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Abstract

We show that it is possible to compute spectra and pseudospectra of linear operators on separable
Hilbert spaces given their matrix elements. The core in the theory is pseudospectral analysis and in par-
ticular the n-pseudospectrum and the residual pseudospecrum. We also introduce a new classification
tool for spectral problems, namely, the Solvability Complexity Index. This index is an indicator of the
“difficultness” of different computational spectral problems.

1 Introduction

This article follows up on the ideas introduced in [3, 4, 2, 1, 33] and addresses the long standing open
question: Can one compute the spectrum and the pseudospectra of a linear operator on a separable Hilbert
space? We show that the answer to the question is affirmative.

The importance of determining spectra of linear operators does not need much explanation as such spectra
are essential in quantum mechanics, both relativistic and non-relativistic, and in general in mathematical
physics. However, we would like to emphasize the importance of non-self-adjoint operators and their spectra.
This is certainly not a new field, as the non-self-adjoint spectral theory of Toeplitz and Wiener-Hopf operators
has been studied for about a century by many mathematicians and physicists, however, it is an expanding area
of mathematics. The growing interest in non-Hermitian quantum mechanics [8, 7, 36, 35], non-self-adjoint
differential operators [23, 27] and in general non-normal phenomena [22, 49, 50, 48] has made non-self-
adjoint operators and pseudospectral theory indispensable.

Now returning to the main question, namely, can one compute spectra of arbitrary operators, we need to
be more precise regarding the mathematical meaning of this. Given a closed operator 7" on a separable Hilbert
space H with domain D(T'), we suppose that {e; } jen is a basis for H such that span{e; } ;en C D(T'), and
thus we can form the matrix elements z;; = (T'e;, e;). Is it possible to recover the spectrum of 7" through
a construction only using arithmetic operations and radicals of the matrix elements? (Much more precise
definitions of this will be discussed in Section 3.) This obviously has to be a construction that involves
some limit operation, but in finite dimensions this is certainly possible. For a finite dimensional matrix one
may deduce that all its spectral information may be revealed through a construction using only arithmetic
operations and radicals of the matrix elements. More precisely, for a matrix {a;; }ij<n one can construct
{2 }nen, where Q,, C C can be constructed using only finitely many arithmetic operations and radicals of
the matrix elements {a;; };j<n, and Q,, — o({a;;}:j<n) in the Hausdorff metric as n — co. For a compact
operator C' we may let P,,, be the projection onto span{e; };<,, and observe that o(P,,C[p,, ) — o(C)
in the Hausdorff metric as m — oo. Thus, as we now are faced with a finite dimensional problem that we
can solve (at least as sketched above), we may deduce that, yes indeed, we can compute the spectrum of a
compact operator using only its matrix elements. The question is: can this be done in general?

As of today it is not known how to recover the spectrum of an arbitrary operator using its matrix elements
nor is it known how to approximate the spectrum using other methods. As pointed out by Arveson in [3]:
“Unfortunately, there is a dearth of literature on this basic problem, and so far as we have been able to tell,
there are no proven techniques.” This certainly is an obstacle to our possible understanding of non-Hermitian
quantum mechanics (we emphasize non-Hermitian because much more is known in the Hermitian case).
However, knowledge of spectra of linear operators is indispensable in other areas of mathematical physics,
and the lack of computational theory leads to serious restrictions to our possible understanding of some



physical systems. The purpose of this paper is to show that there are ways of computing spectra of arbitrary
linear operators and hence filling the long standing gap in computational spectral theory. The literature is
vast on spectral approximation and we can only refer to a subset here. For selected papers and books we
consider to be important and related to the topic of this paper we refer to [9, 11, 10, 26, 32, 15, 14, 41, 19,
18, 28, 42, 47] for a functional analysis exposition and [50, 48, 25, 39] for a more applied mathematical
treatment.
The computational spectral problem in infinite dimensions is much more delicate than the finite-dimensional

case. One reason is the possibly discontinuous behavior of the spectrum as the following well known exam-
ple shows. Let A, : [>(Z) — [*(Z) be defined by

efln+1) n=0
f(n+1) n=#0.

Now for € # 0 we have 0(A.) = {z : |z| = 1} but fore = 0 then o (Ag) = {z : |2] < 1}.

This fact may cause serious concern to a numerical analyst. One can argue that if one should do a
computation of the spectrum on a computer, the fact that the arithmetic operations carried out are not exact
may lead to the result that one gets the true solution to a slightly perturbed problem. As suggested in the
previous example this could be disastrous. The problem above does not occur (in the bounded case) if we
are considering the pseudospectrum.

(Aef)(n) = {

Definition 1.1. Let T be a closed operator on a Hilbert space H such that o(T) # C, and let € > 0. The
e-pseudospectrum of T is defined as the set

o(T) =o(T)U{z ¢ o(T): (= =T)7'| > '}

The reason is that the pseudospectrum varies continuously with the operator 7" if T" is bounded (we will
be more specific regarding the continuity below.) One may argue that the pseudospectrum may give a lot
of information about the operator and one should therefore estimate that instead, however, we are interested
in getting a complete spectral understanding of the operator and will therefore estimate both the spectrum
and the pseudospectrum. We would therefore like to introduce a set which has the continuity property of the
pseudospectrum but approximates the spectrum. For this we introduce the n-pseudospectrum. (This set was
actually first introduced in [33].)

Definition 1.2. Let T' be a closed operator on a Hilbert space H such that o(T') # C, and let n € Z 4 and
€ > 0. The (n, €)-pseudospectrum of T is defined as the set

one(T) = o(T)U{z ¢ o(T): [|(z = T)7*" V%" > 1)

As we will see in Section 4, the n-pseudospectrum has all the nice continuity properties that the pseu-
dospectrum has, but it also approximates the spectrum arbitrarily well for large n.

Another ingredient that may give spectral information about the operator is the spectral distribution.
More precisely, let A C B(H) be a C*-algebra with a unique tracial state. Then a self-adjoint operator
A € A determines a natural probability measure p4 on R by

/R f(z) duaz) = 7(f(A)),  f € Co(R).

Also, if 7 is faithful then supp(u4) = o(A) and one refers to 14 as the spectral distribution. Thus knowing
14 gives information about the density of the spectrum and hence is desirable to know. How to approximate
14 (in the spirit of Szegd) using only the matrix elements of the operator has been investigated in [3, 6, 5, 33].
We will consider a generalisation of 4 that is suitable for some non-self-adjoint operators, namely, the
Brown measure and show how one can get Szego-type theorems as in [3, 6, 5] for this measure.

We conclude the article with some examples suggesting that our rather abstract framework will indeed
be useful in applications.

2 Background and Notation

We will in this section review some basic definition and introduce the notation used in the article. Throughout
the paper H will always denote a separable Hilbert space, B(H) the set of bounded linear operators, C(H)



the set of densely defined closed linear operators and SA(H) the set of self-adjoint operators on H. For
T € C(H) the domain of T will be denoted by D(T") and the spectrum by o (7). Also, if T — z is invertible,
for z € C, we use the notation R(z,T) = (T — z)~!. We will denote orthonormal basis elements of H by
ej, and if {e;} e is abasis and { € H then §; = (£, e;). The word basis will always refer to an orthonormal
basis. If H is a finite dimensional Hilbert space with a basis {e;} then LT,s(7) will denote the set of
lower triangular matrices (with respect to {e; }) with positive elements on the diagonal. The closure of a sets
Q) € C will be denoted by Q or cl(£2), and the interior will be denoted by °.

Convergence of sets in the complex plane will be quite crucial in our analysis and hence we need the
Hausdorff metric as defined by the following.

Definition 2.1. (i) Foraset ¥ C Cand § > 0 we will let ws(X) denote the §-neighborhood of ¥ (i.e. the
union of all §-balls centered at points of ¥.).

(ii) Given two sets X, A C C we say that ¥ is d-contained in A if ¥ C ws(A).

(iii) Given two compact sets 2, A C C their Hausdorff distance is

dg (X, A) = max {sup d(A, A),sup d(A, E)}
AEX AEA

where d(\, A) = inf,cp |[p — A|.

If {A,, }nen is a sequence of compact subsets of C and A C C is compact such that dg (A, A) — 0 as
n — 0o we may use the notation A,, — A.

As for the convergence of operators we follow the notation in [38]. Let £ C B and F' C B be closed
subspaces of a Banach space B. Define

O(E,F)= sup inf ||z —
(B = o ol

and

d(E,F)=max|[d(E, F),i(F, E)].
If A and B are two closed operators, with domains D(A) and D(B), their graphs
G(A) ={(&n) e HxH :§ € D(A),n = A¢} 2.1)

and G(B) are closed subspaces of H x H. We can therefore define (with a slight abuse of notation) the

distance between A and B by . .
(A, B) = 6(G(A), G(B)).

If {T}, },.cn is a sequence of closed operators converging in the distance suggested above to a closed operator
T then we may sometimes use the notation
)
T, — T, n — 00.

Note that 4 is not a metric. To define a metric on C(H) there are several possibilities. We will discuss two
approaches here that will be useful later on in the paper. For closed operators A and B define

d(A, B) = max sup dist(&, G(B)), sup dist(¢,G(A)) |,
§EG(A),lIglI=1 §EG(B),lIlI=1
where

dist(6.G(4) = inf €~

As shown in [38] d is a metric on C(H) with the property that
6(A, B) < d(A, B) < 26(A.B).
A more practical metric for our purpose is the one suggested in [20]. The definition is as follows

p(A,B) = [[|[Ra — Rp|* + | Ra- — Ry | +2| AR — BR[|/,




where R4 = (1 + A*A)~!. For our purposes it is important to link p to 6 and that follows from the fact, as
proved in [20], that p and d are equivalent as metrics on C(H) . In particular we have

d(A, B) < V2p(A, B) < 2d(A, B).
The following fact will be useful in the later developments.

Theorem 2.2. ([38] p.204) Let T, S € C(H) and A € B(H). Then
5(S+ A, T+ A) <201+ ||A|?)8(S,T).
Recall also the definition of a weighted shift.

Definition 2.3. Let {e, },en be a basis for the Hilbert space H. By a weighted shift on H we mean an
operator W € C(H) with D(W) D span{e, }nen with the property that there is a sequence of complex
numbers {c; } jen and an integer k such that for § € D(W') we have (W§); = j€k+,. The set of weighted
shifts on H (with respect to { ey, } nen) will be denoted by W S(H).

Remark 2.1 Throughout the article we will only consider operators 7" such that o(T") # C and o(T) # 0,
hence this assumption will not be specified in any of the upcoming theorems.

3 The Main Results

3.1 The Solvability Complexity Index

Before we discuss the slightly technical main results we would like to give the reader an overview of the
ideas and also justify the motivation for the essential definition of our main tool, namely, the Solvability
Complexity Index (SCI). As mentioned in the introduction, it is well known that for a matrix {a;; };j<n one
can construct {2, }nen, where ,, C C can be constructed using only finitely many arithmetic operations
and radicals of the matrix elements {a;;}i;j<n, and Q,, — o({a;;}ij<n) as n — oo. Also, for a compact
operator C, if P,,, is the projection onto span{e; } j<m, then o(P,,,C[ p, +) — o(C) asm — oo. Thus, if we
were to compute the spectrum of C' we must let €2,, ,, denote the n-th output of the approximate computation
(now a finite-dimensional problem) of the spectrum of the matrix P,,,C[ p, 1/, and then deduce that

o(C)= lim lim Q,,,.
m—00 N—00

What is crucial here is that we have to take two limits. Thus, if we are concerned with the accuracy of
the approximation £2,,, ,, to ¢(C') we must control two limiting procedures as opposed to only one in the
finite-dimensional case. If there in fact had been more than two limits involved, this would have complicated
the issue of accuracy even further. Hence, when faced with the computational spectral problem in infinite
dimensions it is of great interest to know how many limits one must use in order to compute the spectrum
(or the pseudospectrum), and, of course, the fewer the better. In particular, it is of great importance to know
the number of the least amount of limits needed. This is the motivation for the Solvability Complexity
Index. The Solvability Complexity Index of a spectral problem is simply the least amount of limits required
to compute the desired set (spectrum, pseudospectrum, n-pseudospectrum, etc.). Hence, the Solvability
Complexity Index is an indicator of optimality.

Note that the Solvability Complexity Index of spectra of compact operators may be different than the
Solvability Complexity Index of spectra of bounded operators (since compact operators is a subset of bounded
operators). In particular, when defining the Solvability Complexity Index of a spectral problem it is crucial
to specify the class of operators considered. The ideas above are summarized in the following definitions.

Definition 3.1. Let H be a Hilbert space spanned by {e;};cn and let
T ={T € C(H) : span{e; }nen C D(T)}. (3.1)
Let A C Y and = : A — Q, where §) denotes the collection of closed subsets of C. Let

IIA = {{xij}i,jGN ;AT e A, Tij = <T€j,61‘>}.



A set of estimating functions of order k for = is a family of functions

Fnl : A HQ?F’nlﬂ"LQ : A HQ?"'vrnl

.....

Fnl,...,nk . {{xij}i,jSN(nl,...,nk) : {xij}i,jEN S HA} — Qa

where N(ny,...,ng) < oo depends onny, ..., ng, with the following properties:

(i) The evaluation of 'y, ., ({xi;}) requires only finitely many arithmetic operations and radicals of
the elements {ij}; j<N(ny,....np)-

(ii) Also, we have the following relation between the limits:
E(T) = lim Tn,({zij}),
Fnl({xij}) llm Fnhnz({xij})v

ng—00

Fnl,m,nk—l ({xw}) = n;];linoo Fnl,m,nk, ({‘TU})
The limit is defined as follows: Forw € Q and {w,,} C §, then w = lim,,_,~ w,, means that for any compact

ball K such that w N K° # (), we have dp(w N K,w, N K) — 0, when n — oo.

Definition 3.2. Ler H be a Hilbert space spanned by {e;}cn, define T as in (3.1), and let A C Y. A set
valued function

Z:ACC(H)—Q

is said to have Solvability Complexity Index k if k is the smallest integer for which there exists a set of
estimating functions of order k for =. Also, = is said to have infinite Solvability Complexity Index if no set of
estimating functions exists. If there is a function

I': {{zs;}: 3T € A, 235 = (Tej,e5)} — Q

such that T'({x;;}) = E(T), and the evaluation of T'({x;; }) requires only finitely many arithmetic operations
and radicals of a finite subset of {x;;}, then = is said to have Solvability Complexity Index zero. The
Solvability Complexity Index of a function = will be denoted by SCinq(E).

Example 3.3. Let H be a Hilbert space with basis {e;}, A = B(H) and Z(T") = o(T') for T € B(H).
Suppose that dim(H) < 4. Then = must have Solvability Complexity Index zero, since one can obviously
express the eigenvalues of 1" using finitely many arithmetic operations and radicals of the matrix elements
Tij = <T€j,€1‘>.

For dim(H) > 5 then obviously SCinq(Z) > 0, by the much celebrated theory of Abel on the unsolv-
ability of the quintic using radicals.

Now, what about compact operators? Suppose for a moment that we can show that SCi,q(E) = 1 if
dim(H) < oo. (It is straightforward to show this, but we consider this a problem in matrix analysis and shall
not discuss it any further, nor will any of the upcoming theorems rely on such a result.) A standard way
of determining the spectrum of a compact operator 7' is to let P, be the projection onto span{e;};<, and
compute the spectrum of P, A[ p, 7. This approach is justified since o (P, A[p, 7)) — o(T) as n — oo. By
the assumption on the Solvability Complexity Index in finite dimensions, it follows that if A denotes the set
of compact operators then SCi,q(Z) < 2.

The reasoning in the example does not say anything about what the Solvability Complexity Index of
spectra of compact operators is, it only suggest that the standard way of approximating spectra of such
operators will normally make use of a construction requiring two limits. We will in this article discuss only
upper bounds on the Solvability Complexity Index, as we consider that the most important question to solve
first, since as of today there is no general approach to estimate the spectrum of an arbitrary bounded operator.
Now, after having established upper bounds, an important problem to solve would be to actually determine
the Solvability Complexity Index of spectra of subclasses of operators. These questions are left for future
work.



Remark 3.1 Note that there is a close connection between the Solvability Complexity Index and the question
of computing zeros of polynomials. In particular, if one was to show that SCinq(E) = 1, where Z(T) =
o(T) forT € A = C"*"™, n > 5, then one first has to show the insolvability of the quintic using radicals,
and then show the existence of an algorithm to compute Z(7") using only arithmetic operations and radicals
and taking one limit. Note also that although the ideas behind the Solvability Complexity Index deviates
slightly from the complexity theory a la Smale [44, 45, 46], they are very much in the same spirit and indeed
inspired by the concepts in [44, 45, 46].

3.2 The Main Theorems

The main theorems in this chapter state that indeed it is possible to compute spectra and pseudospectra of all
bounded operators given the matrix elements. For the unbounded case this is also possible if one also has
access to the matrix elements of the adjoint. In this case the choice of bases is not arbitrary. We would like
to emphasize that even though determining spectra and pseudospectra is the mathematical goal, another set
that may be of practical interest is ws(o(T)) (the d-neighborhood) for T' € C(H) and 6 > 0. The reason is
that o(T") may contain parts that have Lebesgue measure zero, and therefore may be quite hard to detect. An
easier alternative may then be ws(o (7)), although mathematically this set reveals less information about the
operator.

Theorem 3.4. Let {e;}jcn be a basis for the Hilbert space H and let A = B('H). Define, forn € Z,e > 0,
the set valued functions

51752,53 N A — Q, El(T> = Un,e(T)a EQ(T) = WE(U(T))7 Eg(T) = O'(T)

Then
SCina(E1) <2, SCina(E2) < 3, SCina(E3) < 3.

Theorem 3.5. Let {e;},en be a basis for the Hilbert space H and let

A={Te€CH):T=W+A W eWS(H), A e B(H)

on 11/27 (3.2)
N{T € C(H) : ||R(T,")* | is never constant for anyn}.

(Recall Definition 2.3). Define, for n € Z,€ > 0, the set valued functions

E1,52, B30 A= Q0 Ei(T) = 0ne(T), Eo(T) = we(o(T)), Es(T) = o(T).

Then
SCina(E1) < 3, SCina(E2) <4, SCina(Z3) < 4.

Remark 3.2 The assumption that || R(T’,-)2"||*/2" is never constant for any n will be satisfied e.g. if C \
o(T) is connected and the numerical range of 7 is contained in a sector of the complex plane.

Theorem 3.6. Let {¢;};en be a basis for the Hilbert space H, Py, be the projection onto span{e;}7" ; and
d be some positive integer. Let A C C(H) have the following properties: For T € A we have

(i) U,, PmH € D(T), ,, Pm™ C D(T*).
(ii) (Tejt1,ej) = (Tej,ejy1) =0, forl > d.
(iii) TP,& — T, T*Pyn — T™n,as m — oo for§ € D(T) and n € D(T™).

Lete >0andn € Z4 and Z1,=5, 23 : A — Q be defined by

E1(T) = 0ne(T), Ea(T) =we(o(T)), EZE3(T)=o0(T).

Then
SCina(E1) =1, SCina(E2) < 2, SCina(E3) < 2.

The following corollary is immediate.



Corollary 3.7. Let {e;};cn be a basis for the Hilbert space H and let d be a positive integer. Define

A=A{T e B(H): (Tej11,¢;) = (Tej,ej11) =0, 1> d}.

Lete > 0andn € Zy and 1,253,235 : A — Q be defined by Z1(T') = 0p,(T), E2(T) = w(o(T)) and
E3(T) =o(T). Then

SCina(E1) = 1, SCina(82) < 2, SCina(Z3) < 2.
Theorem 3.8. Let {e;},en and {é;}jen be bases for the Hilbert space H and let
A={TeCHOH): T=T,6T,,T,T, € C(H),T} =Ts}

A = {T € A : span{e;}jen is a core for Ty, span{é;} is a core for Ty}.

Lete > 0,21 : A = Qand Zy : A — Q be defined by Z1(T') = 0.(T1) and Z2(T') = o(T1). Then
SCina(21) < 2, SCina(Z2) < 3.
Corollary 3.9. Let {e;};cn be a basis for the Hilbert space H and let
A ={A e SA(H) : span{e; }jenis a core for A}.
Lete > 0and 21,2y : A — Q be defined by Z1(T) = o(T) and Z5(T) = we(o(T)). Then
SCina(Z1) <3, SCina(E2) < 2.

Remark 3.3 What Theorem 3.8 essentially says is that given the matrix elements of the operator and its ad-
joint, where the matrix elements come from a reasonable choice of bases, one can compute the pseudospectra
and the spectrum. Also, computing the pseudospectrum of an unbounded operator is on the same level of
difficulty as computing the spectrum of a compact operator.

Remark 3.4 Note that all of our proofs regarding estimates on the Solvability Complexity Index are con-
structive and thus the display of a set of estimating functions yields actual algorithms for use in computations.
Although the implementation of algorithms is not the focus of this paper, we demonstrate the feasibility of
our approach with examples in Section 10.

4 Properties of the n-pseudospectra of Bounded Operators

We will prove some of the properties of the n-pseudospectrum, but before doing that we need a couple of
propositions and theorems that will come in handy.

Proposition 4.1. Let v : C — [0, 00) be continuous and let {7 }ren be a sequence of functions such that
Y+ C — [0,00) and v, — v locally uniformly. Suppose that one of the two following properties are
satisfied.

(i) vk — -y monotonically from above.
(ii) Fore > 0, thencl({z : v(2) < e}) = {z : v(2) < €}.
Then for any compact ball K such that {z : v(z) < e} N K° # ( it follows that
cd{z:w(z) <eh) NK — cl({z:9(2) < e}) N K, k — oo.
Proof. Let e > 0. We first claim that, in each case, for any v > 0 there exists an o > 0 such that
w(el{z:v(z) <e—a}) NK)Dcl{z:v(z) < e}) N K. 4.1)

Arguing by contradiction and supposing the latter statement is false we deduce that there must be a sequence
{¢a} Ccl({z :v(2) < €}) N K such that {, ¢ w,(cl({z: v(z) < € — a}) N K). By compactness, we may



assume without loss of generality that (, — ¢ as @ — 0. By continuity we have that y(¢,) — 7(¢) and
since (o ¢ wy (cl({z : v(2) < e — a}) N K) it follows that y(¢) = e. Note that we must have

¢e () C\w(cl({z:7(2) <e—a})NK). (4.2)

a>0

Butthereisa € {z : y(2) < e} N K such that |£ — (| < v. Now let ag = y(¢) —v(&). Then y(§) = e —
and hence ¢ € w, ({z : 7(2) < € — ag}), for some ay < ay contradicting (4.2). We are now ready to prove
the proposition, which will follow if we can show that for any v > 0 we have

cd{z:7(z) <e}) N K Cw,(cl({z: v(z) < e}) NK)

and w, (cl({z : v(2) < €}) N K) D cl({z : vx(2) < €}) N K, for all sufficiently large k.
Note that the first inclusion follows by using the claim in the first part of the proof and the locally uniform
convergence of v;. Indeed, by the locally uniform convergence it follows that, for any o > 0, we have

cd({z:v(z) <e}) NK Dcl{z:7(2) <e—a})NK

for large k, thus by appealing to (4.1), we obtain the desired inclusion. To see the second inclusion, we first
assume (1). Then {z : yx(2) < €} C {2z : 7(2) < €} and hence the inclusion follows. As for the second
case we assume (ii). By arguing by contradiction, we suppose the statement is false and deduce that there is
a sequence {zj} such that

zr €cl{z:w(z) <e})NK

and z, ¢ w,(cl({z : v(2) < €}) N K). By compactness we may assume that z; — z and then (by (ii))
~(2) > € which contradicts the fact that 5 (z;) — ~y(z) which follows by continuity of + and the local
uniform convergence of {7 }. O

Theorem 4.2 (Shargorodsky [43]). Let €2 be an open subset of C, X be a Banach space andY be a uniformly
convex Banach space. Suppose A : Q — B(X,Y) is an analytic operator valued function such that A’ (z) is
invertible for all z € Q. If ||A(2)|| < M forall z € Q then ||A(z)|| < M forall z € Q.

Before we continue let us define some functions that will be crucial throughout the paper.

Definition 4.3. Let {P,,} be an increasing sequence of projections converging strongly to the identity. De-
fine, forn € Z, and m € N, the function @, ,, : B(H) x C — R by

By, (S, 2) = min {AW”“ Aeo (Pm((S — )92 (S - 2)?" L»,,LH) } .

Define also
®,(S,2) = lim @, ,,(S,2),
and for T € B(H)

Theorem 4.4. Let T' € B(H), v, be defined as in (4.3) and € > 0. Then the following is true:
(i) Ony1,e(T) C one(T).
(ii) o, e(T) ={z € C:y,(2) <€}
(iii) cl({z : v(2) < €}) ={2:m(2) < €}.
(iv) Let w.(o(T)) denote the e-neighborhood around o(T'). Then

di (an,E(T),we(a(T))) —0, n— o

(v) If {T}} C B(H) and T}, — T in norm, it follows that

dy (Jme(Tk), 0n7€(T)> — 0, k — oo.



Proof. Now (i) follows by the definition of oy, ((T") and the fact that

n+1 n+1 n n+1 n n+1
IRG T 2 = 1y (IR G, )2 12 Rz, 7))
= 1/|IR(= )" V2",

(4.4)

To prove (ii) we have to show that 7, (2) = 1/||R(2,T)?"||'/?" when z ¢ o(T) and that ~y,,(z) = 0 when
z € o(T). The former is clear, 5o to see the latter we need to show that when z € ¢(T') then either |(T—z)2" |
or |((T — z)2")*| is not invertible. To see that, we need to consider three cases: (1) (T’ — z)?" is not one to
one, (2) (T — z)?" is not onto, but the range of (T — z)2" is dense in H or (3) (T — 2)" is not onto and
ran((T — 2)2" # H.

Case (1): Now, by the polar decomposition, we have (T — 2)2" = U|(T — 2)?" | where U is a partial
isometry, and it is easy to see that |(T' — z)?" | is not invertible when (7" — z)?" is not one to one.

Case (2): Recall that U is unitary if and only if ((7'— z)2" )* is one to one. Thus, since ran((T — z)2") =
H and ker(((T — 2)?")*) = ran((T — 2)?")*, we have that U must be unitary. But that implies that
|(T — 2)?"| cannot be invertible since (T — z)?" is not invertible.

Case (3): If ran((T — 2)2" # 'H it follows that ker(((T — 2)2")*) is nonzero, and since

(T—=2)*) =U" (T - 2)*)"

we may argue as in Case (1) to deduce that |((T — z)?")*| is not invertible and this proves the claim.

To see (iii) we argue by contradiction and assume that cl({z : v,,(2) < €}) = {2 : v (2) < €}. is false.
Then there exists a Z € o(T")° such that -y, (2) = € and also a neighborhood 6 around Z such that ,,(z) > ¢
for z € 6. Now, for z € 6, it follows that 1/7,,(2) = ||[R(z,T)?"||*/?". Thus, |R(Z,T)%"| = 1/¢*" and
|R(Z,T)%"|| < 1/€*" for z € 6. But z — R(z,T)?" is obviously holomorphic and - R(z,T)*" is easily
seen to be invertible for all z € 0. Thus, by Theorem 4.2, it follows that ||R(Z,T)?" || < 1/€*" forall z € 0,
contradicting ||R(Z,T)%" || = 1/¢*".

It is easy to see that to prove (iv) it suffices to show that v,, — v locally uniformly, where

v(z) = dist(z,0(T)).

To see the latter, let § > 0 and let ws denote the open d-neighborhood around o (T'). Let also 2 be a compact
set such o(T") C Q° and Q25 = Q \ ws. Note that for z € Q \ o(T") we have

v(2) = 1/p(R(2,T)),

where p(R(z,T)) denotes the spectral radius of R(z,T), and also by (4.4) it follows that v,,+1(2) > ¥n(2).
Thus, by the continuity of v and 7, together with the spectral radius formula we may appeal to Dini’s
Theorem to deduce that y,, — -y locally uniformly on €2s. By choosing n large enough we can guarantee that
|7n(2) —v(2)| < & when z € Q5. Also, since v, (z) < v(z) for z € Q\ o(T) and v(z) = dist(z,0(T)) < o
for z € ws we have that |, (z) — dist(z,0(T))] < 6 when z € Q\ o(T) Since, by (ii), it is true that
Yn(z) = dist(z,0(T)) = v(z) = 0 when z € o(T) we are done with (iv).

To see that (v) is true let v, (2) = min[®,, (T, 2), ., (T}, Z)]. Then, by (i), o, (Tx) = {z € C :
Yn,k(2) < €}. Also, since T is bounded and T}, — T in norm, there is a compact set X' C C containing both
On,e(T) and o, (T%). Thus, by appealing to (iii) and Proposition 4.1 we conclude that to prove (v) we only

1

need to show that 7y, , — <, locally uniformly as £ — oo. It suffices to show that 772;,: — 7,21"“ locally

uniformly. Now

2n+1

—3,(T,2)>""|
<dy (o (G =20 @ =27) o ((T=29" T =) @s)

|<I)n(Tk7Z)

< (T =2 (@ =2 = (T =) (T =2 | — 0,
locally uniformly as £ — oo. Similar estimate holds for
(T 22— @@ 2P
and this yields the assertion. O



Remark 4.1 The advantage of the (7, €)-pseudospectrum is that in addition to the continuity property stated
above, we now have two parameters n and € to tweak in order to estimate the spectrum. It is quite easy
to construct examples (even 2-by-2 matrices) of operators {7}, } for which oy ((T},) C 0/10n(T%). And of
course, in the self-adjoint case it would not make sense to take n > 0 as 0, (A) = o.(A) for self-adjoint A.

5 Properties of the n-pseudospectra of Unbounded Operators

The theory of n-pseudospectra for unbounded operators has a lot in common with the theory of n-pseudospectra
for bounded operators, however, there is a major difference; the n-pseudospectrum of an unbounded operator
can “jump”. We will be more specific about this below.

Theorem 5.1. Let T € C(H),n € Z4, € > 0and let K C C be a compact ball such that o.(T) N K° # ().
Then the following is true

(l) Un-i—l,e(T) C Un,E(T)'
(ii) Let we(o(T)) denote the e neighborhood around o(T). Then

di (O'me(T) NK,w(o(T))N K) — 0, n — oo

Proof. Follows by almost identical arguments as in the proof of Theorem 4.4. O
The difference between the bounded and the unbounded case is that if T € C(H), z € C and we define
0 z€o(T)
Yn(2) = 1 e (5.1)
TReD= e %€ o(T)e,

then we might have that cl({z : 7,(2) < €}) # {2z : vn(2) < €}. The reason is that there exists un-

bounded operators for where the norm of the resolvent is constant on an open set in C. This was proven by
Shargorodsky in [43]. However, we have the following.

Theorem 5.2. Let T € C(H) and let v, be defined as in (5.1). Suppose that |R(-,T)?"| can never be
constant on an open set, then cl({z : v,(2) < €}) = {z : 7 (2) < €}.

Proof. Follows by arguing similar to the argument in the proof of Theorem 4.4 (iii). O

Theorem 5.3. Let T € C(H) with domain D(T) and let {T},} C C(H) be a sequence such that T}, T
Define, for z € C

0 z€o(T) 0 z €o0(Ty)
)=y 1 7y, S =y 1 T.)°, keN
e 2 € o) mEemor 2 €T kel
(i) If z € K, where K is a compact ball, it follows that there is a Cx > 0 depending on K such that
€(2)* = Gk(2)*] < Cr(1+ |21)8(T, T)
for sufficiently large k.

(ii) Suppose that ||R(-,T)?"|| can never be constant on an open set. Then if K C C is a compact ball
such that K° N oy, (T) # 0, then

dy (on,E(Tk) NEK,on (1) N K) —0, k—oo, €>0.
Proof. To show (i) we first claim that
¢(2) = min [inf{ﬁ A€ o((T - 2)"(T — 2))},
inf{VX: A€ o((T - 2)(T — z)*)}}
(5.2)
Co(2) = min [inf{\[\ X e o((Th — 2)* (T — 2))},

inf{VX: A€ o((The — 2)(Th — z)*)}]
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We will show this for ¢, and the argument is identical for (. Indeed, for z ¢ o(T) this is quite straightforward
and hence we are left to show that either |T'—z| or |(T —z)*| is not invertible for z € o(T'). This is essentially
the same argument as in Theorem 4.4, but we include it for completeness and to make sure that the same
conclusions can be drawn using the polar decomposition of unbounded operators. We need to consider three
cases. (1), (T — z) is not one to one, (2), (T' — z) is not onto, but the range of (7" — z) is dense in H or (3),
(T — z) is not onto and ran((T — z)) # H.

Case (1): Now, by the polar decomposmon, we have (T'—z) = U|(T — z)| where U is a partial isometry.
Note that ker(T' — z) = ker(|T — z|) and |T" — z| is not invertible.

Case (2): Note that (T" — 2)* is one to one if and only if U is unitary and so U must be unitary since
ran((T — z) = H and ker((T — 2)*) = ran(T — z)=*. But that implies that |(T — z)| cannot be invertible
since (T' — z) is not invertible.

Case (3): If ran((T' — z) # H it follows that ker((T—z)*) is nonzero, and since (T —z)* = U*|(T—z)*|
we may argue as in Case (1) to deduce that |(T' — z)*| is not invertible, and thus we have shown (5.2).

Note that by the spectral mapping theorem we have that

o((T = 2)"(T = 2)) = P(0(Rir—z), o((T = 2)(T = 2)") = (0 (Rir—2)-))

where ¢(x) = 1/2 — 1 (recall that R(y_) is short for (1 + (T — 2)*(T — z))~1). Now let (*(2) = ((2)?
and (Z(z) = (i (2)?. Then it follows that

¢*(z) = min (inf{(A) : A € o(R(p—2))}, inf{ey(A) : X € 0(Rir—2)-)})
= min (¢Y(||Rir—x)|l), Y(|Rir—2-1)) »

by self-adjointness of (T' — 2)*(T — z) and (T — 2)(T — z)*. Similarly,

Gi(2) = min ({Q(|R(z—)[D), YU Rp,—2)+ 1)) -

Recall from the definition of p and Theorem 2.2 that for z € C we have

|R7, = = Rr—2|” + | Rz, —2)- AP <p(Th — 2,T - 2)°
< 8(Ty, — 2, T — z)? (5.3)

<24(1+ |z | ) (Tk,T) .

Also, since K is compact, there is a § > 0 such that

0¢Q=ws({v ™ 0(?(2): 2 € K}),

where ws ({171 0 (?(z) : 2 € K}) denotes the §-neighborhood around {1~ 0 (?(z) : z € K}, and by (5.3)
it follows that

{7 o(P(2):2€ K} Cws({ ™ o¢?(2): 2 € K})
for sufficiently large k. Let C be the Lipschitz constant of t[q. Then if z € C \ o(7T) we have that
Y([[Rer—z)ll) = ¥( «[1) so by (5.3)

C(2)% = GE(2)] < OV24(1 + |2*)d(T, T). (5.4)

If 2 € o(T) then at least one of || R(p_)|| and || R(p_.)-|| is equal to one. Now, suppose that || Rip_.)|| = 1.
If (Z(2) = ¥ (|| R(7,—»)|l) then (5.4) follows, so suppose that (7 (z) = (|| Rz, —»)-||) then || Rz, _)-
HR(Tk—Z)H SO

€(2)” = G < CA = | Bizy—2)+ID) < CUR@— || = [ Rem—) ),

and hence (5.4) follows by (5.3). Similar reasoning gives the same result for

Cirl2) = —=)+11)

and || R(p_)-
To show that

dy (an,E(Tk) NEK,on (1) N K) 0, k—oo, €>0
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in order to deduce (ii), we will deviate substantially from the techniques used in the proof of Theorem 4.4
(v). Before getting to the argument note that, since for any zg € C we have

One(T+20)={2+20:2€0,T)},
we may assume that 7' is invertible. For m € N consider the operator 7™ defined inductively on
D(T™)={£:£eD(T™ 1), T" ¢ e D(T)},

by T™¢ = T(T™ 1), Then T™ is a closed operator [29]. Also, since T is invertible and T is densely
defined, 7! has dense range and so has 7™ which yields that 7™ is densely defined. Note also that
since D(T™) C D(T™ 1) it follows that p(T) is closed and densely defined for any polynomial p and
D(p(T)) = D(T?) where d is the degree of the polynomial p. Thus for any z € C we can define the adjoint
((T — z)™)*. We can now continue with the argument. The reasoning above allows us to define

Yni(z) =min [ inf{\Y%" 1 X € o(|(Tx — 2)¥"])},
inf{(A\Y2" : X e a(|((T — 2)*)*" )}

Appealing to Proposition 4.1 and Theorem 5.2 (and recalling the assumption in (ii)), it suffices to show that
Yn,k — Yn locally uniformly, where

(z) = {O zeo(T)

1
TRE e 2 € o)

Claim I: We claim that ,, , — 7, locally uniformly on o (T"). To see that, note that for z € o(T') then,
by the spectral mapping theorem for polynomials of unbounded operators [29], (T' — z)?" is not invertible.
Hence, by reasoning similar to what we did in the proof of (i), either

inf

T —2)%"¢Y?" =0,
e, bpramy 10— 24

(5.5)

or (T = 2)*")€)I*" =0,

m
§ll=1,£€D((T>")*)
(or both are equal to zero). Suppose that the first part of (5.5) is true. Then, for § > 0, we can find for any
20 € o(T) N K avector &, € D(T?") such that ||(T — 20)?" &, ||*/?" < §/3. Recall that, for any m € N
we have §(Ty", T™) = §(T, ™, T~™) and that R(T}") — R(T™) if and only if (7", T™) — 0, and
since R(Ty) — R(T) so R(T})™ — R(T)™ we get that 5(T,§", T™) — 0. Hence, by the definition of 4, it
follows that

sup inf & —nl| + [T =Tl — 0, k — oo.
cep(rmy MED(T)
lEN+IT™€ll=1

Thus, there exists a sequence of unit vectors {7, x } in D(T}*) such that 1., — &., and T} 1., ) — T7Es,
as k — oo. Now, since for any integer » we have 7, " — T"~" in norm, it follows that

Tlinzo,k = Tk,_(m_l)Tl;nnZo-,k - T_(m_l)ngzo = Tlgzm k — oo.

for all [ < m. In particular, it is true that z — (T} — z)zn Nag e — 2 (T — 2)2 &., locally uniformly as
k — oo. Note that z + ||(T — 2)?"&,, || is continuous. Thus, there is a neighborhood O, around z such
that [|(T' — 2)?"&., || < 26 for z € ©., and hence ||(T), — 2)?" 1.,.x|| < & for z € ©., and sufficiently large
k. Covering o(T') N K with finitely many neighborhoods {©., }j—”il, of the type just described, for some
{%; }?; C o(T) N K and some M € N, we deduce that there are sequences {7)., « } and an integer kg such
that

s o [(Te— i <6 k2

]SM ZE@z]

And hence it follows that that for z € |, ©.,

inf{\Y?" . X e o(|(Th — 2)*"|)} = ( (T — 2)2 DY <6, k> ko

inf
ll€ll=1, EeR
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Similar reasoning holds for the second part of (5.5) and hence we deduce that ,, ; — y,, locally uniformly
ono(T).

Note that we have actually proved more than what we claimed, namely that if 6 > 0, zgp € 9o (T) and w
is a neighborhood around zy such that ~,,(2) < §/2 for z € w, then

'YnJg(Z) < 5a zZEew, k > K; (56)

for some K.
Claim II: We claim that 7y, , — 7y, locally uniformly on C \ o(T"). Note that z — R(z,T') is analytic
on C\ o(T) and also, since

T, - T
and o (T')¢ # 0, it follows that if B,.(a) is an open disc with center & € C, radius r and B,.(a) C C\w, (¢ (7))

for some v > 0 (recall that w, (92) denotes the v-neighborhood around 2 C C), then R(z,T};) exist and is
bounded on a neighborhood of B,.(a) for sufficiently large k and hence z — R(z,T}) is analytic there. Now,

R(z,Ty) — R(z,T), k — oo, z¢€ B.(a) (5.7
pointwise. Let f(z) = R(z, T}) then, by Cauchy’s formula, we have for z € B,.(a)
1 fr(w)(a —2)
i) = @l < o | [ 2R g
27 | o, (o) (W —a)(w — 2)
< 4M| |
< gla—zl,

where M is the bound on fj on B,.(a). Hence, {fx} is locally uniformly Lipschitz and therefore the con-
vergence in (5.7) must be locally uniform. Using the reasoning above, the fact that we have v, ;(z) =
1/||R(2, Ty)?"||/?" for z € C \ w,(c(T)) and sufficiently large k, and the reasoning leading to (5.6), then
Claim II easily follows.

By adding Claim I and Claim II we deduce (ii). O

6 Proofs of the Main Theorems

We are now ready to prove the main theorems, but before we do that we need a couple of preliminary results.

Proposition 6.1. T € B(H) and {P,,} is an increasing sequence of finite rank projections converging
strongly to the identity. Let ®,, ,, be as in Definition 4.3. Define, for k € N, the functions Yy, m, Yn.m.k :
C —Rby

Vn,m (2) = min[@y, 1, (T, 2), @y (T, 2)],

6.1
Wn,m,k(z) = min[q)n,m(Pk:TPk:y 2)7 (bn,m(PkT*Plﬁ 2)]7 ( )

and let vy, be defined as in (4.3). Then Vp.m — Yn as m — 00 and Yp.mk — Yn,m as k — oo locally
uniformly. The convergence ,, y, — Yy, is monotonically from above.

Proof. To see that 7y, ,,, — 7, monotonically from above and locally uniformly as m — oo, define .. (2) =
(T, 2), 72 (2) = @n(T*,2), Y (2) = Prn(T, 2) and 7, (2) = Pp . (T*, 2), where ®,, and Dy, 1,
are defined as in Definition 4.3. It follows, by the definition of +,, ,,, that to prove the claim it suffices
to show that v, ,, — 7, and 77 ,, — ~7 monotonically from above and locally uniformly as m — oco.
Now, fyfl)m is obviously continuous as well as 7% and also, since P,+; > P, and P, — I, we have that
Yorms1(2) <A (2) and limy, oo 7, ,,,(2) = 7 (2) for z € C. Thus, by appealing to Dini’s Theorem, we
deduce that 'yfl,m — ~J locally uniformly.
To see that vy, y k — Yn,m as kK — 00, locally uniformly we argue as follows. Using self-adjointness of
T(2) = Pul(T = 2))2' (T = 2)*"|
() = Pul@ = ))"(T =2 [
T () = Pu((P(T = 2)Pe) ) (BT = 2)P)™" |
Py H
_ o - (6.2)
Ton(2) = P (T — T2
() = PulT =2 (T =2 [

To(2) = Pu(PU(T = P (PUT = 2P [
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and the fact that for self-adjoint A, B € B(H) we have dy (c(A),0(B)) < ||A — B|| it suffices to show that
T k(2) = Tin(2) and Ty, (2) — T, (2), as k — oo, uniformly for all z in a compact set. To see that we
observe that

SOT-imPy (T — 2)P, =T — z, SOT-lim( Py (T — 2)P)* = (T — 2)*,
k—o0 k—o00

so since multiplication is strongly continuous on bounded sets and the fact P, has finite rank it follows
that the strong convergence implies norm convergence and we deduce that T, , — 15, and T}, ;, — T},
pointwise as k — oo. _

A closer examination shows that the operator valued functions z — T, x(z) and z +— T, x(z) are
Lipschitz continuous on compact sets with a uniformly bounded Lipschitz constant, thus the convergence
asserted is locally uniform. O

The following two theorems will be essential in the developments below.

Theorem 6.2 (Treil [S1]). Let Hy and Hs be Hilbert spaces and let H;ff’lﬁH2 denote the set of all bounded
analytic function on the open unit disk D whose values are in B(H1,Hz). Let F € H. 1, and suppose
that there is a § > 0 such that F*(2)F(z) > 41 for all z € D. If there is a constant operator A € B(H1, Hz)
such that

sup A4~ F*(2)F(2)] < o,

where || - ||1 denotes the trace-norm, then there is a G € Hyy such that G(z)F(z) = I forall z € D.

2—Hy

Theorem 6.3 (Shargorodsky [43]). Let €2y be a connected open subset of C and Z a Banach space. Suppose
that F : Qo — Z is an analytic vector valued function, ||F(2)|| < M for all z in an open subset 2 C Q,
and ||F(20)|| < M for some zg € Qq. Then ||F(2)|| < M forall z € Q.

We are now ready to prove the main theorems.

Proof. (Proof of Theorem 3.4 and 3.5) Note that if 7" € A it follows that, for compact K C C intersecting
On.e(T) or o(T) we have

o(T)NK = lgr(l) one(T)NK, w(o(TM)NK = lim o0, (T)NK,

n—oo

(the first assertion is obvious and the second follows from Theorem 5.1) thus, it suffices to show, in both
cases, the bound on SCi,q(Z1). We will first show that if A = B(H) then SCina(Z1) < 2, and then use this
to show that if A is defined as in (3.2) then SCinq(Z1) < 3. Let P, be the projection onto span{ey, ..., e,}
and z;; = (Tej, e;) for T € B(H). Also, define the set

1
Or ={2z€C:Rez,Imz=ro,r € Z,|r| <k}, 52\/;, (6.3)
and define the set of estimating functions I';,, ,, and I';,, in the following way. Let

Fm,nz({xij}) = {Z € 6712 : ﬂL € LTPOS(Pan)aTe,m,nz (Z) = LL*}
U{z €O, : DL € LTyos(Po,H), Temy.my(2) = LL*Y,
Ly ({2i5}) = {2 € C: (—00,0] N o (Te 0, (2)) # 0}

U{z€C: (—00,0]No(Tecn, (2)) # 0},

(6.4)

where LT},04(PrH) denotes the set of lower triangular matrices in B(P,,H) (with respect to {e;}) with
strictly positive diagonal elements and

Temymg(2) = Tyma (2) — 2" 1,

Temyng(2) = Toyma (2) — 2" 1,
Too (2) = T (2) — 2 (6.5)
Teni(2) =T, (2) — 21,



where 15, 1, Tnhnz, T,, and fnl are defined as in (6.2). Note that, clearly, from the definition, I'y,, ,
depends only on {z;; }; j<n,. We claim that ', ,,, ({z;;}) can be evaluated using only finitely many arith-
metic operations and radicals of elements in {z;;}; j<n,. Indeed, T¢ ,,, »,(2) and f€7"17"7«2 (z) are both in
B(P,, H). Also, aij = (Ten, n,(2)ej,€;) and a;; = (Te.my my (2)ej, €3), for i, j < ny, are, by the definition
of Tt 1y m, (%) and i,nl,m (2), polynomials in {x;; } j<n,. Since the existence of L € LT},os(P,, ) such that
Te nyns(2) = LL* can be determined using finitely many arithmetic operations and radicals of {a;;}; j<n,

(this is known as the Cholesky decomposition), similar reasoning holds for ﬁm ny (%) and the fact that ©,,,,
is finite, the assertion follows.
Step I: We will show that for any compact ball K C C such that I, ,,, ({zi;}) N K° # 0, then

ATy n, ({2 }) N K, Ty, ({24;3) NK) — 0, ng — 0.
Note that since d (0, N K, K) — 0, as na — 00, and by the observations that for ny > n; we have
{2 €C:PL € LTyos(Puy M), Terny my(2) = LL*}
U{z € C: AL € LTpos(Pay M), Teny my (2) = LL*}

={2€C: (=00,0] N (Ten,ny(2)) # 0} U{z € C: (—00,0] N 0(Ten, my(2)) # 0}
={z € C:vYpnyn,(2) <€},

where 7, 5, n, 1s defined in (6.1), and

{Ze(c:'}/n,nl(z) SE}:{ZGCI(—O0,0]HO’( 6”1( ))#w}

(6.6)
U{z€C: (—o0,0]Nn € o 6nl( ) # 0}
where 7y, n, 1s defined in (6.1), the assertion will follow if we can demonstrate that
dr({z € C: e (2) S} NK {z € Ciymm, (2) < e} NK) — 0, (6.7)

as ng — 0o. Now, by Proposition 6.1 it follows that vy, 1, n, — Yn,n, locally uniformly hence, by Proposi-
tion 4.1, (6.7) will follow if we can prove the following.
Claim: We claim that

cd{z € C:ypn (2) <e}) ={z2€C:vyyn (2) <€} (6.8)
Now, letting ¢y ,,, and (2., be defined by (1., (2) = Dy 0, (T, 2) and (o, (2) = Py, (T, Z), where
®,,.n, is defined as in Definition 4.3. Then
Y, = min[Cl,n1a<2,n1]-

Thus, (6.8) will follow if we can show that

cd{z € C: (i (2) <€}) ={2€C:(jn (2) <€}, j=12 (6.9)

We will demonstrate the latter, but before we do so we need to establish some facts about the set of points
where (; ,,, does not vanish. Let

Q= {Z eC: Cl,n1(z) 7& 0}7

then (2 is obviously open and we claim that C \ €2 is finite. To see that we argue by contradiction and suppose
that ¢y ,,, vanishes at infinitely many points. If that was the case we would have

e Bk, I 2 Pt = (6.10)
for infinitely many zs. This is indeed impossible because, since P,,, has finite rank, there is a finite dimen-
sional subspace H; C H such that ran(7 —z)2"~'P,,, C ‘H, forall z € C. Thus, if E is the projection onto
H; then, by (6.10), inf, cy, [|[(ETE — zE)n|| = 0 for infinitely many zs. But the infimum in the equation
above is actually attained since H; is finite dimensional and hence the finite rank operator £'T'E must have
infinitely many eigenvalues and this is impossible. Armed with this fact we return to the task of showing
(6.9). To do this for j = 1 we argue by contradiction and suppose that there is a

z0 ¢ cl{z € C: (1n,(2) <e}) 6.11)
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such that (1 ,,, (20) = e. This implies that there is a neighborhood 6 around z, such that (3, (z) > € for

z € 0. We will now demonstrate that this is impossible. First note that by the definition of (; ,,, we can make
C1,n, (2) arbitrary large for large |z|. In particular, we can find an open set § C € such that ¢ ,,, (z) > € for

z € 0. Now choose a simply connected open set €2y C €2 such that § U # C Qg and C1,n, does not vanish on
cl(€). Note that this is possible by the fact that C \  is finite. Now define, for z € €, the operator

F(z): P,,H — H, F(z) = (T = 2)¥" P,,.

Now, obviously F' is holomorphic. Note that, by continuity of (; ,,, and the choice of {2, thereisa é > 0
such that

i >
216n£0 Cim, (2) > 0.

By possibly composing F' with a holomorphic function we may assume that 2y = D, the open disk with
radius one centered at the origin. Hence we get that F' € H;‘;IH_)H and F*(2)F(z) > 01, for all z € D,
where I is the identity on P,,’H. Obviously, since P,, is a finite rank projection, it follows that

sup || F™*(2) F(z)[[1 < oo,
zeD

where || - ||; denotes the trace norm. Thus, we may appeal to Theorem 6.2 and deduce that there is a
G € Hy . p, » such that G(2)F(z) = I for all z € D. Again, by possibly composing with another
holomorphic function (and with a slight abuse of notation) we have a holomorphic function G on 2y such
that G(z) : H — P,,’H and

1/, (2) = 1/( 1)K = I1GGE)I, 2 € Q.

inf
E€P, H,€]l=1

Then, by the reasoning above, it follows that ||G(z)|| < 1/e for z € 6 and ||G(z)| < 1/e for z € 6. This
implies, by Theorem 6.3, that ||G(2)|| < 1/e for z € 0, but ||G(29)|| = 1/€ and zy € 6 (recall (6.11)) and
we have finally reached the desired contradiction. By a similar argument one can show (6.9) for j = 2 and
hence we are done with step L.

Step II: We will show that for any compact ball K C C such that o,, (7)) N K° # (), then

da(Th, ({2 }) N K, 00, (T)NK) — 0, n3 — o0.
But, by (6.6) and Theorem 4.4 (ii), this will follow if
du({z € C iy (2) < e NK,{z€C:7(2) <e;NK) — 0, ng — oo,

where 7, is defined in (4.3), and by Theorem 4.4 (iii) and Proposition 4.1 this is true if 7, ,,, — 75, locally
uniformly, which in fact was established in Proposition 6.1. Now, adding Step I and Step II together we have
shown that SCiq(E;) < 2 for Z; : A — Q when A = B(H), and we will now use this to establish the
assertion of the theorem.

Step III: We will now show that if A is defined as in (3.2) then SCi,q(Z1) < 3. Suppose that we have
T = W + A, where W is a weighted shift and A is bounded. Letting x;; = (T'e;, e;) we will define the
set of estimating functions I',,, . ,.,...,I's, in the following way. Now, for £ € H we may without loss
of generality assume that (W¢); = z; j11&; for some integer k. Define a new set {Z;;(n)}, depending on
an integer n, in the following way: ; j11(n) = nif |z; j4| > n and Z;;(n) = z,; elsewhere. Note that
{Z;;(n)} gives rise to a bounded operator S,, whose matrix elements are {Z;;(n)}. Thus we can define

| N ({1’”}) =T, ns ({‘%ZJ (nl)})v

where I'y,, ,,, is defined as in (6.4). If we let I',,, ({2;;}) = Z1(Sn, ), and since we have shown above that
T, ny and Ty, is a set of estimating functions for =; : B(H) — Q, it follows that T, ,,..., Iy, isa
set of estimating functions for Z; if we can show that

Jim Zi(S,,) = E(T).

Note that, by Theorem 5.3 (and assumption), the latter will follow if we can show that

S, — T, n — oo. (6.12)

16



Define the operator W,, by (Wy,€); = Z; j4(n)&; for £ € H. Then S,, = W,, + A. Thus, by Theorem 2.2,
(6.12) will follow if we can show that 6(W,,, W) — 0 and §(W, W,,) — 0 as n — oo. To show the former
we need to demonstrate that

Sup inf HQP—’(/JH — 0, n — 00,
PEG(Wn),[lpl| <1 ¥EGW)

where G(W) denotes the graph of W as defined in (2.1). Let ¢ € G(W),,) such that ||¢|| < 1. Then there is
a ¢ € H such that p = (£, W,€) and ||[W,.£[| + [|€]] < 1. Now, choose 1 € D(W) in the following way:

Lty G () # 354k

Tj,j+k

- {Ej it Zj46(n) =2 51k
nj

Letalso© ={j e N:n; =¢;}and 0 = {j € N:n; #¢;}. Then,

1€ = nl[+[Wn& — W]l

=D 1G -+ D1 —nl?

Jj€EO jEb
Y 1E k()& — 2kl + D 1F 1k ()& — 255 4am5]
Jj€EO j€O
=Y 1 =il + D E k() — @ gamy
Jjeo j€o

Now - cp [Z5,5+5(n)[?[€1* < Tand Z; 41 (n) = nforj € 6503 4 |€x[> < 1/n>. So by the fact that
|Z; j4k(n)/zj1x] < 1and the choice of 7 it follows that

> lg —nyl* < 4/’
JjEeob

Als0, 3 g 175,515 (n)€; — 25 j4xm;]% = 0, by the choice of 7, and thus [|§ — 7| + [|[W,& — Wn|| < 2/n.
Hence inf,ccw [ — || < 2/n and so since ¢ was arbitrary we have

sup inf |le—v¢| <2/n—0, n — 00.
PEG(An),llell<1 ¥EC(A)

The fact that 6(W, W,,) — 0 as n — oo follows by similar reasoning. O
Proof. (Proof of Theorem 3.8) Arguing as in the proof of Theorem 3.5, it suffices to show that SCipq(E1) <
2. Let Py, and P, be the projections onto span{e; }7, and span{é;}7., respectively and define

S i AxC— B(PoH,H),  Spm:AxC— BP.H,H)

by

Sm(T,z) = (TEy — 2) P, Sm(T,z) = (TEy — Z) P,

where Iy : H® H — H and E» : H & H — 'H are the projections onto the first and second component,
respectively. (Note that there is a slight abuse of notation here since T'F; actually denotes T'F [, similarly
with T'E5, however, this should be clear from the context.) Also, define

Sk : AXC— BPoH,H),  Smi:AxC— B(PyH,H)

by
SmJC(T, Z) = (PkTElpk — Z)Pm Sm(T, Z) = (PkTEQPk— — Z)Pm.

Now, for T' € A, let {z;;} be some ordering of the matrix elements

{{Trej, i)} U {(T2€;, &) }i jen,
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and define the estimating functions I'y,, ,,, and I';,, by

Loyne({zij}) ={2 €6y, : AL e LTyos(PoyH), Te ny np(2) = LL}
U{z€On,:BL € LTpos(Pa,H), Tenymy(2) = LL*},
Iy ({zij}) = {z € C: (00,0l N o (T, (2)) # 0}
U{z€C:(~00,0]No(Ten, (2)) # 0},

where ©,,, is defined as in (6.3) and

Tenyna(2) = Snyny (2)"Sny nay (2) — 62]» Tenyno (2) = Snyna(2)"Snyny(2) — 1

and T, ,,, (2) = S, (2)*Sn, (2) — €21, Tep, (2) = S, (2)*S,, (2) — €21. As argued in the proof of Theo-
rem 3.5, T',,, ,,, depends on only finitely many elements in {x;;}, and its evaluation requires finitely many
arithmetic operations and radicals of the matrix elements {x;; }. We are now ready to prove:

Step I. We will show that

Py ({zig}) = lim Ty, ({23})-

Before we can do that, we must establish a couple of facts first. Now, let ®,,, : AXC — R, ;I;m : AXC = R,
P AxC— Rand @, 1 0 A X C— Rbe defined by

o, (T,2) = mln{\f)\ A€ a(Sn(T,2)" S (T, 2))},
B, (T, 2) = min{ VA : A € 0(8,, (T, 2)* S, (T, 2))},
By 1 (T,2) = min{ VA : A € 0(Spie(T, 2)* S (T, 2))},
D (T, 2) = min{ VA : A € 0(Sp (T, 2)* S (T, 2))
Claim: We claim that
{z€C:9,(T,2) <e} =cl{z € C: D,,(T, 2) < ¢€}). (6.13)

Indeed, this is the case, and the proof is almost identical to the argument used in the proof of Theorem 3.5.
Let
N={ze€C:9,(T,z) # 0},

then (2 is obviously open and we claim that C\ 2 is finite. To see that, we argue by contradiction and suppose
that ®,,, (T, -) vanishes at infinitely many points. If that was the case we would have

1 2 (T = 2) Pt =0 (6.14)
for infinitely many zs. But the infimum in (6.14) is attained since P, has finite rank, so this implies that
the operator P,,, T} [ p, 7 has infinitely many eigenvalues. This is, of course, impossible since P,,, has finite
rank. Armed with this fact we return to the task of showing (6.13). Observe that since P, has finite rank we
can make inf¢ =1 ¢en || (T1 — 2) P& arbitrary large for large |z|, and in particular, ®,, (7, -) can be made
arbitrary large as long as |z| is large. Using this we may argue exactly as in the proof of Theorem 3.5 and
deduce that if there is a
2o ¢ cl{z € C:P,,(T,2) < €})

such that ®@,,,(7, z9) = € then there is an open connected set 2y C (2 containing zo and an operator valued
holomorphic function G on g such that we have G(z) : H — P, H,

1@ (T, 2) =G,  z€Q,

and ||G(z1)]| < 1/e for some z; € . By the assumption on zg, there is a neighborhood 6 around z, such
that
IG(2)|| <1/, z€el

and since ||G(z1)]| < 1/e it follows, by Theorem 6.3, that ||G(2)|| < 1/e for all z € 6. But ||G(20)|| = 1/
and this is a contradiction.
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Note that similar reasoning gives that
{(2€C:0,(T,2) < e} =cd({z € C: D, (T, 2) < €}). (6.15)
So, by observing that

Fnl,ng({xij}) = {Z € @nz : min[q)nhnz <T7 Z)’ (,fnlﬂw (T’ Z)] < 6}’ (6.16)
o, ({5}) = {2 € C: min[@p, (T, 2), &, (T, 2)] < €}

it suffices to show, by Proposition 4.1 that

min[®y, ., (1) 2), Py 0y (T, 2)] — min[@p, (T, 2), Pn, (T, 2)]
locally uniformly as ny — oo, which again will follow if we can show that the mappings

Z = <Sn1,7l2 (Ta Z)*thnz <T7 Z)ej’ €i> — 2 <Sn1 (T’ z>*Sn1 (T’ Z>ej’ei> 6.17)
Z = <§n1,n2 (Ta Z)*gnhﬂz <T7 Z)éj’ éi> — 2 <§n1 (T’ z>*§n1 (T’ Z)éj’éi> '

locally uniformly as n, — oo, where e;,e; € P, ’H and €;,¢; € ]SmH. Note that for k& > m we have
(Snyns (T 2)*Spy e (Ty2)ej,€) = (Poy (T — 2)ej, Py, (T — 2)e;), yielding the first part of (6.17), and
similar reasoning yields the second part.

Step I1: We will show that

ni—oo

To do that we will first demonstrate the following;

v1(z) = lim @, (T, z), v2(z) = lim &)M(T,z)

ni]—oo ni— o0

exist, the convergence is monotonically from above and locally uniform and

0.(Th) = {z € C: min[y;(2),v2(2)] < €}. (6.19)
Now, note that
®,,(T,2) = mi T — 2|, @, (T,z) = mi T, — 2)*€|.
(T2) = min, |[(Th = 2)¢]l (T2) 5Ergilﬁll( 1= 2)%¢]|

So, by the assumption that span{e; } jen is a core for T and span{é; }jen is a core for 75, it follows that the
limits exist and that

m(z) =inf{A: A€ a(|(Th — 2)|}, Y2(z) =inf{A: X € o(|(T1 — 2)*|) }.

By Dini’s theorem it follows that the convergence is as asserted. Using this fact and by arguing as in the
proof of Theorem 5.3 we get (6.19). The previous reasoning implies that

min[@m (Tv Z)’ (I)"l (T’ Z)] - min[’yl('z)v 72(2)]

monotonically from above and locally uniformly as ny — co. So, by Proposition 4.4 and (6.19), it follows
that, for a compact ball K such that o.(T}) N K° # (), we have

cl({z € C: min[®,, (T, 2),P,, (T,2)] < e}) N K — o(T1) N K,
asni; — 0o. But by (6.13),(6.16) and (6.15) it follows that

Iy, ({zi5}) = cl({z € C: min[®,, (T, 2), Py, (T, 2)] < €}),

and hence (6.18) follows. O]
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Proof. (Proof of Theorem 3.6) As in the proof of Theorem 3.5 it suffices to demonstrate that SCinq(E1) =
1. Now, obviously we have SCinq(E) > 0, so it suffices to show that SCipq(Z) < 1. We follow the proof of
Theorem 3.5 closely. Let P, be the projection onto span{es, ..., e,} and x;; = (Te;,e;) for T € A. For
k € N define T* inductively by T*¢ = T(T*~1¢) on

D(TF) = {¢: ¢ e D(TF 1Y), T ¢ € D(T)},
and define D((T*)*) similarly. Then it is easy to see that | J,, P H C D(T*), so T* is densely defined. The
fact that T is closed is well known [29](p. 603), and it follows (by a straightforward argument using the

assumptions (ii) and (iii)) that Um P, H is a core for T*. Similarly, we get that (T*)’“ is closed and densely
defined and that | J,, P,y H C D((T*)¥) is a core for (T*)". Using this, it is easy to see that we can, for
integers m, k, define T; , x(2) = Ty i (2) — """ I and Temp(2) = T i (2) — 2" I, where T k() and
T 1(2) are defined in (6.2). Let, for k € N, Oy, be defined as in (6.3) and

U, ={z€C: AL e LTpOS(PkH),T€7k72nd+k(z) =LL"} 6.20)
U{z€C:PL € LTpos(PiH), Teponasr(z) = LL*Y, '

where LT},05( Py, H) denotes the set of lower triangular matrices in P,,H (with respect to {e; }) with strictly
positive diagonal elements. Now, define I';, by

Fk({xu}) = \Ijk N @k.

By the same reasoning as in the proof of Theorem 3.5, it follows that I',,, ,,, depends only on finitely
many of the z; ;s and requires only finitely many arithmetic operations and radicals of {z;; } for its evaluation.
Now, to show that

E(T) = lim Ty({zi}),
we need to show that for any compact ball K such that m N K° # () then
di(0n,(T) N K, T, ({zi;}) NK) — 0, &k — o0.
But, since obviously dy (0 N K, K) — 0 as k — oo it suffices to show that

dpy (U, N K, 0m (1) N K) — 0. 6.21)

To prove that, note that by the reasoning in the beginning of the proof we may define ®,, ,,, : A x C — R by

Bun(8.2) =min {0/ e (Pal(s -2 s - 07 [, ) |
P’YLH
Let
Yn ko = min[®,, 1 (T, ), Pp 1 (T, )]
Yn,k,m = mln[@n’k(PmTPm7 .), (I)n,k(PmT*Pm7 )}

Before we can continue with the proof of (6.21) we need the following fact.
Claim: We claim that ¥, = {z € C: v, 1 (z) < €}. To deduce the claim it suffices to show that

’Yn,k(z) = 7n1k72¢Ld+k(z), z € (C7 (622)
and why becomes clear after we make the observation that we have

U, ={2€C:(—00,0]No(Tek2natr(z)) # 0}
U{zeC:(-c0,0|N U(Te,k,Z"d+k(Z)) # 0}
={2€C:ypr2marr(2) <€}

Now (6.22) will follow if we can prove that
(T =2 (T —2)*"¢m)
= ((Ponasi(T — 2)Pangss)™) (Penars(T — 2)Pangyr)? €,1).
(T =2 (T = 2))* &)
= <(P2"d+k(T — Z)P2nd+k)2n (P2"d+k(T — Z)P2nd+k)*)2n£, 7]>7
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for £, € P,’H. To show the latter it is easy to see that it suffices to show that

(PangixT Pongyr)'€ =T, e PH, <27,

. . . N (6.23)
(PongykT" Pongyr)'§ = T°C, §e€PH, 1<2™

To show the first part of (6.23), let 4 € N such that 4 > d, and note that, by assumption, we can write
TTy,, p,n as (with a slight abuse of notation)

d—1
T =P, TP, +PrTP + > (®euj,
j=—d

where (; € (P44 — Pu—a)H. Now this gives us that, for [ € N,

T' = (P,TP,)" + terms of the form
d-1
(PITPr + ) ¢ ®eu i) x (BTP,)"

j=—d

d—1
X (PLTPy 4 Y G ®eu—y)’ x (PUTE,)™ x -
=

X (PLTPy + ) (G ®eu i)' x (P,TP,)",

where ¢; <1 —1 and p; < [. Note that since T' € A (using assumption (ii)) it is straightforward to show that
((P,TP,)%e,e;) =0, r<k, j>qd+k,

for any integer g. Hence,

d-1
(Psn g1 T Pangyr, + Z G ®eangirh—j)7 X (Ponayk T Pongyr)ler =0, (6.24)
j=—d

forr < k,qg < 2" —1and p < 2" yielding the first part of (6.23). The second part of (6.23) follows by
similar reasoning.

Armed with the claim we have reduced the problem to showing that if K is a compact ball such that K°
intersects o, ¢ (T'), then

klim {zeC:iyp(z) <e}NK =0, (T)NK. (6.25)

Now, the fact that T' € A and the reasoning in the beginning of the proof allows us to define

)}
inf {AT“ e a(|((T - z)*)2"|) H

Note that, by arguing similarly as in the proof of (ii) and (iii) in Theorem 4.4, we deduce that o,, ((T') =
{z € C: v,(2) < €}. By arguing as in Proposition 6.1, using the fact that | J,, P,,H is a core for T* and
(T*)* we deduce that Yn,k — 7Yn locally uniformly and monotonically from above. By arguing as in the
proof of Theorem 3.8 we deduce that

2n+l

Yn(2) = min [inf {)\ A€ U(|(T _ 2)2

cd({z € C:yp(z) <e}) ={z € C:ypi(z) <e}.

Thus, using Proposition 4.1 we conclude that (6.25) is true, and we are done. O
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7 Other Types of Pseudospectra

The disadvantage of the n-pseudospectrum is that even though one can estimate the spectrum by taking n
very large, n may have to be too large for practical purposes. Thus, since we only have the estimate for
T €C(H),e > 0thato(T) C op,,(T), it is important to get a “lower” bound on o (7T') i.e. we want to find a
set 2 C C such that 2 C o(T). A candidate for this is described in the following.

Definition 7.1. Let T € B(H) and @ be defined as in Definition 4.3. Let (1(z) = ®o(T,2) (2(z) =
O (T™*, z). Now let € > 0 and define the e-residual pseudospectrum to be the set

Ures,e(T) = {Z : Cl(z) > €, CQ(Z) = 0}
and the adjoint e-residual pseudospectrum to be the set
Ures*,e(T) = {Z : CI(Z) = 0> CQ(Z) > 6}'

Theorem 7.2. Let T € B(H) and let {T},} C B(H) such that Ty, — T in norm, as k — oo. Then for € > 0
we have the following,

(i) 0(T) D Uesg res,e(T) U ores,e(T)
(ii) {2z € C: G1(2) <e}) ={z € C: C1(z) < ¢}
(i) A({z € C: G(2) < e}) = {z € C: (o(2) < )
(iv) For any compact ball K C C such that cl(oves,«(T')) N K° # 0 it follows that

dp(cl(Ores,e (Tk)) N K, cl(0res,e(T)) N K) — 0, k — oo.

(v) For any compact ball K C C such that oves~ (T) N K° # () it follows that

dp (cl(ores e (Tk)) N K, cl(0res+ e« (T) N K)) — 0, k — 0.

Proof. Note that (i) follows by arguing as in the proof of Theorem 4.4, so we will not be repeating that
reasoning here. Now, we will show (ii), namely, that

{zeC:((2) <et=cl{z € C:((2) <e€}). (7.1)

We argue by contradiction. Suppose that there is a z9 € C\ cl({z € C: (1(z) < €}) such that {1(z0) = €.
Then, there is a neighborhood w around zg such that ¢;(z) > € for z € w. We claim that this is impossible.
Indeed, let ¢ be defined on w by ¢(z) = 1/¢1(2). Now

p(z) =1/ (T = 2)¢]|,

inf
llgl=1,6eH

so T' — z is bounded from below by € for z € w. Let Hy = ran(T" — z() and let H be an infinite dimensional
Hilbert space. Choose an isomorphism V' : H — Hi- @ H, and define the following operator

Te=(T-2)®cV:HOH—H &H ®H, ceR.

Note that Tc is invertible and for sufficiently large ¢ we have

1
#leo) = (|5|311,fseu Tg”) '

Moreover, for z sufficiently close to zg it follows that

-1
o) = int_ 1= Go— 26l )

Let G(z) be the inverse of 7, — (2o — z) for z in a neighborhood & around zo. Then ¢ (z) = ||G(z)||. Now
v(z0) = 1/eand p(z) < 1/e for z € ©. But, clearly, G’(2) is invertible for all z € & so by Theorem 4.2 it
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follows that ||G(z)|| < 1/e for z € @, contradicting ¢(z9) = 1/¢ and we have shown (7.1). To show (iii)
one argues almost exactly as in the proof of (ii).

We will now prove (iv). Firstly, to see the fact that d g (0ves,e (Tk) N K, Ores,« (T) N K) — 0, as k — oo,
define @ as in Definition 4.3 and let (; ;. (2) = ®o(T%, ). Note that (1 , — (3 locally uniformly as k — oo,
by reasoning as in (4.5). Secondly, note that, for § € (0, €), we have

A({z € C: () > 6, G(2) < o)) = cl({z €C: G1(2) > €, Go(2) = O)).
So if we define (2 1 (2) = ®o (T}, 2), it suffices to show that
du(cl{z € C: Grz) >e})NK,cl({z€C:(1(2) >e}) NK) — 0, k— o0 (7.2)

and, by (i), that dy ({z € C: (o x(2) <} NK,{z € C: a(2) <6} NK) — 0as k — oo. The latter
follows from arguing similarly to the proof of Theorem 3.5, and hence we will concentrate on the former.
Now, it is easy to see, by the definition of the Hausdorff metric and (ii), that (7.2) follows if we can show that

du({z € C: Culz) S ehfz €C:Gi(z) S €}) — 0, k — oo,

but the latter follows by the locally uniform convergence of {(; } and Proposition 4.1. Also, (v) follows by
similar reasoning, and we are done. O

Theorem 7.3. Let {e;},cn be a basis for H and define =1,Z5 : B(H) — Q, fore > 0, by =,(T) =
Cl(O’res’E(T)) and EQ(T) = Cl(ores*,e(T))- Then SCind(El) S 2 and S’Cind(EQ) S 2.

Proof. To show that SCinq(Z1) < 2 let O be defined as in (6.3) and define the estimating functions I',,, ,,
and I';,, in the following way. Define P, to be the projection onto span{ey, ..., e, }, choose § € (0, €) and
define

Lhnyns({zij}) ={2 € Oy, : AL € LT05(Pu,H), Te oy no (2) = LL*}
N{z€ O, : BL € LTyos(Pu,H), Ts.n, my(2) = LL*},
Loy ({z35}) = cl({z € C: (=00, 0] N o(Te p, (2)) = 0})
N{z € C: (—o00,01 N o(Tsn, () # 0},
where T 1, n,, ﬁ;,nhn,ﬁ T, and Tg}nl as defined as in (6.5). As the rest of the proof is just epsilon

away from the proof of Theorem 3.5 we will just sketch the ideas. By letting (1, (2) = Po.n, (T, 2),
G2,y (Z) = Qo n, (T*v 5) and

CL”I:TLZ (z) = (I)O,m (PnzTPTLwZ)’ <2,n1,n2 (Z) = (I)O,nl (PnzT*in 2)’
where ® is defined as in Definition 4.3, one observes that

{Z € @n2 : Cl,nlﬂm (Z) > €, CQ,nl,Tm (Z) < 6}
= {2€C:3L € LTyos(Po, M), Tomymy (2) = LL*} (7.3)

N{z€C:PL € LTpos(Pa,H), Tsny.my(2) = LL*},
and
Fﬂl({wlj}) = Cl({z : Cl,nl (Z) > €, CQ,nl (Z) < 5})

Now, let {7 and (5 be defined as in Definition 7.1. By using (ii) in Theorem 7.2 and reasoning as in the proof
of Theorem 3.5 (Stepl and Stepll) using arguments similar to the last part of the proof of Theorem 7.2 one
deduces that, for compact ball K C C with K intersecting the appropriate sets,

cd{z€C: G (2) >e})NK — cl{z€C:¢(2) >e}) NK
{z€C:Cn(2)<IINK —{2€C:((z) <i}NK, n3— oo,

{z€0,, : Qmm(2) >efNK —cl({z€C: (i (2) >e})NK
{2€0n, : Gnin(2) <HNK —{2€C: (o (2) <INK, ng— oo,
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hence
Ad({z € C: (i (2) > €, (2) SO NK — cd({z: G(2) > €,G(2) <0} NK
as ny, — oo, and

{Z S @712 : Cl,nl,ng (Z) > 67(2,711,712 (Z) S 5} N K
- Cl({Z eC: Cl,nl (Z) > €, <27”177l2 (Z) < 6}) nNK

as ny — 00. But

cd({z: G(2) > € ¢(z) < 6}) = cl({z: 1(2) > €,C2(2) = 0}) = cl0res(T)),

and hence we have shown that SCjnq(Z;) < 2. The fact that SCi,q(Z2) < 2 follows by similar reasoning.
O

8 Applications to Schrodinger and Dirac Operators

Non-Hermitian quantum mechanics has been an increasingly popular field in the last decades [35, 36, 8, 50].
As the importance of non-Hermitian operators in physics has been established, the spectral theory of such
operators has been given a substantial amount of attention [21, 23, 24, 16] (Note also that non-Hermitian
spectral problems in quantum mechanics occur in the theory of Resonances [52, 40] ). Since the spectral
theory of non-Hermitian operators is very different from the self-adjoint case, very little is known in general,
and the same is true for the theory of approximating spectra. In fact it is an open problem how to approximate
the spectrum and the pseudospectrum of an arbitrary Schrodinger operator. In this section we will show how
to use the theory from the previous sections to get some insight on how to estimate spectra and pseudospectra
of non-hermitian Schrodinger and Dirac operators with bounded potential. Let

0
P =—i— (); = multiplication by z;
d$j

with their appropriate domains in H = L%(R%) . Let v € L>(R?) be a complex valued, continuous function,
and define the Schrodinger operator

1
H=3 Y, P/+v(@Qi....Qq), DH) =W (R,
1<j<d

where W5 2(R) is the Sobolev space of functions whose second derivative (in the distributional sense) is
square integrable. R
Similarly we can define the Dirac operator. Let H = @i:l L*(R?) and define (formally) P; on H by

.0 .
Pj, Pj:—laixj, Jj=12,3,

. 4
P; =
k=1
where P; is formally defined on L*(R?). Let
3 ~
Hy=> a;P;+p,
j=1

where a; and 3 are 4-by-4 matrices satisfying the commutation relation

oy + agogy = 20511, 7, k=1,2,3,4, ay = 0. (8.1)

Then it is well known that H|) is self-adjoint on @izl Wa 1 (R?) where

Wo1(R?) = {f € L*(R®) : Ff € LI(R®)}
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and L3(R?) = {f € L2(R®) : (1 + |- |>)}/2f € L?(R3)}. Let v € L°°(R?) and define the Dirac operator

4 4
Hp = Ho+Pv(Q1,Q2,Qs),  D(H) = P Wi (R,
k=1

k=1
Note that H is closed since v is bounded. It is easy to see that
* 1 - *
H' =3 3 PP Ao@u...Qu) D(H?) = Wan(RY)
1<j<d
and

4 4
Hp = Ho+ @ v(Q1,Q2,Q3),  D(Hp) = P Waa(R?).
k=1 k=1

Thus, in order to estimate the pseudospectra of H and Hp, we may follow the ideas in the proof of
Theorem 3.8. We will give a description of this for H and note that the procedure is exactly the same for
Hp. Choose a basis {¢; } jen for ng(Rd) that is orthonormal in L2(R%), and let P,, be the projection onto
span{p;}7_;. Now let {z;;} be defined by z;; = (Hpj, ;) and note that if we let Z;; = (H"p;, ¢;) then
245 = ;. This allows us to define the set of estimating functions in the following way. Let € > 0 and define

Doy ({Tij}) = {2 € Opy t BL € LTpos(Pry M), Ty o (2) = LL*}

U{z€ Oy, : BL € LTyos(Pu,H), Tem, my(2) = LL*}
and
Lo, (f245})
= {2 €C: (~00,0]N0(Tein, () # 0} U {z € C: (—00,0] N 0T, (2)) # 0},
where where O,,, is defined as in (6.3) and

Ty ns (2) = Sy (Pry HPry, 2)" Sy (Pry H Py s 2) — 62[7

Tﬁ,nhnz (Z> = Snl (PnzH*Pnzvz)*Snl (PnzH*PTLwZ) - 62[

and T ., (2) = Sy, (H, 2)*Sp, (H, 2)— €I, ﬁ,nl (2) = gnl (H*, z)"‘gn1 (H*z)—€e?I, where S, : AxC —
B(P,,H,H) is defined by S, (T, 2) = (T—z)P,, and A denotes the set of closed operators having W o (R?)
as their domain. Arguing as in the proof of Theorem 3.8 one deduces that

o(H) = n}iinoo Lo, ({2i5}), n,({zi;}) = nllinoo Lnyno ({2451

Hence we get the following corollaries to Theorem 3.8.

Corollary 8.1. Let {¢;};en be a (not necessarily orthonormal) basis for Wa 2(R?) that is orthonormal in
L2(RY) and let A denote the set of Schridinger operators on L?(R®) with potential function in L°°(R%).
Lete > 0,2 : A — Qand 25 : A — Q be defined by Z1(H) = o.(H) and E2(H) = o(H). Then
SCind(El) S 2 and SCind(Eg) S 3.

Corollary 8.2. Let {¢;};en be a (not necessarily orthonormal) basis for the space @i:l Wa 1 (R3) that is

orthonormal in @i:l L?(R3), and let A denote the set of Dirac operators on the Hilbert space @i:l L?(R3)
with bounded potential function. Lete > 0,21 : A — Qand Zg : A — Q be defined by Z1(Hp) = o.(Hp)

and Z2(T) = o(Hp). Then SCina(Z1) < 2 and SCina(Z2) < 3.

Remark 8.1 As the proof of Theorem 3.8, and hence also the proofs of Corollaries 8.1 and 8.2, are con-
structive, we have a constructive way of recovering spectra and pseudospectra of a large class of important
operators in mathematical physics and hence the previous results may have impact in applications.
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9 Convergence of Densities

9.1 Arveson’s Szego-type Theorem

Let A C B(H) be a C*-algebra with a unique tracial state. Then a self-adjoint operator A € A determines a
natural probability measure 114 on R by

/R f(2) dpa() = 7(f(A)),  f € Co(R).

Also, if 7 is faithful then supp(p4) = o(A) and one refers to u 4 as the spectral distribution (we will follow
the setup in [3] and assume that A4 is unital). Now, suppose that { P,, } is an increasing sequence of finite rank
projections converging strongly to the identity. As we have seen above we can approximate the spectrum of
A by using the techniques demonstrated in Section 6. We now turn the attention to the task of approximating
4. Define the tracial state

T.(B) = ditrace(PnB), d, = dim(P,H).

Now 7, restricts to the normalised trace on P, B(H)P,, and similar to 7 induces a measure jp_ Afp, 7 ON R
such that

/R @) dpip At (@) = Tl f(PaATpr) | € Co(R). ©.1)

The question is then: what is the relationship between yp, af,, ,, and p4. In particular under which assump-
tions (if any) can one guarantee that

weak™
p“PnAl—an - MA) n — oo.

This has been investigated in [3, 6, 5, 33]. The crucial ingredient in Arveson’s framework is the definition of
the degree of an operator with respect to a certain filtration F = {H;, Ho, .. .}.

Definition 9.1. (i) A filtration of H is a sequence F = {H1, Ha, ...} of finite dimensional subspaces of
‘H such that H,, C H,41 and

S
n=1

(ii) Let F = {H,} be a filtration of H and let P,, be the projection onto H,,. The degree of an operator
A € B(H) is defined by
deg(A) = suprank(P,A — AP,).

n>1

Definition 9.2. Letr A C B(H) be a C*-algebra. An A-filtration is a filtration of H such that the x-
subalgebra of all finite degree operators in A is norm dense in A.

Proposition 9.3 (Arveson [3]). Let A C B(H) be a C*-algebra with a unique tracial state T and suppose
that {H,,} is an A-filtration. Let T,, be the state of A defined by

Ta(A) = ditrace(PnA), d,, = dim(H,).

n

Then
n(A4) — 7(A), forall A€ A

Proposition 9.4 (Arveson [3]). Let F = {H1, Ha, ...} be a filtration of H, let P, be the projection onto
H,, and let Ay, As, ..., A, be a finite set of operators in B(H). Then for everyn = 1,2, ... we have

p
trace| P, Ay Ay ... APy — Py APy AgPry . PyApP| < AL [ Ap| D degA.
k=1
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Theorem 9.5 (Arveson [3]). Let A C B(H) be a C*-algebra with a unique tracial state T, and let F =
{Hn} be an A-filtration. For a self-adjoint operator A € A denote the spectral distribution by 114 and let
K, Al p, + be defined as in (9.1). Then

weak™
KPP, Alp, > paA,  T— OQ.

Our next goal is to prove an analogue of Theorem 9.5 for non-normal operators. But as there is no
spectral distribution for non-normal operators we first need to introduce the Brown measure.

9.2 The Brown Measure

Let M be a finite von Neumann algebra of operators on H with a faithful, normal tracial state 7. Let T" € M,
then the Fuglede-Kadison determinant A(7") [30] is defined as

A(T) = exp (/Ooologthm(t)) :

where
pr)(w) = T(Ejr)(w)), w € Borel(R),

and E)7| denotes the spectral projection measure corresponding to |7'|. Now define
f(z) =log(A(T - 2)), zeC. 9.2)

It can be shown [31] that f is subharmonic and therefore gives rise to a measure (see Section 3 in [37])
1 o
d:u’T ==V fdm7
2w

where m denotes the Lebesgue measure on R? and V2 f is understood to be in the distributional sense i.e.
[edur = 5= [ fV2pdm, for ¢ € C°(R?). The measure yp satisfies supp(pr) C o(T) and is often
referred to as Brown’s spectral distribution measure. Now the inclusion supp(ur) C o(T') can be proper,
but (by Remark 4.4 in [17]) if A € o(T) is isolated then pup({\}) # 0. Thus, knowing pr would be a nice
tool for locating isolated eigenvalues of 7.

Note that if T € M is normal, then ur = 7 o E7, and also, if M = M,,(C) for some n € N then the
Fuglede-Kadison determinant and the Brown measure is defined for 7' € M and

1 n
A(T) = " == .
(T) = [detT|»,  pr nZ(S’\J’
j=1
where ), denotes the point measure at A\; and Ay, .., A, are the eigenvalues of T, repeated according to
multiplicity.

Our approach is to extend Arveson’s ideas regarding approximating the spectral distribution of self-
adjoint operators to Browns spectral distribution. Let F be a filtration with corresponding projections { P, },
and define the tracial state

(B) = ditrace(PnB), BeBH), d,=dim(PH).

n

In order to approximate f defined in (9.2), it could be tempting to define, for z € C and T € B(H), a
measure by

WPy (T—2)P,| (W) = Tn(Elp,(1-2)p,|(w)),  w € Borel(R),

but knowing how bad the spectrum of P,,T'P,, may approximate o (7") when 7 is non-self-adjoint we abandon
that idea immediately and instead define the measure pir . ,, by

[LTJ’H(W) = Tn(EPn(T—z)*(T—z) (P"H(w)), w € BOI‘G](R). (93)

Using this measure we obtain the following results.
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Theorem 9.6. Let M be a finite von Neumann algebra of operators on ‘H with a faithful, normal tracial
state 7. Suppose that A C M is a C*-algebra such that the restriction of T to A is the unique tracial state
on A, and that {H,,} is an A-filtration with corresponding projections { P, }. Define the tracial state T,, by

Ta(B) = ditrace(PnB), BeM, d,=dim(P,H).

n

For z € Cand T € A, define the measure i7 . , as in (9.3). Let

1 oo
fn(z) = 5/ IOgtdﬂT,z,n(t)

0

and dv,, = %VQ fadm, where m is Lebesgue measure on R?. Then v,, defines a positive Borel measure

on R? satisfying v, (C) < 1. Moreover; there exists a positive Borel measure v on R? with supp(v) C o(T)

and a subsequence {v,, } such that

weak™
Vp, — U, k — oo.

Theorem 9.7. Suppose the assumptions in Theorem 9.6 are true and that T' € A.
(i) Then, if p : C — C defined by
o(2) = log(1/I(T —2)71)) 2z€C\a(T)
—00 z€a(T)
is locally integrable, the measure v from Theorem 9.6 is equal to the Brown measure pr, and

weak™
Vp — pr, n — oo,

where vy, is defined as in Theorem 9.6.

(ii) Suppose that w C C is an open set such that w N o(T) = {A1,... A}, where \; is an isolated
eigenvalue. Suppose also that there is an o > 0 such that

inf  1/(|(T =274 > r~
o T =)

for all sufficiently small r, where D();,r) denotes the disk with center \; and radius r. Then

weak ™
Vn[w—> ,UfT’Vwa n — o.

Proof. (Proof of Theorem 9.6) The proof will be done in several steps.
Step I. We first need to show that v, indeed is a positive Borel measure. To prove that, it suffices, by
Lemma 3.6 and Section 3.5 in [37], to demonstrate that f,, is subharmonic. To do that, let ¢ > 0 and define

9ne(2) = 37a08(Pu(T — 2)* ('~ 2)Po + el).

We claim that g, . is subharmonic. The method we use here is quite close to the techniques used in [31].
Note that g,, . is infinitely smooth. Indeed, since

2 P (T —2)"(T —2)P, + el
is obviously infinitely smooth and so is log on {z : fRez > €} so
z +— trace (log(P (T — 2)"(T — 2) P, + €I)[p, 1)

is infinitely smooth, thus g,, . is infinitely smooth. Thus, we need to show that \V& 9n,e = 0. This we will do
using brute force computations. Using the standard notation

9 _1(o 0N 4 9 _1(o 0
o 2\an  lon ox  2\an | lox
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and letting z = A\ + tAo we have

2 o o2

2

n,e = | 32 o ne = 4d—=-<09n,e-
Vgn, <6A%+6)\§>g’ anorT"

Let ¢(z) = P (T — 2)*(T — z) P,, + el. By the definition of the derivative, linearity and boundedness of 7,

we have that
D Gn.c 1 9?1 (logop) 1 (82 log ocp)

mox 2 axoxn 2\ axon

so it is straightforward to show that
82971,6 o }7_ (_ 718780 7137904_ -1 8290>
amox 2"\ Y axTY oo
1
2

Do _0p O
-1/2 ( _9¥ -19¥ ad —1/2
\ < o’ aA+aAaA)‘p )

Thus, it suffices to show that —g—fw_la—f + g—a‘p)\ is positive. Now,
Dy dp D%
—— =P, (T — 2)"P,, — = —P,(T — 2)P,, = =P,.
B (T'—2) X (T=2) IO\

Thus, we can compute
) ) 0?
¢ ai;
= —P(T — 2)Po(Po(T — 2)*(T — 2) Py + €)' P (T — 2)* P, + P,
= -P,B(B*B+¢el)"'B*P, + P,, B=(T-2)P, (9.4)
= -P,((BB* +¢el)"'BB*+1)P,
= —P,(—e(BB* +¢el)" )P,
=eP,((T — 2)Py(T — 2)* +€el) "' P,

which is clearly positive. Observe also that

o0
/ logtdpur, ,n(t)
0

N =

Jul2) = 5Tallog(Pa(T = 2)°(T = 2)P.) =

and | oo
Gn,e(2) = 5/ log(t + €) dpr 2 m ().
0

In particular g,, . decreases pointwise to f,, as € — 0. Thus, f,, must be subharmonic or identically —oo. But
fn(z) > —oc for z ¢ o(T), and thus f,, must be subharmonic.
Step II. We will now show that v,,(C) < 1 for all n. Define

log R |z| <1
bn(z) = log(&) 1<zl <R
0 |z| > R.

Then, since ﬁzﬁ r increases monotonically to 1, it follows by monotone convergence that

. 1
(@ = Jin_ [ ogvndn

Now, by Lemma 2.12 in [31] it is true that

1 1 1 2m » o y
/ClongR dvy, = logR (271_( o fn(Re )de— ; fn(e )d9)> )
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Thus, it suffices to show that limg_, o m( 027r fn(Re?)df < 1. Now,

1 27 .
gTlog R fn(Re™) do
0

1 2 ) )
=—— log(| P, (T — Re™)*(T — Re) P,

1 ) .
< ——|Imalllog( sup |||P.(T — Re*)*(T — Re')P,
210gRII | (96[07277] [ ( )" ( )Palll)
1
< 1 T 2 1 .
< s BT+ BY) — 1, R

Step III. The existence of v now follows from the weak* compactness of the unit ball of C;(C)* since
we have proved in Step II that {v, } is uniformly bounded as elements in Cp(C)*.
We are left with the task of proving that

supp(v) C o(T), 9.5)

and this will be done in Step IV and V.
Step IV. We will show that f,,(z) — f(z) when z ¢ o(T) and f is defined in (9.2). To prove that we
need to demonstrate that

(e}

1 o
lim 5 [ logtdur,.n(t) =/ log t dpuyr—2)(t), =z ¢ o(T). (9.6)
0

n—oo 0

Before we can prove (9.6) we need the following observation. Note that since z ¢ o(7T') then there is an
€ > 0and M < oo such that

o(|T — z|?) C [e, M], o(Pp(T — 2)(T — 2)[p,3) C [e, M]. 9.7

Indeed, letting

€= in —2)(T — =z 1/2
(o, AT =2 = 2)6,)

and

in — * _ /
IIEH:LfgeH«P”(T 2T — 2) P, €))'/?

€n = (
then o(|T" — z|) C [¢,00) and 0 (P, (T — 2)*(T — 2)P,,) C [én, 00) sO

wr—=z([0,€)) = 7(Ejr—([0,¢€))) = 0
w1,z ([0,€)) = T (Ep, (r—2)*(1—2)P, ([0, €))) = 0,

since (Ej7—.(([0,€)) = Ep, (r—2)+(r—2)p, ([0, €)) = 0. Also,

en=( in (T — 1/2

2= (ol (Pa(T =2 (T = 2) P €)
= in —2)" (T —= 1/2
= (||£|\:1,£eﬂn<(T )(T' = 2)€,6))

in —2)(T -z 1/2
> ( int (T =2 (T = 2).6)
Thus, since ,
= in —2)"(T -z 172 = —2)7!
€= (g int (T =2 (T = 6. = 1/I(T = 271 >0

and T is bounded then (9.7) follows. We can now return to the task of proving (9.6). Now, using (9.7), we
have that

P2 =5 [ Tog () = T (xgan ogeg(Pa(T = 2)°(T = ) .20)

f(z) = /OOO log t dpujp—(t) = T(X[e,m) log og((T' — 2)*(T — 2))),
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where g(t) = v/t,t € [0, 00). Thus, we are left with the task of showing that

lim 7, ((X[e,ar)10g 0g (P (T — 2)*(T — 2) [ p, 1)) = T((X[e,nn) l0g 0g) (T — 2)"(T — 2))).

n—oo

But, by the uniqueness of 7 and Proposition 9.3 we have that

lim 7,(B) = 7(B), B e A,

thus our problem is reduced to showing
Tim (7 ((X(e.an) Tog 0 g((T = 2)" (T = 2)))
= Tn((X(e,p1 10g 09) (Po(T — 2)"(T — 2) Pn))| = 0.

9.8)

Thus, by the fact that the norm of the linear functionals

f € Cle, M] = (f((T' = 2)"(T = 2)))
= T (f(Po(T = 2)"(T = 2) P)"(Pu(T — 2)"(T = 2) P)))

is bounded by 2, the Stone-Weierstrass Theorem, (9.7) and linearity of 7, it is true that (9.8) follows if we
can show that

nILH;o 1T (T = 2)"(T = 2))") = T (((Pa(T — 2) P) " (Po(T — 2)Pn))P)[ =0
forp=1,2,.... Also, since the sequence of p-linear forms
B,,L(T']_,TIQ7 - ,sz) = Tn(TlTQ . Tgn) — Tn(PnTlpnTQPn e PnTQn)y TJ S .A

is uniformly bounded (by 2) we may assume that 7" and 7™ have finite degree. By Proposition 9.4 we have
that

[T (T = 2)"(T = 2))") = 7 ((Pa(T = 2) P)" (Pu(T = 2) Pn))P)

* 1 *
ST = 2[PI(T = 2)7[I" 7—p(deg(T) + deg(T™)) — 0, 1 — oo,

where d,, = dim(*H.,,), and thus we have shown Step IV.
Step V. We claim that

/ faV2pdm H/ fV2pdm, n—oco, ¢cC>, 9.9)
R2 R2
when supp(¢) C C\ o(T). Let § > 0 and
Qs = {z € C: dist(z,0(T)) < d}.
We claim that there is a constant C' > —oo such that
inf{fn(2) : 2€ C\ Qs} > C. (9.10)

Indeed, this is the case. Firstly, observe that for z ¢ o(T) it follows that
1 1
fn(z) Z 5 / logtdﬂT,z,n(t)v
0
thus (9.10) will follow if we can show that there is an € > 0 such that

supp(pir,z.n) C [e,00) forall ze C\ Qs.

Secondly, note that
inf{1/||(T — z)’1|| :2€C\Qs}>0.
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So let

e=_dnf (il (T =2)"(T = 2)6.6) = inf{1/|(T— )7} 2 € C\ Q.

Then, as argued in Step IV, we have that

w1,z ([0,€)) = T (Ep, (r—2)*(1—2)p, ([0, €4))) = 0,
since o(|P,(T — 2)*(T — 2)P,|) C [en, o), where

n = inf inf P.(T —2)"(T — 2)P, , 1/2 5
7 e, Hﬁ\I:Hll,&eH« (T'=2)"(T = 2)P)§,€)) /" = €

Pick ¢ > 0 so small that supp(p) C C\ Q. Let

_Jinf{fn(2) 12 € C\Qs} 2€C\ Qs
9(2)_{0 2 € Q5.

Then, by the reasoning above, g is integrable and dominates { f,,} from below. Hence, (9.9) follows by Step
IV and dominated convergence.

Note that (9.5) follows from Step V and the fact that supp(ur) C o(T'), and thus we have proved the
theorem. O

Proof. (Proof of Theorem 9.7) To prove (i) we need to show that
faVZipdm — / fV2pdm, n—oco, ¢cC>, 9.11)
R2 R2

where f is defined in (9.2). Now, for z ¢ o(T) we have

fal2) 2 it 7a(108(Po(T = 2)" (1= 2) ,30)

d
- % 2 A3(10g(Pa(T = 2)*(T = 2)[ p,0))

1 d

- ilog()\j(Pn(T —2)"(T — 2)[p,w))
dn

) dlnz;log(je{?ﬁ%n}“f‘WT —2) (T =) [r))

=10 in —Z * — 2z 1/2
- g((\\é\lzl,féeH<Pn(T V(T = 2)Pr&,€))7)
in — 2T — 2 1/2
Hi\lzl,f§€7-l<(T ) (T = 2)&,€)77)
=1log(1/(T = 2)71|)),

where d,, = dim(H,,) and \;(B) denotes the j-th eigenvalue of B € B(H,,) according to some ordering,
where the eigenvalues of B are repeated according to multiplicity (obviously, the ordering is irrelevant in
this context). Hence, f,, is dominated from below by p and since p is integrable, (9.11) follows by Step IV
in the proof of Theorem 9.6 and dominated convergence.

Now (ii) follows by noting that z — log(|z|®) is locally integrable and arguing as in the proof of (i) using
dominated convergence. O

> log((

10 Examples

In this section we will demonstrate that the abstract framework developed in the previous sections is indeed
applicable in actual computations. For more examples see [34].
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Figure 1: The left figure shows I'y ({z;;}) with n = 1, e = 0.005 and k = 1500, where I'y({z;; } is defined
in (10.2). The right figure shows o (T"), where T is the Toeplitz operator with symbol defined in (10.1).

10.1 Toeplitz Operators

Toeplitz operators are excellent test objects in computational spectral theory since their spectral theory is
very well understood. In particular, the spectral theory of banded Toeplitz operators is completely under-
stood [13, 12] and determined by the symbols of the operators. Recall from Theorem 3.6 that the Solvability
Complexity Index for the n-pseudospectra of banded operators is equal to one. Recall also that the construc-
tive proof of Theorem 3.6 gives us a numerical algorithm for computing n-pseudospectra. In particular, if T’
is a Toeplitz operator with symbol

f(2) = 20273 + 5277 + 2iz — 2i2” + 22°, (10.1)

x;; = (Tej,e;), 1, € Nand e > 0 we can, for integers m, k, n, define T ., 1(2) = T 1 (2) — "' I and
Temi(2) = Tri(2) — 2" I, where T, (2) and Ty, 1, (2) are defined in (6.2) and z € C . Let, for k € N,
O}, be defined as in (6.3) and

Tr({zi;}) ={2 €Oy : BL € LTyos(PeH), Tt g 2nark(2) = LL*}

- . (10.2)

U{z € Ok : L € LTpos(PiH), Te g 2na+k(2) = LL*},
where LT},05(P,H) denotes the set of lower triangular matrices in B(P,,,H) (with respect to {e;}) with
strictly positive diagonal elements and d is the bandwith of 7" (in this case d = 3), then

Jim Ty ({247}) = on.o(T).

In Figure 1 we have plotted I'y ({x;;}) for & = 1500, n = 1 (we have computed an approximation to
the 1-pseudospectrum) and € = 0.005 together with the spectrum of 7'. One observes that at least up to the
resolution of the image, the two plots are indistinguishable.

10.2 The Fourier Transform

Another test example is the Fourier transform F on L?(R). The spectrum of F is of course o(F) =
{1,—1,4,—i}. In this example we have chosen a basis for L?(R) by first considering a basic Gabor basis,
namely, a basis of the form
627”'””)([0,1] (x —n), m,n € 7Z,

(where x is the characteristic function) and then chosen some enumeration of Z x Z into N to obtain a
basis {(; } that is just indexed over N. Letting T" be the infinite matrix defined by T;; = (F;, ¢;), we can
apply the techniques from the constructive proof of Theorem 3.4 to find a set of estimating functions for
the spectrum of F. In particular, by letting {x;; } denote the matrix elements of 7" and by recalling (6.4) we
know that for n € Z and € > 0 we get that

One(F)= lim lim T, ,,({zi}),

ni—00 Ng—00
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Figure 2: The left figure shows I'y,, ,,, ({z;;}) withn = 1 ,¢ = 0.02, ny = 500 and ny = 1300 where
Ty, ne({i;}) is defined in (10.3). The right figure shows the spectrum of the Fourier transform.

where
| P ({x”}) ={2 €06y, : ﬂL € LTPOS(Pan)’TE-,nl,n2 (2) =LL"} (103)
U{z €O, : BL € LTpos(Pa,H), Temymy(2) = LL*}, ‘
and »
Ty ns (2) = Ty (2) — e I,
Te,m,nz (2) = Tm,nz (2) — 62”+1Ia

Oy, is defined as in (6.3) and T}, n,, Th, n, are defined in (6.2). In Figure 2 we have plotted I',, ,,, ({245 })
forn =1, ¢ = 0.02, ny = 500 and no = 1300 together with the spectrum of F.
10.3 The Operator ¢(Q) for & € L>(R)

When constructing other examples, the functional calculus and the spectral mapping theorem come in
handy. By defining Q on L?(R) (on its appropriate domain) by (Qf)(z) = zf(x) we obviously have
that o(®(Q)) = essran(P) (the essential range) for & € L>°(R). In this example we let

d(r) = €i$X[—w/2,W/2] (), r €R,
where Y is the characteristic function. Then the spectrum is obviously
o(®(Q)) ={z€C:Re(z) >0, |z| =1} U{0}.

In this example we have chosen a basis for L?(R) by first choosing a basis {t; 1, : 4,k € Z} where 1, () =
29/24)(27 2 — k) for j, k € 7 and 1) is the Haar wavelet, and then some enumeration of Z x Z into N to obtain
a basis {;} that is just indexed over N. Letting 7" be the infinite matrix defined by T;; = (®(Q)¢;, ¥i)
and {z;; } denote the matrix elements of T" we can use I',,, n, ({z;;}) from (10.3) exactly as in the previous
example. In Figure 3 we have plotted I,,, ,,, ({z;;}) with € = 0.06, n = 2 and ny = 8000, n; = 1600 as
well as w(o(®(Q))) (the e-neighborhood of the spectrum).

10.4 The Residual Pseudospectrum

In this final example we recall the computational tool (residual pseudospectra from Section 7) for estimating
the spectrum both from “above” and “below”, meaning that for ' € B(H) we have

Ores,e(T) U Ores .« (T) C o(T) C 0y.(T). (10.4)
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Figure 3: The left figure shows I'y,, ,,, ({z;;}) with e = 0.06, n = 2 and ny = 8000, n; = 1600. The right
figure shows w.(o(P(Q))) .
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Figure 4: The figure Shows Oyes, e (T') U Ores+ o (T') (left) and o (T') for e = 0.01 (right).

Consider the infinite matrix

o oQ - a o
Qw0 O
e o8 o
S0 O Q9 o0
QO oo O
O 0 OO

wherea = 1+2i,b=—-1,c=5+1i,d= —2,e =1+4+2i, f = —4, g = —1 —24. In Figure 4 we have plotted
Ores,e(T) U Opes .« (T) and o (T') for € = 0.01 (the computational techniques used are the ones from Section

7)). In view of (10.4) one observes that this computation gives a rather precise estimate of the spectrum of
T.

11 Concluding Remarks

We have shown that it is possible to construct/compute spectra of arbitrary linear operators from the matrix
elements, and the Solvability Complexity Index has been introduced as a tool for determining how complex
such a construction may be. The first question that arises is then: What is the Solvability Complexity Index
for spectra of different classes of operators? We have so far only presented upper bounds, and this suggests
that the theory is far from complete. Let us for simplicity consider bounded operators. Could it be that the
Solvability Complexity Index for the spectrum, when considering all bounded operators, is actually one?
This cannot be ruled out, although, we strongly believe that this is not the case. However, suppose for a
moment that it is indeed one, what would that mean? That means that there exists an algorithm that could
handle all (bounded) spectral problems and it would require just one limit. If one could give a constructive
proof and actually display such an algorithms, that would be a spectacular result.
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Although desirable, such a spectacular outcome seems a little too good to be true. Note also that a trained
eye will immediately spot that any attempts on reducing the bound on the Solvability Complexity Index by
clever use of subsequences, with the type of estimating functions used in this paper, is doomed to fail.

We would like to emphasize that the definition of the Solvability Complexity Index in this paper is a first
attempt to shed light on the rather intricate general computational spectral problem, and further thoughts
towards a deeper understanding of this and related notions should be the subject of future work.

As a motivation for future work on the Solvability Complexity Index we mention that better bounds than
three may be established for certain subclasses of operators (we have already seen this in Theorem 3.6). We
may consider for example Toeplitz operators with continuous symbols. For this subclass of operators the
Solvability Complexity Index of the spectrum is equal to one. We will sketch the ideas. Let T" be a Toeplitz
operator with continuous symbol. Equip the complex plane with a grid of step size 1/n and consider the n-th
partial sum S,a(z) of the symbol a(z) of the operator T'. Evaluating S,,a(z) at the n-th roots of unity gives
n points in the plane, and one can in finitely many steps find all points on the grid whose winding number
with respect to the piecewise linear curve determined by the n points is nonzero (this requires an argument,
but is fairly straightforward). Denoting this set by 2,,, and then observing that §2,, — o (T") yields the result.

Similarly, one can show that the Solvability Complexity Index of the pseudospectra of Toeplitz operators
with continuous symbols is one. This is done by letting P,, be the usual projection onto the span of the first
n basis elements, and then using the fact (from [9]) that o.(P,T[p,7) — 0.(T). A similar argument holds
for compact operators, however, we omit the details as more careful analysis of these questions will appear
in future papers.
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