Numerical Analysis - Part Il

Anders C. Hansen

Lecture 6
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Partial differential equations of evolution
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We consider the solution of the diffusion equation

ou  0%u

9 2’ 0<x<1, t=>0,

with initial conditions u(x,0) = ug(x) for t = 0 and Dirichlet
boundary conditions u(0,t) = ¢o(t) at x =0 and u(1,t) = ¢1(t) at
x = 1. By Taylor's expansion

) = Lu(x,t+ k) — ulx, )] +O(K), k=at,
Pubet) L lu(x— ht) — 2u(x, £) + u(x + b, 1)) + O(K), h=Ax,

so that, for the true solution, we obtain

u(x, t+k) = u(x, t)+4 [u(x—h, t)—2u(x, t)+u(x+h, t)] +O(k*+kh?).
(1)



That motivates the numerical scheme for approximation

ul = u(Xm, tp) on the rectangular mesh (xm, t,) = (mh, nk):

uptt = ul 4+ p(ul_y = 2up + Ul ) m=1.M. (2)

_ At - !
Here h= M+1 and pu= h2 = x2S the so-called Courant number.

With p being fixed, we have k = p1h?, so that the local truncation
error of the scheme is O(h*). Substituting whenever necessary
initial conditions ug, and boundary conditions uj and Uppppr We
possess enough information to advance in (2) from

u" = [uf, . e to u™ = [wf L el
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Similarly to ODEs or Poisson equation, we say that the method is
convergent if, for a fixed u, and for every T > 0, we have

l|7im0 lup, — u(Xm, tn)] =0 uniformly for  (xm, ts) € [0,1] %[0, T].
ﬁ

In the present case, however, a method has an extra parameter p,
and it is entirely possible for a method to converge for some choice
of 1 and diverge otherwise.
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Definition 1 (Stability in the context of time-stepping methods
for PDEs of evolution)

A numerical method for a PDE of evolution is stable if (for zero
boundary conditions) it produces a uniformly bounded
approximation of the solution in any bounded interval of the
form 0 <t < T when h — 0 and the generalized Courant number
= k/h", with r being the maximum degree of the differential
operator, is constant.
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Theorem 2 (The Lax equivalence theorem)

Suppose that the underlying PDE is well-posed and that it is solved
by a numerical method with an error of O(hP*"), p > 1, where r is

the maximum degree of the differential operator. Then stability <
convergence.
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Norm inequalities

Recall the basic norm inequalities:

Ixlly < lixlly < Valixl2,
Ixlloe < lIxllz < VAlIx]lc,

XNl < lixlly < nlixlo,

where x € C".
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Although we can deduce from the theorem that u < % implies
stability, we will prove directly that stability < © < 5. Let
= [u,...,ul,]T. We can express the recurrence (2)

uptt = ul 4 (Ul g — 2up + Ul ) m=1.M,

in the matrix form

uptt = Apuf, Ap =1 + uA,, A, =



Here A, is TST, with \;(A.) = —4 sin® ”TH’, hence
Me(Ap) = 1 — 4usin® TEh | so that its spectrum lies within the
interval [Apy, \1] = [1 — 4p cos? %h, 1 — 4ysin? %h] Since Ap is
symmetric, we have
1—4psin? 2| <1, p<i,
1Anll2 = p(An) = . )
[1—4pcos® B >1, p>35 (h<hy).
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We distinguish between two cases.
1) p<g <AL ot < < A6 < Jlu®l] as n— oo, for every u’.
2) wu> %: Choose u® as the eigenvector corresponding to the largest (in modulus)

Al > 1. Then u” = X\"u®, becoming unbounded as n — co.

eigenvalue,
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Suppose that we want to solve the differential equation
y'=f(ty),  y(t)=y.
Euler’'s method is given by
Ynt1 = Yn + kf(ta, yn),

where k = t,41 — t, is the step size.
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Let um(t) = u(mh, t), m=1..M, t > 0. Approximating 9%/0x? as
before, we deduce from the PDE that the semidiscretization

du 1

T: = p(um,l —2um—|—um+1), m=1.M (3)
carries an error of O(h?). This is an ODE system, and we can solve
it by any ODE solver. Thus, Euler's method yields (2), while
backward Euler results in

uptt = p(upty = 2uptt + gty = .
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This approach is commonly known as the method of lines. Much
(although not all!) of the theory of finite-difference methods for
PDEs of evolution can be presented as a two-stage task: first
semidiscretize, getting rid of space variables, then use an ODE
solver.

Typically, each stage is conceptually easier than the process of
discretizing in unison in both time and in space (so-called full
discretization).
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Suppose that we want to solve the differential equation
Y =f(t.y),  y(t)=yo
The trapezoidal rule is given by the formula

Yn+1 =Yn + %k(f(tm)/n) + f(tn+17)/n+1)>a

where k = t,11 — t, is the step size.
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Discretizing the ODE (3) with the trapezoidal rule, we obtain

1 1

Eu(u[;tll —2upt + urrly—ill) = Up + 5p(Upm_1 — 2 + Up 1),
(4)

where m = 1...M. Thus, each step requires the solution of an

M x M TST system. The error of the scheme is O(k3 + kh?), so

basically the same as with Euler's method. However, as we will see,

Crank—Nicolson enjoys superior stability features, as compared with
the method (2).

n+1
Um, —

16
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Suppose that a numerical method (with zero boundary conditions)
can be written in the form

n+1 Ah”h,
where u? € RM are vectors, A, € RM*M is a matrix, and h = ﬁ
Then uf = (Ap)"u?, and
lufll = 11(An) i || < [1(AR)"] - Ul < [[AlI" - [lufl
for any vector norm || - || and the induced matrix norm
|A|l = sup ”HA)I(IH If we define stability as preserving the boundedness

of u} with respect to the norm | -

|Anll <1lash—0 = the method is stable.
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Usually, the norm of uy is set to be an averaged Euclidean length,
namely, [[up||p = [h Z,’\il |uj|?]*/?, and that does not change the

Euclidean matrix norm. The reason for the factor h'/2 is to ensure
that, because of the convergence of Riemann sums, we obtain

1/2 1/2
lunlln = [ Ja2] = [ luGoPRax] " = lullee (b= 0),

provided that u is a square-integrable function such that
up = u(x)|q,-
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Definition 3 (Normal matrices)

We say that a matrix A is normal if A = QDQRT = QDQ*, where
D is a (complex) diagonal matrix and Q is a unitary matrix
(such that QQT = I, where the bar in Q means complex
conjugation). In other words, a matrix is normal if it has a
complete set of orthonormal eigenvectors.

Examples of the real normal matrices, besides the familiar
symmetric matrices (A = AT), inlclude also the matrices which are
skew-symmetric (A = —AT), and more generally the matrices with
skew-symmetric off-diagonal part.
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Proposition 4

If A is normal, then || A|| = p(A).

Proof. Let u be any vector (complex-valued as well). We can
expand it in the basis of the orthonormal eigenvectors
u=>",a;q;. Then Au= 37", \;ajq;, and since q; are
orthonormal, we obtain

H ||2 . {Z/ 1 ’)\ al| }1/2 — ’A ‘
[Jul|2 P [l

I1All2 := sup

Remark 5

More generally, one can prove that, for any matrix A, we have
|All2 = [p(AAT)]*/?, and the previous result for normal matrices
can be deduced from that formula.
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Crank—Nicolson method for diffusion equation

Let

n+1 1 n+1 n+1 n+ly _ . .n 1 n n n
Up = — §M(Um_1 - 2um + um+1) = Up+ Eu(um—l - 2um + um—l—l)?

where m = 1...M. Then Bu"t! = Cu", where the matrices B and C
are Toeplitz symmetric tridiagonal (TST),

B=1-1uA,.,

utl = B_lCu”, A, =
C=1+1uA.,

MxM
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All Mx M TST matrices share the same eigenvectors, hence so does
B~1C. Moreover, these eigenvectors are orthogonal. Therefore, also
A = B71C is normal and its eigenvalues are

M(C) 11— 2/15in? %th

Ak(A) = -
K(4) A(B) 1+ 2pusin® Lrkh

Consequently Crank—Nicolson is stable for all > 0.

Note: Similarly to the situation with stiff ODEs, this does not mean
that k = At may be arbitrarily large, but that the only valid
consideration in the choice of k = At vs h = Ax is accuracy.

[A(A)] <1, k=1..

M.



It is not difficult to verify that the local error of the Crank-Nicolson
scheme is n = O(k3 + kh?), where O(k3) is inherited from the
trapezoidal rule (compared to O(k?) for the Euler method). We
also have

1"l = {h Sy [ P}2 = O(K3 + kh?).

Hence, for the error vectors e” we have

Be" ! =Ce"+n" = || <|IBTXC||- [l + BT - |In"]-

We have just proved that ||[B~1C|| < 1, and we also have
|[B71|| <1, because all the eigenvalues of B are greater than 1 (by
Gershgorin's theorem). Therefore, [[e™"}| < |le”| + ||n"||, and

le”ll < [l + nllnll = nlln|l < (k* + kh?) = cT (K> + h).

Thus, taking k=ah will result in O(h?) error of approximation.
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We consider the solution of the advection equation

Ou Ou
—_— = — <x < >

9t Ox’ 0<x<1, t>0,

with initial conditions u(x,0) = up(x) for t = 0 and Dirichlet
boundary conditions u(0,t) = ¢o(t) at x =0 and u(1,t) = ¢1(t) at
x =1
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Let

m 4 m+1~ Ym-1

(This is the trapezoidal rule applied to the semidiscretization of

advection equation Ou @). In this case, u"*1 = B~1Cu", where
ot ox

the matrices B and C are Toeplitz antisymmetric tridiagonal,

uptt —ul = Tp(upth — ) + 2 p(ung —um), m=1.M.
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Similarly to Exercise 4, the eigenvalues and eigenvectors of the
matrix

a
-8 «
S = 8 . ,
are given by Ay = a + 2ifcos kx, and wy = (i sin kmx)M_,
where x = mh = So, all such S are normal and share the same

M+1
eigenvectors, hence so does A= B~ LC, hence A is normal and

M(C) 1 k
Me(A) = 266 taipcoshc M(A) =1, k=1..M.
)\k(B) l—jlp,coskx

So, Crank—Nicolson is again stable for all ;1 > 0.
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Finally, consider the Euler method for advection equation

n+1 n __ n n _
um™ — up = pupg 1 — up), m=1.M.

We have u™t! = Au”, where

I1—p p
1—p .
Ceop

1—p

but A is not normal, and although its eigenvalues are bounded by 1
for ;1 < 2, it is the spectral radius of AAT that matters, and we
have p(AAT) = (|1 — u| + |p|)?, so that the method is stable only if
p<l.



