Numerical Analysis - Part Il

Anders C. Hansen

Lecture 13
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Spectral Methods
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The basic idea of spectral methods is simple. Consider a PDE of the form
Lu=f (1)

where L is a differential operator (e.g., £ = 88—52 or L= 86—52 + 88_; etc.)
and f is a right-hand side function. We consider a finite-dimensional
subspace of functions V spanned by a basis 1, ...,%y. A typical choice
for V is a space of (trigonometric) polynomials of finite degree. We seek
an approximate solution to the PDE by a linear combination of the 1,
ie., uy(x) = ZLI ¢n¥n(x). Plugging un(x) in the PDE we get the
following linear equation in the unknowns (c,):

N
> cnlipy = f. (2)
n=1
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In general the equation will not have a solution, as there is no reason to
expect that the original PDE has a solution in the subspace V. However,
we can seek to satisfy equation (2) approximately. Assume that the
(¥n)1<n<n are an orthonormal family of functions, with respect to some
inner product (-,-). Then instead of looking for (c,) that satisfy (2), we
will require only that the projection of Luy — f on the subspace V is zero.
This is the same as requiring that

N
> o (Lo bm) = (F,hm)  Ym=1,...,N. (3)
n=1

If we call A the matrix Apm n = (L, ¥m), we end up with a N x N linear
system Ac = f, where fr, = (f,1)p).
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In this chapter we will focus on two of the most common choices of
basis functions (¢,); namely the Fourier basis, and the basis of
Chebyshev polynomials.

We focus on one-dimensional problems on the domain [—1,1]. The
basis of functions we consider here is

Yn(x) = ™™, n e Z.

These functions are orthonormal with respect to the normalized L2

inner product on [—1,1], i.e.,
1 ifn=m
10 else.

(G tom) = /wn
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Fourier approximation for periodic functions

Definition 1 (Convergence at spectral speed)

An N-term approximation ¢y of a function f converges to f at
spectral speed if ||pn — f|| decays faster than O(N~P) for any
p=12 ...

Remark 2

It is possible to prove that there exist constants ¢, w > 0 such
that [|¢n — f|| < cie™N for all N € N uniformly in [~1,1]. Thus,
convergence is at least at an exponential rate.
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Let A be the set of all functions f : [-1,1] — C, which are analytic
in [—1, 1], periodic with period 2, and that can be extended
analytically into the complex plane. Then A is a linear space, i.e.,
f,g € Aand a € C then f + g € A and af € A. In particular,
with f and g expressed in its Fourier series, i.e.,

f(X): Z ;—;eiﬂnx’ g(x): Z Eneiwnx

we have
f(X)+g(X) — Z (}Z_an)eifrnx7 Oéf(X) _ Z Otﬁ,eiﬂ-nx. (4)
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Moreover,

f(x)-g(x) = Z (Z ,/c;_mgm> e mnx _ Z (?*g)neiﬂ'nx7

n=—oo m=—0o0

where * denotes the convolution operator, hence (f-g), = (f * g)n.
Moreover, if f € A then f' € A and

f'(x) = im Z n- fe™x. (6)

n=—0o0

Since {f,,} decays faster than O(n~P) for any p € N, this provides
that all derivatives of f have rapidly convergent Fourier expansions.
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Consider the two-point boundary value problem: y = y(x),
—1 < x <1, solves

y'+a(x)y’ + b(x)y = f(x), y(-1)=y(1), (7)

where a, b, f € A and we seek a periodic solution y € A for (7).
Substituting y, a, b and f by their Fourier series and using (4)-(6)
we obtain an infinite dimensional system of linear equations for the
Fourier coefficients y,:

o0 o0
T Z Man_mYm+ Z bn—myYm = fn, n€Z. (8)

m=—0o0 m=—0oQ
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Since a, b, f € A, their Fourier coefficients decrease rapidly, like

O(n~P) for every p € N. Hence, we can truncate (8) into the
N-dimensional system

N/2 N/2
— 7T2I725/\n +im Z man—mym + Z bn—mYm = fa, (9)
m=—N/2+1 m=—N/2+1

where n=—-N/2+1,...,N/2.
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Remark 3

The matrix of (9) is in general dense, but our theory predicts
that fairly small values of N, hence very small matrices, are
sufficient for high accuracy. For instance: choosing

a(x) = f(x) = cosmx, b(x) = sin2wx (which incidentally even
leads to a sparse matrix) we get

error of size 10710

N =16

N =22 ‘ error of size 1071° (which is already hitting enach)-
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We have to compute

~ 1 rt )
f, = 5/ f(t)e '™ dt, nelZ. (10)
-1

For this, suppose we wish to compute the integral on [—1, 1] of a function
h € A by means of the Riemann sums on the uniform partition
.1 N/2
2 2k
h(t) dt = — h{—]. 11
[orewsy 3 #(5) o
k=—N/2+1

This is known as a rectangle rule. We want to know how good this
approximation is. As in the definition of the DFT, let wy = €2™/N. Then
we have

2 N5, (2
N N
k=—N/2+1

oo
E h,, e27rmk/ N
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Computation of Fourier coefficients (DFT)

Since w,’QI’ =1 we have

N2 _
/ nk —n(N/2-1) s ak )N, n=0(modN),

2 i =y 2 0= 10" 020 (modn
k=—N/2+1 k=0 v n (mod N),

and we deduce that
N/2 00
2 2k ~

k=—N/2+1 r=—o0
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Hence, the error committed by the Riemann approximation is

(h)-—2 Nz/thk—/h(t 22/1—2/7
" B Nk —-N/2+1 N - r=—o0 " ’

Z th+h Nr .
=1

Since h € A, its Fourier coefficients decay at spectral rate, namely
hne = O((Nr)=P), and hence the error of the Riemann sums
approximation (11) decays spectrally as a function of N,

en(h) = O(N"P) VpeN.
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Going back to the computation of the Fourier coefficients (10), we
see that we may compute the integral of h(x) = f(x)e™ ™™ by
means of the Riemann sums, and this gives a spectral method for
calculating the Fourier coefficients of f:

1 N/2 2k
2 —nk <
fan E f<N>wN", n=-N/24+1,...,N/2.
k=—N/2+1

(13)
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We consider the Poisson equation

Vu="f, —-1<x,y<lI, (14)
where f is analytic and obeys the periodic boundary conditions
f(-1,y)=1(l,y), —-1<y<1, f(x,—1)=f(x,1), —-1<x<1
Moreover, we add to (14) the following periodic boundary conditions

u(_1>)/) = U(].,y), UX(_lay) = UX(lvy)a -1 S y S 1

u(x,—1) = u(x,1), wuy(x,-1)=u,(x,1), —-1< (15)

With these boundary conditions alone, a solution of (14) is only
defined up to an additive constant.
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Hence, we add a normalisation condition to fix the constant:

/_ 11 /_ 11 u(x, y) dx dy =0, (16)

We have the spectrally convergent Fourier expansion

oy = 32 et

k,|J=—oc0

and seek the Fourier expansion of u

[e.e]

)= 3 e,
kf=—oc0
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Since

0—// u(x,y)dxdy = Z ukg// kXHY)dxdy—uoo,

kf=—
and
0 .
Vzu(x,y) —— Z (k2 + 62)21\1(7£el71’(l<x+éy)7
kf=—00

together with (14), we have

1 ~
m = —71“
uk,f (k2 + 62)71_2 ks

il\o,() =0.

kL€ Z, (k) # (0,0)
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Spectral methods and the Poisson equation

Remark 4
Applying a spectral method to the Poisson equation is not
representative for its application to other PDEs. The reason is
the special structure of the Poisson equation. In fact,
Dk = em(kxtLly) are the eigenfunctions of the Laplace operator
with

V20 = =2 (K* + )i e,

and they obey periodic boundary conditions.
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We consider the more general second-order linear elliptic PDE
Vi(aVu)=f, -1<xy<1,

with a(x,y) > 0, and a and f periodic. We again impose the periodic
boundary conditions (15) and the normalisation condition (16). We rewrite

0 0
V' (aVu) = a(aux) + a(auy) =f.

Recall that for the Fourier expansions

gey) =Y Burdre(xy),  hxy) = hmadma(x,y),

k,lEZ m,n€Z

(here the ¢ ¢s are the complex exponentials) we have that

(g : h)k}e = Z /g\k—m,é—nhm,na (gx)k’e = iﬂ'ké—\k,éa (gy)k,g = iﬂ'éé—\k,éa
m,n€Z

p— — ~

(hX)m n— iﬂ—m/i;m,na (hy)m n = iTn hm n-

) N s
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This gives

—m2 3" " (kmn) Bk nlmnre () = > feedre(x,y).

kLEZ m,n€EZ kLEZ

In the next steps, we truncate the expansions to
—N/2+1<k,{,m n< N/2 and impose the normalisation
condition up o = 0. This results in a system of N? — 1 linear
algebraic equations in the unknowns Up, ,, where
m,n=—N/2+1...N/2, and (m, n) # (0,0):

N/2

m,n=—N/2+1

. . 1~
> (km+en) Sk mp—p Umn = —— fes kol = —N/2+1...

N/2.
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The fast convergence of spectral methods rests on two properties of
the underlying problem: analyticity and periodicity. If one is not
satisfied the rate of convergence in general drops to polynomial.
However, to a certain extent, we can relax these two assumptions
while still retaining the substantive advantages of Fourier
expansions.
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Relaxing analyticity: In general, the speed of convergence of the
truncated Fourier series of a function f depends on the smoothness
of the function. In fact, the smoother the function the faster the
truncated series converges, i.e., for f € CP(—1,1) we receive an
O(N~P) order of convergence.

Spectral convergence can be recovered, once analyticity is replaced
by the requirement that f € C>°(—1,1), i.e., f(™(x) exists for all
€ (—1,1) and m=0,1,2,.... Consider, for instance,
f(x) = e /A=) Then, f € C>°(—1,1) but cannot be extended
analytically because of essential singularities at £1. Nevertheless,
one can show that |f,| ~ O(e~""), where ¢ > 0 and o = 0.44.
While this is slower than exponential convergence in the analytic
case, it is still faster than O(n~™) for any integer m and hence, we
have spectral convergence.
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Relaxing periodicity: Disappointingly, periodicity is necessary for
spectral convergence. Once this condition is dropped, we are back
to the setting of Theorem 3.3, i.e., Fourier series converge as
O(N~1) unless f(—1) = f(1). One way around this is to change our
set of basis functions, e.g., to Chebyshev polynomials.
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The Chebyshev polynomial of degree n is defined as
Ta(x) :=cosnarccosx, x € [—1,1],
or, in a more instructive form,

Th(x) :=cosnf, x=cosf, 6 e]|0,n]. (17)
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1) The sequence (T,) obeys the three-term recurrence relation

To(x) =1, Ti(x) =x,
Tot1(x) = 2xTh(x) — Tpo1(x), n>1,

in particular, T, is indeed an algebraic polynomial of degree n, with
the leading coefficient 2"~1. (The recurrence is due to the equality
cos(n+1)6 + cos(n—1)0 = 2 cos 6 cos nf via substitution x = cos 6,
expressions for Tp and T; are straightforward.)

The recurrence yields
To(x) =1, Ti(x)=x, Ta(x)=2x>-1, Ts(x)=4x>-3x, ...,

and T, is called the nth Chebyshev polynomial (of the first kind).
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2) Also, (T,) form a sequence of orthogonal polynomials with
respect to the inner product (f, g)y == f_ll f(x)g(x)w(x)dx, with
the weight function w(x) := (1 — x?)~1/2
setting x = cos ¥,

. Namely, we have, by

1 dx ™
(Tfh Tm)w = / Tm(X) Tn(X) \/ﬁ = /() cos mb cos nf df

-1

™, m=n=0,
= %’ m:nzl’ (]‘8)
0, m#n.
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Since (T,)52, form an orthogonal sequence, a function f such that
f'il |f(x)|?w(x) dx < 0o can be expanded in the series

= i f: Tn(x)
n=0

with the Chebyshev coefficients fn Making inner product of both sides
with T, and using orthogonality yields

7 7 (f, Tn)w
fa Tn w = fn T,,, Tn w = fn = T N
( ) ( ) (Tn, Tn)

SIRCL v
l—x2

https://en.wikipedia.org/wiki/Stone-Weierstrass_theorem
https://en.wikipedia.org/wiki/Chebyshev_polynomials

where cg =1 and ¢, = 2 for n > 1.
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