Numerical Analysis - Part Il

Anders C. Hansen

Lecture 4
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Solving PDEs with finite difference methods
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Observation 1 (Special structure of 5-point equations)

We wish to motivate and introduce a family of efficient solution
methods for the 5-point equations: the fast Poisson solvers. Thus,
suppose that we are solving V2u = f in a square m x m grid with the
5-point formula (all this can be generalized a great deal, e.g. to the
nine-point formula). Let the grid be enumerated in natural ordering, i.e.
by columns. Thus, the linear system Au = b can be written explicitly
in the block form

B I uy by 41
/I B . u b, 5 1 —4
T, T, l - ) - ° 1 b
| B u, b, 1 —4 e
—_—
A

where ug, by € R™ are portions of u and b, respectively, and B is a
TST-matrix which means tridiagonal, symmetric and Toeplitz (i.e.,

constant along diagonals). 323



Observation 2 (Special structure of 5-point equations)

By Exercise 4, its eigenvalues and orthonormal eigenvectors are
given as

Bq, = \qy, Ao = —4 + 2cos me—j:l,

gy = Ym(sin njq_—:—rl)jmzl’ {=1..m,

where v, = ,/miﬂ is the normalization factor. Hence

B = QDQ! = QDQ, where D = diag ()\;) and @ = QT = (qj0).

Note that all mxm TST matrices share the same full set of
eigenvectors, hence they all commute!
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Set vy = Quy, cx = Qby, therefore our system becomes

D | Vi C1
| D -. vy Cco
o / : —
| D
| Vm | | €m |

Let us by this stage reorder the grid by rows, instead of by columns..

In other words, we permute v — v = Pv, ¢ — € = Pc, so that the
portion €1 is made out of the first components of the portions

€1,...,Cm, the portion €, out of the second components and so on.
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This results in new system

M 1 €1 A 1
A2 V2 C> Ak _ 1 Ak 1
Am - ~ 1 g
L Vm ] i Cm ] mxXm

where k =1...m.
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These are m uncoupled systems, A v, = ¢, for k = 1...m. Being
tridiagonal, each such system can be solved fast, at the cost of
O(m). Thus, the steps of the algorithm and their computational
cost are as follows.

1. Form the products ¢, = Qby, k=1..m .......... O(md)
2. Solve m x m tridiagonal systems A,v, =¢x, k=1..m ...... O(m?)
3. Form the products u, = Qvy, k=1..m .......... O(m?3)
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We observe that the computational bottleneck is to be found in the
2m matrix-vector products by the matrix Q. Recall further that the
elements of @ are gjy = ymsin —g This special form lends itself to
a considerable speedup in matr|x mu|t|p||cat|on Before making the
problem simpler, however, let us make it more complicated! We
write a typical product in the form

m il 2m+1 oy
(Qy)f_zlsinmi ImZexp yJ_Im.Zexp2 i2
J:

(1)

where ymi1 =+ = yomy1 = 0.
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Definition 3 (The discrete Fourier transform (DFT))

Let I, be the space of all bi-infinite complex n-periodic sequences

x = {x¢}eez (such that xp1, = x¢). Set w, = exp ?, the primitive

root of unity of degree n. The discrete Fourier transform (DFT) of
X is

1 n—1 )
Fn:Mp— M, suchthat y=Fp,x, where y= EZWEX&
=0
where j = 0...n—1.

Trivial exercise: You can easily prove that F, is an isomorphism
of N, onto itself and that

n—1
x=F,ly, where x =) wiy, £=0.n-1
=0
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An important observation: Thus, multiplication by Q in (1) can be
reduced to calculating an inverse of DFT.

Since we need to evaluate DFT (or its inverse) only in a single
period, we can do so by multiplying a vector by a matrix, at the cost
of O(n?) operations. This, however, is suboptimal and the cost of
calculation can be lowered a great deal!
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We assume that n is a power of 2, i.e. n=2m = 2P, and for
y € Iy, denote by

y(E) = {Y2j}j€Z and y(o) - {YZj—i-l}jEZ

the even and odd portions of y, respectively. Note that
y(E)vy(O) c |_|m_

Suppose that we already know the inverse DFT of both ‘short’
sequences,
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Computing the fast Fourier transform (FFT)

It is then possible to assemble x = .7-"2_,T1,y in a small number of
operations. Note that we have w3, = wp,, thus

2m—1 m—1 )
2jt +1z
X = Z b¥i = sznY2J+ZW2J Y2j+
j=0
m—1 o
it (E (E o)
= wf,f;yj( )—|— Z ( )_XZ )—i—wgmxé ),
Jj=0
where £ =0,...,m—1.
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Therefore, it costs just m products to evaluate the first half of x,
provided that x(®) and x(©) are known. It actually costs nothing to
evaluate the second half, since

j(m+¢) j¢ +¢ ¢ (E) ¢ (0)
Wi =wh, Wy = —Wom = Xmpr =X — WomXp
where £ =0,...,m—1.

Note: To execute FFT, we start from vectors of unit length and in
each s-th stage, s = 1...p, assemble 2P~* vectors of length 2° from
vectors of length 2571: this costs 2P~525~1 = 2P~ products.
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Altogether, the cost of FFT is p2P~1 = %n log, n products.

[o]1]2]3]a]s]6][7] 1 block of length 2P
e N
“n < 2P~ blocks of length 2°
7N 7N
|0[4‘ |2[6‘ |1[5‘ |3[7‘ + 2P~ blocks of length 2

AN AN AN AN
E] E] < 2P blocks of length 1

For n = 1024 = 20, say, the cost is ~ 5 x 103 products, compared to

~ 10° for naive matrix multiplication! For n = 220 the respective numbers
are ~ 1.05 x 107 and ~ 1.1 x 102, which represents a saving by a factor
of more than 10°.

Matlab demo: Check out the online animation for computing the FFT at
http://www.damtp.cam.ac.uk/user/hf323/M21-II-NA/demos/fft_
gui/fft_gui.html and download the Matlab GUI from there to follow
the computation of each single FFT term.
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Numerical analysis is mostly concerned with providing upper bounds.
Foundations of computational mathematics is concerned with
determining the boundaries of what computers can achieve. That

means also lower bounds.

Is nlog(n) the best one can do when computing the discrete Fourier
transform? Does there exist an algorithm that is faster?
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Partial differential equations of evolution
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Recall the Poisson equation
Vu=f  (xy)eQ (2)

where V2 = A = 88722 + 88722 is the Laplace operator and €2 is an

open connected domain of R? with a Jordan boundary, specified
together with the Dirichlet boundary condition

U(X7y):¢(X7y) (X,y)E@Q. (3)

(You may assume that f € C(Q), ¢ € C2(9R), but this can be
relaxed by an approach outside the scope of this course.)
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We consider the solution of the diffusion equation

ou  0%u

a:@, OSXS]., tZO,

with initial conditions u(x,0) = up(x) for t = 0 and Dirichlet
boundary conditions u(0,t) = ¢o(t) at x =0 and u(1,t) = ¢1(t) at
x = 1. By Taylor's expansion

Bu—g;t) — %[u(x, t+ k) — u(x, t)] + O(k), k= At,
d?u(x,t) lz [u(x — h,t) —2u(x, t) + u(x + h, t)] +O(R), h=Ax,

>

Ox?

so that, for the true solution, we obtain

u(x, t+k) = u(x, t)+25 [u(x—h, t)—2u(x, t)+u(x+h, t)] +O(k*+kh?) .
(4)
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That motivates the numerical scheme for approximation
ul =~ u(xm, tp) on the rectangular mesh (xp, t,) = (mh, nk):

uttt =y +p(up_y = 2ul + ufiq) m=1.M. (5)
Here h= M_+1 and pu= % = (AA_xt)Z is the so-called Courant number.
With 1 being fixed, we have k = ;h?, so that the local truncation
error of the scheme is O(h*). Substituting whenever necessary
initial conditions uY, and boundary conditions uf and uf},, ;, we

possess enough information to advance in (5) from
u = [uf, . ] to u™ = [ul T up
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Similarly to ODEs or Poisson equation, we say that the method is
convergent if, for a fixed u, and for every T > 0, we have

l|7im0 |up, — u(Xm, tn)| = 0 uniformly for (xm, t,) € [0,1] %[0, T].
—

In other words, if e/, := u}, — u(mbh, nk) is the error of
approximation, and e” = [ef,. .., ef;] with ||e"|| := max,, |e},|, then
convergence is equivalent to

lim max |e"||=0.
h—01<n<T/k

Note: In the present case, however, a method has an extra
parameter u, and it is entirely possible for a method to converge for
some choice of 1 and diverge otherwise.
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Theorem 4
If w < %, then method (5) converges.

Proof. Let e/, := ul, — u(mh, nk) be the error of approximation, and let
e’ =lef,...,ey] with ||e"]| := max,, |ef|. Convergence is equivalent to

lim max |e"]|=0
h—01<n<T /k

for every constant T > 0. Subtracting (4) from (5), we obtain
emt = emtpleny —2en +eniy) + O(h)

= pep_y+ (1 —2u)ep + pep g + O(h).

Then
le™ M| = max ef ™| < (2 + 1 — 2pl) [[€”]| + ch® = [[e"]| + ch®,
m
by virtue of 4 < 1. Since [ €°| = 0, induction yields
|\e”||§cnh4g%h4:%h2—>o (h—0) O
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In practice we wish to choose h and k of comparable size, therefore
p = k/h? is likely to be large. Consequently, the restriction of the
last theorem is disappointing: unless we are willing to advance with
tiny time step k, the method (5) is of limited practical interest. The
situation is similar to stiff ODEs: like the Euler method, the scheme
(5) is simple, plausible, explicit, easy to execute and analyse — but
of very limited utility. . ..
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Matlab demo: Download the Matlab GUI for Stability of 1D PDEs
from http://www.damtp.cam.ac.uk/user/hf323/M21-II-NA/
demos/pde_stability/pde_stability.html and solve the
diffusion equation in the interval [0, 1] with method (5) and
=051 > 1. Using (as preset) 100 grid points to discretise [0, 1]
will then require the time steps to be 5.1 - 107°. The solution will
evolve very slowly, but wait long enough to see what happens!
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