Numerical Analysis - Part Il
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Lecture 9
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Partial differential equations of evolution
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We consider the solution of the diffusion equation

ou  du

—_— = 0<x<1, t=>0

ot ox2’ =X=5h =
with initial conditions u(x,0) = ug(x) for t = 0 and Dirichlet
boundary conditions u(0,t) = ¢o(t) at x =0 and u(1,t) = ¢1(t) at
x =1

What if —oo < x < 00?
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Let us now assume a recurrence of the form

Zi:r akurr:ii—lk = Zi:r bkur,177+k7 ne Z+’ (1)

where m ranges over Z. (Within our framework of discretizing PDEs
of evolution, this corresponds to —co < x < oo in the undelying
PDE and so there are no explicit boundary conditions, but the initial
condition must be square-integrable in (—oo, 00): this is known as a
Cauchy problem.)

The coefficients a, and by are independent of m, n, but typically
depend upon p. We investigate stability by Fourier analysis. [Note
that it doesn’t matter what is the underlying PDE: numerical
stability is a feature of algebraic recurrences, not of PDEs!]



Let v = (Vm)mez € l2[Z]. Its Fourier transform is the function
V(0) =X ez e v, —r<0<m.

We equip sequences and functions with the norms

1
1 R T 3
Wi={> |vwmlP}?  and HvH*—{i/ \v(e)rzde} .

meZ -n
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For € [—m, 7], let T"(0) = >,z € "™ ul, be the Fourier
transform of the sequence u” € /5[Z]. We multlply the discretized
equations (1) by e and sum up for m € Z. Thus, the left-hand

side yields

oo

s
—im6 n+1 —im@ n+1
E e’ E akup’ = E ak E e "Mupt,
m=—00 k=r m=—00
()

s

o0
_ ar Z a—i(m—k)6 unl = (Zakelka> (6

k=r m=—o00

Similarly manipulating the right-hand side, we deduce that

Si bl )

Zk:r akelke

The function H is sometimes called the amplification factor of the
recurrence (1)

L) = H(0)T"(0), where H(0) =

6
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Fourier analysis of stability

Theorem 1
The method (1) is stable < |H(0)| <1 forall 0 € [—m,n].

7/34



The advection and wave equations
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Problem 2 (The advection equation)
A useful paradigm for hyperbolic PDEs is the advection equation

Up = Uy, 0<x<1, t>0, (4)

where u = u(x, t). It is given with the initial condition

u(x,0) = p(x), x € [0,1] and (for simplicity) the boundary
condition u(1,t) = ¢(t 4+ 1). The exact solution of (4) is simply
u(x,t) = o(x + t), a unilateral shift leftwards. This, however,
does not mean that its numerical modelling is easy.
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We commence by semidiscretizing a”é")ft) ~ ﬁ [Umt1(t) — um—1(t)],
so coming to the ODE v/ (t) = # [Umt1(t) — um—1(t)]. For the
Euler method, the outcome is

n+l _  .n 1 n n _
Up = = Uy + E:u(um—s—l - um—1)> m=0..M, né€Z,

with ud = 0 for all n. In matrix form this reads

1
_1
u"! = Au” A= 2

)

The matrix A is normal, with the eigenvalues A\y = 1 + i cosfémh

(see Example 2.15), so that ||A||> = 1 + z?, hence instability for any
L.
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Consider the wave equation

Pu  D2%u

2 e x € [0,1], t>0,

given with initial (for v and u;) and boundary conditions. The usual
approximation looks as follows

n+1 n n—1 __ n n n
Up = — 2um + Up = = N(um+1 - 2um + umfl) )

with the Courant number being now u = k2/h?.
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To advance in time we have to pick up the numbers ul, = u(xp, k)
(of course they should depend on the initial derivative u¢(x,0).
Euler’s method provides the obvious choice

u(Xm, k) = u(xm,0) + kut(xm, 0), but the following technique enjoys
better accuracy. Specifically, we set ul to the right-hand side of the
formula

u(xm, k) =~ u(xm,0) + kue(xm,0) + %kzutt(xm, 0)

Xm, 0) + kug(xm, 0) + %kzuxx(x,777 0)

= u(
ug‘l + %M(u%—l - 2“21 + U9n+1) + kUt(Xm, 0) .
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The Fourier analysis (for Cauchy problem) provides
u"m(0) — 2u"(0) + u"(H) = —4usin? %ﬁ”(&) ,

with the characteristic equation A? — 2(1 — 2y sin? %))\ +1=0.The
product of the roots is one, therefore stability (that requires the
moduli of both A to be at most one) is equivalent to the roots being
complex conjugate, so we require

(1—2usin?8)2 < 1.

This condition is achieved if and only if u = k?/h? < 1.
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The diffusion equation in two space
dimensions
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We are solving

du

— =V?u, 0<x,y<1, t=>0, (5)
ot

where u = u(x, y, t), together with initial conditions at t = 0 and
Dirichlet boundary conditions at 9, where Q = [0, 1]? x [0, 00). It
is straightforward to generalize our derivation of numerical
algorithms, e.g. by the method of lines.
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Recall the five point formula

We have the five-point method

Uij = Ui—1j + Uiy1j + Ujj—1 + Ujj1 — 4ujj,
J

discretising the two dimensional Laplacian.

16 /34



Thus, let up ,(t) = u(fh, mh, t), where h = Ax = Ay, and let
uj . & upm(nk) where k = At. The five-point formula results in

! 1
Upm = ﬁ(uﬁfl,m + Upt1,m + Upm—1 + Upm+1 — 4ué,m)7

or in the matrix form
/

u = h—12A*u, u=(u,m) €RV, (6)

where A, is the block TST matrix of the five-point scheme:

H -4 1
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Thus, the Euler method yields

n+1 __ n n n n n
Uy = U+ (U g+ U+ U1+ ULy — AU ), (7)

or in the matrix form

= Au”, A=+ uA,

where, as before, 1 = ﬁ = (AA—Xty. The local error is
n = O(k*+kh?) = O(h*). To analyse stability, we notice that A is
symmetric, hence normal, and its eigenvalues are related to those of

A, by the rule
Mee(A) =1+ pdee(A) O 1 — 4y (Sln2 kb | sin2 WT%) .
Consequently,

sup p(A) = max{1,|1 — 8ul}, hence p<i < stability.
h>0
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Fourier analysis generalizes to two dimensions: of course, we now
need to extend the range of (x,y) in (5) from 0 < x,y <1 to
x,y € R. A 2D Fourier transform reads

W0, 0) = 3 g e EOm)

0, meZ

and all our results readily generalize.
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In particular, the Fourier transform is an isometry from /,[Z?] to
Ly([-7,7]?), i.e.

/ T[T /
(3 twenl)” =l =10 = (i3 [ [ oo, avae)”,
4, meZ e

and the method is stable iff |H(6,¢)| < 1 for all 6,9 € [—7,n]. The
proofs are an easy elaboration on the one-dimensional theory.
Insofar as the Euler method (7) is concerned,

H(0.0) = L (e 7 ) = 1tp(sin® S4sin” ),

and we again deduce stability if and only if p < %.



Lemma 3 (Parseval's identity)
For any v € (3[Z], we have |lv|| = ||V
Proof. By definition,

m3:%[”Zawa [ZD)MWW”M

meZ meZ keZ
= =33 Vka/ eilm=ke g O Z > VWS = |IVII?,
meZ keZ meZ keZ
where equality () is due to the fact that
T 2w, £=0,
/)aww: O
- 0, (e€Z\{0},

The implication of the lemma is that the Fourier transform is an
isometry of the Euclidean norm. This is an important reason

underlying its many applications in mathematics and beyond.
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Applying the trapezoidal rule to our semi-dicretization (6) we obtain
the two-dimensional Crank-Nicolson method:

(1 = 3pA) U™ = (I + JpA)u", (8)

in which we move from the n-th to the (n+1)-st level by solving the
system of linear equations Bu"*! = Cu”, or u"t! = B~1Cu”. For
stability, similarly to the one-dimensional case, the eigenvalue
analysis implies that A = B~1C is normal and shares the same
eigenvectors with B and C, hence

AC) 1+ LuA(AL)

AB) 1-— %N/\(A*) IMA)] < Llas A(As) <0

A(A) =

and the method is stable for all . The same result can be obtained
through the Fourier analysis.



We would like to find a fast solver to the system (8). The matrix

B=1- %,uA* has a structure similar to that of A,, where

H I -4 1

so we may apply the Hockney method.
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Observation 4 (Special structure of 5-point equations)

We wish to motivate and introduce a family of efficient solution
methods for the 5-point equations: the fast Poisson solvers. Thus,
suppose that we are solving V2u = f in a square m x m grid with the
5-point formula (all this can be generalized a great deal, e.g. to the

nine-point formula). Let the grid be enumerated in natural ordering, i.e.

by columns. Thus, the linear system Au = b can be written explicitly
in the block form

B I t 4 1
I B up bs ; 14
o = ) = 1 ’
rel, b, 1 4]
—_—
A

where ug, b, € R™ are portions of u and b, respectively, and B is a
TST-matrix which means tridiagonal, symmetric and Toeplitz (i.e.,
constant along diagonals).
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Observation 5 (Special structure of 5-point equations)

By Exercise 4, its eigenvalues and orthonormal eigenvectors are
given as

Ba, = Ay, Ar = —4+2cos me_jir—l

q; = Ym(sin rfl—fl)j:l, {=1..m,

where v, = ,/m%rl is the normalization factor. Hence

B = QDQ™! = QDQ, where D = diag(\¢) and Q = QT = (gje)-

Note that all mxm TST matrices share the same full set of
eigenvectors, hence they all commute!
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Set v, = Qug, cx = Qby, therefore our system becomes

D I Vi “
| D . Vo (o))
| D
_vm_ _cm_

Let us by this stage reorder the grid by rows, instead of by columns..

In other words, we permute v — Vv = Pv, ¢ — € = Pc, so that the
portion €1 is made out of the first components of the portions

C1,...,Cm, the portion €, out of the second components and so on.

26
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This results in new system

A1
Ao

Am

where k =1...m.

Ap =

A 1
1A 1

1 Ak

mxm



These are m uncoupled systems, AV, = €, for k = 1...m. Being
tridiagonal, each such system can be solved fast, at the cost of
O(m). Thus, the steps of the algorithm and their computational
cost are as follows.

1. Form the products ¢y, = Qby, k=1..m ........... O(m?)
2. Solve m x m tridiagonal systems A,V =€k, k=1..m ...... O(m?)
3. Form the products uy = Qvg, k=1..m ........... O(md)
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However, since the method (8) has a local truncation error
O(k® + kh?), we don't need an exact solution of the system: it
would be enough to have one within the error.

Let us employ the notation

2 2
AXué,m = UZ—l,m_QUZ,m+U€+1,m7 Ayul,m = Uﬂ,m—1_2ué,m+uf,m+1 .

Then the Crank-Nicolson method calculates u”*! by solving the
system

[ = (A2 +A2)] ugfnl = [I1+iu(A2+02)] ., Lm=1.M.
9)
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The local error is however preserved if we replace this formula by
the difference equation

(1= 3nn5] [ = 3uaS] upt = [+ 5ua3] [T+ 3u85] v, (10)

which is called the split version of Crank-Nicolson. Indeed, the
difference between two schemes is equal to

HEAZAZ(IT — uf ) = B A2 E AL (kG uf, + O(K)) »
= (L L b+ Ok + 1)) = O(K + kh?),

the same magnitude as of the local error.
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In the matrix form, (10) is equivalent to splitting the matrix A, into
the sum of two matrices A, and A, as

A=A+ A,

I =21 H 1 -2
and solving the uncoupled system
[1 = guA][1 = 3pA o™ = [+ 3pA [+ FuA ] u”

as
B2 = . Cu", Byu"t = unt1/2,
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The matrix 1

21y

is block diagonal, and solving B,u = v is just solving one and the
same tridiagonal system Bu; = v; with different right-hand sides.
Matrix By = | — %,uAX is of the same form up to a permutation

B, =1 —

(reodering of the grid), so solving Byv = b is again a fast procedure.
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Consider the general diffusion equation

ou
— =V (a(x,y)Vu) + f(x,y)
ot Y Y (12)

_ ;X (a(x,y)?i) + % (a(x,y)g;) +f(x,y),

where a(x,y) > a > 0 and f(x,y) are given, together with initial
conditions on [0, 1] and Dirichlet boundary conditions along
9[0,1]>x [0, 00). Replace each space derivative by central differences at
midpoints,
1 1
dg(¢) _ &(&+5h)—g(§—35h)

~

d¢ h ’
resulting in the ODE system

/ 1

Wm = 12 |:aé7%,mu€—1,m t Al mUeti,m + agm_1Uem—1+ 35 mi LULm+1

- (3@7%7"] + al+%,m + aé,mfé + aﬁ,m+%)uf,m:| + fé,m-
(13)
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Assuming zero boundary conditions and f = 0, we have a system
u’ = Au, and we may solve it again by Crank—Nicolson, and apply
the split

A=A +A,.

Here, A, and A, are again constructed from the contribution of

discretizations in the x- and y-directions respectively, namely Ay
includes all the a&%’m terms, and A, consists of the remaining

3 m+ components. Arguments similar to what we used in moving

from (9) to (10) justify the use of the split version in this general
case as well.
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