Numerical Analysis - Part Il

Anders C. Hansen

Lecture 12
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Spectral Methods
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Finite difference schemes rest upon the replacement of derivatives
by a linear combination of function values. This leads to the
solution of a system of algebraic equations, which on the one hand
tends to be large (due to the slow convergence properties of the
approximation) but on the other hand is highly structured and
sparse, leading itself to effective algorithms for its solution. We will
get to know some of these algorithms in Section 4.

However, an enticing alternative to this strategy are methods that
produce small matrices in the first place. Although, these matrices
will usually not be sparse anymore, the much smaller the size of the
matrices renders its solution affordable. The key point for such
approximations are better convergence properties requiring much
smaller number of parameters.
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We consider the truncated Fourier approximation of a function f on
the interval [—1,1]:

N/2
F)mon(x) = > fe™ xe[-1,1], (1)
n=—N/2+1

where here and elsewhere in this section N > 2 is an even integer
and
~ 1 /! .
fn = / f(t)e'™™dt, neZ
2/
are the (Fourier) coefficients of this approximation. We want to
analyse the approximation properties of (1).
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Fourier approximation of functions

Theorem 1 (The de la Valleé Poussin theorem)

If the function f is Riemann integrable and o= O(n™1) for

|n| > 1, then ¢n(x) = f(x) + O(N~1) as N — oo for every point
x € (—1,1) where f is Lipschitz.
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Let f be an L2 periodic function with Fourier coefficients ?(n) Then

Jim S F(n)e™ = f(x)
n|<N

for almost every x.

There exists a L periodic function where the Fourier series diverges
everywhere (Kolmogorov), however, the above result can be
extended to LP functions for p > 1.

6
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Remark 2 (The Gibbs effect at the end points)

Note that if f is smoothly differentiable then, integrating by
parts,

_ (_1)n+1

2min

N

[F(1) = F(-1)) + -7 = O™ for [n] > 1.

Since such an f is Lipschitz on (—1,1), we deduce from Theorem
1 that ¢y converges to f there with speed O(N~1!). However,
convergence with speed O(N~1) is very slow and moreover, we
cannot guarantee convergence at the endpoints —1 and 1. In
fact, it is possible to show that

on(£L) — %[f(—l) + f(1)] as n— oo

and hence, unless f is periodic we fail to converge.
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The Gibbs phenomenon
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Figure : Convergence of the Fourier series
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Suppose f is an analytic function in [—1, 1], that can be extended
analytically to a closed complex domain Q. In addition let f be
periodic with period 2. In particular, (™ (—1) = f(m)(1) for all
m € Z4. Then, by multiple integration by parts, we get

~ 1 ~ 1 1
f— _— fl— I _— £ —
" win ™ (min)? (win)3'"
Thus, we have
A 1 (m)
fn = (W,'n)m n m = 0,1,.... (2)

But, how large is |fn(m)|?
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To answer this question we use Cauchy's theorem of complex
analysis, which states that

f(m)(x)— m! /f(z)dz x € [-1,1],

T 27 ), (z — x)mL

where + is the positively oriented boundary of 2. Therefore, with
a~! > 0 being the minimal distance between v and [—1, 1] and
M = max{|f(z)| : z € v} < o0, it follows that

|
m! |f(z)] |dz| < M length T ol
2r J, |z = x|m+1 — 27

™) < am,

—

and hence, we can bound ‘f,,(m)‘ < c¢m! a™1 for some ¢ > 0.
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Fourier approximation for periodic functions

Now, using (2) and the above upper bound,

N/2
’¢N(X) - f(X)‘ — ‘ Z ’7TnX _ Z f em‘nx
n=7N/2+1 n=—co

A -
~ ™) emlam+l 1
Fl = < L
S ey W emant 51

In| >N /2 In| >N /2 n=N/2

IN
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Fourier approximation for periodic functions

Using, that for any r ¢ N, and m > 1

+oo 00

Z L < ﬂ = N pmm+l
nm = J, t7" m-1 ’

n=r+1

1/(r +1)?

|
rr+1lr+2
we deduce that

on) = F() < mt ()7 mz2
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Finally, we have a competition between (a/(7N))™~! and m! for
large m. Because of Stirling's formula

m! ~ \2x mmt/2e=m

we have

m ()" V(2 Y

T e \welN

which becomes very small for large N. Hence, |¢py — f| = O(N~P)
for any p € N and we deduce that the Fourier approximation of an
analytic periodic function is of infinite order.
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Fourier approximation for periodic functions

Definition 3 (Convergence at spectral speed)

An N-term approximation ¢y of a function f converges to f at
spectral speed if ||¢n — || decays faster than O(N~P) for any
p=12 ...

Remark 4

It is possible to prove that there exist constants ¢, w > 0 such
that [|¢n — f|| < ce™N for all N € N uniformly in [~1,1]. Thus,
convergence is at least at an exponential rate.
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Let A be the set of all functions f : [-1,1] — C, which are analytic
in [—1,1], periodic with period 2, and that can be extended
analytically into the complex plane. Then A is a linear space, i.e.,
f,g € Aand a € C then f + g € A and af € A. In particular,
with f and g expressed in its Fourier series, i.e.,

f(X) _ Z /f;,eirrnxj g(X) _ Z gneiﬂ'nx

n=—oo n=—oo

we have
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Moreover,

o0

f(x) g(x) = Z ( Z ?nmgm> o mx _ Z (?*/g\)nemnx7

n=—o0 m=—0oo n=—oo

— ~

where * denotes the convolution operator, hence (f-g), = (f * g)n.
Moreover, if f € A then f' € A and

f'(x) = im Z n - fe™ (5)

n=—0o0

Since {?n} decays faster than O(n~P) for any p € N, this provides
that all derivatives of f have rapidly convergent Fourier expansions.

16
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Consider the two-point boundary value problem: y = y(x),
—1 < x <1, solves

y' 4+ a(x)y’ + b(x)y = f(x), y(-1)=y(1), (6)

where a, b, f € A and we seek a periodic solution y € A for (6).
Substituting y, a, b and f by their Fourier series and using (3)-(5)
we obtain an infinite dimensional system of linear equations for the
Fourier coefficients y,:

o o
— Yo +im Y Man-mYm+ D, bomym=Tfn, neZ. (7)

m=—00 m=—o0
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Since a, b, f € A, their Fourier coefficients decrease rapidly, like

O(n~P) for every p € N. Hence, we can truncate (7) into the
N-dimensional system

N/2 N/2
— Y tim Y MapmYmt Y, bom¥m =T (8)
m=—N/2+1 m=—N/2+1

where n=—-N/2+1,...,N/2.
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Remark 5

The matrix of (8) is in general dense, but our theory predicts
that fairly small values of N, hence very small matrices, are
sufficient for high accuracy. For instance: choosing

a(x) = f(x) = cosmx, b(x) = sin27x (which incidentally even
leads to a sparse matrix) we get

N = 16 | error of size 10710

N =22 ‘ error of size 1071% (which is already hitting eyfach)-
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Definition 6 (The discrete Fourier transform (DFT))

Let I1,, be the space of all bi-infinite complex n-periodic sequences

x = {x¢}eez (such that x5, = x¢). Set w, = exp % the primitive

root of unity of degree n. The discrete Fourier transform (DFT) of
X is

-1
F ) 1 Z” :
n: I_In I_In such that y = fnx’ where yj = E w;JEXg,
=0

Trivial exercise: You can easily prove that F), is an isomorphism of
1, onto itself and that

n—1
x=Fly,  where  x =3 wily, £=0.n-1
Jj=0
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We have to compute

~ 1 rt )
h= / F(t)e ™ dt, neZ 9)
—1

For this, suppose we wish to compute the integral on [—1, 1] of a function
h € A by means of the Riemann sums on the uniform partition
2 2k
h(t) dt =~ — hl— ). 1
[ e~y > n(%) (10)
k=—N/2+1

This is known as a rectangle rule. We want to know how good this
approximation is. As in the definition of the DFT, let wy = €2™/N. Then
we have

N/2 N/2 o0
2 2k 2 T _2mink/N
N k=—N/2+1 ! <N> N kzN;2+1 n:z—:oo e
N Ny (11)

N

NZZ” Z Wik,

n=-—00 k=—N/2+1
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Computation of Fourier coefficients (DFT)

Since w,’t,’ =1 we have

N/2 N—
/ nk_ —n(N/2-1) ! kN, n=0 (mod N),
2 R = D Wil = 0 0 (mod N
k=—N/2+1 k=0 ,  n#0 (modN),

and we deduce that
N/2 00
2 2k ~

k=—N/2+1 r=—00
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Hence, the error committed by the Riemann approximation is

N/2

2 2k
en(h) = > h<N>—/ h(t)dt = 2 Z hne — 2ho
k=—N/2+1 r=—o00
Z th+ h Nr .

§ince h € A, its Fourier coefficients decay at spectral rate, namely
hnr = O((Nr)~P), and hence the error of the Riemann sums
approximation (10) decays spectrally as a function of N,

en(h)=O(N"P) VpeN.

23 /27



Going back to the computation of the Fourier coefficients (9), we
see that we may compute the integral of h(x) = 3f(x)e™"™™ by
means of the Riemann sums, and this gives a spectral method for
calculating the Fourier coefficients of f:

1 N/2 2
AR f<N>wITI”k7 n=—N/2+1,... NJ2.
k=—N/2+1

(12)

24 /27



Computation of Fourier coefficients (DFT)

Remark 7

One can recognise that formula (12) is the discrete Fourier
transform (DFT) of the sequence (yx) = (f(3)), see Definition 6,
hence not only have we a spectral rate of convergence, but also a
fast algorithm (FFT) of computing the Fourier coefficients.
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The fast Fourier transform (FFT) is a computational algorithm,
which computes the leading N Fourier coefficients of a function in

just O(N log, N) operations. We assume that N is a power of 2, i.e.

N =2m = 2P, and for y € ly,,, denote by

y® = (o} ez and  y© = {y1}jer

the even and odd portions of y, respectively. Note that
y(E)’y(O) [ I_Im.

26
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To execute FFT, we start from vectors of unit length and in each
s-th stage, s = 1...p, assemble 2P~ vectors of length 2° from
vectors of length 2571 with

xe=x puwbo{9 e=o0,... 22711 (13)
Therefore, it costs just s products to evaluate the first half of x,
provided that x(®) and x(©) are known. It actually costs nothing to
evaluate the second half, since

Xps—14 ¢ = XéE) — w2sxéo), 0=0,...,2571-1,

Altogether, the cost of FFT is p2P~1 = 1N log, N products.



