA* =Ly 1@ (S® 1), (AA) =L, o (S'el), (17.3)

and so to prove (T) we only need to estimate ||.S|| and ||S™!|| from (I72). To do that, note that for a
1
symmetric matrix M € R?*2 we have || M||> < ||M||p = (M} + 2ME + M3,)?, and we therefore find

* oy — 1
A4 < 1V @22 A7 4 a8 49316, (A4 e < 114 202 4 T (4 a2,

establishing (T)).

To prove , take an arbitrary vector let v € R and write v = £ + A*w where £ € ker(A). Note that
ker(A) consists exactly of vectors of the form (145 ® Oy) , for 8 € R. Now let K = {1,2,...,4s} and
consider a set S C {1,..., N} of cardinality s. We then have ||s]|2 = B+4/s and ||£senk |1 = B]S° N K|.
Consequently

s s
= - c < — c _A* c
€5 |2 5 A K| [€senk |l < 5N K] ([lvsenglls + [[(A™w) senk 1)
slosel [ (A w)seaxlls
T Vs[SCN K| |SeN K| [ScN K]
pllvse s B .
< A c
= \/g + ‘S(’HK| ||( w)S f‘lKHQ’
with p = %, where the last line follows because |S° N K| > 4s — s = 3s. Hence,
plluse |1 . . pllvse |l .
[vsllz < Vi +Voll(A"w)senrll2 + [[(A*w) s |2 < 5 + 1+ pllA" w2,

where the last inequality follows by applying the Cauchy-Schwartz inequality with the vectors (,/p, 1) and
(I(A*w) senk |2, [[(A*w)s]|2). To bound || A*w||2, we see that

1A% w2 < [[Al2]I(AA") T (AAT)wll2 < (Al (AA™) 2 AA w2 = [|All2]|(AA) |2 Av]2
where the last inequality is due to Av = AA*w + A& = AA*w (recall that £ € ker(A)). We conclude that

foslle < A2t 4 T g A < 222 o,

where 7 = \/§|\A||2H(AA*)’1 |l2- This establishes (2).
We next prove H with the vectory = 025 1P ad B 02510 P 0s_1 = Ax, where z = 727\% (045 D 14)
is s-sparse. A simple calculation shows that ||y||2 < dv/1 4+ «?. With the aim of proving , define z°Pt =

D1 @ (7%1125) @ cp1, and note that then Az°P! —y = % (025—1 B (=) B 0251 ® (ay— 1) ®0s_1).
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Thus || Az°P* — y||2 = §, and so z°P! is a feasible point for the BP denoising problem. Next, we define a dual
vector

2C 1
p= 5;/§(A$Opt —y) = 2\/5(023—1 ®(-1)® 051D (a— ;) @ 05_1) cR™,

and note that then by some simple calculations {Az°Pt — y, p) = §||p|l2 and —A*p = 1o, B (—124) D 1.

It is easily seen that ay — 1 + C > 0 and hence ¢z > 0. Moreover o > (a2 + 1) by an assumption in the
statement of the proposition so that ¢; > 0. Hence —A*p € 9| - ||1(z°P!). Therefore, for arbitrary z € RV
satisfying || Az — yl|2 < 6, we have

Cc-S
Izl > llzll + (Az —y,p) — dllpll2 = [|zll1 + (Az — y,p) — (Az"" —y,p)

=zl = (z = 2, —A"p) > [|z°""||1.

(17.4)

As 2°Pt is feasible for the BP denoising problem, we deduce that z is a minimiser if and only if the inequal-
ities in hold as equalities. This is the case if and only if Az — y = dp/||p|l2 = Az°P* —y, z; > 0 for
je{l,...,2s}U{4s+1,...,N},aswellas z; < 0forj € {2s+1,...,4s}. In particular A(z°P*—z) = 0,
and so, recalling that ker(A) = {(145s @ 05) | 3 € R}, we must have P! — z = [ (145 & 0Oy), for some
5 € R. It now follows that the minimisers are exactly as claimed in the statement of the proposition. (I

17.2. Perturbing ¢* BP with several minimisers. Before stating the main result of this section, we need
to introduce the concept of the set of minimisers with minimal support.

Definition 17.2 (Minimisers with minimal support). Let {Z, 2} denote the computational problem of either
basis pursuit or unconstrained lasso with ¢! regularisation. For feasible inputs (y, U) € Q we define the set

of minimisers with minimal support by
E™(y,U) :={x € E(y,U) |Vz' € E(y,U), supp(z’) C supp(z) = = = z'}. (17.5)

Lemma 17.3. Let {=,Q} denote the computational problem of basis pursuit with (* regularisation with
dimensions m and N. Suppose that (y,U) € Q is input data such that =™ (y, U) contains two distinct points
x! and 2. Then, for every € € (0, 1), there exist positive semidefinite diagonal matrices E* = E(¢) and
E? = E%(e) with || B! || < €and || E?||o < € such that Z(y,U(I — EY)) = {z'} and Z(y,U(I — E?)) =
{z2}.

Proof of Lemma We define the IV x NN diagonal positive semidefinite matrices

E7(€) := diag(e X {1gsupp(a7)} € X{2supp(a9)}+ - - -2 € X{Negsupp(ai)})s  J = 1,2,

X{igsupp(zs)} i 1 if i ¢ supp(a7) and O otherwise. We proceed to show that 27 is the unique vector in
&(y,U — UEY), for j = 1,2. It suffices to argue for j = 1, as the proof for j = 2 is analogous.

Firstly, as (U — UE')v = Uv for v € RY with supp(v) = supp(z!), we have || (U —UE)z! —y|» < 6.
Let us suppose that #1 € RY is a vector such that [|[(U — UEY)#! — y|l2 < § and [|7']]; < |lzt|:. Set
#' = 3! — E'Z'. Then [|[UZ! — y||2 < 4, and, for every k € supp(2') with k ¢ supp(z') we have |2} | =
(1—¢)|Z1| < |Z}|, whereas for k € supp(z!) we have &}, = Z1. Therefore, unless supp(&!) C supp(z'), we
have ||#!]|; < ||Zt]|1 < ||«||1, contradicting the fact that z* € Zgppn(y, U). Hence supp(2*) C supp(z?)
and so #' = 2!, by definition of =™ (y, U). We deduce that z! = !, and so z! is the unique vector in
Eppon(y, U — UEY). O

18. PROOF OF THEOREM 7.1} PART (I)

Parts (i) of Theorem [7.1] is formally stated in Proposition [8.36] which we now prove. We choose the
constant C' mentioned in Proposition to be C = (Cs + 3) V 5 where Cj is the universal constant in
Theorem [B.6
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18.1. Proof of Proposition [8.36] part (i).

Proof of Proposition|[8.36|part (i). We will establish this part using Proposition [0.5] Concretely, we will
construct input sequences {), = (y°, A"")}o2, € QY n, {1¥ = (40, A>™) )2, € Q2,, n and an input
10 = (y°, A%) € Q7 y such that the following hold:
(i) there exists x!, 22 € RY such that Z(¢}) = {2'} and Z(:2) = {22}, foralln € N, and |z —
22|z > 4.
(ii) the inputs satisfy
| A% — AP pax < 477, (18.1)
forallm € Nand j € {1,2}.
Once we have done this, the result will follow by applying item (iii) of Proposition to obtain €}, 5(p) >
5/2 > 10~ K, Propositioncomes close to constructing a suitable AY. However, the dimensions used in
Proposition are fixed as soon as s is chosen. To construct the desired matrix A° of dimensions m and
N satisfying N > m and m > Cslog?(2s)log(NV), but otherwise arbitrary, we will concatenate a matrix
provided by Proposition[I7.1]and a matrix satisfying the nullspace property provided by Theorem B.6
We begin by applying Proposition [T7.1] with the constants &« = 1.4 and v = 0.37 to obtain A €
ROGs=1)x5s5 4, € R55~1 and z € R®® such that the following hold.

a) By item (1) of Proposition as well as the choices of « and =, both |AA*||z < 31.3 and
[(AA*)~Y|5 < 1.2. In particular, || A2 < 6.
b) By item (2) of Proposition A satisfies the £2-RNP of order s with parameters p 4 and 74, where

pai=1/3<p and 74 := /A/3|Al|||(AA*) 2 < 1.2-6-1.2 < 9.

¢) By item (3) of Proposition we have y = Ax with = an s-sparse vector. Furthermore, ||y||2 <
5v/1 + a2 < 2 where we have used the choice of « and the bound & < 1 assumed in the statement
of Theorem [7.11

d) Again, using item (3) of Proposition[17.1} 2™ (y, A) = {#', #} where

71 =119 B 025 B 214, 2 =025 ® —c1125 D 21y,
and the constants ¢; and ¢y are as given in (T7.1).
Next, since s > 2 and N > m > 5s > 10 we must have

log(N)1 log(N)] log?
5s — 1 < 55 < 25108(V) logls log(N)] o8 (s)
log(10) log[21og(10)] log=(2)
so that m — (55 — 1) > (C — 3)slog(N)log[slog(N)]log*(s). In particular, since (C' — 3) > Cj and
(C' —3) > 2 we have

< 3slog(N)log[slog(N)] log?(s)

m — (55 — 1) > Csslog(N) log[s log(N)] log?(s)
(N —55) >m — (55 — 1) > 4log(10) log[2log(10)]log*(2) > 3.

Therefore we can apply Theorem to conclude there exists a matrix F' € R(m=(3s=1)x(N=5s) gych
that || F'||2 < \/N/m and F obeys the robust nullspace property with parameters (pr, 7r) satisfying pp <
1/3 and 7 < 2.

At this stage we can finally define (°, .} and (2: using Lemma and [d)} we can find sequences of
diagonal positive semidefinite matrices { E*"}2% ; and {E?"}%° |, with || EY"||max, |AEY||2 < 7, and
| E%™ |l maxs ||AE%™||2 < 7, such that Z(y, A(I — E*")) = {z'} and E(y, A(I — E*™)) = {&?} where
the positive real numbers +,, are chosen so that

2 3p—1 ~10
o<%§<4”A P T )

3[0(vs+1)] " 300/s+p) " 107
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We define the matrices A = A® F, A" = A(I - E'") @ F, A" = A(I — E*")® F € R™*N as well
as the vector §° = y @ 0,,,_(55—1) € R™, and set .* = (y°, A°), oJ, = (y°, A?") for j € {1,2},n € N.

Next, we establish that .” is an element of Q0 . Firstly, note that || A%[|y < [|A|| V||F|l2 < 6/N/m <
bay/N/m where we have used the bound || F||> < \/N/m from Theorem and the bound ||Alls < 6
from Set 2 = = @ On_s5, wWhere z is taken from Note that A%2° = y @ Om—(55—1) = y° so that
y? = A%2° with 20 an s-sparse vector.

The last condition that we will check to ensure that .* € ngmy  1s the robust nullspace property. Let v
be an arbitrary vector in RY and write v = v @ v¥ € RY with v* € R and v¥ € RN—%5. Next, let S
be a subset of {1,..., N} of cardinality s, and write S4 = SN {1,...,5s}, Sp = SN{5s+1,...,N},
S ={1,...,55}\ Sa,and S}, = {5s+1,..., N} \ Sp. Then, as A (respectively F) satisfies the />-RNP
with constants p4 and 74 (respectively pr and 77), we have

Ioslla < N )l + 1@ o < P @A), I+ 7all vl + 220 sy I + e | ol
pPAN PR
< PAPE (105 + 107 )5y ) /75 +72/ 1401 + o3
< elose i+ o A%,

where pao := pa V pr < 1/3and 740 1= /73 + 72 < V92 + 22 < 10, and so A° satisfies the (2-RNP
of order s with parameters 1/3 and 10 (and in particular, A° also satisfies the /2-RNP with parameters p and
7).

Next, we argue that ¢, € Q) | v, where n € Nand j = 1 or j = 2. We have [[47"[|y < [|A%||2||(T —
E7™)||gy < [|A%2 < bay/N/m since B is a positive semidefinite diagonal matrix with entries bounded
above by v, and 7, < 1. Setting 27" = ((I — E?")"'z) ® Ox_5s where x is taken from [c)| gives
y? = A"z for each n. Because I — E7™ is a diagonal matrix we conclude that 4° = A" 27" and that
2™ is an s-sparse vector.

All that remains to prove that ¢/, € ngm’  1s to check that the robust nullspace property is satisfied with
parameters p and 7. We have already shown that A° satisfies the RNP with parameters (1/3,10). We then
use Lemma as well as the definition of v, to see that A7™ obeys the robust nullspace property with

parameters (p?,, 77 ) where

1 3p—1
L A4 10y 3 T10VE (730(@;+p>) ; 10 10
T T =TT gy, S f0e—i 7
30(v/s+p) 107

We have therefore shown that .* € QF | as well as J, € Q) v, for j € {1,2} and n € N. Further-
more, by the definition of 7,,, A7™ and E/" we have [|A7" — A°||,.c < 47", By[d)] the block diagonality
of A7™ and the fact that the last m — (5s — 1) entries of y" are zero, it follows that the solution to the ¢! basis
pursuit problem with input ¢/, € ng, w is the unique point 27 := 37 & On_j5s, for j € {1,2} and n € N.
Now, recalling (T7.1) and our choice o = 1.4 and v = 0.37, we find
—y — ya? 20

T re 0y
Y+ (l-ay)? 2
We have thus verified the conditions of Proposition [9.5/and so we deduce that €} > €}, 5(p) > /2 for
p € [0,1/2), completing the proof of part (i) of Proposition [8.36]

||SCl — $2||2 = Hi‘l — SAC2||2 = HCl].QS @61123 ) OSHQ = Cl\/45 = 25 .

O

19. PROOF OF THEOREM [7.1} PART (II)

19.1. Preliminaries - results from the literature. The ellipsoid algorithm will be the main driver in the
proof of part (i) of Theorem [7.1] Even though it is well known that this algorithm neither has the optimal



COMPUTATIONAL BARRIERS IN ESTIMATION, REGULARISATION AND LEARNING 85

theoretical complexity nor performs well in practice, it is a powerful and flexible tool to establish the “in P~
statements rigorously.

We start by presenting the framework necessary to implement the ellipsoid algorithm in the context of ¢!
BP as necessitated in the proof of the theorem. We refer the reader to Appendix [C|for detailed definitions, and
here we only list the notation assuming familiarity with the underlying concepts. For a compact convex set
K C R"™ and real ¢ > 0, write S(K, —¢) = {x € R" | B¢(z) C K} and S(K,¢) = {z € R" | B¢(z) N K #
@}. For the same K, we write SEP ¢ for the weak separation oracle for .

The theorems we will cite can only be stated for compact convex sets that are contained within a ball of

known radius R, so we introduce the following definition for conciseness.

Definition 19.1 (Circumscribed class). We call a set %" a circumscribed class if it is a subset of
{(K,n,R)|n e N,ReQn(0,00), K compact and K C Br(0) C R"}.

We state the following result which combines [49, Cor. 4.2.7] on the existence of an ‘oracle-polynomial’
algorithm for the weak optimisation problem with the observation on pages 101 and 102 of [49] that if a
separation oracle for a compact convex set K can be implemented on a Turing machine whose runtime is
polynomial in Data™ (K, n, R), then ‘oracle-polynomial” implies that the weak optimisation problem can
be solved in time polynomial in Data™ (K, n, R) as well.

Theorem 19.2 ( [49| Cor. 4.2.7] Ellipsoid algorithm , Turing case). Suppose ¥ is a circumscribed class
equipped with a Turing encoding function Data™ : ¢ — A* (as in Definition , and assume that &
is Turing-polynomially separable with respect to DataTur (according to Definition . Then there exists
a Turing machine that takes in Data " (K,n,R) € A*, for (K,n,R) € ¥, a ¢ € Q", and a rational
¢ > 0 as input and solves the weak optimisation problem (IC, R, ¢, () (see Definition or the definition of

a weak optimisation problem), such that the runtime of the Turing machine is bounded by a polynomial in
Len (DataTur(IC, n,R)), Len(R), Len(c), Len(¢), and n.

The other result we will need is an analogue of Theorem [19.2]in the BSS model for convex bodies that
are specified as the intersection of the level sets of several convex functions. This will be sufficient for our
needs.

Theorem 19.3 ( [[66, Thm. 1.1] Ellipsoid algorithm, BSS case). Suppose 2% is a circumscribed class so
that, for every (IKC,n, R) € ¥, there exist convex functions ff, ..., f]\)fl(lc) : R™ = R such that K = {z €
R™ fj’C () <0,j=1,...,M(K)}. Furthermore, assume that J is equipped with a BSS encoding function
DataP® : ¢ — V(asin Deﬁnition and assume that ¥ is BSS-polynomially separable with respect to
DataPS® (according to Definition . Then there exists a BSS machine that takes in Data®> (K,n,R) €
V, for (K,n,R) € &, ac € R", and a real { > 0 as input and solves the weak optimisation problem

(K, R, ¢, (), such that the runtime of the BSS machine is bounded by a polynomial in
dim (DataBSS(IC, n, R)) and log (2 +V(K,n, R)/(),

where the scale factor V (KC,n, R) is defined according to

V(IK,n,R)= m max fX(z

ax X f;
1<G<SM(K) [lz]l2<R

19.2. Proof of part (ii) of Proposition Part (ii) of Theorem is formally stated as part (ii) of
Proposition [8.36] which we now prove. To do so, we will make use of are Theorems [19.2] and [T9.3| on the

. K
— min f(z)| VR .
nzH;ng] (2) llell2

complexity of the ellipsoid algorithm. In addition, we will make use of the standard compressed sensing
result Theorem[B.7]and the easy Lemma [B.8]stated in Appendix B}

Asin we fix the notation for an element 7 of Q, writing 7 = ({yj(") 1o, {Ag"k) };’fzo)ﬁ .» correspond-
ingtoan: = (y, A) € Qf ,, n-



86 A. BASTOUNIS, A. C. HANSEN, AND V. VLACIC

Proof of Proposition[8.36|part (ii). To start with, we mention the following quantities that the algorithm
stores in a lookup table

16
L= [1og2 (1 _Tpﬂ . Ly = [logy(bs)], L= drb; (19.1)

The algorithm computes the following quantities, which (for the convenience of the reader) are listed along-
side a brief description of their purpose:

[

- 2

The number of digits of precision for the input
+4K +54 Ly
vector requested from the oracle

The number of digits of precision for the input ma-

- [Len(]\f) + Len(m)

1+ L
B —‘++1

trix requested from the oracles.

The solution precision for the reformulated opti-
ng = [Len(N)] +4K 4+ 6+ L1 + Lo

misation problem (19.3).
Len(N The precision used when converting algorithm
ng = en(V) +K+3 P . & e
2 output to a dyadic vector.
;10781 —p) o ukosr, —ng " i
¢ = % +2 + 4bo N 2 The denoising parameter used in (I9.3)
T

Used as a bound on solutions of the refor-
R=NIL;j oL (19.2)
mulated optimisation problem.
Note that these quantities are functions of m, NV, K, however we suppress making this dependence explicit
to lighten the notation.
For. = (y,A) € €25 . N instead of directly solving the basis pursuit problem with ¢ ! regularisation, our

S

algorithm will be based on the solution of the following reformulated optimisation problem:

. 1 ’ /
min (1an,2) st 2209y, [[Az —¢[l2 <7, [|2]]2 < R, (19.3)

where A = (A’ —A’) € R™*2N ‘and ¢/ and A’ are approximations to y, A. More formally, for . = (y, A) €

Q7 N, we write
Z() = {(y,A) e R™ x R™N |||l —ylla <27, [|A" — Al|lmax <272} . (19.4)

Next, for © € QF, y and (y', A’) € Z(c), define the compact convex set K,y a» = {z € R*N |z >
0o, |Az — ¢/||2 < &, ]|z]l2 < R}, where A = (A’ —A’), and set

H ={(Ky.a,2N,R)|m,N e Nm < N, € Q;, n,(y,A") € Z(1)}.

As each of the K,/ are compact convex sets with K, 42 C Bg(0) C R*N, ¢ is a circumscribed class.
An important observation that will be useful throughout is the following: the bound on K in (8.17) and
the assumption that 167§ < (1 — p) yields

10-K > 167(5 +€) S 327‘6- (19.5)

- 1—-p T 1-p
We are now in a position to precisely define our algorithm, where the instructions whose labels end with a

‘T’ are only executed by the Turing model and those whose labels end with a ‘B’ are only executed by the
BSS model:

Algorithm for basis pursuit with (* regularisation:
Inputs: Dimensions m, N and an accuracy parameter K with (m, N, K) € N3,
Oracles: O and Oy, providing access to the components yﬁn) and Ag"k) of an input 7 € Q;m, N-
Output: zoy; € DV (in the Turing case) or 2y € RY (in the BSS case) with dist aq(Zout, EBPDN(Z)) <
10~K.
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1T. Using the inputs m, N and K as well as the stored values Ly, L, and L3, compute the quantities n,
na, N3, Ny, 0’ and R in (19.2). We encode the integers ny, . . . ny using their dyadic expansions. The
rational numbers ¢’ and R are stored as pairs of integers each encoded using their dyadic expansions.

1B. Using the inputs m, N and K as well as the stored values L1, Lo and L3, compute the quantities 71,
na, N3, N4, 0’ and R where we encode ny, . .. ny as integers and ¢’, R as real numbers.

2. Call the oracles to obtain (3, A’) € Z(1) with y’ = (™) € R™ and A’ = A("2) ¢ R™*N,

3. Use the ellipsoid algorithm provided by Theorem (in the Turing case) or Theorem (in the
BSS case) to solve the weak optimisation problem (C,/ 4/, R, 1on,27"3), yielding the point z*.

4. Compute z* according to z} = 27 — 27, y,forj € {1,...,N}.

5T. For the Turing machine, approximate z* by a vector of dyadic rationals so that every component has
precision n4 by means of Newton-Raphson iteration and output the resulting vector as zoyt.

5B. For the BSS machine, output zq,t := x*.

To prove the correctness and polynomial bound on the complexity of the algorithm, we will do each of

the following

I) We will show that the set S(K,/ 4/, —27"#) is non-empty. We will do this by defining
&= ((x)", (—2)") + 27" 1y (19.6)

and showing that & € S(KC,/ ar, —27"3), where ()" = max{0, z} coordinate-wise.

II) We will to show that the conditions for Theorem [EZ] (in the Turing case) or Theorem @] (in the
BSS case) are met. With the result that & € S(K, 4/, —27"#), this will imply that z* is well defined

III) We need to show that the algorithm is correct i.e. that dist p((Zout, Z(¢)) < 107K,

IV) We need to show that the algorithm has bit complexity (in the Turing model) bounded above by a
polynomial in N and K.

V) We need to show that the algorithm has arithmetic complexity (in the BSS model) bounded above
by a polynomial in N and K.

For the purpose of simplifying the proof, we also introduce the following quantities

€1 = 2*4K*5fﬂogz(5)1’ €9 = 9—1—[logy(B)]

Using these definitions, we note that the 3’ and A’ defined in Instruction 2 of the algorithm will satisfy
ogo (m)
ly —3/ll2 < Vim -2 < 275 2m <y (19.7)

logg (m)+logo (N)
2

A=Al <||[A—A|lp < VmN- 27" <2 2272 < gy, (19.8)
where we have used the fact that log,(n) < Len(n) for any integer n. We see from these definitions that ¢’
can be written as &' = 1075 (1 — p)/(327) + 2¢1 + 4by N2 "3,

Step I - Showing that & € S(KC,y 4/, —2773)

Using and (19.8) we obtain

19/ ]l2 < €1 4 biv/N/m < 2b;/N/m  and || 4|2 < 3 + by/N/m < 2by/N/m. (19.9)
Furthermore, by LemmaB.8] the definition of 27, , and (19.5) we get

105(1 - p)

39, +2e9  (19.10)

lzlls < 7 (5 + b“/N/m) <o N and ||A'z —y|ls < e+ 25 <
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Using this, we obtain the following for u € EQ—ng (0),
[£+u]j >27" —qu; >0, forallje {1,...,2N},
IAGE +u) — ¢/ [l2 = |A'z — ¢ + Aull
105 (1 - p)
327
& +ulls < [[((2)", (=2))l2 + 27" 1an |2 + [lull2

SQTb1N+27n3V2N+27n3SQTblN-i-Tbl\/QN/Q-f—Tbl/QSR

<Az =y |2 + 2] A |2 - [Jull2 < + 21 + 209/ N/m - 277 < ¢’

where the penultimate inequality follows because 27" < 1 and 7,b; > 1.

Therefore, we conclude that By—ns (2) C Ky 4 and thus & € S(Kyy 47, —2773).

Step II - Showing that the conditions for Theorem [19.2] (in the Turing case) or Theorem [19.3(in the
BSS case) are met

We will show that 2" is Turing-polynomially separable and BSS-polynomially separable (as specified in
Deﬁnitionsand C.7) with appropriate encoding functions Data™ : %" — A* and Data®5 : .z~ — V.
Concretely, in the Turing case we define

Data ™ ((Ky 4, 2N, R)) := m 5 2N 3 85 R o5 s -+ 5 yh 3 ALy Al -ov 3 Ap v € A”
(19.11)
where A = {0, 1,—, ., ;} and all the dyadic rationals are written out in their binary representation,

whereas in the BSS case we define
DataBSS((’Cy’,A/v QN; R)) = (m> 2N7 5/7 Ra ylla o 7y:na A/Lla A/1,27 T ;n,N) eV

where V is defined in Definition
We now present a polynomial-runtime subroutine that acts as a weak separation oracle for /s 4/ in both
the Turing and BSS cases. We term this subroutine “WSS’.
Subroutine WSS
Input: Data™ ((ICy/’A/7 2N, R)) (in the Turing case) or DataB® ((ICy/,A/7 2N, R)) (in the BSS case) spec-
ifying the set ICyys 4+, a vector w with 2NV entries, and § > 0 (rational in the Turing case and real in the BSS
case).
Output: either a d € R?V (rational in the Turing case) such that ||d|o = 1 and (d,z — w) < &, for all
z € S(Ky ar,—=&), or the assertion that w € S(ICyr 4, §).
1. Compute ||Aw — ¢/||3 and ||wl|3 and verify whether or not w € K,/ 4 by testing the inequalities
w > 0y coordinate-wise, the inequality || Aw — y/||3 < 6’2, and the inequality [|w||2 < R? in the
definition of /C,s 4. If the inequalities all hold then assert w € S(/Cyr 4/, &) and exit this subroutine.
2. If the subroutine has not terminated, one of the following must be true.
a. w; <0, forsome j € {1,...,2N}. In this case, we set d = —e;.
b. |[Aw — ¢/||2 > &". In this case and assuming that a. does not hold, we set g = V(Hfl .
' 3) = 247 (Aw — ) and d = g/ g -
c. ||w||3 > R2. In this case and assuming that neither a. nor b. hold, we set d = w/ ||w|| oo -

Remark 19.4. Strictly speaking, ‘WSS’ is in fact a subroutine that solves the strong separation problem for
Ky, ar (see [49] Def 2.1.4]). However, for the purpose of applying either Theorem or Theorem it
is sufficient to show that “WSS’ is a weak separation subroutine.

This subroutine is well defined except for one potential issue with the execution of the division g/||¢|| oo
in instruction 2b if ¢ = 0. We will first argue that this cannot be the case by showing that if w is such that
|Aw — o/||3 > 6" then g # 0.

Assume otherwise (i.e. that g = 0) for the sake of a contradiction. Then (decomposing y as i = y° + Av
where 3 € ker(A*)) we obtain from g = 0 that A*A(w — v) = 0. Hence ||A(w — v)||? = (A*A(w —
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v),w — v) = 0 so that A(w — v) = 0. Therefore & > ||Aw — /|l = [°]|2. But this contradicts
the already established fact that & € S(K,r 4/, —27"#) - in particular, & € S(KCy 4/, —27"¢) implies that
| Az — 4/||2 < &' and we derive a contradiction from the following argument:

1y°15 < 1A = v)II3 + llyoll3 = | A& — )13 — 2(A@ — v), 50) + llwol3 = |42 —¢/|13 < 67

where the equality follows from the fact that 3° € ker(A*).

We have therefore shown that ‘WSS’ is well defined. To show that this is indeed a weak separation
subroutine for ;s 4/, we first show that “WSS” exits either with the correct assertion that w € S(KCy 4/, &)
or by constructing d with (d, z — w) < 0 < ¢, for all z € KCy_4-. To see this, note first that if “WSS’ exits
in line 1 then w € Ky 4 and that ICyy a4+ € S(KCyr a7, &). Hence if “WSS’ exits in line 1 then it correctly
asserts that w € S(Kys as,§).

If “WSS’ does not exit in line 1, we examine the three possible cases for line 2, assuming that z is a vector
in S(KCyr ar, —€) C Ky ar.

a. Ifw; < 0forsome j € {1,...,2N} then the output d of ‘WSS’ satisfies (d, z—w) = —z;+w; <0
where we have used that z € Ky 4+ implies that z; > 0.
b. If | Aw — ¢/||2 > 6’2 then

(AT(Aw —y),z —w) = <Aw —y Az — y) + (Aw -y y— Aw>
< (J[Aw — o/ ||l2 — [|Az — y|l2)|| Az — y[l < 0

where we have used that z € Cs_ 4/ implies that |Az — yll2 < 8. Thus (d, z — w) = ||g|lz2 (g, z —
w) = 2||gl|H AT (Aw — /), 2 — w) <0.
c. If |w]|3 > R? then (w,z — w) < ||wl|2(]|z]]2 — ||w|l2) < [|w||2(R — R) where we have used that
z € Ky 4 implies that ||zl < R. Hence (d, z — w) < 0.
In all three cases we have constructed a d € R*N (rational in the Turing case) such that ||d|~ = 1 and
(d,z—w) <0< & forall z € S(Ky ar, =E).

It is easy to see that the runtime of ‘WSS’ is bounded by a polynomial in Len(DataT‘”(/Cy/7 A7, 2N,
R)), Len(R), Len(w), Len(¢), and N in the Turing case, and, in the BSS case, by a polynomial of
dim((DataBSS ((Ky,a7,2N,R))). We hence deduce that %" is both Turing-polynomially separable and
BSS-polynomially separable with respect to the encoding functions Data™" and DataP55.

We are now in a position to apply Theoremto the weak optimisation problem (IC,r 4/, R, 1o, 277¢),
forall (I 47,2N, R) € £ to complete the argument for this step in the Turing model. For the BSS case, in
order to apply Theorem [19.3]to the same weak optimisation problem, however, we need to establish the ex-
istence of convex functions f{’/’A/, ey ]%4/’(‘3:’14,) : R?Y — R such that K,y 4 = {2z € R?V | ffy"A/ (2) <
0,j=1,...,M(y', A"}, forall (K,y as,2N, R) € J# . Recalling the definition of ',/ 4/, this is achieved
easily by setting

ICU/Y ’ . K:y/_’ ’ ~ ’C?/ly ’
fi Y(z)=—z; j=1,...,2N, fonid (2) = |Az—y'||3—6", f2N+‘3 (2) = ||z]|3 - R?. (19.12)

Step I1I - Proof of correctness
We will show that dist v (2out, ZBppN(t)) < 1075, Since 2* is a solution to the weak optimisation
problem (K ar, R/, 1o, 277¢)
a) Thereexistsaz € ICy/ 4 such that ||2* —Z||2 < 2775, In particular, such a Z must have non-negative
entries and must satisfy || Az — y/||, < 0.
b) Forall z € S(K, —27"2) we have (1o, 2*) < (1lan,2) + 277,

By [a)] we obtain
[(Lan, 2%) = 2" 1] < [(Law, 2%) = (Lans B + [(Laws 2) — [2]10] + 12l — [[27]l1]

< |(Lon, 25 = )|+ |12 = 2% || < 2V2N||2* — 2]]2 <2V2N27"  (19.13)
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Combining (T9.13) with [b)| as well as the previous result that & defined in (19.6) satisfies z € S(K,/ a-,
—27"3) gives the following

2"y < 1{Z5 0l + {2535 2Nl - V2N2'7" 4+ (1on, 2%) < (lan, &) + (2V2N +1)277

=||&]|1 + (2V2N + 1)27™ < ||z]j1 + (2N + 2V2N + 1)27" < ||z||; + 6Nb2™™ (19.14)
where we have used the definition of & in the penultimate inequality and the final inequality uses the fact that

by > 1.
Next, returning tofa)|and using the definition of ¢’ and (19.9) we can estimate

142" — o/l = | Az" — y/llz = |42 =y + A(z" = 2)]|2 < | A2 = /|l + 20| A'[|2]1=" — 2|2

105 (1 - p)

< § +4byy/N/m-27 " <
< 0 4 4byy N/m =7 327

426, + 8by N2, (19.15)
Therefore
[Az — Az*|l2 < [A = Allaflw — ™[z + |A"2 — /[|2 + [|A"2" — o/||2
10751 - p)
167
where the bound from || A — A’||> comes from the definition of A’ in the algorithm I'?vee:@mat | the bound for
|A'z — y'||2 comes from (19.10) and the bound for | A’z* — ¢/||2 from (19.13).
We now use Theorem applied to x and z* as well as the fact that x is s-sparse to obtain

< ez — x¥||2 + +4eq + 8bAN2™ (19.16)

1+p)? 1 3
o= ol < S22 ot~ el + S g - e
4T y N
< 7 (=7l = izl + [[Az — Az7]l2)
—p
since 7,5 > 1 and p € [0,1). Therefore employing equations (19.14) and (19.16)) gives
47 1075(1 -
||£L’ — .’E*HQ S 1_ P <14Nb22n3 +€2HIL’ — :v*Hz + # + 451) . (1917)
From the definitions of €1, €5 and n3, we also obtain
-K
9—n3 <« 2—4K—10g2(N)—10g2(64)—10g2(87‘/(1—/)))—103,‘2 by 10 (1 _ p)
- —  b512Nbst
and
-K
1671 _ 167, 4x—5-fiog,(sr/(1-p))1 < 10 drer AT 51-fog(sr/a-p) < L
1—p 1—p - 16 1-p 1-—p — 4
Therefore can be written as
10-% z—x* 100K 107K z—ax* 7-107K
lz =25 < .1 I - | l2 | (19.18)

8 4 4 16 4 16

Since € < 4, the set Zgppn (¢) is non-empty. Fix a solution * € Egppn(¢). Then, as [|Ax—y|ls < e <4,
we have that z is feasible for the basis pursuit problem with ¢! regularisation with parameter § and input
(y, A). In particular, since £* is optimal for this problem, we have ||£*||; < ||z||1, and thus Theorem [B.7

applied to £* and z yields

. B+p)7 .
16" — z[|2 < o, (I1AE" —yll2 + Az — yll2) <

47(6 +¢) - 10K

19.1
= S (19.19)

where we have once again made use of (19.3).

Next, we note that x,,; = =* in the BSS case, whereas

en 1071(
[owe — " ]2 < 277 VN = o7 [ -K-sy R < 2
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in the Turing case, where we have used the fact that Len(n) > log,(n) for a natural number n. Combining

this with (T9.18)) and (19.19) finally yields

. . . . 105 4.7.107%K 107K _
ows = €7ll2 < lwowe = a7l + [l = 272 + €7 —wlla < —g— + =5+ —— < 107"

Hence dist o (Zout, ZBPDN (L)) < || Tout — £¥]]2 < 107K,

Step IV - Establishing a polynomial upper bound on the computational complexity of the algorithm
in the Turing case

The initial computation of the integers n1,n2,n3 and ny can be analysed as follows: firstly, computa-
tion of both Len(/N)/2 and Len(m)/2 can be established in O(Len(N) V Len(m)) bit operations. Af-
ter that, we note that we require only finitely many multiplications and additions involving the quantities
Len(N),Len(m), K and the fixed quantities L and Lo. Thus the complexity of computing n1, ns, ng and
ny4 can be bound by a polynomial in Len(Len(N)), Len(Len(m)) and Len(K). This immediately implies
that n1, ng, ng and ny each have lengths polynomial in Len(Len(V)), Len(Len(m)) and Len(K).

&' is the sum of three fractions: the first, 107 (1 — p)/(327), can be computed as a pair of integers in
bit complexity polynomial in K (as (1 — p)/(327) is fixed. The second, 2745 =3~%1 can also be computed
in bit complexity polynomial in K as L is fixed. Finally, 4b4/N27"3 can be computed in bit complexity
polynomial in N, Len(m) and K as b4 is fixed and we have already established that the length of n3 is
polynomial in Len(Len(N)), Len(Len(m)) and Len(XK). Thus the overall cost of computing the rational
number ¢’ expressed as a pair of two integers is polynomial in K, N and Len(m).

Finally, R involves a multiplication between N and the fixed value L3 and can thus be computed in
time polynomial in N. Therefore the overall complexity of the first instruction is polynomial in K, N and
Len(m).

Since n1 and no are both bounded from above by a polynomial in Len(m), Len(N) and K, the cost
of accessing the oracle to produce each y; and A, is bounded above by a polynomial in j, k, Len(m),
Len(NN), and K (in both the arithmetic and standard Turing complexity models). As this process is repeated
forj € {1,2,...,m} and k € {1,2,..., N} to obtain 3y’ and A’, the overall complexity of the second
instruction for the algorithm is bounded above by a polynomial in m, N and K.

Moreover, we have already shown that 17 and ny are such that both Len(n) and Len(ns) are bounded
from above by a polynomial in Len(Len(N)), Len(Len(m)) and Len(K). Furthermore, (19.9) tells us that
y' and A’ are bound above by polynomials in \/N/m. Thus the resulting lengths of y; and A7 is also
polynomial in Len(N), Len(m) and Len(K).

By Theorem|[19.2] the bit-complexity of the third instruction is polynomial in

Len(DataT“r(le/’A/, R,155,27")), Len(R), Len(12,), Len(27 ") and 2N.
Because of the way Data™" has been defined in (T9.11) we have

Len(Data™" (KCy as, R,12x)) = Len(m) + Len(N) + Len(&')

m N
+Len(R)+ Y <Len(y§-) + > Len( Q‘Jc))
j=1 k=1

and we have already established that each term on the right hand side is polynomial in m, N and Len(K).
Furthermore, Len(R) is polynomial in Len(V), Len(1sy) is linear in N and Len(27"8) = —ng which is
polynomial in Len(N) and K. Thus the bit-complexity of the third instruction is polynomial in m, N and
K. The length of each component of the resulting vector z* must therefore also have Len(z*) polynomial in
m, N and K.

Since the fourth instruction involves a subtraction between two portions of z*, the bit-complexity of
executing this instruction is polynomial in m, NV and K. Finally, the division to convert the rational vector
x* € QV into the output z,,,; expressed as a vector of dyadic rationals can be done in complexity polynomial
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in Len(z*),Len(ny) and N using Newton-Raphson iterations (see [65, pp. 92-93]). As each of these
quantities are bound above by a polynomial in m, N and K, we see that the bit-complexity of executing this
final step is polynomial in m, N and K.

We have therefore shown that each instruction can be executed in bit complexity bound above by a poly-
nomial in m, N and K and thus as there are only five instructions executed in the algorithm the overall
complexity can be bound above by a polynomial in m, N and K, completing the proof in the Turing case.

Step V - Establishing a polynomial upper bound on the computational complexity of the algorithm
in the BSS case

For a natural number n, it is possible to compute Len(n) on a BSS machine by incrementing a value k
(starting at k& = 1) and stopping when 2¥ > n. This can be done in Len(n) arithmetic operations and thus
the BSS complexity of computing n; through ny4 is bounded by a polynomial in Len(/N) and Len(m). The
computation of ¢’ can be done with BSS complexity bounded above by a polynomial in K and n3. Since n3
is itself linear in K and Len(V), the BSS complexity of computing ¢’ is bounded above by a polynomial in
K and Len(N). Finally, computing R requires a single arithmetic operation. Thus the computational cost of
executing the first instruction on a BSS machine is polynomial in Len(N), Len(m) and K.

In the same way as in the arithmetic Turing case, the cost of calling the oracles in the second instruction
of the algorithm is polynomial in m, N and K. In the context of our application of Theorem|[19.3]in the third
instruction of the algorithm, the parameter V is equal to

min_f1 v (2)

}C ’ !
V=R|1 V  max .. where g¢;:= max f. ¥ (2)—
[ Lan]|2 95 gj e f (2) nin f;

1<j<2N+2 <R’
and f*v.4" are defined as in (19.12). From these definitions, it follows that g; = max|,|,<rzj —
minHzHQSR Z2j = 2R forj =1,2,...,2N, that

= max ||[Az —¢||2— min |4z — ||
ganvr = max |4z =yl = min Jl4z =/l

2
N N
< (142 - 2=z + 1ly'll2)* < <4b2\/mR+2b1\/ m) < 16N R?(by +b2)?

and that gay 12 = max|,|,<r |[2]|3 — min,<r [|z]|3 = R?. Therefore V< RV2N V2RV 16N R?(b; +
b2)2V R? = 16 N R?(by + bs)?. Thus V' < CgssN? where the real number Cggs exceeding 16 depends only
on by, by, T (crucially, Cggs is independent of m, N and K).

Thus log(2+V/27"2) < log(2Cpss N327"2) = ng log(2) + 3log(N) + log(2Cpss ). In particular, using
the definition of n3, we note that log(2 + V/27 ") can be written as a polynomial in Len(N) and K. The
dimension of Data®5S ((ICy/VAz, 2N, R)) is 4 + m + mNN and thus we conclude via Theorem that the
BSS complexity of the third instruction of the algorithm is polynomial in m, NV and K.

The fourth instruction takes NN arithmetic operations and the final instruction is constant time on a BSS
machine. Thus the overall complexity of the algorithm is polynomial in m, N and kK, as claimed. (]

20. PROOF OF THEOREM 7.1} PART (1II)

20.1. Preliminaries - distance to several minimisers for the /! BP problem. We begin by proving the
following lemma that allows us to create examples of problems with infinite condition number for the basis
pursuit problem with § = 0.

Lemma 20.1. Let {Z,Q} be the computational problem of basis pursuit with 6 = 0. Suppose that A €
R™ N is a matrix such that for every y' € R™, (y', A) € Q. Furthermore, suppose that there is a
non-empty set S C {1,2,..., N} and a vector v in the row span of A such that the following conditions

hold:

(1) there is a non-zero & € RN such that supp(€) C S and AE = 0, and
(2) ||vselloo < 1, and |v;| = 1 foralli € S.
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If T C S is a set such that
(3) if Ap = 0 and supp(p) N T # @ for some vector p € RY, then there is a non-zero p' with
supp(p) N'T C supp(p') € S and Ap' =0,
then there exists an x € RN with supp(z) = T so that dista[(Ax, A), SRCCUQ] = 0 and that | Az||s < 1.
Note that condition () is trivially satisfied if S = {1,2,...,N} (with p' = p) or T = & (where there is

nothing to show).

Proof. Let ¢ € RY be a vector such that A = 0, supp(¢) C S, and & has maximal support in S, in the sense
that

If ¢ € RY is such that, if A€’ = 0 and supp(&) C supp(¢’) C S, then supp(¢’) = supp(&). (20.1)

The existence of ¢ is guaranteed by condition (I)) in the statement of the lemma: indeed, the set of supports
of all vectors in the nullspace of A is a finite, non-empty (here we use [I), partially ordered set under the
set inclusion ordering and thus such a set of supports contains at least one maximal element (one of which
we choose arbitrarily and call R). Thus there must exist a vector £ in the nullspace of A with support R
satisfying (20.1).

Next, set ¢ = (VN||All2)™* A (VN||€]lso||Allz) " (note that ¢ is well defined as both & and A are

non-zero) and partition R = supp(&) into sets J and J_ according to

Jy = {i € supp(§) | vi&; > 0}, J_ = {i € supp(&) | v;&; < 0},

and let
sgn(v;;) c&;  if i € T N supp(§)
Ti=14c ifi € T\ supp(§)
0 otherwise

Then clearly supp(z) = T and ||Az||s < || A2V N||z|s < 1. We now proceed to establish the following

for every sufficiently small € > 0:
D Az +€5,) =A(x —€1),
D |z + € |1 = ||z — €£s_]|1, and
(1II) ifé € R¥ is such that A(é +ax+ey)=A(r+e, ) then ||z + ey, + é||1 > ||z 4 €€, |l1-
This will imply that {z + €,z + €£;_} C E(A(z + €, ), A) and thus that (A(z + €, ), A) € BRC.
Indeed, from[(ITD} « + €& 7, is a minimiser, whereas [(T)|implies that 2 — €& _ is feasible and [(I)|implies that
x — €& y_ is also a minimiser. Consequently, using the assumption that (A(:E + €7, ), A) € Q*', we obtain

distz[(Az, 4), TN Q% < || Az + €,) — Azll2 < €|[€]l2]U]2

and, as € was arbitrary and £ and A are independent of €, we must have Crcc(Az, A) = oo.

It hence suffices to establish and in order to complete the proof. To this end, note that
0=A¢ = A(&y, +&5.) = A&y, + ALy, and sofollows immediately. Next, since ¢ is in the nullspace
of A and v is in the row span of A, we have (v,£) = 0 and, as v; = sgn(v;) for ¢ € supp(§) C S, we obtain

0= 3 wa= 3 smse(@)lal= S sen(ig)lal = €2l — Il
i€supp() i€supp(§) i€supp(§)

i.e. that [, [[1 = [|€s_]|1. Next, we have

(c+e)& ifieTnJy c&; ifiecTnJy

—c&; ifieTndJ_ —(cH e ifieTnJ_
(m—i—efJJr)Z.: ¢ ifi € T\ supp(§) (J?i—€§J,)i= ¢ ifi € T\ supp(§)

€& ifie J \T —e&; ifie J_\T

0 otherwise 0 otherwise

(20.2)
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and therefore ||z + €£, |1 = [|z[]1 + €[|§s, |1 = [|2]l1 + €l|§s_ |1 = ||z — €§s_||1, establishing (IT)
Now consider an arbitrary £ such that A = 0. We claim that supp(§) C (T \ supp(§))©. To prove this,

suppose by way of contradiction that there exists a ¢ € supp(§) N (7" \ supp(€)). Then property (B) implies

that we can find a p/ # 0 such that Ap’ = 0 and supp(£) N T C supp(p’) C S. But then A(E + kp') = 0
and supp(& + kp') 2 supp(&) U {t} 2 supp(&), for sufficiently small £ > 0, contradicting (20.1)). Therefore
supp(€) C (T'\supp(€))¢. Next, by inspecting the explicit expression for 2:+€ . in (20.2) and recalling that
[v]loe < 1, we see that (v +€€, +&); = (z+€€s, )i = ¢, fori € T\supp(€), and sgn((z+efs, );) D {vi},

forall i € (T \ supp(£))¢, and therefore

o+ er, +élh—llz+er = D> lo+eks, +&)l— |+, )il
i€(T\supp(§))®
> Z éﬂ)z‘ = <é» U> =0,
1€ (T \supp(§))©

where the last equality is due to the fact that v is in the row span of A and Aé = 0. This establishes and
concludes the proof. U

For the purpose of proving part (iv) of Theorem [7.1] we will apply Lemma [20.1] to both the case where
A is a subsampled Hadamard matrix and the case where A is a subsampled Hadamard to Haar matrix, as in
§B.2] We do this in the following result:

Lemma 20.2. Let {=,Q} be the computational problem of basis pursuit with § = 0, and let A € R™*N
with 1 < m < N be either

(i) a row-subsampled Hadamard matrix, or
(ii) arow-subsampled Hadamard-to-Haar matrix as given in (B:10), with S; # @, fori =1,2...,n—1.

Additionally, assume that (y', A) € Q' for all y' € R™. Then, for every set T C {1,2,..., N}, there is a
vector z € RN with support T so that disto[( Az, A), 2RCC N Q4] = 0 and | Az|]2 < 1.

Proof of Lemma[20.2] Our aim will be to verify that A satisfies the desired conditions of Lemma[20.1]

It suffices to verify the conditions (I)) and to construct a suitable v satisfying (2) with S = {1,..., N},
noting the observation that (3)) holds trivially for such an S and any 7" as defined in this lemma. To this end,
we first observe that (T)) holds simply as m < N.

Next, in order to establish , we construct a vector v € RY in the row span of A such that |v;| = 1,
foralli = 1,...,N. If A is a row-subsampled Hadamard matrix, we can simply take v to be the first row
of A. Suppose now that A is a row-subsampled Hadamard-to-Haar matrix as given in (B:10), with S; # &,
fori = 1,2...,n — 1. In this case we select an arbitrary j; € S;, forevery i = 1,2...,n — 1, and let
v=(1)o P, 2/(X")% . where (X')% denotes the j;-th row of X'. Since |(X");x| = 1/v2/, for
1=0,1,2,...,n— 1wehave |v;| =1fori=1,2,...,N.

We can now apply Lemma to complete the proof, where we use the assumption that (y’, A) € Q*
forall y’ € R™, O

We are now ready to prove part (iii) of Theorem [7.1] The argument proceeds as follows - first, we use
existing results from the literature (Theorem[B.3|and Theorem|[B_3) to argue that if V is sufficiently large and
provided m is sufficiently large relative to IV, then, with strictly positive probability, a randomly subsampled
Hadamard or Hadamard-to-Haar matrix will satisfy the RIP and hence the robust nullspace property. This
will, in particular, imply the existence of at least one such matrix A, to which Lemma[20.2] will be applied to

conclude the proof.

20.2. Proof of part (iii) of Proposition[8.36} In the language of the SCI hierarchy, Theorem [7.1] part (iii) is
written as Proposition [8:36] part (iii). We will prove this proposition.
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Proof of Proposition[8.36|part (iii). Fix an s as in the theorem statement and set X' = 1. Let Cy be the
constant in Theorem corresponding to K. We proceed assuming that N = 2™ for some natural number
n > 2 satisfying N — 2 > 2C;slog(N)log(slog(N))log(s)? and we set m = N — 1. Clearly, there are
infinitely many such pairs (m, N).
Next we let U € RV*N = R2"*2" pe either a Hadamard matrix or a Hadamard to Haar matrix. We will
produce a subsampled matrix A, a vector z € RN and a vector y € R™ with the following properties:
(1) y = Az with |supp(z)| = s
(2) A satisfies the /2-RNP of order s with parameters (p, 7).
3 lylls < 1and 4] < /X
@) dista[(y, A), 2RC N (Q2,, )] = 0.
This will complete the proof. Indeed, if we set ¢« = (y, A) then (1)-(3) proves that ¢ € ng n and (4) proves
that Crcc (L) = Q0.
We divide into two cases depending on whether U is a Hadamard matrix or a Hadamard to Haar matrix.

e If U is a Hadamard matrix, we start by noting that
m=N—1>N —22> Cyslog(N)log(slog(N))log(s)?

and thus we can employ Theorem B.5|to conclude that there exists a set S with S| = m such that
A= Pg \/g U satisfies the RIP of order 2s with constant do5 < 1/5. Moreover, note that since U
is unitary, ||All2 = v/N/m < byy/N/m.

e If U is a Hadamard-to-Haar matrix then U can be decomposed as U = (1) & @), ' X by the
argument in (B.10). By observing that

2n=l 1= N/2 1> Cyslog(N)log(slog(N))log(s)?
we can employ Theorem|B.5|to see that there exists a set S,,_1 of size 2" ! —1 such that¢,,_; Pg, , X" 1
with ¢, = 4/ 2n = 1 satisfies the RIP of order 2s with constant d2; < 1/5. We choose
n—2

A=) ePx @cPs, X"
=0

Since X* are unitary for i = 0,1,...,n — 2 and ¢,_1Ps, , X" ! obeys the RIP of order 2s
with constant d5; < 1/5 the matrix A also obeys the RIP of order 2s with constant do5 < 1/5.

Furthermore,
[All2 = cn1 =\ 57— ST S \/ B \/

In either case, we deduce that there is a matrix A € R™>*" subsampled from U such that A obeys the
RIP of order 2s with constant dos < 1/5 and || A||2 < bay/N/m. By Theorem A satisfies the /2-RNP
of order s with parameters

1/4 1 1+1/4
/ < —-<p and +1/ <10 < 7. (20.3)

1= (1/4)2 = (1/4)/4 3 1—(1/4)? = (1/4) /4

Furthermore, the construction of A is such that A contains a non-zero entry in both the Hadamard case

or the Hadamard to Haar case (here we have used the fact that S,,_; is non-empty and that every element of
X' is non-zero). For a given j € {1,2,...,m},letk € {1,2,..., N} be such that A; 5 # 0. Using (20.3)

and the bound || A||2 < bay/N/m, we note that for sufficiently small € > 0 both (eAey, A), (—eAeg, A) €

0
Qs,rmN‘

Since the jth entry of the vectors A(eey) and —A(eey,) are not equal, we have shown that the jth coor-
dinate of the input vector is an active coordinate of Qg m,N- .. the jth coordinate of the input vector is

in A(Q2,, ) (see (8I)). We have thus shown that for every 3’ € R™, we have (3, 4) € (Q0,, )™
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Thus the conditions of Lemma apply and we obtain z such that ||[Az||y < 1, dista[(Axz, A), SRCC
N (Qg,m’N)aC[] = 0 and |supp(z)| = s. Setting y = Ax completes the proof. O

APPENDIX A. AUXILIARY RESULTS FOR THEOREM [3.3]- SOLUTIONS TO CONVEX PROBLEMS

In this section we derive the exact solution to the introductory Lasso example (#.2)) and prove the lemmas
given in §T0]on the solutions of the convex problems used in Theorems [3.3] [5.1] and [6.1 We use standard
tools from convex analysis, most extensively the subdifferential df(z) := {v € RV | f(y) — f(z) > (y —
z,v), Yy € Dy}, for x € Dy, where f : Dp — (—00, +00] is a lower semi-continuous convex function on
a closed convex domain Dy C RY . For a more detailed account of convex analysis see [|81].

A.1. Solution to (4.2).

Lemma A.1. Letm = 3, N =2and X € (0,1/v/3], as well as

1 1
5T 7 r
A=|-F-a - |er™ y=(1/vZ -1/VI 0) €R®
2a 0

where a > 0. Then if w® € R and w' € R? are such that
1
(', w') € argmin = [|ADz" —a 1, — yll3 + Al
(z0,z1)eRxR? 2m
where D is the unique diagonal matrix such that every column of AD has norm \/m, we have w® = 0,

Dw' = (1 — v3)\)ea.

Proof. Note that

. 1
(W, wh) € argmin —||AD2' — 2°1,, — y||3 + A|z*|1
(0,21)eRxR2 21T
if and only if
. . 1 _
(w®, ') € argmin  —||Az’ —2°1,, —y|5 + \|D " 2|1,
(z0,21)eRxR2 21T

where 1! = Dw!. Now, for all (z°,2!) € R x R?, we have

Azt — 2°1 yz[(1a>x1+x%x01]2+{<1+a>z1+x%+$012
"o V2 V2 V2 V2 V2 V2

T (2az} - 2" = (2} + 2} — 1) + 6a%(2})* + 3(a")?

Note also that by definition of D = diag(dy1, d22) we have

diy :ﬁl(\}é_a>2+ (\}5+a>2+4a2

and dss = v/3. Hence

N

(NI

=V3(1+6a%)77 <3

1 : 1 "
Azt — 201, —y|2 + MDYy > <] Azt — 201, — yl12 4+ A
gy 147" = 2L~y NPTy > Gl — a1 — gl + AT

1 1 ol 1 A

— gt - P @l 4 gl s St ha a7 et ad
1 2

:6{(xi+x;—(1—\/§A)) —(1=VBA2+1| >1—(1-V3))?

These inequalities hold as equalities if and only if 2} = 2° = 0, z3 > 0, and ] 4+ 3 = 1 —+/3\. Therefore,
we must have w® = 0 and Dw! = ' = (1 — v/3)\)eq, as desired. O
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A.2. Proofs of results in §10

Proof of Lemma(I0.1] Since both « and /3 are assumed to be positive, we have that for any feasible « (that
is, z with z > 0 and Az = y*),

axy + o Y1
) > I R
(e;a) 2o+ op+1 2 aVp + aVp

+1. (A.1)

Thus min{{c,z) |z > 0, Az = y*} > y1/(a V B) + 1. Moreover, all claimed minimisers in the statement
of the lemma obey (A:T) as an equality and furthermore such z are feasible for the LP problem. Therefore
min{(c,z) |z > 0, Av = y*} = y; /(aV 3), and thus the solutions to Z1,p(y*, A) are precisely the vectors
« for which every inequality in (A:T) is obeyed as an equality. More specifically, the following must occur:
e For the first inequality to be an equality we must have x5 =0, 24 = 1l,and x5 = - - - = zy = 0.
e For the second inequality to be an equality we must have x5 = 0 in the case o >  and z; = 0 in
the case o < . In the case o = [ this is always an equality.

It is easy to verify that the z satisfying these properties as well as the conditions z > 0 and Az = y* are
exactly the claimed minimisers in the statement of the lemma. (]

Proof of Lemma[I0.2] Let 2°P* = %61 if « > f3, and 2°Pt = %62 if 8 > «. Define a dual vector

p = LaoPt — yb = —mel € R™, and note that then
2
S ) (2 cn

Therefore, for every x € RYN we have

1 1 1 A
SIEe = M3+ SAlelh > (Lo — o=, ) — S lplE + Sl

, 1 A o 2,
= (La i) = 3l + 5 (lelh - - o= 20))

1 A
> S La® = yHlI3 + Sl

5!
It follows that = is a minimiser if and only if this string of inequalities holds with equality. This is the case
if and only if Lz — y* = p = La°P" — y" and [|z||; — (z — 2°P', =2 L*p) = [|z°P*||1, or equivalently

t t A N iy N
azry + Prg = Oéx(fp + 533;p =Y~ 3tavE): {l’j}jzs = {x;p j=3>

B

It is now straightforward to verify that the minimisers are precisely those as in the statement of the lemma.
(]

2] — (w1 — 25) (1 A a) — 2], and o] — (22 — 23) (1 A g) = [2").

Proof of Lemma[I0.3] From the definition of L and y", if | Lz —y~||2 < § then |ax1 + B2 —y1| < 8. Thus
(aV Bzl = (aV B)(|z1| + [z2]) > alzi| + Blze| > awt + Bz > y1 — 4. (A2)

Thus min{||z||; | |Lx — y¥|l2 < §} > (y1 — 6)/(a V B). Note that all claimed minimisers = in Lemma
[10.5] obey (A.2) as an equality and furthermore such x are feasible for the BPDN problem. Therefore
min{||z||1 | ||Lx — y"|l2 < 6} = (y1 — 6)/(a V B). Thus the solutions to Epppn(y", L) are precisely
the vectors z for which every inequality in (A-2) is obeyed as an equality. More specifically, the following
must occur:

For the first inequality to be an equality we require 3 = x4 = --- =y = 0.

For the second inequality to be an equality we require x5 = 0 in the case & > 5 and 1 = 0 in the
case a < . In the case a = [ this is always an equality.

For the third inequality to be an equality we require 1 and 2 to be non-negative.

For the final inequality to be an equality we need axy + Bz = y1 — 6.
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It is easy to verify that the = satisfying these properties are exactly the claimed minimisers in the statement
of the lemma. u

Proof of Lemma([I04] Suppose that x is such that ||z||; < 7. Then

alzy| + Blae| _ oz + Bs|
—x3 > x;| > |x Xo| > >
w2 Y fnl 2 el el > T > RS
1<i<N
i#£3

(A.3)

and in particular since |ax; + Bx2| > 0 we conclude that (7 — 23)? > (ax1 + B22)%/(a vV §)%. Thus for
such x we have

- axy + frs)?
e =y = (o + s =g+ (7= a5)* + 3?2 s+ s - T s Vi

(v A)?

C[evB? [ p(av ) W2 2

‘{ (v B2 }{ A N }*xavm2+12<avm2+1
(A4)

Therefore min{|| Lz — y°%|2 | ||lz]l1 < 7} > wi[(a v B)? + 1]7/2. Note that all claimed minimisers =
in Lemma [10.4] obey (A4) as an equality and furthermore such z have ||z|; < 7. Therefore min{||Lz —
yU2 | lz]n < 7} > w[(a Vv B)? + 1]7/2. Thus the solutions to Zcy,(y°", L) are precisely the vectors
for which every inequality in (A-4) is obeyed as an equality. More specifically, the following must occur:

1. We require each of the equalities in (A23) to hold as equality. Thus
a. The first inequality in (AJ3) is an equality if and only if z3 = 7 — > |yl
1%;%1\1
b. The second inequality in (A23) is an equality if and only if 24 = 25 = --- = 2y = 0.
c. The third inequality in (A.3) is an equality if and only if z; = 0if @ > Sora; = 0if a < 3.
If = §3 then the third inequality in (A23) is always an equality.
d. The final inequality is an equality provided x; and x5 both have the same sign.
2. We require axy + B2 = y1(aV B)?[(a Vv 8)? +1]7L.

It is now simple to check that the claimed minimisers in (I0.6) are the only vectors which satisfy these

conditions.

O
Proof of Lemma[[0.3] Let 2°P* = n(y1,«,B), if 8 > «, and 2°P* = Pyipn(y1,«, B), if @ > . In both
cases we find Tz°Pt — yTV = fWel +20, 5(a+ﬁ) e;, and so ||T:170pt —y™V|l2 = 6, by definition
of #. Next, define a dual vector according to p = av,B e1 + W Z] o e] € R™ so that p =

Wo(m_l)(Tx"pt — y™V) whenever § > 0. This in particular implies (T'z°P* — yTV p) = §]|p||2 and
5p/l|pll2 = TPt — yTV, forall § € [0,1].
Next, write D € ROV=D*N for the matrix corresponding to the pairwise differences operator: Dz =

(v1 — 9,79 — T3,...,TN_1 — TN), 50 that ||z||py = ||Dz]|1, for z € RY. Defining an auxiliary vector
1= 7v3 (Zjv 3 ( - —(a+6)((3££7711)—1)—1)) e; —Ben—1) € RN~ we have
o a+p B
1> —-AN1= > > > == o = > = — > —1.
=3 q1 > q2 dm—1 gN-2 = (4N-1 (a\/B)(m—l) gdN-1 avp =

(A.S5)

Note that Dz°?* = —repy_1 in the case 5 > «, and Dx°P' = re; in the case o > [3, where r :=

y1—0860/(m—1)

g > 0 by the assumption in the statement of the lemma. We therefore deduce g; € 9| - |1 ((Dz°P");),
forall j =1,..., N — 1. Furthermore,

1
Ty —
p a\/ﬁ(

(mz eN,l) + 5eN> — D%
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TV”2

and we thus have, for arbitrary x € RY such that 1Tz —y < 9, the following inequalities

c—s v
lzlltv > llzlltv + (T2 -y~ *,p) — 6|pll2 (A.6)
= |lz|rv — (z — &P, =T*p) + (Tz"" — y™,p) — 6|Ipll2

=0
N-1

N-1
Z |(Dx);| — (Dx — Dz"");q;) Z [(DzP");| = [|z°P* || py. (A7)
j=1 j=1

A feasible z is therefore a minimiser if and only if the inequality in (A-6) as well as the inequalities in (A7)
(for each j) all hold with equality, that is to say

e By the Cauchy-Schwarz inequality, (A.6) holds with equality iff Tz — y™V = dp/||p||2 = Tx°Pt —
yTV i.e. if Tw = Tx°P. By the deﬁnition of T this occurs when each of az' +8zy = azi+Bxy =
ami’pt —I—Bwom Y1 5(m Ly Axi s = {xom i Landxy_q = x%’t 1

e The inequalities in (A7) hold with equality iff for each j=12,...,N —1we have |(Dz);| —

(Dz — Da")jq; = [D(x°F");.

Let z be a minimiser. Suppose for now that 8 > «. Since D{xof’t}é\’:_; = Oand |g;| < 1,forallj €
{2,...,N — 2}, the requirements for (A7) to be an equality imply that D{x; §V: > = 0 and hence 75 =
x3 =124 =+ = zy_1. It thus follows that {2;} ' = {z7*} X", Furthermore, the inequalities in (A7)

hold with equality only if |z — 3| — (21 — 22) g1 = 0,and |z y_1 —2N|— (y—1 — TN +7)qn—1 =T AsS
Q= % and qy_1 = —1, it follows that the second of these inequalities is satisfied provided zn5 > zn_1,
whereas the first is satisfied provided 1 = z9 in the case @ > (3, or x1 > x5 in the case a = (3. As
xn—1 =2 =1n(y1,, B)1 < n(y1, e, B) N, and appreciating that « must additionally satisfy axy + Sz ny =
Y1 — W, we find that z must have the form claimed in the statement of the lemma.

Similarly, if & > j, we once again {z;}}! = {a%” t}j\’: ' but now the inequalities in (A.7) hold with
equality only if

|z — 22| — (21 —x2 —7)q1 =, and
leny—1 —azn| — (@Nn—1 —2N) gn—1 = 0.
Then, as ¢; = 1 and gy—1 = — 3/, these are satisfied only if 1 > z9 and xy = xy_1. Again appreciating

§(m—1
rN_1 = 22 = n(y1,q,B)1 and axy + By = y1 — (mg )
the claimed form satisfies (A.6) and (A.7) as equalities, and is therefore a minimiser.

establishes = x°P*. Conversely, every z of

(|

Corollary A.2. Write f(§) = min{||z|tv | |Tz — y*V||2 < 6}. Then

y1—66/(m—=1) 80

RS S

0 lfyl S nffl
Proof of Corollary[A.2] Assume first that y; > d6/(m — 1). Then, using Lemma|[10.5] we see that f(§) =
n(y1, a, B)n —n(y1, o, B)1 = %&;ﬂfl). To prove the result in the case y; < §6/(m — 1), we note that
by the definition of f, f is a non-negative decreasing function, and hence we have 0 < f(§) < f(y1(m —
1)/6) <inf{f(8') |8 < y1(m —1)/0} = 0 and thus f(d) = 0. O

Proof of Lemma([I0.6] We can write the unconstrained lasso problem as
arg murngnn{(s2 + Mz|v | |1 Tz =y TV |2 < 6}. (A.8)

z€RN
Let us analyse arg ming., min, ey {02 + Al|z||lrv | [Tz — y™V|]2 < 6}. Note that this is equivalent to
arg mings (6% + mingepn {Al|z||rv | | T2 — y™V |2 < 6}) = argmingo{6? + Af(0)} where f(6) is de-
fined in Corollary Using Corollary for y; < d0/(m — 1) the function § — 62 + \f(J) is strictly
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increasing since f(6) = 0. Thus we can write arg ming-, min,epy {62 + Al|z|lov | [|[Tz — y™V]]2 < 6} as
argmin  §% 4+ Af(J). Noting that f(8) = (aV 8) " (y1 — 60/(m — 1)), we get
620,y1266/(m—1)

argmin 0%+ \f(d) = argmin 0% = A0(m — 1) HaVvA) T+ M (av B) !
6>0,y1>60/(m—1) 6>0,y1>60/(m—1)

which is minimised when & = §, where 6 := A0(m — 1)~ (arV 3)~! /2 (we have used here that § is feasible
for the problem since y; > M2[2(m — 1)2(arV )]~ and so i1 > 66/ (m — 1)).
We can use this result in (A.8) to get

Sourv(T,y™) = argmin {82 + Azl | T2 - 5™z < 5}

TERN
A0
= argmin{ ||z||v || Tz — vV g}
e G v
Noting that 5 < 2(77;\1"1)1 < 3X <1, and so Lemma can be applied in each of the cases a < 5, a =
4

and « > [ to reach the desired conclusion.
O

Proof of Lemma[I0.8] Suppose first that y; > 0, & > 0, and 3 > 0. Simple gaussian elimination shows that
the set of  for which z > 0 and A"""Px = y¥ is exactly

N
{z eRY |ax1+ o =y1,03 =24 = - =Ty, = Trpg1 = 0, Tpg2, T3, ..., &N > 0}

so that (z,¢) = Zivzl x; > w1 > (awy + Bas)/a > y1/a. Therefore as (x, ¢)y is increasing as a function
of (x, c) we have that any z > 0 such that AYY"Pz = y& must satisfy (z,¢)r, > [10%y;/a]107F and this
equality is attained when 2 = y;e;/a. The proof of (T0.13) is complete by noting that 107%|[10¥y; /a| <
107F[10F M| < M if y1/a < 107F([10*M | + 1) and 107%[10%y; /a| > 107%([10FM ] + 1) > M if
y1/a > 107F(|10FM | + 1).

Now suppose that y; = 0. Then x = 0 satisfies ALPDg — yL and x > 0. Moreover, (0,¢), =0 < M.

This concludes the proof of the lemma. (]

APPENDIX B. AUXILIARY RESULTS FOR THEOREM [Z.J]— SPARSE RECOVERY

The concept of sparsity has been dominating modern signal and image processing over the last few
decades. Sparsity is a crucial element to this paper and we use this appendix to cover some standard concepts

and tools that we will make use of.

B.1. The basics of sparsity. Recall that we say that a vector x € C¥ is s-sparse if x has at most s nonzero

entries. One of the key mainstays in the theory of sparse recovery is the £2-robust nullspace property (RNP).

Definition B.1 (Robust Nullspace Property). A matrix U € R™*¥ satisfies the ¢2-robust nullspace property
of order s with parameters p € (0,1) and 7 > 0 if

P

<
[vsll2 < \/§|

forall sets S C {1,..., N} of cardinality s and all vectors v € R".

[vselln + T|U|2 (B.1)

Directly showing that a matrix has the RNP is often difficult. Thus, one usually attempts to instead
establish the restricted isometry property (RIP) that implies the RNP, recalled next.

Definition B.2 (RIP). A matrix U € C™* is said to satisfy the restricted isometry property (RIP) or order
sif thereis a ¢ € [0, 1) such that

(1=0)[lzll3 < [Uz]3 < (1 +6)|=|3, (B.2)
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for all s-sparse x € RYN. The restricted isometry constant of order s, denoted by J;, is defined to be the
smallest such ¢ so that (B.2)) is satisfied. Equivalently, d, is given by

6s= sup [|[PpUUPr —Ir|2
TC{1,2,..,N}
|T|<s

where Pr denotes the projection onto the coordinates indexed by 7.
We thus have the following result linking the RIP and RNP.

Theorem B.3 ([47, Theorem 6.13]). If the restricted isometry constant do5 of order 2s of a matrix A €
R™*N obeys 6o, < 4/+/41, then A satisfies the {?-robust nullspace property of order s with parameters
525 \% 1 + 525
p= and T = .
V1 =063, — 025 /4 V1 =085, — 025 /4

It is generally difficult to construct deterministic matrices with the RIP. Instead, one often resorts to

random matrices, such as provided by the following result taken from [82] and adapted to fit the notation of
this paper.

Theorem B.4 ([82, Theorem 3.9]). For every K > 0, there exist constants C, Co and C3 depending only
2 ..., 2N be N-dimensional complex vectors with N > 3

and ||z*|| < K, for all i. Assume that Zil r' ® 2' = NIy and that m is a natural number with

on K such that the following occurs. Let x',x

N >m > Cyslog(N)e 2 log[slog(N)e 2] log? s

where € € (0,1) and s is an integer with s > 3. Let R be a random subset of {1,2, ..., N} chosen according
to a Bernoulli model with probability m /N, that is, each entry of R is chosen independently and i € R with
probability m/N. Set X := supp|<, [[Ir —m™' Y, p ol @ a4y
asetT. Then

2, Where x7 is the vector x* restricted to

P(X > Coae) < 3exp (—Cgaemsfl) +2exp(—a?), foralla > 1. (B.3)
We can use Theorem [B-4]to show the existence of matrices that satisfy the RIP, as follows:

Theorem B.5. For every K > 0, there exists a constant Cy depending only on K so that for all natural

numbers m, N and s, each at least 3 and satisfying
N > m > Cyslog(N)log[slog(N)]log? s, (B4)

as well as any unitary matrix U with ||U||max < K/V/'N, there exists a set S of size exactly m such that
/N/m PsU has the RIP of order s with 63 < 1/5.

Proof. Fix K > 0 and let C7, C> and C5 be the constants from Theorem [B.4] We set
1 1 1 5Css

= A= =——, Cy=[Cie?(1+2loge )]V
00,2 @ T age G (G (Ir2lese VG

These choices of parameters ensure that 0 < ¢ < 1/2 < 1, that o > 15052 = 2 and, using that
2

€

m > Cyslog(N)e ?log[slog(N)] [1 + 2loge™ "] log? s > Cyslog(N)e 2 log[slog(N)e 2] log? s.
(B.5)

since both s and IV are at least 3. Furthermore, our choice of Cy, a and € depend only on K.

Next, we choose the vectors 2!, 2, ...,z so that 2’ is the ith column of U multiplied by v/N. Such
a choice of ' gives ||z?| o < K. Moreover, Y1 | 2% © ' = NU*U = Iy by the assumption that U is
unitary. Therefore, Theorem [B.4] applies and we conclude that for a random set R chosen according to the
Bernoulli model equation (B-3) holds.

The choice of the parameters made in (B:3) ensures that Coae < 1/5. Because log(s),log(N) and
log(slog(NN)) are each at least 1, condition (B.4) implies that m > Cy > §§5§ Therefore, again using
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, we see that Csaem/s > e 2, Finally, our choice of 2% ensure that X can be written as X =
I+ — m~tNPrU* PsU Pr||2. By the definition of the restricted isometry constant this is in fact §4 for the
matrix \/N/m PsU. Thus implies that the random variable §, corresponding to the random matrix
V/N/m PsU satisfies P(65 > 1/5) < 3exp(—e~2) + 2exp(—a?) < 5exp(—4).

At this point, the proof would be done if the cardinality of S were fixed since 5 exp(—4) < 1 and hence
there must exist at least one such R with §; < 1/5. Unfortunately, the cardinality of R is a random variable
since S is selected according to the Bernoulli model. We will therefore consider random sets S’ chosen as
follows: let X be the set of all subsets of {1, 2, ..., N} with cardinality m. We take S to be an element of X
chosen uniformly at random. Using an argument similar to the one presented in [47, p. 468] we will bound
the probability that the random variable 5 corresponding to the random matrix \/m Ps/U exceeds 1/5.

To this end, let E{% be the event that there exists an s-sparse unit vector = such that ||/N/m Ps/Uz||3 >
6/5 and let EY; be the event that there exists an s-sparse unit vector x such that ||\/N/m Ps/Uz|3 < 4/5.
Similarly, for the random sets S chosen according to the Bernoulli model, let % be the event that there
exists an s-sparse unit vector z such that ||\/N/m PsUz||3 > 6/5 and let E'; be the event that there exists
an s-sparse unit vector x such that ||\/N/m PsUz||3 < 4/5. We have shown already that P(El, U F%) <
5exp(—4).

For a given i, let B; denote the collection of sets S with S C {1,2,...,
exists an s-sparse unit vector x such that ||\/N/m PsUz||3 > 6/5. Because the Bernoulli model selects
elements independently and with equal probability, P (E% | |S| = i) = |B;|/(’}). By an argument originally

= ¢ and such that there

used by Sperner to prove Sperner’s theorem [33} p.3], the shade V B; of B; defined by
VB; ={SC{1,2,...,N}|,||S| =i+ 1and 3S € B; with S C S}

satisfies |VB;| > (n — i)|By|/(i + 1). Moreover, if S is in B; and S is such that |S| =i+ 1and S € S
then ||/ 2 PgAz|3 > ||\/ X PsAz|? and hence S € Biy1. Thus VB; C By, ;. Therefore fori < N — 1
we have

Bil _ (+V|VBi| _ |VBi| _ |Biti| _
(7))~ (D=9 (i:l) B (i:l)
Let A; denote the collection of sets S with S C {1,2,...,

s-sparse unit vector z such that ||/N/m PsUz||3 < 4/5. A similar argument to the preceding one for B;
this time using the fact (also proven by Sperner) that the shadow A A; of A; defined by

P(Eg|IS|=1) =

P(ER|IS|=(i+1)).

= ¢ and such that there exists an

AA; ={SC{1,2,...,N}|,||S| =i—1and 3S € A; with S C S}

satisfies [AA;| > (i|A;|)/(n — i+ 1) gives P (EY | |S| =) <P (E%||S| = (i —1)). Thus

N
P(ER) =Y P(ER||S| =) P(S| =) > Z]P’ (E% [1S] =14) P(|S| = i)
1=0

P (Eg 18] = ZP\Sl—z > ( 0 (e
i=m
where the final inequality follows because m is the median of the random variable |.S|. Similarly we obtain
- . . _PE
P(Ep) > ) P (BRI =) P(S| =) > =57
i=0

Combining (B.6), and the already established result P(EY U E%) < 5exp(—4) gives

(B.7)

P(E; U EY) <P(BY) +P(EY) < 2[P(EY) + P(Bg)] <4P(EL U ER) < 20exp(—4) < 1

Hence P(65 > 1/5) < 1 where J, is the random RIP constant associated to the random matrix Ps:U such
that S” a uniformly randomly chosen subset of {1,2,..., N} with |[S’| =m
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Thus there exists a set S with |S| = m such that the matrix PsU has §; < 1/5, as otherwise we would
have P(0; < 1/5) = 0 and this would be a contradiction. O

We can apply this result to the discrete cosine matrix to derive the following:

Theorem B.6. There exists a constant Cs with the following property: for any natural numbers m,N, and s
with N > m > 3 and s > 2 obeying

N > m > Csslog(N)log[slog(N)]log? s, (B.8)
there exists a matrix F € R™ N with the RNP of order s with parameters p < 1/3 and 7 < 2 that also

satisfies ||F|l2 < v/N/m.

Proof. Let U € RV*N be the matrix corresponding to the second variant of the discrete cosine transform,

i.e., its entries are given by
\/ & cos (5 —1)(2k—1)) forj ke {l,...,N},j#1

,/% forj=1

Note that U is an orthonormal matrix with ||U||max < 1/2/N. Take C5 = 16Cy where C} is taken from the
statement of Theorem with K = +/2. Then condition [B.§|implies that

Ui, =

N > m > 2Cyslog(N)(2log(slog(N))) (21og(s))? > 2Cyslog(N)(log(2s log(N))) (log(2s))*

since s > 2. Thus, we can apply Theoremto obtain a set S so that F' := \/N/m PsU obeys the RIP of
order 2s with d25 < 1/5. Hence, by Theorem the matrix F' satisfies the RNP with parameters

1/5 1 1+1/5

p = < and T: <2
VI-(1/5)° = (1/5)/4 3 1—(1/5)? = (1/5)/4
The proof is complete by noting that || F||2 < /N/m ||U||2 < /N/m.

This paper also makes use of the following results:

Theorem B.7 ([47, Theorem 4.25]). Suppose that A € C™*N satisfies the RNP of order s with parameters

p € (0,1) and T > 0. Then, for all x, z € CV, we have

(1+p)? 1
l—p /s

where o,(x); = min{||z — y||1 | s-sparse y € RV}

B+p)r

|z — 2[|2 <
I—p

Izl = [l 4 204(2)1) + Az — Azll2, (B.9)

Lemma B.8. Letb,, ¢, > 0and suppose A € R™ N satisfies the RNP of order s with parameters p € (0,1)
and T > 0. Suppose we are given y € R™ such that ||y|l2 < by\/N/m and ||Ax — yl|2 < ¢, for some s-

sparse x € RN . Let A" and y' be such that
€

7 (e + by /N/m)

ly=yll2<ey, A=A <

Then
z|la <7 (5 + by\/N/m) and ||A'x -y |2 < e+ 2.
Proof of Lemma([B.8 Let S = supp(z). Now, by applying to x we have
Il < 7llAzlz < 7 (142 — ylla + Iyll2) < 7 (= + by, /A7m)

and thus . , , ,
[A'z —y'fl2 < |[A = All2]|zll2 + | Az — yll2 + [ly — ¥']l2

< HA—A’HQ-T(E—i—by\/N/m) +e+ey <e+ 2.



104 A. BASTOUNIS, A. C. HANSEN, AND V. VLACIC

O

Lemma B.9 ([2, Lemma 8.5]). Suppose A € R™*N has the RNP of order s with constants p € (0, 1) and
7> 0. If A € RN satisfies | A’ — Alla < e where € is a non-negative real number with ¢ < %
then A’ satisfies the RNP of order s with constants p' and 7' satisfying

p/:p+76\/§’ 7_/: T
1—r7e¢ 1—r7e

B.2. Standard matrices used in the theory of sparsity. We recall here two types of matrices that are
frequently used in compressive sensing and sparse regularisation applications:

Hadamard matrices. In this paper we will only consider Hadamard matrices of size 2" x 2", forn € N. We
define a ‘naturally ordered” Hadamard matrix H,, with entries =1 of dimension 2" x 2™ by the recurrence
relation

1 1

Hj=Hi®Hj, H1:<1 1

) H():]., ]GN

where ® denotes the Kronecker product. H,, has orthogonal rows, columns and the property that A H,, =
2" [5n where Ion € R2"*2" is the identity matrix. We also consider Hadamard matrices in the ‘sequency
ordering’: that is, the rows of H,, are ordered so that the number of sign changes in a given row is increasing.

We shall make the distinction clear where important.

Hadamard-to-Haar matrices. Let H,, € R?>"*2" be the Hadamard matrix in the sequency ordering and let
W,, € R2"*2" pe the 1D discrete Haar wavelet transform matrix. Then, by [89, Lemma 1 & Lemma 2] we
have H, W, ' = (1) @ @), X' where the matrix X* € R?'*?" is unitary and satisfies |(X?);x| = 1/v/27,

foralli = 0,...,n —1land j,k = 1,...,2°. Now, a row-subsampled Hadamard-to-Haar matrix is any
matrix of the form
n—1
A= (1)o@ eiPs, X, (B.10)
i=0
where the S; are subsets of {1,...,2i"1},Pg. : R2" " — RISil are the corresponding projection operators
selecting the coordinates in S; and ¢; = fg—‘ for nonempty S; and ¢; = 0 if S; = &. Matrices formed by

taking the product of a Hadamard transform with an inverse wavelet transform, like the Hadamard-To-Haar
matrices defined above, have proven to be very effective in compressive sensing, particularly on imaging
applications [88].

APPENDIX C. SEPARATION ORACLES AND THE ELLIPSOID ALGORITHM

In this section we define the concepts needed in the statements of Theorem and Theorem
namely those of the weak optimisation problem, weak separation oracle, encoding functions and polyno-
mially separable classes. We start with the weak optimisation problem, which we define as a minimisation
problem (rather than a maximisation problem as in [49]]) for convenience.

Definition C.1 ( [49, Def. 2.1.10], Weak optimisation problem). Let Z C R" be a compact convex set, and
suppose that R > 0 is a rational such that X C Bg(0). Furthermore, let ¢ € Q" and ( € Q. The weak
optimisation problem (I, R, ¢, €) is the task to either

(a) find a z* € Q™ such that z* € S(K, () and (¢, 2*) < (¢, z) + (, forall z € S(K,—(), or

(b) assert that S(KC, —¢) = @.

The following is the definition of a weak separation oracle, which we present as a synthesis of [49]
Assump. 1.2.1], [49, Def. 2.1.13], and the discussion on pages 54 and 55 of [49] on the description of
compact convex sets by means of a separation oracle.
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Definition C.2 (Weak separation oracle). Let  C R™ be a compact convex set. We say that a procedure
SEP is a weak separation oracle for K if, given a vector w € Q™ and a rational £ > 0,

(a) SEPi either outputs a d € Q™ with ||d||oc = 1 and such that (d,z) < (d,w) + &, for all z €
S(K,=¢&), or
(b) SEPx asserts that w € S(K, ).
Moreover, in the Turing case, we insist that there exist a polynomial P : R — R such that, whenever SEP
outputs a vector d as in item (i), we have Len(d) < Px(Len(w) + Len(§)).

Note that by the separating hyperplane theorem [17] applied to the convex sets K and {w}, at least one of
(a) and (b) in Definition are satisfied whenever K is non-empty. Moreover, (a) is trivially satisfied for
any d € Q" with ||d||cc = 1if K is empty.

Remark C.3. When considering the BSS instead of the Turing model, all quantities in Definitions and
[C.2] specified to be rationals are allowed to be (not necessarily rational) real numbers.

Next, we introduce Turing encoding functions which represents the encoding of the various sets K in a

form that can be presented to a Turing machine as input.

Definition C.4 (Turing encoding function). Let A* denote the set of finite-length strings in a finite alphabet
A. A Turing encoding function for .# is an injective function Data™"" : J#" — A*.

Note that the explicit form of Data™™" depends on the particular class .#” under consideration. The condition
on Data™ in Deﬁnition simply states that the sets are encoded uniquely. For example, for basis pursuit
denoising where our compact convex sets will be of the form {z € RN | ||A’z — ¢/|l2 < &, ]|z]2 < R'},
where §', R’ € D, 3y’ € D™, and A’ € D"™*", one possible encoding in the alphabet A = {0, 1,—, ., ;}
is

mi N O s Ry yys gy o5 Y Ay Al o Ay €A
where all the dyadic rationals are written out in their binary representation.

We are now ready to define polynomially separable classes in the Turing model.

Definition C.5 (Polynomially separable class — Turing case). Suppose % is a circumscribed class equipped

with a Turing encoding function Data ™"

: H — A*. We say that ¢ is Turing-polynomially separable
with respect to Data™" if there exist a Turing machine that takes in Data™ (K, n, R) € A*, aw € Q",
and a rational £ > 0 as its input and acts as a weak separation oracle for /C, i.e., it either

(a) outputs a d € Q" with ||d||cc = 1 and such that (d, z) < (d,w) + &, forall z € K, or

(b) asserts that w € S(K, &),
such that the runtime of the Turing machine is bounded by a polynomial of Len (DataTur (K,n,R)),Len(R),
Len(w), Len(¢), and n.

Finally, we present analogues of the concepts above for the BSS model of computation, following the
ideas in [66l Sec. 1.1, Sec. 1.2].

Definition C.6 (BSS encoding function). We define V = UZO:1 R*, i.e., the set of real vectors of arbitrary
length. A BSS encoding function for ¢ is a function Data® : ¢ — V so that, forall (K1, n, R), (K2, n, R) €
J, K1 # Ko implies DataBSS(ICl, n,R) # DataBSS(ICQ, n, R).

In analogy to the Turing encoding function, Data®55 serves to encode K as a vector of reals, which can
be accepted as input by a BSS machine. For basis pursuit denoising, the convex set {z € RV | |4’z — /|2 <
8, ||z|l2 < R}, where ¢/ € R™ and A’ € R™*¥ can be encoded as

4 N
(M, N8 R, s ALy ALy, AL ) € RPN )
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Definition C.7 (Polynomially separable class — BSS case). Suppose .#  is a circumscribed class equipped
with a BSS encoding function Data®® : ¢ — V. We say that % is BSS-polynomially separable with
respect to DataP® if there exists a BSS machine that takes in DataBSS(IC, n,R) € V,aw € R", and areal

& > 0 as its input and acts as a weak separation oracle for K, i.e., it either

(a) outputs a d € R™ with ||d|| = 1 and such that (d, z) < (d,w) + &, forall z € K, or
(b) asserts that w € S(K,¢),

such that the runtime of the BSS machine is bounded by a polynomial of dim(Data®55(KC, n, R)), i.e., the
dimension of the real vector Data®5 (K, n, R).

Note that, unlike in the Turing case, we now have no concept of the length of the encoding of a convex set,
but instead the separation oracle must be executable in runtime which is polynomial only in the dimension

of the data vector encoding the convex set.

REFERENCES

[1] B. Adcock and A. C. Hansen. Generalized sampling and infinite-dimensional compressed sensing. Foundations of Computational
Mathematics, 16(5):1263-1323, 2016.
[2] B. Adcock and A. C. Hansen. Compressive Imaging: Structure, Sampling, Learning. Cambridge University Press, 2021.
[3] B. Adcock, A. C. Hansen, C. Poon, and B. Roman. Breaking the coherence barrier: A new theory for compressed sensing. Forum
of Mathematics, Sigma, 5:1-84, 001 2017.
[4] S. Arora and B. Barak. Computational Complexity - A Modern Approach. Princeton University Press, 2009.
[5] S. Arora, R. Ge, T. Ma, and A. Moitra. Simple, efficient, and neural algorithms for sparse coding. Journal of Machine Learning
Research, 40(2015), 2015.
[6] S. Arora, C. Lund, R. Motwani, M. Sudan, and M. Szegedy. Proof verification and the hardness of approximation problems. J.
ACM, 45(3):501-555, May 1998.
[7] S. Arora and S. Safra. Probabilistic checking of proofs: A new characterization of np. J. ACM, 45(1):70-122, Jan. 1998.
[8] J. Ben-Artzi, M. J. Colbrook, A. C. Hansen, O. Nevanlinna, and M. Seidel. Computing spectra — On the solvability complexity
index hierarchy and towers of algorithms. arXiv:1508.03280, 2020.
[9] J. Ben-Artzi, A. C. Hansen, O. Nevanlinna, and M. Seidel. New barriers in complexity theory: On the solvability complexity index
and the towers of algorithms. Comptes Rendus Mathematique, 353(10):931 — 936, 2015.
[10] A.Ben-Tal, L. El Ghaoui, and A. Nemirovski. Robust Optimization. Princeton Series in Applied Mathematics. Princeton University
Press, October 2009.
[11] A. Ben-Tal and A. Nemirovski. Lectures on Modern Convex Optimization: Analysis, Algorithms, and Engineering Applications.
Available online at https://www2.isye.gatech.edu/~nemirovs/, 2000.
[12] A.Ben-Tal and A. Nemirovski. Robust solutions of linear programming problems contaminated with uncertain data. Mathematical
Programming, 88(3):411-424, 2000.
[13] A.Ben-Tal and A. S. Nemirovski. Lectures on Modern Convex Optimization: Analysis, Algorithms, and Engineering Applications.
Society for Industrial and Applied Mathematics, Philadelphia, PA, USA, 2001.
[14] E. Bishop. Foundations of Constructive Analysis. McGraw-Hill Series in higher mathematics. McGraw-Hill, 1967.
[15] L. Blum, F. Cucker, M. Shub, and S. Smale. Complexity and Real Computation. Springer-Verlag New York, Inc., Secaucus, NJ,
USA, 1998.
[16] L.Blum, M. Shub, and S. Smale. On a theory of computation and complexity over the real numbers: [N P- completeness, recursive
functions and universal machines. Bulletin of the American Mathematical Society, 21(1):1 — 46, 1989.
[17] S.Boyd and L. Vandenberghe. Convex Optimization. Cambridge University Press, New York, NY, USA, 2004.
[18] M. Braverman and S. Cook. Computing over the reals: Foundations for scientific computing. Notices of the American Mathemat-
ical Society, 53(3):318-329, 2006.
[19] P. Biirgisser and F. Cucker. Condition : the geometry of numerical algorithms. Grundlehren der mathematischen Wissenschaften.
Springer, Berlin, Heidelberg, New York, 2013.
[20] J.-F. Cai, B. Dong, S. Osher, and Z. Shen. Image restoration: Total variation, wavelet frames, and beyond. J. Amer. Math. Soc.,
25(4):1033-1089, 2012.
[21] E.J. Candes. An introduction to compressive sensing. [EEE Signal Process. Mag., 25(2):21-30, 2008.
[22] E.J.Candes, J. Romberg, and T. Tao. Robust uncertainty principles: exact signal reconstruction from highly incomplete frequency
information. /EEE Trans. Inform. Theory, 52(2):489-509, 2006.
[23] A. Chambolle. An algorithm for total variation minimization and applications. Journal of Mathematical Imaging and Vision,
20(1):89-97, 2004.


https://www2.isye.gatech.edu/~nemirovs/

COMPUTATIONAL BARRIERS IN ESTIMATION, REGULARISATION AND LEARNING 107

[24] A. Chambolle and P.-L. Lions. Image recovery via total variation minimization and related problems. Numerische Mathematik,
76(2):167-188, 1997.

[25] T. E. Chan, G. H. Golub, and P. Mulet. A nonlinear primal-dual method for total variation-based image restoration. SIAM J. Sci.
Comput., 20(6):1964—1977, May 1999.

[26] S.S. Chen, D. L. Donoho, and M. A. Saunders. Atomic decomposition by basis pursuit. STAM Rev., 43(1):129-159, Jan. 2001.

[27] A. Cohen, W. Dahmen, and R. DeVore. Compressed sensing and best k-term approximation. J. Amer. Math. Soc., 22(1):211-231,
2009.

[28] M. Colbrook. Computing spectral measures and spectral types. Commun. Math. Phys, (to appear).

[29] M. Colbrook and A. C. Hansen. On the infinite-dimensional qr algorithm. Numerische Mathematik, 143:17-83, 09 2019.

[30] E. Cucker and S. Smale. Complexity estimates depending on condition and round-off error. J. ACM, 46(1):113-184, 1999.

[31] D. L. Donoho. Compressed sensing. I[EEE Trans. Inform. Theory, 52(4):1289-1306, 2006.

[32] P. Doyle and C. McMullen. Solving the quintic by iteration. Acta Math., 163(3-4):151-180, 1989.

[33] K. Engel. Sperner Theory. Encyclopedia of Mathematics and its Applications. Cambridge University Press, 1997.

[34] J. M. Fadili and G. Peyre. Total variation projection with first order schemes. IEEE Transactions on Image Processing, 20(3):657—
669, March 2011.

[35] C. Fefferman and B. Klartag. Fitting a C"™-Smooth Function to Data II. Revista Matemdtica Iberoamericana, 25(1):49 — 273,
2009.

[36] C. Fefferman and L. Seco. On the energy of a large atom. Bull. Amer. Math. Soc. (N.S.), 23(2):525-530, 10 1990.

[37] C. Fefferman and L. Seco. Eigenvalues and eigenfunctions of ordinary differential operators. Adv. Math., 95(2):145 — 305, 1992.

[38] C. Fefferman and L. Seco. Aperiodicity of the Hamiltonian flow in the Thomas-Fermi potential. Revista Matemdtica Iberoameri-
cana, 9(3):409-551, 1993.

[39] C. Fefferman and L. Seco. The eigenvalue sum for a one-dimensional potential. Adv. Math., 108(2):263-335, 1994.

[40] C. Fefferman and L. Seco. On the Dirac and Schwinger corrections to the ground-state energy of an atom. Adv. Math., 107(1):1-
185, 1994.

[41] C. Fefferman and L. Seco. The density in a three-dimensional radial potential. Adv. Math., 111(1):88 — 161, 1995.

[42] C. Fefferman and L. Seco. The eigenvalue sum for a three-dimensional radial potential. Adv. Math., 119(1):26 — 116, 1996.

[43] C. Fefferman and L. Seco. Interval arithmetic in quantum mechanics. In Applications of interval computations, pages 145-167.
Springer, 1996.

[44] C. Fefferman and L. Seco. The density in a one-dimensional potential. Adv. Math, 107, 05 1997.

[45] C. L. Fefferman and B. Klartag. Fitting a C"-smooth function to data. I. Ann. Math. (2), 169(1):315-346, 2009.

[46] U. Feige, S. Goldwasser, L. Lovész, S. Safra, and M. Szegedy. Interactive proofs and the hardness of approximating cliques. J.
ACM, 43(2):268-292, 1996.

[47] S. Foucart and H. Rauhut. A mathematical introduction to compressive sensing. Springer, 2013.

[48] P. Gdcs and L. Lovdsz. Khachiyan’s algorithm for linear programming. In Mathematical Programming at Oberwolfach, pages
61-68. Springer, 1981.

[49] M. Grotschel, L. Lovasz, and A. Schrijver. Geometric algorithms and combinatorial optimization. Springer, 1988.

[50] T. C. Hales. A proof of the Kepler conjecture. Ann. of Math. (2), 162(3):1065-1185, 2005.

[51] T. C. Hales and et al. A formal proof of the kepler conjecture. Forum of Mathematics, Pi, 5:e2, 2017.

[52] A. C. Hansen. On the solvability complexity index, the n-pseudospectrum and approximations of spectra of operators. J. Amer.
Math. Soc., 24(1):81-124, 2011.

[53] T. Hastie, R. Tibshirani, and J. Friedman. The Elements of Statistical Learning. Springer Series in Statistics. Springer New York
Inc., New York, NY, USA, 2001.

[54] A. Juditsky, F. Kiling-Karzan, A. Nemirovski, and B. Polyak. Accuracy guaranties for £; recovery of block-sparse signals. The
Annals of Statistics, 40(6):3077 — 3107, 2012.

[55] A.B. Juditsky, F. Kiling-Karzan, and A. Nemirovski. Verifiable conditions of /1 -recovery for sparse signals with sign restrictions.
Math. Program., 127(1):89-122, 2011.

[56] N. Karmarkar. A new polynomial-time algorithm for linear programming. In Proceedings of the sixteenth annual ACM symposium
on Theory of computing, pages 302-311. ACM, 1984.

[57] J. Kepler. Strena seu de nive sexangula. 1611.

[58] L. G. Khachiyan. Polynomial algorithms in linear programming. Zhurnal Vychislitel’noi Matematiki i Matematicheskoi Fiziki,
20(1):51-68, 1980.

[59] K. Ko. Complexity Theory of Real Functions. 1991.

[60] E.L.Lawler. The great mathematical sputnik of 1979. The Mathematical Intelligencer, 2(4):191-198, 1980.

[61] L. Lovasz. An Algorithmic Theory of Numbers, Graphs and Convexity. CBMS-NSF Regional Conference Series in Applied Math-
ematics. Society for Industrial and Applied Mathematics, 1987.



108

[62]
[63]
[64]
[65]
[66]
[67]
[68]
[69]

[70]

[71]
[72]

[73]
[74]
[75]
[76]
[77]
[78]
(791

[80]

[81]
[82]

[83]

[84]

[85]

[86]

[87]

[88]

[89]

[90]

[91]

[92]

[93]

A. BASTOUNIS, A. C. HANSEN, AND V. VLACIC

L. Lovész. Discrete and continuous: Two sides of the same? In N. Alon, J. Bourgain, A. Connes, M. Gromov, and V. Milman,
editors, Visions in Mathematics: GAFA 2000 Special Volume, Part I, pages 359-382. Birkhéuser Basel, Basel, 2010.

C. McMullen. Families of rational maps and iterative root-finding algorithms. Ann. of Math. (2), 125(3):467-493, 1987.

C. McMullen. Braiding of the attractor and the failure of iterative algorithms. Invent. Math., 91(2):259-272, 1988.

J.-M. Muller. Elementary Functions: Algorithms and Implementation. Birkhauser, 2005.

A. Nemirovski. Polynomial time methods in convex programming. In J. Renegar, M. Shub, and S. Smale, editors, The Mathematics
of Numerical Analysis, volume 32, pages 543-589. AMS-SIAM Summer Seminar on Applied Mathematics, 1995.

A. Nemirovski. Advances in convex optimization: Conic programming. In In Proceedings of International Congress of Mathe-
maticians, pages 413-444, 2007.

Y. Nesterov. Global quadratic optimization via conic relaxation. LIDAM Discussion Papers CORE 1998060, Universite catholique
de Louvain, Center for Operations Research and Econometrics (CORE), Feb. 1998.

Y. Nesterov. Semidefinite relaxation and nonconvex quadratic optimization. Optimization Methods and Software, 9(1-3):141-160,
1998.

Y. Nesterov. Introductory lectures on convex optimization : a basic course. Applied optimization. Kluwer Academic Publ., Boston,
Dordrecht, London, 2004.

Y. Nesterov. Lectures on Convex Optimization. Springer Publishing Company, Incorporated, 2nd edition, 2018.

Y. Nesterov and A. Nemirovskii. Interior-point polynomial algorithms in convex programming. SIAM studies in applied mathe-
matics. Society for Industrial and Applied Mathematics, Philadelphia, 1994.

Y. E. Nesterov and A. Nemirovski. On first-order algorithms for 11/nuclear norm minimization. Acta Numer., 22:509-575, 2013.
P. Odifreddi. Classical Recursion Theory: The Theory of Functions and Sets of Natural Numbers. ISSN. Elsevier Science, 1992.
C. H. Papadimitriou. Computational complexity. Addison-Wesley, 1994.

G. Peyré, S. Bougleux, and L. D. Cohen. Non-local regularization of inverse problems. In D. A. Forsyth, P. H. S. Torr, and
A. Zisserman, editors, Proc. of ECCV’08, volume 5304 of Lecture Notes in Computer Science, pages 57-68. Springer, 2008.

F. Preparata and M. Shamos. Computational Geometry: An Introduction. Monographs in Computer Science. Springer New York,
2012.

J. Renegar. A polynomial-time algorithm, based on newton’s method, for linear programming. Mathematical Programming, 40(1-
3):59-93, 1988.

J. Renegar. Incorporating condition measures into the complexity theory of linear programming. SIAM Journal on Optimization,
5(3):506-524, 1995.

J. Renegar. Linear programming, complexity theory and elementary functional analysis. Mathematical Programming, 70(1):279—
351, 1995.

R. T. Rockafellar. Convex Analysis. Princeton University Press, 1970.

M. Rudelson and R. Vershynin. On sparse reconstruction from fourier and gaussian measurements. Communications on Pure and
Applied Mathematics, 61(8):1025-1045, 2008.

L. I. Rudin, S. Osher, and E. Fatemi. Nonlinear total variation based noise removal algorithms. Physica D: Nonlinear Phenomena,
60(1):259 — 268, 1992.

S. Smale. The fundamental theorem of algebra and complexity theory. Bulletin of the American Mathematical Society, 4(1):1 —
36, 1981.

S. Smale. On the efficiency of algorithms of analysis. Bulletin of the American Mathematical Society, 13(2):87 — 121, 1985.

S. Smale. Mathematical problems for the next century. Mathematical Intelligencer, 20:7-15, 1998.

S. Smale. The work of Curtis T McMullen. In Proceedings of the International Congress of Mathematicians I, Berlin, Doc. Math.
J. DMV, pages 127-132. 1998.

V. Studer, J. Bobin, M. Chahid, H. S. Mousavi, E. Candes, and M. Dahan. Compressive fluorescence microscopy for biological
and hyperspectral imaging. Proceedings of the National Academy of Sciences, 109(26):E1679-E1687, 2012.

L. Thesing and A. C. Hansen. Linear reconstructions and the analysis of the stable sampling rate. Sampling Theory in Signal and
Image Processing, 2018.

R. Tibshirani. Regression shrinkage and selection via the lasso. Journal of the Royal Statistical Society, Series B, 58:267-288,
1996.

A. M. Turing. On Computable Numbers, with an Application to the Entscheidungsproblem. Proc. London Math. Soc., S2-
42(1):230, 1936.

L. Valiant. Probably Approximately Correct: Nature’s Algorithms for Learning and Prospering in a Complex World. Basic Books,
Inc., New York, NY, USA, 2013.

J. von Neumann. First draft of a report on the edvac. IEEE Ann. Hist. Comput., 15(4):27-75, 1993.



COMPUTATIONAL BARRIERS IN ESTIMATION, REGULARISATION AND LEARNING

DAMTP, UNIVERSITY OF CAMBRIDGE
Email address: ab2053Q@cam.ac.uk

DAMTP, UNIVERSITY OF CAMBRIDGE

Email address: ach70Qcam.ac.uk

D-ITET, ETH ZURICH

Email address: vliacicv@mins.ee.ethz.ch

109



	1. Introduction
	2. The extended model and the extended Smale's 9th problem
	3. Main Theorem I (Part a): The extended Smale's 9th – Computing solutions
	4. Failure of modern algorithms and computing the exit flag
	5. Main Theorem II: The extended Smale's 9th – Computing the exit flag
	6. Main Theorem III: The extended Smale's 9th – Feasibility and Kepler's conjecture
	7. Main Theorem I (Part b): The extended Smale's 9th in the sciences
	8. The SCI hierarchy – Mathematical preliminaries for the proofs
	9. Tools for proving impossibility results – Breakdown epsilons and exit flags
	10. Geometry of solutions to problems (1.3) - (1.6) – Part I
	11. Proof of Theorem 3.3 – Preliminaries: constructing 
	12. Proof of Theorem 3.3 – Preliminaries: constructing the subroutines
	13. Proof of Theorem 3.3: parts (i) and (ii)
	14. Proof of Theorem 3.3: parts (iii) and (iv) 
	15. Proof of Theorem 5.1
	16. Proof of Theorem 6.1
	17. Geometry of solutions to problems (1.4) - (1.5) – Part II
	18. Proof of Theorem 7.1: part (i)
	19. Proof of Theorem 7.1: part (ii)
	20. Proof of Theorem 7.1: part (iii)
	Appendix A. Auxiliary results for Theorem 3.3 – Solutions to convex problems
	Appendix B. Auxiliary results for Theorem 7.1 – Sparse recovery
	Appendix C. Separation oracles and the ellipsoid algorithm
	References

