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Abstract

This paper presents a framework for compressed sensing that bridges a gap between existing theory
and the current use of compressed sensing in many real-world applications. In doing so, it also introduces
a new sampling method that yields substantially improved recovery over existing techniques. In many ap-
plications of compressed sensing, including medical imaging, the standard principles of incoherence and
sparsity are lacking. Whilst compressed sensing is often used successfully in such applications, it is done
largely without mathematical explanation. The framework introduced in this paper provides such a justi-
fication. It does so by replacing these standard principles with three more general concepts: asymptotic
sparsity, asymptotic incoherence and multilevel random subsampling. Moreover, not only does this work
provide such a theoretical justification, it explains several key phenomena witnessed in practice. In partic-
ular, and unlike the standard theory, this work demonstrates the dependence of optimal sampling strategies
on both the incoherence structure of the sampling operator and on the structure of the signal to be recov-
ered. Another key consequence of this framework is the introduction of a new structured sampling method
that exploits these phenomena to achieve significant improvements over current state-of-the-art techniques.
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1 Introduction

Introduced formally around a decade ago, compressed sensing (CS) [18, 32] has since become a popular
area of research in mathematics, computer science and engineering [14, 36, 35, 23, 29, 39, 40, 41]. In many
real-world problems one is limited by the amount of data that can be collected, making reconstruction via
classical techniques impossible. The theory and techniques of CS provide a means to reconstruct from fewer
measurements, giving it potential to significantly enhance the recovery step in such applications.

The theory of CS is based on three key concepts: sparsity, incoherence and random sampling. Whilst
there are applications where these apply, in many practical problems one or more of these principles may
be lacking. This includes most applications in medical imaging — Magnetic Resonance Imaging (MRI),
Computerized Tomography (CT) and other versions of tomography such as Thermoacoustic, Photoacoustic
or Electrical Impedance Tomography — electron microscopy, as well as seismic tomography, fluorescence
microscopy, Hadamard spectroscopy, Helium Atom Scattering (HAS) and radio interferometry. In many of
these problems, it is the principle of incoherence that is lacking, rendering the standard theory inapplicable.
Yet, despite this issue CS has been, and continues to be, used successfully in many of these areas. To do
s0, however, it is typically implemented with sampling strategies that differ substantially from the uniform
random sampling strategies suggested by the theory. In fact, in many cases the sampling strategies suggested
by existing theory yield highly suboptimal numerical results.

The mathematical theory of CS has now reached a mature state. However, as this discussion suggests,
there is a substantial, and arguably widening gap between theory and its applications. New developments
and sampling strategies are increasingly based on empirical evidence lacking mathematical justification.
Furthermore, in the above applications one also witnesses a number of intriguing phenomena that are not
explained by the standard theory. For example, in such problems, the optimal sampling strategy depends not
just on the overall sparsity of the signal, but also on its structure; a fact that will be documented thoroughly
in this paper. This phenomenon is in contradiction with the usual sparsity-based theory of CS. Theorems that
explain this observation — i.e. that reflect how the optimal subsampling strategy depends on the structure of
the signal — do not currently exist.



1.1 Contributions

The purpose of this paper is to provide a bridge across this divide. It does so by introducing a theoretical
framework for CS based on three more general principles: asymptotic sparsity, asymptotic incoherence and
multilevel random sampling. This new framework shows that CS is also possible under these substantially
more general conditions, and moreover, can convey some key advantages. Importantly, it also addresses the
issue raised above: namely, the dependence of the subsampling strategy on the structure of the signal.

The significance of this generalization is threefold. First, as will be explained, inverse problems arising
from the aforementioned applications are often not incoherent and sparse, but asymptotically incoherent and
asymptotically sparse. This paper provides the first comprehensive mathematical explanation for a range of
empirical usages of CS in applications such as those listed above. Second, in showing that incoherence is
not a requirement for CS, but instead that asymptotic incoherence suffices, the new theory offers markedly
greater flexibility in the design of sensing mechanisms. In the future, sensors need only satisfy this signifi-
cantly more relaxed condition. Third, by using asymptotic incoherence and multilevel sampling to exploit not
just sparsity, but also structure, i.e. asymptotic sparsity, this frameworks paves the way for improved sensing
paradigms in CS that achieve better reconstructions in practice than current state-of-the-art CS techniques.

A key aspect of many practical problems, including those listed above, is that they do not offer the
freedom to design or choose the sensing operator, but instead impose it (e.g. Fourier sampling in MRI).
As such, much existing CS work, which relies on random or custom-designed sensing matrices (typically
to provide universality), is not applicable. This paper shows that in many such applications the imposed
sensing operators are both non-universal and highly coherent with popular sparsifying bases. Yet they are
often asymptotically incoherent, and thus fall within the remit of the new framework. Spurred by this obser-
vation, this paper also raises the question of whether universality and incoherence are actually desirable in
practice, even in applications where there is flexibility to design sensing operators with this property (e.g. in
compressive imaging). Our theorems show that asymptotically incoherent sensing and multilevel sampling
allow one to exploit asymptotic, as opposed to just global sparsity. Doing so leads to notable advantages
over incoherent sensing, even for problems where the latter are applicable. Moreover, and crucially, this can
be done in a computationally efficient manner using fast Fourier or Hadamard transforms (see §6.1).

Our framework applies to any CS scenario where both the coherence and sparsity are nonuniform. Of the
many applications where this is the case, one of the most important corresponds to the problem of Fourier
sampling with multiresolution sparsifying transforms such as wavelets. This model arises in applications
such as MRI, CT, radio interferometry, Helium Atom Scattering and elsewhere. When applied to this spe-
cific problem, this framework yields new and near-optimal sampling strategies based on multilevel random
subsampling, and a new series of recovery guarantees. Specifically, a corollary of our abstract result in the
case of Fourier sampling with wavelets take the following form. If s; denotes the sparsity of the wavelet
coefficients of a given signal or image in the k*" wavelet scale, then to recover those coefficients one requires
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Fourier measurements (up to log factors) taken uniformly at random from the corresponding &*® sampling
level (a dyadic band in frequency space), where 8 > 1 is a constant depending on the type of wavelet used.
See §6 for further discussion. As we explain, this guarantee not only confirms the empirically-observed
recovery properties of CS for such problems, it also explains some of the key phenomena witnessed; for
example, the dependence of the optimal sampling strategy on the sparsity structure.

Another contribution of this paper is that the theorems proved apply in both the finite- and infinite-
dimensional settings. Many of the problems listed above are analog, i.e. modelled with continuous operators
such as the Fourier or Radon transforms. Conversely, the standard CS is based on a finite-dimensional
model. Such a mismatch between the computational and the physical model can lead to critical errors when
CS techniques are applied to real data arising from continuous models, or inverse crimes when the data
is inappropriately simulated [22, 46]. To overcome this issue, a theory of CS in infinite dimensions was
recently introduced in [3]. This paper extends [3] by presenting the new framework in both the finite- and
infinite-dimensional settings. We note in passing that the infinite-dimensional analysis is instrumental for
obtaining the Fourier sampling with wavelet sparsity estimate (1.1).

This aside, an additional outcome of this work is that the Restricted Isometry Property (RIP), although
a popular tool in CS theory, is of little relevance in many practical inverse problems. As confirmed later via



the so-called flip test, the standard RIP cannot hold in these types of applications.

The fact that the RIP may be too strong an assumption in practice is well-known in the standard CS
literature. To overcome this, incoherence-based results, which avoid the RIP, have shown that CS is indeed
possible under weaker conditions (see [16, 17] and references therein). We remark that the reasons for the
absence of the RIP in the standard CS setting are fundamentally different and arguably less significant to
the reasons for its absence in this setting. In particular, as we demonstrate, in many applications only very
specific structured sparse vectors can be recovered. This is in stark contrast to the standard understanding
that all sparse vectors can be recovered equally well regardless of their structure. We refer to §2.3 for details.

Finally, we remark that this is primarily a mathematical paper. However, as one may expect in light
of the above discussion, there are a range of practical implications. We therefore encourage the reader to
consult [72] for further elaboration on the practical aspects and more extensive numerical experiments. We
also remark that the practical importance of the new concepts of asymptotic sparsity, asymptotic incoherence
and multilevel random subsampling has already been verified experimentally in a realistic MRI setting by
Siemens [83] (based on an earlier preprint of this paper). Siemens’ conclusion from their experiments is:
“[...] The image resolution has been greatly improved [...]. Current results practically demonstrated that
it is possible to break the coherence barrier by increasing the spatial resolution in MR acquisitions. This
likewise implies that the full potential of the compressed sensing is unleashed only if asymptotic sparsity
and asymptotic incoherence is achieved. Therefore, compressed sensing might better be used to increase
the spatial resolution rather than accelerating the data acquisition in the context of non-dynamic 3D MR
imaging.”

1.2 Relation to other works

Since the early days of CS, there have been numerous investigations into settings which go beyond classical
sparsity and incoherence. So-called structured sparsity has been studied extensively, and there are now
a range of generalized sparsity notions in the literature.! These include group, block, weighted and tree
sparsity, amongst others (see [8, 11, 38, 71, 79] and references therein). In most of these works, structured
sparsity is exploited by the design of the recovery algorithm (e.g. by replacing the thresholding step in an
iterative algorithm or the regularization functional in an optimization approach), with the sensing being
carried out by a standard, incoherent operator (e.g. a Gaussian random matrix). Our framework differs
from these works in that it applies directly to the practical, and asymptotically incoherent, sensing operators
imposed by many applications and to the way in which CS is typically implemented in practice in these
applications. It demonstrates why good recovery is possible in these practical settings via the notion of
asymptotic sparsity, and lends crucial insight into the design of optimal sampling strategies.

The observation that many applications of CS result in non-uniform coherence patterns arguably dates
back to Lustig et al.’s seminal work in CS for MRI [57, 60, 61, 62]. For Fourier sampling, numerous
empirical sampling strategies have been proposed to overcome this problem [60, 84], and several other works
have followed more principled approaches based on designing sampling strategies to match the underlying
coherence pattern (see [10, 54, 70, 69] and references therein). However, these works do not explain the key
role played by asymptotic sparsity in the CS recovery. Our work does this, and provides sampling strategies
which are provably optimal with respect to both the sparsity and the coherence structures.

As mentioned, an important instance of our framework is that case of wavelet sparsifying transforms. The
idea of of sampling the low-order wavelet coefficients of an image differently goes back to the early days of
CS. In particular, Donoho considers a two-level approach for recovering wavelet coefficients in his seminal
paper [32], based on acquiring the coarse scales coefficients directly. This was later extended by Tsaig
& Donoho to so-called ‘multiscale CS’ in [81], where distinct subbands were sensed separately. See also
[17, 73]. Unlike in our framework, these works normally assume a separation of the wavelet coefficients into
distinct bands before sampling, which is largely infeasible in practice (in particular, any application based
on Fourier or Hadamard sensing). We note also that similar sampling strategies to those that we introduce
here are found in most implementations of CS in MRI [61, 62, 69, 70]. Additionally, a so-called “half-half”
scheme (an example of a two-level strategy in our terminology — see §3) was used by [76] in an application
of CS in fluorescence microscopy, albeit without theoretical recovery guarantees.

The proofs of the main results in this paper have their roots in some existing ideas from CS literature
[3, 16, 43], with the two key tools being dual certificates and the golfing scheme. However, in order to ac-

I'Structured sparsity, especially multiscale-type sparsity, also predates CS by some years — see, for example, the work of Donoho &
Huo [33] — and finds use outside of CS — see, for example, the work of Donoho & Kutyniok on geometric separation [34].



count for the sparsity structure and the different sampling patterns used the techniques have some significant
differences. In addition, as pointed out in [44, p.26], the original proofs using the golfing scheme assume
an independence of certain random variables that will never be satisfied in general. The techniques used
in this paper are different and overcome this issue yielding complete generality. Moreover, unlike almost
all existing works, our results address both the finite- and infinite-dimensional CS settings. This extends
(and improves) a line of work initiated in [3], and calls for a number of more sophisticated mathematical
techniques.

Remark 1.1 Since the initial preprint of this work, there have been several other applications and extensions
inspired by the first version which we now mention for the reader’s benefit. First, the multilevel sampling
strategies we introduced have been extended to block sampling strategies [10, 12, 20, 21], which are more
practical for applications such as MRI. A type of multilevel subsampling has also be considered in [49, 50]
in the context of practical compressive imaging architectures, with application to single-pixel [37, 77] and
lensless imaging [85]. Our main results in this paper provide a theoretical foundation for these implementa-
tions. There have also been several theoretical extensions. First, generalizations of the RIP for the setting of
asymptotic sparsity, asymptotic incoherence and multilevel random subsampling have been introduced and
analyzed in [9, 59, 79]. These complement the results proved in this paper by establishing uniform recovery
guarantees. Second, there have been extensions to redundant sparsifying transforms [68] (see also [56] for
the case of shearlets) and to total variation minimization [67] respectively.

2 Motivation

In this section, we discuss how the standard theory of CS falls short in explaining its empirical success in
many applications. Specifically, even in well-known applications such as MRI (note that MRI was one of the
first applications of CS [57, 60, 61, 62]), there is a significant gap between theory and practice.

2.1 Compressed sensing

We commence with a short review of aspects of finite-dimensional CS theory (infinite-dimensional CS will
be considered in §5). Since CS has been the subject of an body of research in the last decade we will not
attempt a full survey here, opting instead to focus on aspects most relevant to this paper. For much more
comprehensive reviews, including historical context and discussion, we refer to [14, 36, 35, 29, 39, 40, 41].

A typical setup in CS, and one which we shall follow in part of this paper, is as follows. Let {v; };Vzl
and {¢; }é\;l be two orthonormal bases of CV, the sampling and sparsity bases respectively, and write

U= (Uij)gjzl € CNV*N “w;; = (p;, ;). Note that U is an isometry, i.e. U*U = I.

Definition 2.1. Let U = (uij)f\fj:l € CN*N be an isometry. The coherence of U is precisely

p(U) = max |u;l* € [N“11]. 2.1)
i,j=1,...,N

We say that U is perfectly incoherent if u(U) = N1,

A signal f € C¥ is said to be s-sparse in the orthonormal basis {¢; };vzl if at most s of its coefficients
in this basis are nonzero. In other words, f = Z;V:1 z;p;, and the vector z € C¥ satisfies [supp(x)| < s,

where supp(z) = {j : z; # 0}. Let f € C" be s-sparse in {@;} N,
samples fj = (f,v;),j =1,...,N.Let Q C {1,..., N} be of cardinality m and chosen uniformly at
random. According to a result of Candes & Plan [16] and Adcock & Hansen [3], f can be recovered exactly

with probability exceeding 1 — e from the subset of measurements { f; : j € Q}, provided

and suppose we have access to the

m 2 p(U) - N-s-(1+log(e™")) -log(N), (2.2)

(here and elsewhere in this paper we shall use the notation a 2 b to mean that there exists a constant C' > 0
independent of all relevant parameters such that a > Cb). In practice, recovery can be achieved by solving
the following convex optimization problem:

min ||n]|;x subject to PoUn = Po f, (2.3)
necN



Figure 1: Left to right: (i) 5% uniform random subsampling scheme, (ii) CS reconstruction from uniform
subsampling, (iii) 5% multilevel subsampling scheme, (iv) CS reconstruction from multilevel subsampling.

where f = (fl, ce fN)T and Py € CV*N is the diagonal projection matrix with j** entry 1if j € Q
and zero otherwise. The key estimate (2.2) shows that the number of measurements m required is, up to a
log factor, on the order of the sparsity s, provided the coherence u(U) = O (N _1). This is the case, for
example, when U is the DFT matrix; a problem which was studied in some of the first papers on CS [18].

2.2 Incoherence is often lacking

As mentioned, in a number of important applications, not least MRI, the sampling is carried out in the
Fourier domain. Since images are approximately sparse in wavelets, the usual CS setup is to form the
matrix Uy = Ude(;W1 € CN*N where Ugs and Vyy represent the discrete Fourier and wavelet transforms
respectively.

Unfortunately, in the case the coherence satisfies u(Uy) = O (1) as N — oo, for any wavelet basis.
Thus, this problem has the worst possible coherence, and the standard CS estimate (2.2) states that m = N
samples are needed in this case (i.e. full sampling), even though the object to recover is typically highly
sparse. Note that this is not an insufficiency of the theory: as seen in Figure 1, uniform random subsampling
in this problem yields an extremely poor reconstruction.

Although the presence of high coherence has been well-documented in the MRI context [60, 61, 62], the
source of it has not been fully explained. As it transpires, the underlying reason for this lack of incoherence
can be traced to the fact that this finite-dimensional problem is a discretization of an infinite-dimensional
problem. Specifically,

wgz-gm UatViy = U, (2.4)

where U : [2(N) — [2(N) is the operator represented as the infinite matrix

U = {{pi, ¥;) }ijen, (2.5)

and the functions ¢; are the wavelets used, the 1);’s are the standard complex exponentials and WOT denotes
the weak operator topology. Since the coherence of the infinite matrix U — i.e. the supremum of its entries
in absolute value — is a fixed number independent of the discretization N, we cannot expect incoherence of
the discretization Uy (that is, Uy = O (N *1)) for large V. In other words, at some point one will always
encounter the so-called coherence barrier. To mitigate this problem, one may naturally try to change {¢;}
or {1, }. However, this will deliver only marginal benefits: (2.4) demonstrates that the coherence barrier will
always occur for large enough IV, regardless of the choice of the bases.

Note that this issue is not isolated to this particular example. Informally, any problem that arises as a
discretization of an infinite-dimensional problem will suffer from the same phenomenon. The list of appli-
cations of this type is long, and includes for example, MRI, CT, microscopy and seismology.

In view of the coherence barrier, one may wonder how it is possible that CS is applied so successfully
to many such problems. The key is so-called asymptotic incoherence (see §3.1) and the use of variable
density subsampling strategies. The success of such a subsampling is well known in the CS MRI community
[60, 61, 62, 70, 69] and is confirmed numerically in Figure 1. However, it is important to note that this is an
empirical solution to the problem. None of the usual CS theory discussed in §2.1 explains the effectiveness
of CS when implemented in this way.



2.3 Sparsity, the flip test and the absence of RIP

The previous discussion demonstrates that we must dispense with the principles of incoherence and uniform
random subsampling in order to develop a new framework. We now claim that sparsity too must also be
replaced with a more general concept. This may come as a surprise to the reader, since sparsity is a central
pillar of not just CS, but much of modern signal processing. However, this can be confirmed by a simple
experiment we refer to as the flip test.

Sparsity asserts that an unknown vector x has s important coefficients, where the locations can be arbi-
trary, and classical CS theory states that such vectors can be recovered by sampling in a way that is indepen-
dent of the locations of these coefficients. The flip test, described next, allows one to evaluate the validity of
this statement for a given problem.

We proceed as follows. Let x € CV and U € CN*¥N, Take samples according to some appropriate
subset Q C {1,..., N} with |Q2| = m, and solve:

min ||z||1 subjectto PoUz = PoU. (2.6)
zeCN

This gives a reconstruction z = z;. Now we flip the entries of z through the operation z + 2P € CV,
xﬁp = xn, xgp = EN_1y---, x?? = 1, giving a new vector z with reversed entries. We next apply the
same CS reconstruction to P, using the same matrix U and the same subset ). That is, we solve (2.6) with
x replaced by =P and denote the solution by z. We perform the flipping operation once more and form the
final reconstruction zo = zP.

Suppose now that € is a good sampling pattern for recovering x using the solution z; of (2.6). If sparsity
alone is the key structure that determines such reconstruction quality, then we expect roughly the same
quality in the approximation z,, since 2P is merely a permutation of 2. To check whether or not this is
true, we consider examples arising from the following applications: fluorescence microscopy, compressive
imaging, MRI, CT, electron microscopy and radio interferometry. These examples are all based on either the
matrix U = Ugg, Vd;lt or the matrix U = UHadVd;Vlt, where Uygy; is the discrete Fourier transform, Uy,q is a
Hadamard matrix and V. is the discrete wavelet transform.

The results are shown in Figure 2. In all cases the flipped reconstructions 2o are substantially worse than
their unflipped counterparts z;. We therefore conclude that sparsity alone does not govern the reconstruction
quality, and that the successful recovery in the unflipped case must also be due in part to the structure of the
signal. Put another way: the best subsampling strategy depends on the signal structure.

The flip also test reveals another interesting phenomenon: the Restricted Isometry Property (RIP) does
not hold. Suppose the matrix PoU satisfied an RIP for realistic parameter values (i.e. problem size N,
subsampling percentage m, and sparsity s) found in applications. Then this would imply recovery of all
approximately sparse vectors with the same error, in contradiction with the results of the flip test. As was
mentioned in §1.1, the absence of RIP here is not related to uniform versus nonuniform recovery regimes,
but to the key role that the sparsity structure plays in the recovery quality. Indeed, the result of Figure 2 could
have been repeated with more measurements and similar disparities in the reconstruction quality would still
have been observed.

2.4 Signals and images are asymptotically sparse in -lets

Since structure plays a key role, we now address what the structure is that leads to good reconstructions in
the unflipped case. Consider a wavelet basis {¢y, }nen. There is a natural decomposition of N into finite
subsets according to the wavelet scales, N=J, .\ {Mp_1+1, ..., My}, where 0= Mo < M; <M><...and
{My_1+1,..., My} is the set of indices corresponding to the k'" scale. Let z € I2(N) be the coefficients
of a function f in this basis, € € (0, 1] and define the global sparsity, s, and the sparsity at the k" level, s,
as follows:

s = s(€) = min {n : H Z Tipi
ieEM

n

o0
Z € H > T
=1

s = sg(€) = |MS(€) N{My_1+1,.. .,Mk}‘ ,

}’ @2.7)

where M, is the set of indices of the largest n coefficients in absolute value and |-| is the set cardinality. A
well-known result in nonlinear approximation, and one which significantly predates the development of CS,
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Figure 2: Reconstructions via CS (left column) and the flipped wavelet coefficients (middle column). The
right column shows the subsampling map used. The percentage shown is the fraction of Fourier or Hadamard
coefficients that were sampled. The reconstruction basis was DB4 for the Fluorescence microscopy example,
and DB6 for the rest.
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Figure 3: Relative per-level sparsities of the Daubechies-4 wavelet coefficients of two images. Here the
levels correspond to wavelet scales and si(e) is given by (2.7). The decreasing nature of the curves for
increasing k confirms (2.8).

is that typical images and signals are sparse in wavelets [30, 63]. However, it is also well known that their
coefficients exhibit far more structure than sparsity alone. Indeed, the relative per-level sparsity

Sk/(Mk —Mkfl) —)0, (28)

rapidly as k — oo for any fixed ¢ € (0,1]. Thus typical signals and images have a distinct asymprotic
sparsity structure: they are much sparser at fine scales (large k) than at coarse scales (small k). This is shown
numerically in Figure 3. Note that this holds for most related approximation systems, such as curvelets
[13, 15], contourlets [31, 65] or shearlets [25, 26, 55].

3 New principles

Having argued why they are needed, we now formally introduce the main concepts of the paper: namely,
asymptotic incoherence, asymptotic sparsity and multilevel sampling.

3.1 Asymptotic incoherence

Recall from §2.2 that Fourier sampling with wavelets as the sparsity basis is a standard example of a coherent
problem. Similarly, Fourier sampling with Legendre polynomials is also coherent, as is the case of Hadamard
sampling with wavelets. In Figure 4 we plot the absolute values of the entries of the matrix U for these three
examples. As is evident, whilst U does indeed have large entries in all three case (since it is coherent), these
are isolated to a leading submatrix (note that we enumerate over Z for the Fourier sampling basis and N
for the wavelet/Legendre sparsity bases). As one moves away from this region the values get progressively
smaller, i.e. more incoherent. This motivates the following definition:

Definition 3.1 (Asymptotic incoherence). Let be {Uy } be a sequence of isometries with Uy € CN*N. Then
{Un'} is asymptotically incoherent if i( PrUy ), u(Un Pi) — 0 when K — oo with N/K = c, for all ¢ >
1. Conversely, if U € B(I?(N)) then we say that U is asymptotically incoherent if n(PU), uw(UPwx) — 0
when K — oo.



Figure 4: The absolute values of the matrix U in (2.5): (left): Daubechies-4 wavelets with Fourier sampling.
(middle): Legendre polynomials with Fourier sampling. (right): Haar wavelets with Hadamard sampling.
Light regions correspond to large values and dark regions to small values.

Note that in this definition we use the notation Pk for the projection onto spanf{e; : j = 1,..., K},
where {e;} is the canonical basis of either CV or [?(N), and Pj: is its orthogonal complement.

In other words, U (or Uy) is asymptotically incoherent if the coherences of the matrices formed by
replacing either the first K rows or columns of U are small. As it transpires, the Fourier-wavelets, Fourier-
Legendre and Hadamard-wavelets problems are all asymptotically incoherent. In particular, for wavelets one
has pu(PzU), p(UPg) = O (K~') as K — oo for the former (see §6, see also [53] for the Legendre case).

3.2 Multi-level sampling

Asymptotic incoherence suggests a different subsampling strategy should be used instead of uniform random
sampling. High coherence in the first few rows of U means that important information about the signal to
be recovered may well be contained in its corresponding measurements. Hence to ensure good recovery
we should fully sample these rows. Conversely, once outside of this region, when the coherence starts to
decrease, we can begin to subsample. Let N1, N,m € N be given. This now leads us to consider an index
set 2 of the form 2 = Q3 U Qo, where 1 = {1,..., N1}, and Q2 C {N; + 1,..., N} is chosen uniformly
at random with |Q2| = m. We refer to this as a rwo-level sampling scheme. As we shall prove later, the
amount of subsampling possible (i.e. the parameter m) in the region corresponding to €2, will depend solely
on the sparsity of the signal and coherence 1i( Py U).

A two-level scheme represents the simplest type of nonuniform density sampling. There is no reason,
however, to restrict our attention to just two levels, full and subsampled. In general, we shall consider
multilevel schemes, defined as follows:

Definition 3.2 (Multilevel random sampling). Let 7 € N, N = (Ny,...,N,) € N"with1 < N; <

. < N, m= (mq,...,m;) € N, withmy, < Ny, — Ny_1, k = 1,...,r, and suppose that Q) C
{Np—1+1,..., N}, Q| =mg, k=1,...,r, are chosen uniformly at random, where Ny = 0. We
refer to the set Q@ = QN .m = Q1 U...UQ,. as an (N, m)-multilevel sampling scheme.

As discussed earlier, two-level [32, 62, 76, 73] and multilevel [81, 17] schemes have been considered
previously in the context of the recovery of wavelet coefficients, and often for specific applications (e.g.
MRI in [62] and fluorescence microscopy in [76]). We refer to §1.2 for further details. On the other hand,
although motivated by wavelets, this definition is completely general and allows for other types of structured
coefficients. Moreover, it is accompanied by full theoretical recovery guarantees (see §4 and §5).

3.3 Asymptotic sparsity in levels

The flip test, the discussion in §2.4 and Figure 3 suggest that we need a different concept to sparsity. Given
the structure of function systems such as wavelets and their generalizations, we now propose the following:

Definition 3.3 (Sparsity in levels). Let x be an element of either CN or I>(N). For v € Nlet M =
(My,...,M,) e N"with1l < M; < ... < M, ands = (s1,...,8,) € N, with sj; < My — My_1,
k=1,...,r, where My = 0. We say that x is (s, M)-sparse if, for each k = 1,... 7, A := supp(z) N
{My_1+1,..., My}, satisfies |A| < s. We denote the set of (s, M)-sparse vectors by ¥s m.



Definition 3.4 (s, M)-term approximation). Let f =3, x;;, where {;} is some orthonormal basis of a
Hilbert space and x = (x;) is an element of either CN or [?(N). We define the (s, M)-term approximation

oem(f) = min e =l G0

Typically, it is the case that s /(M}y, — My_1) — 0 as k — oo, in which case we say that z is asymptot-
ically sparse in levels. However, our main results do not explicitly require such decay. As discussed in §1.2,
sparsity in levels is a type of structured sparsity. We note in passing that it is quite different to the notions
of block sparsity [8], weighted sparsity [71] or tree-structured sparsity [8], the latter of which has been used
previously in the context of model-based CS for the recovery of wavelet coefficients. For further discussion
on different structured sparsity models in CS, we refer to [11, 79].

4 Main theorems I: the finite-dimensional case

We now present our main theorems in the finite-dimensional setting. In §5 we address the infinite-dimensional
case. To avoid pathological examples we will assume throughout that the total sparsity s = s1+...4+s, > 3.
This is simply to ensure that log(s) > 1, which is convenient in the proofs.

4.1 Two-level sampling schemes

We commence with the case of two-level sampling schemes. Recall that in practice, signals are never exactly
sparse (or sparse in levels), and their measurements are always contaminated by noise. Let f = > ;Tjp; be

a fixed signal, and write y = Pq f + z = PoUx + z, for its noisy measurements, where z € ran(FPq) is a
noise vector satisfying ||z|| < § for some § > 0. If 4 is known, we now consider the following problem:

min ||n|/;x subject to || PoUn — y|| < 4. 4.1)
neCnN

Our aim now is to recover x up to an error proportional to ¢ and the best approximation error os nm(f).
Before stating our theorem, it is useful to make the following definition. For K € N, we write yux =
w(PEU). We now have the following:

Theorem 4.1. Let U € CN*N be anisometry and x € CN. Suppose that Q = QN m is a two-level sampling
scheme, where N = (N1, N3), No = N, and m = (N1, ms). Let (s, M), where M = (M, My) € N2,
M; < My, My = N, and s = (Mj, s3) € N2, s < My — My, be any pair such that the following holds:

(i) we have
gl

VM

| P, UP, || < 4.2)

and vy < sy\/fin, for some y € (0,2/5];

(ii) fore € (0,e71), let
my = (N — Np) -log(e™!) - p, - 52 - log (N).

Suppose that & € CN is a minimizer of (4.1) with 6 = 6vK—' and K = (Ny — N1)/ms. Then, with
probability exceeding 1 — se, we have

le—all <C- (8- (1+L-V5) +oum(f), 43)
for some constant C, where os m(f) isasin(3.1), L=1+ bim. If mg = N — Ny then this holds
with probability 1.

To interpret Theorem 4.1, and in particular, show how it overcomes the coherence barrier, we note the
following:

(i) The condition ||P1$1 UPy, | < ﬁ (which is always satisfied for some N7) implies that fully sam-
pling the first N; measurements allows one to recover the first M coefficients of f.
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(ii) To recover the remaining sy coefficients we require, up to log factors, an additional mg 2 (N — Ny) -
14N, - S2, measurements, taken randomly from the range M7 41, ..., M. In particular, if N, is a fixed
fraction of N, and if uy, = O (Nl_ 1), such as for wavelets with Fourier measurements (Theorem
6.1), then one requires only mo 2 so additional measurements to recover the sparse part of the signal.

Thus, in the case where x is asymptotically sparse, we require a fixed number /V; measurements to recover
the nonsparse part of x, and then a number my depending on s, and the asymptotic coherence yi, to recover
the sparse part.

Remark 4.1 It is not necessary to know the sparsity structure, i.e. the values s and M, of the signal f
in order to implement the two-level sampling technique (the same also applies to the multilevel technique
discussed in the next section). Given a two-level scheme () = QN m,, Theorem 4.1 demonstrates that f will
be recovered exactly up to an error on the order of o v(f), where s and M are determined implicitly by
N, m and the conditions (i) and (ii) of the theorem. Of course, some a priori knowledge of s and M will
greatly assist in selecting the parameters N and m so as to get the best recovery results. However, this is not
strictly necessary for implementation.

4.2 Multilevel sampling schemes

We now consider the case of multilevel sampling schemes. Before presenting this case, we need several
definitions. The first is key concept in this paper: namely, the local coherence.

Definition 4.2 (Local coherence). Let U be an isometry of either CV or I?(N). If N = (Ny,...,N,) € N"
and M = (My,..., M) € N" with1 < Ny < ...N,and1 < M; < ... < M, the (k,1)" local coherence
of U with respect to N and M is given by

pnom (k1) = \/u(PjVV:—lUPA%l—l) (PO, k=1,

where Ng = My = 0 and P¢ denotes the projection matrix corresponding to indices {a + 1,...,b}. In the
case where U € B(I(N)) (i.e. U belongs to the space of bounded operators on 1%(N)), we also define

Np_1 Ni_1
pnna(k,00) = \/u(PN T UPE ) - p(PYMD), k=1,

Besides the local sparsities sy, we shall also require the notion of a relative sparsity:

Definition 4.3 (Relative sparsity). Let U be an isometry of either CN or [>(N). For N = (Ny,...,N,) €
N, M= (M,...,My)eN"withl <Ny <...<Npand1 < M; <...< M, s=(s1,...,8.) € N
and 1 < k < r, the k' relative sparsity is given by S, = Si(N, M, s) = max,co ||PJJ\\,[]Z“’1U77H27 where
No = My = 0 and O is the set

M,
© = {n:nllie <1, |supp(Py, ') =51, 1=1,...,7}.
We can now present our main theorem:

Theorem 4.4. Let U € CN*N be an isometry and x € CV. Suppose that Q = QN m is a multilevel
sampling scheme, where N = (Ny,...,N,) € N, N, = N, and m = (mq,...,m,) € N". Let (s, M),
where M = (My,...,M,) e N', M. = N, and s = (s1,...,8,) € N, be any pair such that the following
holds: fore € (0,e Y and1 <k <,

Ny, — Ny -
1>k Tk log(e™!) - (Z v (ks 1) - 51) -log (N), (4.4)
Mk 1=1

where my, 2> My, - log(e~ 1) - log (N) , and 1y, is such that

" /N, — N,_
1> (’“mk’“ - 1) e (k1) - 3, 4.5)
k=1

Sforalll=1,...,randall 51,...,5. € (0,00) satisfying

S14+4...+8.<s1+...+ s, S < Sp(N, M, s).
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Suppose that € € CN is a minimizer of (4.1) with 8 = 60V K~ and K = maxi<k<r{(Np — Ng—1)/my}.
Then, with probability exceeding 1 — se, where s = s1 + ... + s, we have that

le—al <C- (5 (1+L-V5) +oum())),

for some constant C, where os m(f) isasin(3.1), L =1+ e (AR 'gkziiﬁ?\;?). Ifmp =Ny —Ni_1,1<k<r,
O, 2 S
then this holds with probability 1.

The key component of this theorem is the bounds (4.4) and (4.5). Whereas the standard CS estimate
(2.2) relates the total number of samples m to the global coherence and the global sparsity, these bounds
now relate the local sampling my, to the local coherences pin M (%, !) and local and relative sparsities s, and
Sk. In particular, by relating these local quantities this theorem conforms with the conclusions of the flip test
in §2.3: namely, that the optimal sampling strategy must depend on the signal structure. This is exactly what
is described in (4.4) and (4.5).

On the face of it, the bounds (4.4) and (4.5) may appear somewhat complicated, not least because they
involve the relative sparsities Si. As we next show, however, they are indeed sharp in the sense that they
reduce to the correct information-theoretic limits in several important cases. Furthermore, in the important
case of wavelet sparsity with Fourier sampling, they can be used to provide near-optimal recovery guarantees.
We discuss this in §6. Note, however, that to do this it is first necessary to generalize Theorem 4.4 to the
infinite-dimensional setting, which we do in §5.

4.2.1 Sharpness of the estimates — the block-diagonal case

Suppose that = QN m is a multilevel sampling scheme, where N = (Ny,...,N,) € N and m =
(my,...,m;) € N". Let (s, M), where M = (M, ..., M,) € N", and suppose for simplicity that M = N.
Consider the block-diagonal matrix

A=A ®... 0 A eCVN 4 e CNeNe-1)x(Ne=Ne—1) - gx A = T,

where Ny = 0. Note that in this setting we have S, = si, unm(k,l) = 0, k # [. Also, since
w(N;M)(k, k) = p(Ag), equations (4.4) and (4.5) reduce to

N. — Ni._ Ny — Ni—
12 =2 og(e!) - pu(Ag) - i -log(N), 12 (’“’“ - 1) -l Ar) - s
mi my
In particular, it suffices to take
mi 2 (Ng — Ni—1) -log(e ™) - u(Ay) - s - log(N), 1<k <. (4.6)

This is exactly as one expects: the number of measurements in the k'™ level depends on the size of the level
multiplied by the local coherence and the sparsity in that level. Note that this result recovers the standard
one-level results in finite dimensions [3, 16] up to a slight deterioration in the probability bound to 1 — se.
Specifically, the usual bound would be 1 — €. The question as to whether or not this s can be removed in the
multilevel setting is open, although such a result would be more of a cosmetic improvement.

4.2.2 Sharpness of the estimates — the non-block diagonal case

The previous argument demonstrated that Theorem 4.4 is sharp, up to the probability term, in the sense that
it reduces to the usual estimate (4.6) for block-diagonal matrices, i.e. Sy, = sg. This is not true in the general
setting. Clearly, Sy, < s = s1 + ...+ s,.. However in general there is usually interference between different
sparsity levels, which means that Sy need not have anything to do with si, or can indeed be proportional
to the total sparsity s. This may seem an undesirable aspect of the theorems, since Sj, may be significantly
larger than sy, and thus the estimate on the number of measurements m;, required in the k*" level may also
be much larger than the corresponding sparsity s;. Could it therefore be that the Si’s are an unfortunate
artefact of the proof? As we now show by example, this is not the case.

Let N = rnforsomen € Nand N = M = (n,2n,...,rn). Let W € C"*™ and V € C"*" be
isometries and consider the matrix

A=V W,
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where ® is the usual Kronecker product. Note that A € CV*¥ is also an isometry. Now suppose that

r = (21,...,7,) € CN is an (s, M)-sparse vector, where each z;, € C" is sj-sparse. Then Az =y, y=
(Y15 Yr)s Y = Wz, 2 = >, vgzs. Hence the problem of recovering x from measurements y with
an (N, m)-multilevel strategy decouples into r problems of recovering the vector z;, from the measurements
yr = Wz, k = 1,...,r. Let §; denote the sparsity of zj. Since the coherence provides an information-
theoretic limit [16], one requires at least

mg 2 n - p(W) -8 -log(n), 1<k<r. 4.7)

measurements at level k in order to recover each zy, and therefore recover x, regardless of the reconstruction
method used. We now consider two examples of this setup:

Example 4.1 Let 7 : {1,...,7} — {1,...,7} be a permutation and let V' be the matrix with entries vy, =
1,x(k)- Since z = T (y) in this case, the lower bound (4.7) reads
my 20 w(W) - sz -log(n), 1<k<r. (4.8)

Now consider Theorem 4.4 for this matrix. First, we note that Sy = sz(x). In particular, Sy is completely
unrelated to si. Substituting this into Theorem 4.4 and noting that pn v (k, 1) = p(W)d; (k) in this case,
we arrive at the condition my, 2 n - (W) - sz - (log(e™!) + 1) - log(nr), which is equivalent to (4.8)
provided r < n.

Example 4.2 Now suppose that V' is the » x r DFT matrix. Suppose also that s < n/r and that the
xy’s have disjoint support sets, i.e. supp(xy) N supp(z;) = B, k # [. Then by construction, each z is
s-sparse, and therefore the lower bound (4.7) reads my, = n - (W) - s -logn, for 1 < k < r. After a
short argument, one finds that s/r < S; < s in this case. Hence, Sy is typically much larger than sy.
Moreover, after noting that yunn(k, 1) = Lu(W), we find that Theorem 4.4 gives the condition my, 2

n-pu(W)-s- (log(e7) + 1) - log(nr). Thus, Theorem 4.4 obtains the lower bound in this case as well.

4.2.3 Sparsity leads to pessimistic reconstruction guarantees

The flip test demonstrates that any sparsity-based theory of CS cannot describe the quality of the reconstruc-
tions seen in practice. To conclude this section, we now use the block-diagonal case to further emphasize
the need for theorems that go beyond sparsity, such as Theorems 4.1 and 4.4. To see this, consider the
block-diagonal matrix

U=U:&...0U,, Uy, e(C(Nk—Nk—l)X(Nk_Nk—l),

where each Uy, is perfectly incoherent, i.e. iu(Uy) = (Ny— Nj_1) ™!, and suppose we take 1 measurements
within each block Uy,. Let x € CV be the signal we wish to recover, where N = N,.. The question is, how
many samples m = my + ...+ m, do we require?

Suppose we assume that x is s-sparse, where s < ming—1,__,{Ny — Ni_1}. Given no further infor-
mation about the sparsity structure, it is necessary to take my =~ slog(N) measurements in each block,
giving m 2> rslog(N) in total. However, suppose now that x is known to be sg-sparse within each level,
i.e. [supp(z) N {Ng—1 + 1,..., Ni}| = si. Then we now require only my 2 sjlog(N), and therefore
m 2 slog(N) total measurements. Thus, structured sparsity leads to a significant saving by a factor of r
in the total number of measurements required. Although a cosmetic example, we note in passing that the
Fourier-wavelets matrix is approximately block diagonal with incoherent blocks, and that the number of
levels r in this case is proportional to the log of the signal size.

5 Main theorems II: the infinite-dimensional case

Finite-dimensional CS is suitable in many cases. However, there are some important problems where it
can lead to significant problems, since the underlying problem is continuous/analog. Discretization of the
problem in order to produce a finite-dimensional, vector-space model can lead to substantial errors [3, 7, 22,
75], due to the phenomenon of model mismatch.

To address this issue, a theory of infinite-dimensional CS was introduced by two of the authors in [3],
based on a novel approach to classical sampling known as generalized sampling [1, 2, 4, 5, 6, 52]. We
describe this theory next. Note that this infinite-dimensional CS model has also been advocated for and
implemented in MRI by Guerquin—Kern, Héberlin, Pruessmann & Unser [45].
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5.1 Infinite-dimensional CS

Suppose that 7 is a separable Hilbert space over C, and let {1);};en be an orthonormal basis on # (the
sampling basis). Let {¢, } jen be an orthonormal system in # (the sparsity system), and suppose that

U = (uij)i jen, wij = (@5, Vi), (5.1)

is an infinite matrix. We may consider U as an element of B(I%(N)); the space of bounded operators on
I2(N). As in the finite-dimensional case, U is an isometry, and we may define its coherence u(U) € (0,1]
analogously to (2.1). We want to recover f = >,y z;p; € H from a small number of the measurements

f = {f;}jen, where f; = (f,4;). To do this, we introduce a second parameter N € N, and let Q be a
randomly-chosen subset of indices 1, ..., N of size m. Unlike in finite dimensions, we now consider two
cases. Suppose first that Pi;x = 0, i.e.  has no tail. Then we solve

inf ||n]|;x subject to ||PoUPyn — yl| <4, (5.2)
n€l*(N)

where y = Po f + z and z € ran(Py) is a noise vector satisfying ||z|| < 8, and Py, is the projection operator
corresponding to the index set 2. In [3] it was proved that any solution to (5.2) recovers f exactly up to an
error determined by o s (f), provided IV and m satisfy the so-called weak balancing property with respect
to M and s (see Definition 5.1, as well as Remark 5.1 for a discussion), and provided

m 2 pu(U) - N-s-(1+log(e™")) -log (m "MN/s). (5.3)

As in the finite-dimensional case, which turns out to be a corollary of this result, we find that m is on the
order of the sparsity s whenever p(U) is sufficiently small.

In practice, the condition Pﬁx = 0 is unrealistic. In the more general case, P]ﬁx # 0, we solve the
following problem:

inf ||n|/;x subject to || PoUn — y|| < 4. (5.4)
n€l*(N)

In [3] it was shown that any solution of (5.4) recovers f exactly up to an error determined by o p(f),
provided N and m satisfy the so-called strong balancing property with respect to M and s (see Definition
5.1), and provided a bound similar to (5.3) holds, where the M is replaced by a slightly larger constant (we
give the details in the next section in the more general setting of multilevel sampling). Note that (5.4) cannot
be solved numerically, since it is infinite-dimensional. Therefore in practice we replace (5.4) by

inf ||n]|;x subject to ||PoUPrn — y|| <6, (5.5)
nelt(N)

where R is taken sufficiently large. See [3] for more information.

5.2 Main theorems
We first require the definition of the so-called balancing property [3]:
Definition 5.1 (Balancing property). Let U € B(I*>(N)) be an isometry. Then N € N and K > 1 satisfy the
weak balancing property with respect to U, M € Nand s € N if
1 -1
|PasU* PyU Pag = Pallimcsie < 5 (1og§/2 (4\/§KM)) , (5.6)

where ||| ;0 _, ;0 is the norm on B(1°°(N)). We say that N and K satisfy the strong balancing property with
respect to U, M and s if (5.6) holds, as well as

1
| Pi;U* Py U Py | 100 100 < 3 (5.7

As in the previous section, we commence with the two-level case. Furthermore, to illustrate the differ-
ences between the weak/strong balancing property, we first consider the setting of (5.2):

Theorem 5.2. Let U € B(I?(N)) be an isometry and x € 1*(N). Suppose that Q = QN m is a two-level
sampling scheme, where N = (N1, N3) and m = (Ny,ms). Let (s,M), where M = (M, M) € N?,
M, < My, and s = (M, s2) € N2, be any pair such that the following holds:

14



(i) we have || Px; UPyy, || < \/7 and y < so\/un, for some v € (0,2/5];

(ii) the parameters N = No, K = (N3 — N1)/mq satisfy the weak balancing property with respect to U,
M = M5 and s := My + so;

(iii) for e € (0,e7 1], let
my 2 (N — Ny) -log(e %) - pn, - 52 - log (KM\/E) .

Suppose that PAJ;I,Zx = 0 and let ¢ € I'(N) be a minimizer of (5.2) with § = 6V K1, Then, with probability
exceeding 1 — se, we have

le—all <C- (5 (1+L-V5) +ouml)), (5:8)

for some constant C, where os v(f) is asin (3.1), and L = 1 + lo”gl(zii(?&f) If mg = N — Nj then this
holds with probability 1.

We next state a result for multilevel sampling in the more general setting of (5.4). For this, we require
the following notation: M = min{: € N : maxy>; |PnUes| < 1/(32K+/s)}, where N, s and K are as
defined below.

Theorem 5.3. Let U € B(I*(N)) be an isometry and x € I'(N). Suppose that Q = QN m is a multilevel
sampling scheme, where N = (Ni,...,N,) € N" and m = (my,...,m,) € N". Let (s, M), where
M= (My,....M,) e N, My < ... < M, ands = (s1,...,8.) € N, be any pair such that the
following holds:

(i) the parameters N = N,, K = maxy—1, Ni—Ni-1

respectto U, M := M, and s :== s1 + ...+ s;;

} , satisfy the strong balancing property with

(ii) fore € (0,e Y and1 <k <,

Ny, — Ni— - -
12 =L log(eh) - (Z pNm (k1) - Sz) -log (KM\/E) ;
=1

mp

(with un m(k, ) replaced by un m(k,00)) and my, 2 1y, - log(e™!) - log (KMJE) , where 1y,
satisfies (4.5).

Suppose that ¢ € 1Y(N) is a minimizer of (5.4) with § = 65/ K—1. Then, with probability exceeding 1 — se,
le—all <C- (5 (1+L-V5) +oum(f)),

for some constant C, where os m(f) is asin(3.1), and L = C - (1 bm) Ifmp = N — Ni_1
for 1 < k < r then this holds with probability 1.

This theorem removes the condition in Theorem 5.2 that = has zero tail. Note that the price to pay is
the M in the logarithmic term rather than M (M > M because of the balancing property). Observe that
M is finite, and in the case of Fourier sampling with wavelets, we have that M = O (KN) (see §6). Note
that Theorem 5.2 has a strong form analogous to Theorem 5.3 which removes the tail condition. The only
difference is the requirement of the strong, as opposed to the weak, balancing property, and the replacement
of M by M in the log factor. Similarly, Theorem 5.3 has a weak form involving a tail condition. For
succinctness we do not state these.

Remark 5.1 The balancing property is the main difference between the finite- and infinite-dimensional the-
orems. Its role is to ensure that the truncated matrix Py U Py, is close to an isometry. In reconstruction
problems, the presence of an isometry ensures stability in the mapping between measurements and coeffi-
cients [1], which explains the need for a such a property in our theorems. As explained in [3], without the
balancing property the lack of stability in this mapping leads to numerically useless reconstructions. Note
that the balancing property is usually not satisfied for N = M, and in general one requires N > M for it to
hold. However, there is always a finite value of N for which it is satisfied, since the infinite matrix U is an
isometry. For details we refer to [3]. We will provide specific estimates in §6 for the required magnitude of
N in the case of Fourier sampling with wavelet sparsity.
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Original Original (zoomed) Infinite-dim. CS (zoomed) Finite-dim. CS (zoomed)
Err 0.6% Err 12.7%

Figure 5: Subsampling 6.15%. Both reconstructions are based on identical sampling information.

5.3 The need for infinite-dimensional CS

As mentioned, infinite-dimensional CS is needed to avoid artefacts that are introduced when one applies
finite-dimensional CS techniques to analog problems. To illustrate this, we consider the problem of recover-
ing a smooth phantom, i.e. a C'°° bivariate function, from its Fourier data. Note that this scenario arises in
both electron microscopy and spectroscopy. In Figure 5, we compare finite-dimensional CS, based on solv-
ing (4.1) with U = Uy Vd_wlt (discrete Fourier and wavelet transform respectively) with infinite-dimensional
CS, which solves (5.5) with the Fourier basis {1, } ;e and boundary wavelet basis {¢;} ;en. The test func-
tion in this case is f(z,y) = cos?(177z/2) cos?(17my/2) exp(—x — y). The improvement one gets is due
to that fact that that the error in infinite-dimensional case is dominated by the wavelet approximation er-
ror, whereas in the finite-dimensional case (due mismatch between the continuous Fourier samples and the
discrete Fourier transform) the error is dominated by the Fourier approximation error. As is well known
[63], wavelet approximation is superior to Fourier approximation and depends on the number of vanishing
moments of the wavelet used (DB4 in this case).

6 Recovery of wavelet coefficients from Fourier samples

As noted, Fourier sampling with wavelet sparsity is a important reconstruction problem in CS, with numerous
applications ranging from medical imaging to seismology and interferometry. Here we consider the Fourier
sampling basis {1/} } jen and wavelet reconstruction basis {¢; };en (see §7.4.1 for a formal definition) with
the infinite matrix U as in (5.1). Its global incoherence properties are summarized as follows:

Theorem 6.1. Let U € B(I12(N)) be the matrix from (7.107) corresponding to the Fourier-wavelets sys-
tem described in §7.4. Then n(U) > w, where w is the sampling density, whereas i(P5U), wW(UPx) =
O (NY).

Thus, Fourier sampling with wavelet sparsity is indeed globally coherent, yet asymptotically incoherent.
This result holds for essentially any wavelet basis in one dimension (see [53] for the multidimensional case).
To recover wavelet coefficients, we shall therefore seek to apply a multilevel sampling strategy, which raises
the questions: how do we design this strategy, and how many measurements are required? If the levels
M = (My, ..., M,) correspond to the wavelet scales, and s = (sq,..., s,) to the sparsities within them,
then the best one could hope to achieve is that the number of measurements m;, in the k" sampling level
is proportional to the sparsity sy in the corresponding sparsity level. Our main theorem below shows that
multilevel sampling can achieve this, up to an exponentially-localized factor and the usual log terms.

Theorem 6.2. Consider an orthonormal basis of compactly supported wavelets with a multiresolution anal-
ysis (MRA). Let ® and V denote the scaling function and mother wavelet respectively satisfying (7.100)
with o > 1. Suppose that V has v > 1 vanishing moments, that the Fourier sampling density w satisfies
(7.105) and that the wavelets {;} are ordered according to (7.102). Let f = Z]Oil 2. Suppose that
M = (Ma,..., M,) corresponds to wavelet scales with M}, = O (2R’°) with Ry, € N, Rpy1 = a + Ry,
a>1L,k=1,...,rands = (s1,...,8,) corresponds to the sparsities within them. Let € € (0,e~'] and let
Q = ON,m be a multilevel sampling scheme such that the following holds:
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(i) The parameters N = N,, K = maxj=1,.. r, {(Ngx — Nk—1)/mi}, M = M,, s = s14+ ...+ sr
satisfy N > M +1/(e=1) . (]og, (4MK\/§))1/(2a_1). Alternatively, if ® and V satisfy the slightly
stronger Fourier decay property (7.101), then N 2 M - (log, (4KM\/§))1/(4Q72).

(ii) Foreachk=1,...,r —1, N, = 28w and for eachk =1,...,r,

k—2 r
— Np— N
my, 2 log(e™h)-log(N) - % (éwzsz g7/ Ak R 31-2”Bkvl> , (6.1)
- =1 l=k+2

where A = Ry—1 — Ry, Byy = Ri_1 — Ry, N = (K/3)' TV N and 3, = max{sy_1, S, Sky1}
(see Remark 6.1).

Then, with probability exceeding 1 — se, any minimizer £ € I*(N) of (5.4) with § = VK1 satisfies

le—all < (5 (1+L-V5) +oum(f) (62)

for some constant C, where os m(f) isasin(3.1), and L = C - (1 + m%) Afmyp = N, — Ny
for 1 < k < r then this holds with probability 1.

Remark 6.1 To avoid cluttered notation we have abused notation slightly in (ii) of Theorem 6.2. In particu-
lar, we interpret sg = 0, % = N;fork =1, and Zé:f s -2~ (@=1/2)Aks — () when k < 2.

Given that one can never solve (5.4) exactly, but rather the truncated version (5.5), the following propo-
sition provides the guidance on how the truncation needs to be carried out in order to obtain the same error
bound as in Theorem 6.2.

Proposition 6.3. Given the setup in Theorem 6.2 with & € 1*(N) being a minimizer of (5.4), thus satisfying
the error bound (6.2). Let J be the number of wavelets up to dilation

Pzl cp "
R =log, | 2nwN (W) ,

where Cy is a constant depending only on the underlying wavelet V. If one instead solves

min _||n||;x subject to ||PoUPyn — y|| < 26, (6.3)
neeC’

then any minimizer 5 of (6.3) satisfies the same error bound (6.2) as & with a potentially different constant

C.

Theorem 6.2 provides the first comprehensive explanation for the observed success of CS in applications
based on the Fourier-wavelets model. The key estimate (6.1) shows that mj need only scale as a linear
combination of the local sparsities s;, 1 < [ < r, and critically, the dependence of the sparsities s; for
I # k is exponentially diminishing in |k — [|. Note that the presence of the off-diagonal terms is due to
the previously-discussed phenomenon of interference, which occurs since the Fourier-wavelets system is
not exactly block diagonal. Nonetheless, the system is nearly block-diagonal, and this results in the near-
optimality seen in (6.1).

Observe that (6.1) is in agreement with the flip test: if the local sparsities sy, change, then the subsampling
factors my, must also change to ensure the same quality reconstruction. Having said that, it is straightforward
to deduce from (6.1) the following global sparsity bound:

m 2 s-log(e") - log(N),

where m = m1 + ...+ m, is the total number of measurements and s = s1 + ... + s, is the total sparsity.
Note in particular the optimal exponent in the log factor.
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Original image Random Bernoulli Multilevel Hadamard Multilevel Fourier
Err=15.7% Err =9.6% Err 8.7%

Figure 6: 12.5% subsampling at 256x256 resolution using DB4 wavelets and various different measurements.

Remark 6.2 The Fourier/wavelets recovery problem was studied by Candes & Romberg in [17]. Their
result shows that if, in an ideal setting, an image can be first separated into separate wavelet subbands before
sampling, then it can be recovered using approximately s; measurements (up to a log factor) in each sampling
band. Unfortunately, such separation into separate wavelet subbands before sampling is infeasible in most
practical situations. Theorem 6.2 improves on this result by removing this substantial restriction, with the
sole penalty being the slightly worse bound (6.1).

Note also that a recovery result for bivariate Haar wavelets, as well as the related technique of TV
minimization, was given in [54]. Similarly [10] analyzes block sampling strategies with application to MRI.
However, these results are based on sparsity, and therefore they do not explain the conclusions of the flip test
regarding how the sampling strategy will depend on the signal structure.

6.1 Universality and RIP or structure?

Theorem 6.2 explains the success of CS when one is constrained to acquire Fourier measurements. Yet,
due primarily to the their high global coherence with wavelets, Fourier measurements are often viewed as
suboptimal for CS. If one had complete freedom to choose the measurements, and no physical constraints
(such as are always present in MRI, for example), then standard CS intuition would suggest random Gaussian
or Bernoulli measurements, since they are universal and satisfy the RIP.

However, in reality such measurements are actually highly suboptimal in the presence of structured
sparsity. This is demonstrated in Figure 6, where an image is recovered from m = 8192 measurements
taken either as random Bernoulli or multilevel Hadamard or Fourier type. As is evident, the latter gives
an error that is almost 50% smaller. The reason for this improvement is that whilst Fourier or Hadamard
measurements are highly coherent with wavelets, they are asymptotically incoherent, and, as explained in
our theoretical results, this can be exploited through multilevel random subsampling to recover the structured
(i.e. asymptotica) sparsity of wavelet coefficients. Random Gaussian/Bernoulli measurements on the other
hand do take advantage of this structure since, in satisfying an RIP, they are guaranteed to recover all sparse
vectors equally well.

This observation is an important consequence of our framework. Specifically, whenever structured spar-
sity is present (such is the case in the majority of imaging applications, for example) there are substantial
improvements to be gained by designing the measurements according to not just the sparsity, but also the
additional structure. For a more comprehensive discussion see [72], as well as [19, 82].

7 Proofs

The proofs rely on some key propositions from which one can deduce the main theorems. The main work is
to prove these proposition, and that will be done subsequently.
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7.1 Key results

Proposition 7.1. Let U € B(I?(N)) and suppose that A and Q = Q, U. ..U, (where the union is disjoint)
are subsets of N. Let xg € H and z € ran(PqU) be such that ||z|| < 6 for 6 > 0. Let M € N and
y = PoUxo + z and yny = PoU Py + 2. Suppose that £ € H and £y € H satisfiy

1€l = inf {[[n[l;x = |1 PoUn — yl| < 6} (7.1)
neH

[€allin = inf {[nlln : [|PaUParn — yarll < 6} (7.2)
neCcM
If there exists a vector p = U* Pow such that

(i) [|PAU* (¢7 Pa, @ ... ® ¢ Po, ) UPa — In|| < %

<q;1/2P91 ®... @q:”?PQr) Ueil < \/§
(iii) ||[Pap — sgn(Pazo)| < §.

(iv) [|[Pxpllie < 3

(v) |lwl < L-/I]A]

forsome L > 0and 0 < qx <1, k=1,...,r, then we have that

(ll) maX;eAc

€ —aoll < C- <5~ (;a ¥ L\/§> " ||szo||u) ,

for some constant C, where s = |A| and ¢ = min{qy }},_,. Also, if (ii) is replaced by

~1/2p -1/2p )U 4 <\/§
iE{l,-I.I.l,%(}mAc I <q1 0 D... DG a. | Uei]| < 0

and (iv) is replaced by | Py; Px p|li < 5 then

1
lex —zoll < C- (5. ( n L\/E) + |PMP§xop) | 13)
Vi
Proof. First observe that (i) implies that (PAU* (q7 ' Po, @ ... @ g7 ' Po, ) UPA|p, (3)) ! exists and
./ — _ _ 4
I(PAU” (4" Po, @ - ® ¢ P, ) UPAlpaa) T < 3 (74)

Also, (i) implies that

_ _ %/ — _ 5
I (q1 V2py ... aq; 1/2PQT) UPA|? = |PAU* (¢ ' Po, ® ... ® q; ' Po, ) UPA| < T 09
and
IPAU* (q; ' P, @ ... @ g, Po,) II” = [l (¢ ' Po, ® ... © ¢, ' Po,) UPA|?
= s I (g7 P, @ ... ® g, " Po,) UPan|?
n||=1
= 3 P UPan? < L s S a1 P, UPan% b = max (L) 1.6
lInll=1 =y q fnl=1— q 1<k<r g
1 — 1 ./ _
=g (PaU” (Z ar, 1P9k> UPan,n) < 6||PAU (91 Po, ®...® g, ' Po,) UPA||.
nlj=1 k=1
Thus, (7.5) and (7.6) imply
* —1 —1 5
|PAU" (q; ' Po, @ ... © ¢, ' Pa,) || <4/ 1 (1.7
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Suppose that there exists a vector p, constructed with yy = Paxg, satisfying (iii)-(v). Let & be a solution to
(7.1)and let h = £ — mg. Let Ax = PAU* (ql’lPQ1 G...0 q;lPQT) UPA|pa(2)- Then, it follows from
(i1) and observations (7.4), (7.5), (7.7) that

1PaRll = AR Aa Pahl|
< | AR MIPAU* (g1 Poy @ ... @ ¢ ' Pa,) U = Px)A|

4 L, -
< gIIPAU (a7 " Po, ®...®q, ' Po,) ||| PoUA||

4 L _
+ 3 max [ PAU (¢ ' Po, @ ... @ ¢; ' Po,) Ues|[[|Pxhlln

(1.8)
4 * 1 —1

S§I|PAU (67" Po, @ ... ® ¢ Pa,) [lIIPaUA
4 _

+§HPAU* (q V2pg, @ -@qfl/Q)"nelgrg (q1 1/2P91®---@Q;1/2P97~) Uey|[| Pahlln
4\/5 5
< —9 Pih

=373 + 3|| Al

where in the final step we use ||PoUh| < ||PoUC¢ — y|| + ||z|| < 2. We will now obtain a bound for
| PAR||;1. First note that

1B+ zolln = |[Pah + Pazolln + [|Pa (h+ o)l
> Re (Pah,sgn(Pazo)) + ||Pazollin + [|[Pxhlin — || Px ol (7.9)
> Re (Pah,sgn(Pazo)) + [|lzollin + [[Pahlln — 2[|Paol|i:-
Since ||zgl|;x > ||k + zo]|;2, we have that
IPAhlln < [(Pah,sgn(Pazo))| + 2| Paoln- (7.10)

We will use this equation later on in the proof, but before we do that observe that some basic adding and
subtracting yields

|(Pah,sgn(@o))| < [(Pah,sgn(Pazo) — Pap)| + [(h, p)| + |(Pxh, Pxp)]
1PaRllsgn(Pazo) = Papll + [(PaUh, w)| + | P hlln || Pa pllie

IN

IN

1
%IIPAhH +2L5\/§+§\\P§hull (7.11)

5 5 1
< Q(s + ﬁupihull + 2L6/s + §||P§h||ll

where the last inequality utilises (7.8) and the penultimate inequality follows from properties (iii), (iv) and
(v) of the dual vector p. Combining this with (7.10) and the fact that ¢ < 1 gives that

|PAR <6( f+8w) + 8P ol 7.12)
Thus, (7.8) and (7.12) yields:
1 f 3 1
Rl < | Pahl + || Pahl| < \|PAh||ll+75< 8\/§+22L\/§+ﬁ -0+ 22||Paaol|,,. (7.13)

The proof of the second part of this proposition follows the proof as outlined above and we omit the details.
O

The next two propositions give sufficient conditions for Proposition 7.1 to be true. But before we state
them we need to define the following.

Definition 7.2. Let U be an isometry of either CN*N or B(1*(N)). For N = (Ny,...,N,) € N, M =
(My,...,.M,) e N"withl < Ny <...< Npand1 < M; < ... < M,, s =(s1,...,8) € N" and
1<k<n7, let

Ni_1 M;_ N _
KN»M(kal):I;leaé(HPN: UPy " nlliee - \/ (P, 7 U).

k
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where

M;_
O={n:|nl~ <1, |supp(PMll N=s,l=1,...,7—1, |supp(PfV‘Ir_ln)\ =S, }
and Ny = My = 0. We also define

Ny _ Ny _
(K, 00) = max | Py "UPsy, il -\ u(Py) 1 U).

Proposition 7.3. Let U € B(I?(N)) be an isometry and x € ' (N). Suppose that Q = QN m is a multilevel
sampling scheme, where N = (N1,...,N,) € N" and m = (m,...,m,) € N". Let (s, M), where
M= (M,....M,) e N, My, < ... < M,, ands = (s1,...,5.) € N, be any pair such that the
following holds:

(i) The parameters N := N,, and K := maxg=1, (N — Ni_1)/my, satisfy the weak balancing
property with respect to U, M := M, and s := s1 + ...+ Sy,

(ii) fore >0and1 < k <,

Ny — Ny -
12 (log(se ') +1)- kT“ : <Z rNM(k, 1) | -log (KMA/s), (7.14)

k =1

(iii)
my, 2 (log(se™ ") + 1) - 1y, - log (KM+/s) (7.15)
where My, satisfies
"~ [Ny — Ny
12 ( P ‘1> (D) S VI=1,r
k=1 Mk

where 51 + ...+ 8. < 81+ ...+ S, Sk < Sk(s1,...,8.) and Sy, is defined in (4.3).
Then (i)-(v) in Proposition 7.1 follow with probability exceeding 1 — €, with (ii) replaced by
—-1/2 S1/2P, ) Ue, \F
P, e Po,. | Ue < , 7.16
i1 M N | (q1 2@ 0 a, ) Ueill < 4 (7.16)
(iv) replaced by | Pyr P plli= < 3 and L in (v) is given by

_ log, (6e—1)
L_O-\/R-<1+log2(4Km>. (7.17)

Ifmy, = N, — Ni_1 forall 1 < k < rthen (i)-(v) follow with probability one (with the alterations suggested
above).

Proposition 7.4. Let U € B(I?(N)) be an isometry and x € I*(N). Suppose that Q = QN m is a multilevel
sampling scheme, where N = (Ni1,...,N,) € N" and m = (mq,...,m,) € N". Let (s, M), where
M= (M,....M,) e N, My < ... < M,, ands = (s1,...,5.) € N", be any pair such that the
following holds:

(i) The parameters N and K (as in Proposition 7.3) satisfy the strong balancing property with respect to
U M=M,and s :== s1+ ...+ 8.,

(ii) fore >0and1 < k <,

r—1
12 (og(se ) 1) e~ et <mN,M<k7 o) + 3 rnem(k, 1)> Aog (KNIVE) . (1.18)
k =1
(iii)
my = (log(se™!) +1) -1y, - log (K]\Zf\/g) , (7.19)

where M = min{i € N : || max;>; PNUPy|| < 1/(K324/5)}, and 1y, is as in Proposition 7.3.
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Then (i)-(v) in Proposition 7.1 follow with probability exceeding 1 —e with L as in(7.17). If my = Nx—Np_1
forall 1 < k < r then (i)-(v) follow with probability one.

Lemma 7.5 (Bounds for k5 M (k,1)). Fork,l=1,...,r

knm(k, 1) < min {MN,M(k7 ) s1, /s n(PYU) - HP}VV:*IUP%H

Also, fork=1,...,r

K“N7M(ka OO) < min {/,LN7M(]€,OO) *Sry \/Sr '/”'(P]J\\f]:ilU) . HPJJ\\IIIQC71UPJ\%I7»1

Proof. Fork,l=1,...,r

(7.20)

} . (7.21)

——

N,

Ny M_ _
(ks 1) = max | Py = U Py~ il - o/ (P~ U)
= max max Z ;U5 - u(PJJ\,V:’lU)

€0 Nj_1<i<Nj ‘
K M1 <j<M,

S s \/“(PJJVV:AUPJ%M) : \/M(P]]\f\:iC71U) < s pnom(ks 1)

since |u;;| < 1, and similarly,

N,

Ny _
vl 00) = ma [ PN/ U P, i /(PR 0)
/ N
= Wil - Py U) < s, k .
I}]leaé( Nk,rflgzngk Z 4njuzj ,u( Ny ) > Sr ,U/N,M( 700)
M, _1<j
Finally, it is straightforward to show that for k,l =1,...,r,

u(Py )

k

KZN,M(k,l) S \/5 HPJJ\\,/Z“—lUPA]\/;[Lz_l

and
kM (k,00) < /s HPJI\\II:ilUP]\%IT,l

We are now ready to prove the main theorems.

Proof of Theorems 4.1 and 5.2. 1t is clear that Theorem 4.1 follows from Theorem 5.2, thus it remains to
prove the latter. We will apply Proposition 7.3 to a two-level sampling scheme Q2 = Qn m, where N =
(N1, N3) and m = (mq, mo) with my = Ny and me = m. Also, consider (s, M), where s = (M, s2),
M = (My, M>). Thus, if Ny, N3, mq, mg € N are such that

Ny — N1 N

N=N,;, K= max{Ql,l}
mao mq

satisfy the weak balancing property with respect to U, M = My and s = M; + s, we have that (i) - (v) in
Proposition 7.1 follow with probability exceeding 1 — se, with (ii) replaced by

Ny — N 5
~ max | (PN1 @ “PQQ) Ueil| < \/>7
ie{l,...,M}NAc ma 4

(iv) replaced by || Py Pxplli < 3 and L in (v) is given by (7.17), if
-1 N — Nl
12 (log(se™") +1) - ——— - (k,m(2,1) + kv m(2,2)) - log (KMV/5) (7.22)
2
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ma 2 (log(se™') +1) - rivg - log (KM+/s) (7.23)

where 7 satisfies 1 2 ((Na — N1)/7he — 1) - pn, - 82, and 8o < S5 (recall So from Definition 4.3). Recall
from (7.20) that

rNM(2,1) < \/S1 fiy HPJﬁUPMl

Also, it follows directly from Definition 4.3 that

;o kNM(2,2) < so- .

2
82 < (1P, U P | - VI + v33)

Thus, provided that HP]#1 U Py, || < ~v/+/Mj where 7 is as in (i) of Theorem 5.2, we observe that (iii) of
Theorem 5.2 implies (7.22) and (7.23). Thus, the theorem now follows from Proposition 7.1. O

Proof of Theorem 4.4 and Theorem 5.3. 1t is straightforward that Theorem 4.4 follows from Theorem 5.3.
Now, recall from Lemma 7.20 that

kv (k1) < sp-pwom(k, ), knom(k, 00) < sy - pnm(k, 00), k,=1,...,7r

Thus, a direct application of Proposition 7.4 and Proposition 7.1 completes the proof.

It remains now to prove Propositions 7.3 and 7.4. This is the content of the next sections.

7.2 Preliminaries

Before we commence on the rather length proof of these propositions, let us recall one of the monumental
results in probability theory that will be of greater use later on.

Theorem 7.6. (Talagrand [78, 58]) There exists a number K with the following property. Consider n
independent random variables X; valued in a measurable space ) and let F be a (countable) class of
measurable functions on (). Let Z be the random variable Z = sup ¢z » ;. f(Xi) and define

S = sup [|f]lco; V=supE Zf(Xi)Z
fer fer

i<n

IfE(f(X;)) =0forall f € F andi < n, then, for eacht > 0, we have
11t tS
P(|Z-E(Z)| >t) < ——=1 1+ ———
(1ZE(2) > 1) < dexp (~go glox (14 750 ) ).

where Z = sup ¢ r | >i<n F(XG)|-

Note that this version of Talagrand’s theorem is found in [58, Cor. 7.8]. We next present a theorem and
several technical propositions that will serve as the main tools in our proofs of Propositions 7.3 and 7.4. A
crucial tool herein is the Bernoulli sampling model. We will use the notation {a,...,b} D Q ~ Ber(q),
where a < b a,b € N, when Q is given by Q = {k : §; = 1} and {5;}}_, is a sequence of Bernoulli
variables with P(0, = 1) = q.

Definition 7.7. Letr € N, N = (Ny,...,N,) e N"withl < N; <... < N, m = (my,...,m,) € N,
withmy < Ny — Nx_1, k =1,...,r, and suppose that

my,
Qr C{Nj_ 1,..., N, Qr ~B _ k=1,...
k_{ k—1 T ) ) k}a k er<Nk_Nk1>7 ) Ty

where Ny = 0. We refer to the set 2 = QN m = Q1 U...UQ,.. as an (N, m)-multilevel Bernoulli sampling
scheme.
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Theorem 7.8. Let U € B(I*(N)) be an isometry. Suppose that Q@ = QN .m is a multilevel Bernoulli
sampling scheme, where N = (Ny,...,N,) € N and m = (my,...,m,) € N". Consider (s, M),
where M = (My,...,M,) e N", My < ... < M,, ands = (s1,...,8,) € N", and let

A=AU...UA,, Ap C{Mp_1+1,..., My}, |Ag| = sk
where Mo = 0. If || Py, U* Py, U Py, — Py, || < 1/8 then, for v € (0,1),
P(|PaU*(q; ' P, @ ... ® g, ' Pa,)UPx — Pal > 1/4) <4, (7.24)
where qr, = my /(N — Ng—1), provided that

N — Ng1

1> 2k~ Vel
My

~

(i KN,M(k,l)> - (log (v"'s) +1). (7.25)
=1

In addition, if ¢ = min{qy }},_, = 1 then
P(| PAU*(q; ' Po, @ ... @ g, ' Po,)UPa — Pall > 1/4) = 0.

In proving this theorem we deliberately avoid the use of the Matrix Bernstein inequality [43], as Tala-
grand’s theorem is more convenient for our infinite-dimensional setting. Before we can prove this theorem,
we need the following technical lemma.

Lemma 7.9. Let U € B(I1?(N)) with |U|| < 1, and consider the setup in Theorem 7.8. Let N = N, and
let {0;}7, be independent random Bernoulli variables with P(8; = 1) = §;, §; = my/(Nx — Ny_1) and

jE€{Nk_1+1,..., N}, and define Z = Zf;l Zj, Z; = (q;léj — 1) n; ® j; and n; = PaU*¢;. Then
2 ~—1 2
E(Z])” < 48 max{log(|A[), 1} 1I§I§a§XN{%’ 1%},

when (max{log(|A[), 1}) ™" > 18maxi<j<n {3 ;1% } -

The proof of this lemma involves essentially reworking an argument due to Rudelson [74], and is similar
to arguments given previously in [3] (see also [17]). We include it here for completeness as the setup deviates
slightly. We shall also require the following result:

Lemma 7.10. (Rudelson) Let 11, ...,ny € C* andleteq, . .. ey be independent Bernoulli variables taking
values 1, —1 with probability 1/2. Then

M
Z €if ® n;
=1

3
< Z )
> < 2\/551%%”771“

where p = max{2, 2log(n)}.

Lemma 7.10 is often referred to as Rudelson’s Lemma [74]. However, we use the above complex version
that was proven by Tropp [80, Lem. 22].

Proof of Lemma 7.9. We commence by letting § = {SJ }jvzl be independent copies of § = {J; }é\le Then,
since E(Z) = 0,

N
Es (|1Z]]) =Es | || Z — E; Z(@*l%*l)ﬂj@ﬁj H
(7.26)

N
< Es | E; ZZ(qj—lSjl)nj@ﬁjH ,
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by Jensen’s inequality. Let ¢ = {¢,} ;VZ 1 be a sequence of Bernoulli variables taking values 1 with proba-

bility 1/2. Then, by (7.26), symmetry, Fubini’s Theorem and the triangle inequality, it follows that

N
Es (121) < Ee | Bs | B; | |1Xoc; (370, - ;0 ) my o
j=1

(7.27)
N

<2Es [ Be | |Y ed; ' oim; @
j=1
We are now able to apply Rudelson’s Lemma (Lemma 7.10). However, as specified before, it is the complex
version that is crucial here. By Lemma 7.10 we get that

N N
. _ 3 —1/2 . _
Eo (D g omi e | < 5 Vmax{2log(s), 2} nax g i > a g m @),
Jj=1 - Jj=1
(7.28)
where s = |A|. And hence, by using (7.27) and (7.28), it follows that

N

Es (1Z]) < 3v/max{2loa(s), 2} max & sl | Es | |7+ D 0 @
Eok 2

Note that || Z;V:l n; @ 7;]| < 1, since U is an isometry. The result now follows from the straightforward
calculus fact that if 7 > 0, ¢ < 1 and r < ¢y/7 + 1 then we have that r < ¢(1 + v/5)/2. O

Proof of Theorem 7.8. Let N = N, just to be clear here. Let {J; }§V=1 be random Bernoulli variables as
defined in Lemma 7.9 and define Z = Z;\f:l Zi, Zj = (q;laj — 1) n; ® 7; with n; = PaU”e;. Now
observe that

N N
PAU(q; ' P, © ... ® ¢, 'Po,)UPA =Y G;';n; ® 0, PaU*PNUPA =Y n;®7;. (129)

j=1 =1

Thus, it follows that
1PAU* (a7 Poy ® ... ® ¢, ' P, )UPA — Pal < || Z]| + [|(PaU*PxUPA — Pa)|| < || Z]| + 3 730

by the assumption that || Py, U* Py, U Py, — Pag.|| < 1/8. Thus, to prove the assertion we need to estimate
|| Z||, and Talagrand’s Theorem (Theorem 7.6) will be our main tool. Note that clearly, since Z is self-adjoint,
we have that || Z|| = sup.¢g [(Z(, ()|, where G is a countable set of vectors in the unit ball of Px(#) . For
¢ € G define the mappings

G(T) =(T¢.0), G(T)=—(T¢.), T eBH).
In order to use Talagrand’s Theorem 7.6 we restrict the domain D of the mappings (; to

= : < G [m [P
D=A{Te€BH):|T| < max {g; lIn;|"}}
Let F denote the family of mappings (i, (s for ¢ € G. Then || Z|| = SUPg¢ x ((Z), and for i = 1,2 we have

1G(Z) = (35185 = D] @ 7)€, )] < lgaéXN{djlllndIQ}

Thus, Z; € Dfor1 <j < Nand S :=sup;cr I€]loe = maxlSjSN{q?lHnjHQ}. Note that

In; 1> = (PaU"ej, PaU"e;) = > (Pa,U¢;, Pa,U%e;).
k=1
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Also, note that an easy application of Holder’s inequality gives the following (note that the /! and /> bounds
are finite because all the projections have finite rank),

[(Pa,Uvej, PaU%ej)| < || Pa U €l || Pa, Uejllioe
< 1P U Py, i 1Pa, Ul < | Pay~ UPa, llis s - /(P 'U) < ko (1, B,
forj € {Ni_1+1,...,N;}and! € {1,...,r}. Hence, it follows that
[ |1 < gggr(nN,M(k, D+ +rnwmkr)), (7.31)

and therefore S < maxi<p<y, (qlzl Z;Zl nNﬁM(k,j)) . Finally, note that by (7.31) and the reasoning
above, it follows that

N N
Vi=suwp E (Y G(2)? | =swE [ 3 (716 — 1) [(PaU%¢;, QI
j=1

CieF j=1 ¢eg
Ny — N, N
< 2 (N = Ne—1 _ 2 (7.32)
< max o] ( o 1 igp;|<ej,UPAQ\,

Ny — Ni_ " Np — Ni_ i
< max ———F— (Z nN,M(k,l)> sup [U¢|? = max £ AL (Z HN,M%,Z)),
Ceg

~ 1<k<r my, po 1<k<r mp —

where we used the fact that U is an isometry to deduce that ||U|| = 1. Also, by Lemma 7.9 and (7.31) , it
follows that

9 Ni — Nj_1 [ —
< - .
E(]|Z])" <48 11;1]?; -~ <l§1 HNVM(/{I,Z)) log(s) (7.33)
when
Ni — Ni1 [ —
> - - .
1>18 pax —— (lg_l ffN,M(kJ)) log(s), (7.34)

(recall that we have assumed s > 3). Thus, by (7.30) and Talagrand’s Theorem 7.6, it follows that

P ([ PaU*(q; ' Po, @ ... @ q; ' Pa,)UPA — Pall > 1/4)

1 N — Ni_4 :
< > - - - .
P Z] 16 + .24 max o~ (l_gl ﬁN,M(k,l)) log(s)
1 N — N, - -
k k-1
< PR — - - -
3exp 16 (121]?2 -~ (lg_l koM (K, l))) log(14+1/32) |, (7.35)

when my’s are chosen such that the right hand side of (7.33) is less than or equal to 1. Thus, by (7.30) and
Talagrand’s Theorem 7.6, it follows that

P (|PaU*(q; ' Poy, @ ... ® q; ' Pa,)UPA — Pal| > 1/4)
1 1
<Pzl 2 18 <P (121> 15 +EIZ1 ) <P (1121 - E12]] 2 15

~1
1 Ni — Nio1 [
< —_— =) + .
3exp 16 (1%?; p— (ll kM (ks l))) log(1+1/32) |, (7.36)

when m;,’s are chosen such that the right hand side of (7.33) is less than or equal to 1/162. Note that this
condition is implied by the assumptions of the theorem as is (7.34). This yields the first part of the theorem.
The second claim of this theorem follows from the assumption that || Pp;, U* Py, U Py, — Pay, || < 1/8. O
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Proposition 7.11. Let U € B(I*(N)) be an isometry. Suppose that Q = QN m is a multilevel Bernoulli
sampling scheme, where N = (N1,...,N,) € N and m = (mq,...,m,) € N". Consider (s, M), where
M= (M,....M,) eN", My <...< M., ands = (s1,...,8) € N, andlet A = A U...UA,,
Ap C{Mg_1,..., My}, |Ag| = sg, where Mo = 0. Let § > 1/4.

(i) If
N:=N,, K:= max {

k=1,...,r

Ni — Ni—1 }

mg

satisfy the weak balancing property with respect to U, M := M, and s := sy + ... + s, then, for
& € Hand B, > 0, we have that

P (|PruPAU (a1 ' Po, & ... & ¢; ' Pa, JUPAE]i= > Bll&[li=) <, (7.37)
provided that
2
: b Seon — b >CO, (7.38)
log (;(M - 3)) log (;(M - s))
for some constant C > 0, where q, = my/(Ny — Ng—1) fork =1,...,r,
_ Ny — N1 .
A= 1?1?;2 {mk : <l_21 HN,M(kv l)) } ) (7.39)
_ ~ (Np— Npa .
T= e 2 <mk - 1) oMk, 1) - 8, (7.40)

forall {3;}5_, suchthat 51+ ...+ 35, < s1+...+ s, and §, < Si(s1,...,r). Moreover, if g, = 1
forallk = 1,...,r, then (7.38) is trivially satisfied for any v > 0 and the left-hand side of (7.37) is

equal to zero.

(ii) If N satisfies the strong Balancing Property with respect to U, M and s, then, for { € H and 3, > 0,
we have that

P (||PAU*(q; ' Pa, ® ... ® ¢, ' Po, )UPAE i > BlIE]li=) <7, (7.41)
provided that
2
b seon P _soem (7.42)
log (%(9 - s)) log (%(9 — s))

for some constant C > 0, § = 5({qk}2:1, 1/8,{Ni}i_y,8, M) and Y, A as defined in (i) and

é({q’f}};:h t7 {Nk}z:h S, M)

t
=|{ieN: Pr U (¢t P . ®q P, VUe|| > —
t FlC{l,...TRIa}),( Iy |=s ” I (ql T2 & @ q, F2,7') € || \/g
T2 C{Nj_1+1,...,N;}, j=1,..,r
Moreover, if qx = 1 forall k = 1,...,r, then (7.42) is trivially satisfied for any v > 0 and the
left-hand side of (7.41) is equal to zero.

Proof. To prove (i) we note that, without loss of generality, we can assume that [|£[[;= = 1. Let {d;}_; be
random Bernoulli variables with P(0; = 1) = §; = g, forj € {Ny_1 +1,..., Ny} and 1 < k <r. A key
observation that will be crucial below is that

N
PAU* (g ' Po, © ... © ¢, 'Po, )UPAL = > PAUG; '6;(e; ® e)UPAS
j=1
N (7.43)
=Y PAU"(G;'6; — 1)(e; @ ¢;)UPAS + PAU* PyUPAS.

j=1
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We will use this e]c\],uation at the end of the argument, but first we will estimate the size of the individual
components of ijl PALU*((']';ldj — 1)(e; ® e;)UPAE. To do that define, for 1 < j < N, the random
variables _
X = (U*(q;'0; —1)(e; ® ;) UPAE, &), ie A°.
We will show using Bernstein’s inequality that, for each ¢ € A®and t > 0,
N 2
) t=/4
P> Xi>t <4exp< />. (7.44)

Z T 1 Al/3

To prove the claim, we need to estimate E (] X?|?) and | X|. First note that,
E(1X;1) = (@' = Dle;, UPAE)P|{ej, Ues) [,
and note that |{e;, Ue;)|* < unm(k, 1) for j € {Ny_1 +1,...,Nx}andi € {M;_1 +1,..., M,;}. Hence

N r

7 — Ny _
STE(XIP) <Y (! - Dunom(k, D] Pyt UPAE
j=1 k=1
< sup {kal ~ 1>uN7M<k,l>||P£:1U<|2} ,
€0 k=1

where u
O = {n:|Inl= < 1,[supp(Py;, ~'n)| = s, I =1,...,7}.

The supremum in the above bound is attained for some ¢ € ©. If 5;, = HP]J\\,I U C||?, then we have

N r
STE(IXP) < (gt = DNk, D (7.45)
j=1 k=1

Note that it is clear from the definition that s, < Sk(s1,...,s,) for 1 < k < r. Also, using the fact that

[IU|l < 1 and the definition of ©, we note that

- - . Ny

S5 = [Py TUPACI? < IUPACIP = [IC)* < 51+ ... + 50

k=1
To estimate \Xj‘| we start by observing that, by the triangle inequality, the fact that ||¢||;~« = 1 and Holder’s
inequality, it follows that [(¢, PAU*¢e;)| < Y1, |<P1\]>I4:‘1§, PaU*e;)|, and
My, X Ny :
|<P]W: lf,PAU €j>| < HPNll IUPA,CHloc_ﬂoc, i E{Nl_1+1,...,Nl}, lE{l,...,T}.
Hence, it follows that for 1 < j < N and i € A€,
X1 = G5 '1(85 — Gy)I[€, PaU%ej)ll(ej, Ues),

(Bt ) b natir)

(7.46)

< max
1<k<r

Now, clearly IE(X;) =0forl <j < N andi € A°. Thus, by applying Bernstein’s inequality to Re(X;:)
and Im(X;) forj =1,..., N, via (7.45) and (7.46), the claim (7.44) follows.
Now, by (7.44), (7.43) and the assumed weak Balancing property (wBP), it follows that

P (| PiPaU (g5 ' Po, ® ... ® ¢, ' Po, ) UPAE|j1= > B)

N
< > P D Xi+ (PyPAUPyUPAS ;)| > B
i€Aen{l,.., M} j=1
N
< Z P Zx; > B — | Py PAU* PyUPa |1
ieAen{l,...,M} Jj=1

g4<M—s>exp(—%), t=15 by(raa) (wep).

28



Also,

e () <,

4 ! 47 4A
(M — > =4+ = ).
log (7(]\/[ s)) ( P 3t>

And this concludes the proof of (i). To prove (ii), for ¢ > 0, suppose that there is a set A; C N such that

when

P (sup \(PK‘U*(ql_lpgl ... qflpgT)UPAn, ey > t) =0, |AY| < 0.
1EAL

Then, as before, by (7.44), (7.43) and the assumed strong Balancing property (sBP), it follows that

P (|PxU*(g; " Pa, & ... ® q; ' Po,)UPAE[1= > B)

N
< Y P{D_ X+ (PAUTPYUPAE )| > 5 | .
j=1

iEACNAY
yielding
P (|IPAU"(a; ' Pa, @ ... @ ¢; ' Pa, )UPaE[ls> > f)
N .
< > P> X} >B—|PAUPyUPA|
1EACNAS j=1
< a(A]— syexp (- Y oo i = ks by (r.aa), (sBP)
— t Xp T+At/3 e - 2 9 y . 9 9
whenever

4 -1 4T 4A
log ([ = (JA¢| — > (22 22
og (W(I ¢l S)) > <t2 + 3t>

Hence, it remains to obtain a bound on |A§|. Let

0(q1,...,qr,t,5) =L ieN: Pr,U*(¢g; 1P B g P, YUe|| >
(Q1a , dr 78) ? Flc{l,m%af’( Iy |=s ” Iy (ql Ta1 2] Dq, F2,r) elH
T2 ;C{Nj—1+1,...,N;}, j=1,..,r
Clearly, AY C 0(q1,--.,¢r,t,s) and
120, U™ (0 Pray @ @4, Pry JUei]| < max g5t | PUPZ, | =0
asi — 00. So, |0(qu, ..., qr,t, )| < co. Furthermore, since O({qYs_;,t, {N}s_,, s, M) is a decreasing

function in ¢, for all ¢ > £,

‘9((]1, N T S)‘ < é({QK}z:h 1/87 {Nk}z:lv S, M)
thus, we have proved (ii). The statements at the end of (i) and (ii) are clear from the reasoning above. ]

Proposition 7.12. Consider the same setup as in Proposition 7.11. If N and K satisfy the weak Balancing
Property with respect to U, M and s, then, for ¢ € H and v > 0, we have

P(|[PaU* (g7 ' Pa, @ ... ® ¢; ' Pa,)UPA — Pa)€lli= > all€]li=) <7, (7.47)
with & = (2 log§/2 (4/sKM))~1, provided that
12 A (log (sy™") +1) - log (VsKM),
127 (log(sy™')+1)-log (vsKM),
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where A and Y are defined in (7.39) and (7.40). Also,

_ _ 1
P(|PaU*(ar ' Pay @ ... @ ¢, Po, JUPA = Pa)éllie > 5 [i€lli) <y (7.48)
provided that
12A-(log(sy™")+1), 127-(log(sy™')+1).
Moreover, if q, = 1 forall k =1, ..., then the left-hand sides of (7.47) and (7.48) are equal to zero.

Proof. Without loss of generality we may assume that ||£][;c = 1. Let {J; };V: 1 be random Bernoulli vari-
ables with P(6; = 1) = G; = qx, with j € {Ny_1+1,...,Ni}and 1 < k < r. Let also, for j € N,
n; = (UPa)*e;. Then, after observing that

N N
PAU*(q7 ' P, ® ... ® q; ' Po,)UPA =Y _q;'6;m; @7, PaU*PxUPA =Y n; @7,

j=1 j=1
it follows immediately that
N
PAU*(q; ' P, ® ... @ q; ' Po,)UPA — Pa =Y _(§;'6; — 1)n; @7; — (PAU*PyUPA — Pa). (749)
j=1

As in the proof of Proposition 7.11 our goal is to eventually use Bernstein’s inequality and the following is
therefore a setup for that. Define, for 1 < j < N, the random variables Z = <(qu16]~ —1)(n; ® 7;)&, €5),
for i € A. We claim that, for ¢ > 0,

N t2/4
P A t] <4 _— i € A. 7.50
Now, clearly E(Z}) = 0, so we may use Bernstein’s inequality. Thus, we need to estimate E (| Z}|?) and
| Z}|. We will start with E (| Z}|?). Note that

E(1Z;?) = (@7 ' = Dl(ej, UPAE) [, Uei)[*. (7.51)
Thus, we can argue exactly as in the proof of Proposition 7.11 and deduce that
N T
STE(Z)1?) < (ar "t = Dy, 5, (1.52)
j=1 k=1
where s < Sk(s1,...,8)forl1 <k <rand§ +...+ 5. <s1+...+ s, Toestimate |Z;| we argue as
in the proof of Proposition 7.11 and obtain
i Ni — Nig—1
|Z;] < 11;12; {mk c(knom(k, D)+ o+ Enm(k, ) g (7.53)

Thus, by applying Bernstein’s inequality to Re(Z%), ..., Re(Z%) and Im(Z%), ..., Im(Z% ) we obtain, via
(7.52) and (7.53) the estimate (7.50), and we have proved the claim.

Now armed with (7.50) we can deduce that , by (7.43) and the assumed weak Balancing property (wBP),
it follows that

P (| PAU* (g7 " Po, @ ... ® ¢, ' Po,)UPa — Pa)¢i= > &)

N
<> P D Zi + (PaU*PNUPA — Pa)S,e5)| >
j=1

1€EA
N (7.54)
<> P[> Zi| > a—||[PuUPyUPy = Pyl |
i€A J=1

2/4
<4sexp (—W) , t=a, by (7.50), (WBP).
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Also,
T + At/3
47 4 4s
1> —A]-lo
(& rat) e (5)
And this gives the first part of the proposition. Also, the fact that the left hand side of (7.47) is zero when

qr = 1for 1 < k < ris clear from (7.55). Note that (ii) follows by arguing exactly as above and replacing
a by i.

t2/4
4sexp ( ) <7, (7.55)

when

O

Proposition 7.13. Let U € B(I*>(N)) such that ||U|| < 1. Suppose that Q = QN m is a multilevel Bernoulli
sampling scheme, where N = (N1,...,N,) € N"and m = (mq,...,m,) € N". Consider (s, M), where
M=(My,....M,)eN", My <...< M, ands = (s1,...,8-) E N, andlet A = Ay U...UA,, where
A C{Mg_1+1,..., Mg}, |Ag| = sk, and My = 0. Then, for any t € (0,1) and v € (0,1),

P PinU*(¢ P, DT PR UP A > 141 <
(cpms o IOV P, @ @47 P )UP | 2 14 ¢) <1

provided that

t? - 2M
> [ 222
4 — & ~
foralll = 1,...,r when M = M, and for alll = 1,...,7r — 1,00 when M > M,. In addition, if
myg = Ny — Ni_1 foreachk =1,...r, then

1<k<r my

) . max {<N’“_N’“ - 1> ~/LN7M(]€,Z)} (7.56)

P(| Py U*(qy ' Po, @ ... @ q, 'Po,)UPu || > 1+1) =0, VieN. (7.57)

Proof. Fix i € {1,...,M}. Let {§;}}, be random independent Bernoulli variables with P(J; = 1) =

g ==qiforj € {Ny_1+1,...,Ni}. Define Z = Zjvzl Zjand Z; = ((jj_léj —1) |uji|2 . Now observe
that '

N N N
PiyU* (g7 P, @ ... @ q; ' Po, )UPy = Z(L'_laj Juji|” = sz +Z lujil?,

=1

where we interpret U as the infinite matrix U = {u;;}; jen. Thus, since ||U|| < 1,

N
IPayU*(q; ' Pa, @ ... @ ¢, Po, )UPwl| <> Z;| +1 (7.58)

j=1
and it is clear that (7.57) is true. For the case where g, < 1 for some k& € {1,...,r}, observe that for

ie{M;_1+1,..., M} (recall that Z; depend on 7), we have that E(Z;) = 0. Also,

‘Z| < maxlgkgr{max{qgl 71,1}~‘LLN_’M(IC,Z)} = B; i€ {Ml—l +1,...,Ml}
7T | maxicre, {max{gy T — 1,1} - pmi(k, 00)} = Boo 0> M,
and, by again using the assumption that |U|| < 1,

N

Y E(Z*) =D (6"~ 1) gl
j=1

Jj=1

2

< maxlgkgr{(qlzl — 1) /jJN’I\/[(k7 = LQ 1 E {lel +1,... ,Ml}
~ \maxi<p<, {(gn " — 1) unm(k,00)} = 0% i > M,.
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Thus, by Bernstein’s inequality and (7.58),

P(| Py U*(q; "Pa, @ ... @ ¢, ' Po, )UP|| > 1+1)

al 22
<P sz >t §2eXp<_02+Bt/3)’

j=1
B— maxi<;<r Bz M = MT, 0_2 o maxi<;<r 02»2 M = MT,
= , =

r—1,00} B; M > M, max;e{1,....,r—1,00} J% M > M,.

Applying the union bound yields
P < Chex [Py U (a7 P, @ ... @ gy ' Pa, )UPR | > 1 +t) <7

whenever (7.56) holds. O

7.3 Proofs of Propositions 7.3 and 7.4

The proof of the propositions relies on an idea that originated in a paper by D. Gross [43], namely, the golfing
scheme. The variant we are using here is based on an idea from [3] as well as uneven section techniques from
[48, 47], see also [42]. However, the informed reader will recognise that the setup here differs substantially
from both [43] and [3]. See also [16] for other examples of the use of the golfing scheme. Before we embark
on the proof, we will state and prove a useful lemma.

Lemma 7.14. Let X, be independent binary variables taking values 0 and 1, such that X), = 1 with

probability P. Then,
N —k
- N - N
P <§ X, > k) > (;) (k>Pk. (7.59)
i=1

Proof. First observe that

P (g: Xi > k) = (N) Pl N—i _ ¢ (Z fk») Pi—i—k(l . P)N—k—i
i=1 i= i=0
- ( )Pk : flvi kk)éf; A
Py N. M pi— pyvr-i | (TR
= () () rumm ()

=

The result now follows because > o* (V7 %) Pi(1 — P)N =+~ = 1 and fori = 0,..., N — k, we have that

(V=) < ()

where the first inequality follows from Stirling’s approximation (see [24], p. 1186). O

Proof of Proposition 7.3. We start by mentioning that converting from the Bernoulli sampling model and
uniform sampling model has become standard in the literature. In particular, one can do this by showing
that the Bernoulli model implies (up to a constant) the uniform sampling model in each of the conditions in
Proposition 7.1. This is straightforward and the reader may consult [18, 17, 41] for details. We will therefore
consider (without loss of generality) only the multilevel Bernoulli sampling scheme.

Recall that we are using the fOHOWil’lg Bernoulli sampling model: Given NO = 0, ]\]17 . 7N7“ € N we
. {N 1 N, } Qp Be ( ) = 7mk
1+1,... ) ~ T(qk), ¢ .
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Note that we may replace this Bernoulli sampling model with the following equivalent sampling model (see
[3D):
Q. =0QLUQIU---UQE, QL ~Ber(ql), 1<k<r,
for some u € N with
(I—ag)l—g) (1 —qg) = (1—qr). (7.60)
The latter model is the one we will use throughout the proof and the specific value of v will be chosen later.
Note also that because of overlaps we will have

G+t tar>aq, 1<k<m (7.61)

The strategy of the proof is to show the validity of (i) and (ii), and the existence of a p € ran(U*(Pq, @
... ® Pq,)) that satisfies (iii)-(v) in Proposition 7.1 with probability exceeding 1 — ¢, where (iii) is replaced
by (7.16), (iv) is replaced by || PasPa plli= < 4 and L in (v) is given by (7.17).

Step I: The construction of p: We start by defining v = ¢/6 (the reason for this particular choice will
become clear later). We also define a number of quantities (and the reason for these choices will become
clear later in the proof):

u=38[3v+1log(y )],  v=/logy(BKM+/5)], (7.62)
as well as ‘
{QIZC : ]- S k § T, 1 § i S u}v {O‘i}?:lv {ﬂz}?:l
by
1 2 1 ~ 3 Uu —1
G = Qi = 3 k> G =q=...= qy, gk = Nk, — Ni—1)my, -, 1<k <, (7.63)
with
I-—q)1—q)-(1—g)=01—q)
and
a1 = ag = (2logd ?(AKM/5)™',  a;=1/2, 3<i<u, (7.64)
as well as 1 1

Consider now the following construction of p. We will define recursively the sequences {Z;}} , C H,
{YV;}iy C H and {w;}}, C Nas follows: first let wg = {0}, w; = {0,1} and wy = {0, 1, 2}. Then define
recursively, for ¢ > 3, the following:

Wi—1 U {’L} lfH(PA — PAU*(éPQE D...D éPQ";)UPA)Zlflnl“ S OZiHPAkzl‘,lnloo,

w; = and ||P]\/[PALU*(éPQzI D...0D éPQ;)UPAZ’L—lHl‘X’ < /Bi”Zi—lHlooa
Wi—1 otherwise,
(7.66)
*( 1 . 1 ) . F s .
Y, — Y, U (?{Pﬂi@"'@quﬂi)UZJ—l ifi € wy, i>1
Y, 1 otherwise,
— PAY;  ifi € wy, .
Z; = sgn(wo) A ne w 1> 1, Zy = sgn(zp).
Zi 1 otherwise,
Now, let {A4;}?_, and {B;}>_, denote the following events

o 1 1 .

A |(Pa —U (EPQ;[ G...0 EPQg)UPA)Zi_lew Sail|Zicalj, =12,
1 T

1 1 .

B; : | Pas PXU (?Pﬂi D...d ?Pm)UPAZi_lulx < Bill Zi—1 |1~ i=1,2,
1 T
1 1

B : |PAU (;szl S...D ;ngT)UPA — Pal| <1/4, (7.67)

1 r

—-1/2 —1/2 ) )
P, Po | Uel < +/5/4
e (a2 P @@ g7 P, ) Ueil < V5

By : |wa| > v,
Bs : (M7 A) N (N Ba).
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Also, let 7(j) denote the 5" element in w,, (e.g. 7(0) = 0,7(1) = 1,7(2) = 2 etc.) and finally define p by

Yoy if Bs occurs,
P= 0 otherwise.

Note that, clearly, p € ran(U* Py), and we just need to show that when the event By occurs, then (i)-(v) in
Proposition 7.1 will follow.

Step II: Bs = (i), (ii). To see that the assertion is true, note that if Bs occurs then Bs occurs, which
immediately (i) and (ii).

Step III: Bs = (iii), (iv). To show the assertion, we start by making the following observations: By the
construction of Z. ;) and the fact that Zy = sgn(xo), it follows that

1 1
Zriy = Zo — (PAU (qT(l)P Gr) D ... D FPQ:M))UPA)ZO
1 r

1 1
+...+ PAU*(fPZT(i> D...D fpszl(i))UPA)Z‘r(ifl))

T(2) " € (1
ql( )T Qr( )
1 1 .
= T(i—l) PAU ( - P 7—( ) D...D WPQ:(i))UPA)ZT(i—l) 7 S \wu\,
(h ar

so we immediately get that

1 .
FPQI(L') D...0P WPQ:(“)UPA)ZT(Z‘fl)? 1 < |wu|

1 qr

Zri) = (Pa — PAU(
Hence, if the event By occurs, we have, by the choices in (7.64) and (7.65)

1
I snao)ll = | Zecoll < Va1 Zogo e < V5 [Jariy < 22 < =, (7.68)

=1

since we have chosen v = [log, (8K M+/s)]. Also,

1
[ Par Pa plliee < Z | Par Py U*( 5 Par® @ - ® — 5 Poyr)UPAZ (i [l

i=1 (h ar
v v 1—1

< ZBT(Z')HZT(i—l)Hl‘X’ < Zﬁr(i) H Qr(j) (7.69)
i=1 i=1 j=1
1 1 log,(a) 1 1

< (14 oot <=, a=4KM/s.
4( 210g1/2( ) 2%logy(a) 2”71) 2

In particular, (7.68) and (7.69) imply (iii) and (iv) in Proposition 7.1.
Step IV: B5 = (v). To show that, note that we may write the already constructed p as p = U* Pqw
where

v
1
w:Zwi, w; = <qI(Z)PQI EB"'@q;'(i)PQ*> UPAZT(i71)~

To estimate ||w|| we simply compute

1 1 1 1
[[w;||* = oy @ & —Pora | UPAZriy), | gy Paro @ @ —5 Pz | UPAZr (i)
q q Q ! q

1 T r

2
- 1

= ( T(l> 7, rUZr i P,
k=1 \ 4k

34



and then use the assumption that the event B5 holds to deduce that

2
- 1 1 ~ 1
Z((f@) HP T()UZT’L 1)” 1<k<r{q7-(i)}<z qT()PAU P T()UZT(l 1)> T(l 1)>
k

k=1 k k=1 4k

1 1 )
121]?%(7‘{(1;@)} ((Z —w PaU" P, arU — PA) Zr(i—1), Zr(i-1)) + 1 Zr -l

k=1 9k

IA

1 2
max {qk} (1 Z+ =) Ze iy | + 1 Z- =1y |1?)

IA

1 1
Joax {qk(} (1Z7 =) e | Zr iy 1o + 1 Zr i1y ll7 ) < Joax {qk(l)} s(a; +1) Haj )

where the last inequality follows from the assumption that the event By holds. Hence

i—1
1
< - - .
]| \IZ Jmax. W Vo +1 H a; (7.70)
9 Jj=1
Note that, due to the fact that q,i + ...+ g > qi, we have that
mi 1

U 2 3Ny — Ne_1) 8 [log(r-1) + 3logy GEMy3)]] -

This gives, in combination with the chosen values of {«; } and (7.70) that

3/2
No—Nir (1, 1
my, 21og,’? (4KM\/§)

5 max Ni — Np_1 f V8 log(y~1) + 3[log, (8K M +/5)]] — Z 1
1<k<r My log, (4K M+/s) 20

N — No1 [ (3\*? 6 logy (v1) + 6
<2 AL B Y 1
<25 max m, ((2) Vg, @r s\ los, (4K M)

S\/gmax\/m 3\[ 2v/6 1+10g2( ) +6
1<k<r m «/1og2 (AKM/3) logy (4K M/s)

Step V: The weak balancing property, (7.14) and (7.15) = P(A§ U A5 U BY U BS U BS) < 5.
To see this, note that by Proposition 7.12 we immediately get (recall that g, = g7 = 1/4q;,) that P(A) <
~ and P(AS) < ~ as long as the weak balancing property and

<2
[w] < \/51153;

12 A (log(sy™")+1) log (VsKM), 127T-(log(sy™")+1):log(vsKM), (7.72)

are satisfied, where K = maxi<p<,(Ng — Ni—1)/my,

B Np — Ni_1
A= 1@%{ (Z (ks 1) ) } (7.73)

Y = max » (Nk_N’“ - 1) (k1) - B, (7.74)

mp

and where §1 +...+ 38, < s;+...+ s, and § < Sk(s1,...,s,). However, clearly, (7.14) and (7.15) imply
(7.72). Also, Proposition 7.11 yields that P(B{) < ~ and P(BS) < -y as long as the weak balancing property
and

12 A-log (i(M—s)) , 127 log <j(M—s)>, (7.75)
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are satisfied. However, again, (7.14) and (7.15) imply (7.75). Finally, it remains to bound P(BS). First note
that by Theorem 7.8, we may deduce that

1 1
P <||PAU*((]PQI D...0D quQT,)UPA - PAH > 1/47) < ’7/2,
1 T

when the weak balancing property and
12 A (log (v *s)+1) (1.76)

holds and (7.14) implies (7.76).
For the second part of B3, we may deduce from Proposition 7.13 that

P (—1/2P L @a-Y2P ) 4 1) <2
(ieAcgﬁ?{..,M} o 2D DY a, ) Ueil| > \/ﬁ S5

whenever

2M Ny — Nj_
12 log (’y) - max {<M — 1) -uN7M(k,l)}, l=1,...,r (7.77)

1<k<r mp

which is true whenever (7.14) holds. Indeed, recalling the definition of xn M (k, j) and © in Definition 7.2,
observe that

> max PNz uelory as)

I
Nye_ M
max g HPNk ‘UPy,! 177‘ >
=1 k ! S €O, [In|lec=1

n€B,|n|lec=1

for each I = 1,...,r which implies that Z;Zl kN (k,j§) > pnom(k, 1), forl = 1,...,r. Consequently,
(7.77) follows from (7.14). Thus, P(B§) < 7.

Step VI: The weak balancing property, (7.14) and (7.15) = P(B5) < 4. To see this, define the
random variables X1, ... X, _s by

0 . .
X; = Wjt2 7 Witl, (7.79)
1 wjte = wjti.
We immediately observe that
P(BS) =P(lwy| <v)=P(X; + ...+ Xy_2>u—uv). (7.80)

However, the random variables X7, ... X, 5 are not independent, and we therefore cannot directly apply
the standard Chernoff bound. In particular, we must adapt the setup slightly. Note that

P(X1+...+ Xy 2>u—0)

(122

< ]P)(X‘:r(l)l = 1,Xﬂ(l)2 =1,... 7X7r(l)u,_1, =1)
=1
()

=Y PXru, = U Xe@y =1, Xy, = VP(Xry, = 1,0, Xy, = 1) (78D
I=1
(222

= ]P)(X‘n'(l)“,v =1 ‘ X7r(l)1 = ]-7 ey Xﬂ(l)1,7v71 = 1)
=1

X ]:P)(Xﬂ-(l)ufv—l =1 |X7r(l)1 = 1, A ,Xﬂ.(l)uﬂ)72 = 1) s ]P(Xﬂ'(l)l = 1)
where 7 : {1,..., (“~?)} — N“" ranges over all (“~2) ordered subsets of {1,...,u — 2} of size u — v.

Thus, if we can provide a bound P such that

P>PXnyu oy = Xe@, =1, Xny s iny = 1)

(7.82)
P>P(Xra), =1)
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-
l:l,...,(u ) G=0,.. u—v—2,

u—v
then, by (7.81),
-2
PXi+...+Xy2>u—v) < (u )P“_”. (7.83)

u—"v

We will contlnue assuming that (7.82) is true, and then return to this inequality below.
Let {X;}1= “~2 be independent binary variables taking values 0 and 1, such that X}, = 1 with probability
P. Then, by Lemma 7.14, (7.83) and (7.80) it follows that

u—v

- - _ 2 . u—v
P(B§) <P (X1 b4 Ky o> u— v) ((“)6> . (7.84)
Then, by the standard Chernoff bound ([64, Theorem 2.1, equation 2]), it follows that, for ¢ > 0,
P ()h ot K> (w2t + P)) < e 22, (7.85)

Hence, if we let t = (u — v)/(u — 2) — P, it follows from (7.84) and (7.85) that

P(BS) < o 2(u— 2)t?+(u—v)(log( 2=2)+1) < e—2(u—2)t2+u—2.

Thus, by choosing P = 1/4 we get that P(BS) < v whenever u > x and z is the largest root satisfying

r—v 1 r—2
— S I | -1/2y 2
@0 (255~ 1) ~ e 0

and this yields u > 8[3v 4 log(y~'/2)] which is satisfied by the choice of u in (7.62). Thus, we would have
been done with Step VI if we could verify (7.82) with P = 1/4, and this is the theme in the following claim.

Claim: The weak balancing property, (7.14) and (7.15) = (7.82) with P = 1/4. To prove the claim
we first observe that X; = 0 when

o1 1
[((Pn — PAU ( PQL 'EBEPQi)UPA)Zi—lHlOO < || Zi=1]lis
1

ai

N | =

! 1 1 ..
| Py PAU (?PQQ ®...0 EPQ:',)UPAZFlle < 110g2(4KM\/§)||Zi71||l°°7 i=7+2,
1 T
where we recall from (7.63) that
qizqﬁz...:q}c‘:qﬁc, 1<k<nr.

Thus, by choosing v = 1/8 in (7.48) in Proposition 7.12 and v = 1/8 in (i) in Proposition 7.11, it follows
that i >P(X; =1),forj=1,...,u — 2, when the weak balancing property is satisfied and

(log (8s) + ZKN Mk D), 1<k<r (7.86)
(log (8s) +1)™" 2 ( T (@' —1) ~uN,M(k,l)~§k>, 1<i<r, (7.87)
k=1
as well as
W gt ZHNM]CZ 1<k<r (7.88)
m 2 (; (@' 1) pnm(k,0) - sk> , 1<i<mr, (7.89)

with K = maxi<g<,(Nk—Ng—1)/mys. Thus, to prove the claim we must demonstrate that (7.14) and (7.15)
= (7.86), (7.87), (7.88) and (7.89). We split this into two stages:
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Stage 1: (7.15) = (7.89) and (7.87). To show the assertion we must demonstrate that if, for 1 < k <,

my 2, (log(se™') + 1) - iy, - log (KM+/3) , (7.90)
where My, satisfies
" /N, — Nj,_
1> (M - 1> cunn(k D) Sk, I=1,...m (7.91)
=1 Mk

we get (7.89) and (7.87). To see this, note that by (7.61) we have that
G+ @G+ w—2)a >q, 1<k<n (7.92)

so since ¢} = ¢i = iqk, and by (7.92), (7.90) and the choice of u in (7.62), it follows that

mg

2(8([log(y )3 logy (SK M) = 2 = 1 = 73—

mpg 1
> (C——(log(se + 1)log (KM+/s
> Oy (los(se™) + 1) log (KM V5)
>0

> Oy (log(s) + 1)(log (KM /s) +log(e™)),

for some constant C' (recall that we have assumed that lqg(s) > 1). And this gives (by recalling that v = ¢/6)

that g, > C‘ﬁ(log(s) + 1), for some constant C. Thus, (7.15) implies that for 1 <1 <r,

12 (log(s)+1) <Z ( N — Ng_1 1 ) i 1) - §k>

= \mi(log(s) +1)  log(s) + 1

2 (log(s) +1) <Z (@' —1) - p~oa(k, D) §k> ;

k=1

and this implies (7.89) and (7.87), given an appropriate choice of the constant C.
Stage 2: (7.14) = (7.88) and (7.86). To show the assertion we must demonstrate that if, for 1 < k <,

12 (log(se!) +1) - =Nl e (b 1)) - log (KM V) (7.93)

Mk =1

we obtain (7.88) and (7.86). To see this, note that by arguing as above via the fact that q,ﬁ = qi = %qk, and
by (7.92), (7.93) and the choice of u in (7.62) we have that

mg

2(8([log(y)+3logy (SKMV3)T]) = i > 1 = 73—

2C- (Z rnMm(k, 1) - (log(se™ ') + 1) - log (KM +/s)
1=1

>C- (Y anm(k, 1)) - (log(s) + 1) (log(e ") +log (KM V/5))
=1

for some constant C.. Thus, we have that for some appropriately chosen constant C', G > C - (log(s) + 1) -
Y- kn,m(k, 1). So, (7.88) and (7.86) holds given an appropriately chosen C'. This yields the last puzzle
of the proof, and we are done. O

Proof of Proposition 7.4. The proof is very close to the proof of Proposition 7.3 and we will simply point
out the differences. The strategy of the proof is to show the validity of (i) and (ii), and the existence of a
p €ran(U*(Pq, @ ... ® Pq,)) that satisfies (iii)-(v) in Proposition 7.1 with probability exceeding 1 — €.

Step I: The construction of p: The construction is almost identical to the construction in the proof of
Proposition 7.3, except that

u=8[log(v 1) +3v], v=[logy,(8KM/5)], (7.94)
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a1 = ag = (2logtP(AKM/5)™Y, a;=1/2, 3<i<u,
as well as

1 -
pr=P2 = ﬁizzlog2(4KM\/§), 3<i<u,

and (7.66) gets changed to
wimr U{i} if|(Pa = PAU* (- Poy @ ... ® - Pa)UPA) Zica i < 0| PaZica e,
w; = and ||P§U*(épﬂi D...D éPQ?)UPAZZ*IHPO < ﬁiHZi,1||loc,
Wi—1 otherwise,
the events B;, i = 1,2 in (7.67) get replaced by
~ . 1 )
B; : |PAU ( Pm - © EPQi)UPAZi—lnl‘X’ < BillZi-alli=,  i=1,2.

T

and the second part of B3 becomes

max || (q1 1/2 Po, & ...@qr_lmPgr) Ueil| < +/5/4.

i€EAC

Step II: Bs = (i), (ii). This step is identical to Step II in the proof of Proposition 7.3.
Step III: Bs = (iii), (iv). Equation (7.69) gets changed to

1 1
| Paplli= < Z [PAU*( T( )P @) DD WPQW))UPAZT(FUHPO

=1 r
i—1
< Zﬁr(i)HZr(iq)Hlx < Zﬁr(i) I e-6)
i=1 i=1 j=1
1 1 log,(a) 1 1 ~
< =(1+ < = =4MK~/s.
- 4( 2logy/*(a)  2°logz(a) T ) 2’ ! Ve

Step IV: B; = (v). This step is identical to Step IV in the proof of Proposition 7.3.

Step V: The strong balancing property, (7.18) and (7.19) = P(AS U ASU B° u 32 U Bg) < 5v. We
will start by bounding P(B¢) and P(BS). Note that by Proposition 7.11 (ii) it follows that P(B$) < ~ and
]P’(BQ) < ~ as long as the strong balancing property is satisfied and

1> A-log (j(és)), 1>7-log <j(és)> (7.95)

where § = 0({q}}s_,,1/8, {Nk}i_,,s, M) for i = 1,2 and where 0 is defined in Proposition 7.11 (ii) and
A and Y are defined in (7.73) and (7.74). Note that it is easy to see that we have

jeN: ma Pr,U*((¢)) 'R . 'Pr, )Uej| > <
J Flc{l,.A.,M}),( Ty |=s H Iy ((QI) T2 D...0 (qr) Iz, 7‘) J” 8\[ =
T2, ;C{N;—1+1,...,N;}, j=1,..r

where R
M =min{i € N: m>axHPNUP{j}H < 1/(K32v/s)},
J=t

and this follows from the choice in (7.63) where q,i = qi = iqk for 1 < k < r. Thus, it immediately follows

that (7.18) and (7.19) imply (7.95). To bound P(B$), we first deduce as in Step V of the proof of Proposition
7.3 that

1 1
P (IIPAU*(ngl ®...0 q—PQT)UPA — PAll > 1/4,) <7v/2
1 r

when the strong balancing property and (7.18) holds. For the second part of B3, we know from the choice of
M that
5
(57,0 077 e <
i>M 4
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and we may deduce from Proposition 7.13 that

P ( max || ((1171/21091 D... @qf1/2P97,) Ue;|| > \/5/4> < 17
i€Aen{1,...,M} 2

whenever

oM Ni — Ni—1
> 1. v e — _
1N10g< 5 ) 1%?@{( _ 1) /LN’M(]CJ)}, l=1,...,r—1,00,

which is true whenever (7.18) holds, since by a similar argument to (7.78),

r—1

HN,M(k', OO) + Z HNyM(k‘,j) > ,LLN7M(]€, l), Il=1,...,r—1,00.
=1

Thus, P(B§) < . As for bounding P(A$) and P(AS), observe that by the strong balancing property
M > M, thus this is done exactly as in Step V of the proof of Proposition 7.3.

Step VI: The strong balancing property, (7.18) and (7.19) = P(BS5) < ~v. To see this, define the
random variables X1, ... X, _2 as in (7.79). Let 7 be defined as in Step VI of the proof of Proposition 7.3.
Then it suffices to show that (7.18) and (7.19) imply that for/ = 1,... (“"%)and j = 0,...,u — v — 2, we
have
> P(Xr

w—v—j =1 | Xﬂ-(l)l = 1, e 7X7T(l) = 1)7

w—v—(j+1)

(7.96)

R N

> P(Xrqy), =1).

Claim: The strong balancing property, (7.18) and (7.19) = (7.96). To prove the claim we first observe
that X; = 0 when

L1 1
1 T

DN | =

1 1 1 ~ . )
||PALU*(?PQ§ ©...0 EPQ:‘.)UPAZFlle =7 logo (AK M/s)(| Zi-1lie=, i=j+2
1 T

Thus, by again recalling from (7.63) that ¢} = ¢} = ... = ¢* = G, 1 < k < r, and by choosing ¥ = 1/4
in (7.48) in Proposition 7.12 and 4 = 1/4 in (ii) in Proposition 7.11, we conclude that (7.96) follows when
the strong balancing property is satisfied as well as (7.86) and (7.87). and

~ r—1
ORIV ¢y g (Z el ) + e, oo)) Ck=Lor 9D
log (16(M - s)) 1=1
OB ARV > . (}S(c’z‘;1 1) - (kD) -§k> e
log (16(M - s)) =1

for K = maxi<k<,(Ng — Ni_1)/my. for some constants C; and Cs. Thus, to prove the claim we must
demonstrate that (7.18) and (7.19) = (7.86), (7.87), (7.97) and (7.98). This is done by repeating Stage 1 and
Stage 2 in Step VI of the proof of Proposition 7.3 almost verbatim, except replacing M by M. O

7.4 Proofs of Theorem 6.2 and Proposition 6.3

Throughout this section, we use the notation
fe) = [ fwye s, (7.99)
R

to denote the Fourier transform of a function f € L!(R).
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7.4.1 Setup

We first introduce the wavelet sparsity and Fourier sampling bases that we consider, and in particular, their
orderings. Consider an orthonormal basis of compactly supported wavelets with an MRA [27, 28]. For
simplicity, suppose that supp(¥) = supp(®) = [0, a] for some a > 1, where ¥ and ® are the mother
wavelet and scaling function respectively. For later use, we recall the following three properties of any such
wavelet basis:

1. There exist & > 1, C'y and Cg > 0, such that

. Co o Cy
(I)(f)‘ < W» \I’(f)' < W

See [28, Eqn. (7.1.4)]. We will denote max{Cy,Cs} by Cs w.

(7.100)

2. U has v > 1 vanishing moments and W(z) = (—iz)"6y(z) for some bounded function fy (see [63,
p.208 & p.284]).

31| poe, [[| oo < 1.

Remark 7.1 The three properties above are based on the standard setup for an MRA, however, we also
consider a stronger assumption on the decay of the Fourier transform of derivatives of the scaling function
and the mother wavelet. In particular, in addition, we sometimes assume that for C' > 0 and o > 1.5,

R C - c
O] < o, [B0(O)] <

(1+ gD~ (1+[gh)
where ®*) and ¥*) denotes the k™ derivative of the Fourier transform of ® and ¥ respectively. As is
evident from Theorem 6.2, the faster decay, the closer the relationship between N and M in the balancing
property gets to linear. Also, faster decay and more vanishing moments yield a closer to block-diagonal
structure of the matrix U.

£eR, k=0,1,2, (7.101)

We now wish to construct a wavelet basis for the compact interval [0, a]. The most standard approach is
to consider the following collection of functions

Aa = {(I)Iw \I,j,k : Supp(q)k)o n [Oa a] 7& (2)7 Supp<\llj,k)o n [05 a] 7é (Z)a.j € Z+, ke Za }a

where &, = ®(- — k), and ¥, = 2%\P(2j - —k). (the notation K° denotes the interior of a set K C R).
This gives

{f € L*(R) : supp(f) € [0,a]} Cspan{p: ¢ € Ay} C {f € L*(R) : supp(f) C [T, T2},

where T7, T, > 0 are such that [—77, T5] contains the support of all functions in A,. Note that the inclusions
may be proper (but not always, as is the case with the Haar wavelet). It is easy to see that

k k
\Ifj7k¢Aa<:>a2+j <0, a<—

7
¢ A<= a+k<0, a§2k,
and therefore
Ay ={®) : k| =0,...,[a] —1}U{V,;1:j €Zy,k€Z,~[a] <k <2 [a]}.
We order A, in increasing order of wavelet resolution as follows:

{(I)—[a]-‘rla .. 'a(I)—la(I)Oa q)la . '7(1)]'(1]—15

(7.102)
\IIO,f[a-H»h B ‘IJO,—L \IJO,O, \110,17 R \IJU,]'cﬂfh \111,7]70,—‘4»17 i '}7

and then we finally denote the functions according to this ordering by {¢; } jen. By the definition of A,, we
let Ty = [a] —1and T = 2[a] — 1. Finally, for R € N, let A , contain all wavelets in A, with resolution
less than R, so that

Aro={pcAs:0o=";4, 0<j <R, orp=>2} (7.103)
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We also denote the size of Ag , by Wg. Itis easy to verify that
Wg = 2%[a] + (R+1)([a] - 1). (7.104)

Having constructed an orthonormal wavelet system for [0, a], we now introduce the appropriate Fourier
sampling basis. We must sample at a rate that is at least that of the Nyquist rate. Hence we let w <
1/(Ty + T>») be the sampling density (note that 1/(T} + T3) is the Nyquist criterion for functions supported
on [—T7, T»)). For simplicity, we assume throughout that

we (0,1/(Ty +Ty)), w'eN, (7.105)

and remark that this assumption is an artefact of our proofs and is not necessary in practice. The Fourier
sampling vectors are now defined as follows.

V(@) = Vwe TN o+ T T ST (2), T E L. (7.106)

This gives an orthonormal sampling basis for the space {f € L%(R) : supp(f) C [~T1, T»]}. Since A, is
an orthonormal system for this space, it follows that the infinite matrix

U1 U112 U13

U21 U2 U23

U= U31p U3z U333 ... | Uij = <<pj’ 1/}Z>7 (7107)

is an isometry, where {(;},cn represents the wavelets ordered according to (7.102) and {t;},cn is the
standard ordering of the Fourier basis (7.106) over N (1)1 = g, 2, = ¥y, and Yo, +1 = 1¥_,). With slight
abuse of notation it is this ordering that we are using in Theorem 6.2.

7.4.2 Some preliminary estimates

Throughout this section, we assume the setup and notation introduced above.

Theorem 7.15. Let U be the matrix of the Fourier/wavelets pair introduced in (7.107) with sampling density
wasin (7.105) . Suppose that ® and V satisfy the decay estimate (7.100) with oo > 1 and that ¥ has v > 1
vanishing moments. Then the following holds.

(i) We have pn(U) > w.
(ii) We have that

02
WPV S e A e Y e
pwPE) < w2200 N > 9fa) 4 2(fa] - 1),

and consequently p(PxU), n(UPx) = O (N71).

(iii) If the wavelet and scaling function satisfy the decay estimate (7.100) with o« > 1/2, then, for R and
N such that w128 < N and M = |AR .| (recall the definition of Ag . from (7.103)),

2

C
M(PﬁUPM) < ﬁ(gR—lN—l)za—qu.

(iv) If the wavelet has v > 1 vanishing moments, w12 > N and M = |AR,o| with R > 1, then

2v
w TwN 9
uPnUri) < - (T ) 0wl

where 0y is the function such that W(z) = (—iz)"0y (z) (see above).
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~ 2 ~
Proof. Note that u(U) > |<<I>,1/)0>\2 =w ’(I)(O) , moreover, it is known that ®(0) = 1 [51, Ch. 2, Thm.
1.7]. Thus, (i) follows.

To show (i), let R € N, —[a] < j < 2F[a] and k € Z. Then, by the choice of j, we have that Up ;

is supported on [—T7, T3]. Also, wk(l") = Vwe TRy (T4 1)) T ) (w(Ty+T2))] (). Thus, since by
(7.105) we have w € (0,1/(T} + T»)), it follows that

w(T1+T2)
W) =i [ Wn ()it da
=y (7.108)

- w —2TkW\  oriwki/oR
= VwVUp ;(—2rwk) = 2R\I/< SR )2 ki/2"

Also, similarly, it follows that

Ta
w(T1+T2)

(@, 1) = Vw / L (@) e = Vb (—2mkw) = Vwd (—2mkw) TR (7.109)

— -1
w(T1+T2)

Thus, the decay estimate in (7.100) yields

2
p(PyU) < sup max [(p, )]
LEE e

- —2rwk\ |?
v SR ,

w Ci v w Ciu

w
= max Sup max
{|k‘>N REZ 2R

. 2
w sup ’@(—27ka)‘
k> 5

< max < m
k> R€Z+ 2R (14 |2rwk2—R|)* R€Z+ 2R (1 + |rwN2-R|)?*

The function f(z) = 71(1 + 7wN/z)~2% on [1, 00) satisfies f'(mwN (2« — 1)) = 0. Hence

Csu
aNQ2a —1)(1+1/(2a — 1))2e’
which gives the first part of (ii). For the second part, we first recall the definition of Wx for R € N
from (7.104). Then, given any N € N such that N > W; = 2[a] + 2([a] — 1), let R be such that
Wr < N < Wgry41. Then, for each n > N, there exists some j > R and [ € Z such that the nt" element via

the ordering (7.102) is ¢,, = ¥, ; (note that we only need ¥ ; here and not ®; as we have chosen N > W7).
Hence, by using (7.108),

u(PyU) <

w | [ —21wk\ |?
U = e (on vl = magar | ()
- w - wlal
<)L o5 < 4IP)IZ~

2R N’
where the last line follows because N < Wry1 = 28+ [a] + (R + 2)([a] — 1) implies that

2R < % (2[a] + (R+2)([a] —1)27 %) < %

This concludes the proof of (ii).
To show (iii), let R and N be such that w127 < N and M = |AR.q|. Observe that (7.108) and (7.109)
together with the decay estimate in (7.100) yield

((PFUPw,) < max max |(p, )]

k|>X v€AR.
. —27rwk\ |7 . 2
= max{ max max — | [ P max <I>(727rwk)‘
|k|>& j<R 27 27 k>
w Ciw Ciy 207D
< max max < maxm 5o 3
lk|>X j<R 2 (14 |2rwk2-7])%* ~ k>% <R meag2e] (2k)2
CQ
v

_ ) R—1pa7—1\2a—177—1
_,/T20¢w2a71(2 N ) N—,

43



and this colludes the proof of (iii).
To show (iv), first note that because R > 1, foralln > Wg , ¢, = ¥, forsome j > 0 and k € Z.
Then, recalling the properties of Daubechies wavelets with v vanishing moments, and by using (7.108) we

get that
w(PyUPy ) = max max |(p 1/’k>|2 — max max — |¥ —2mwk) [
MR T e Wa ey PR k<Y 2 27
2v
w TwN 9
<one () Dol
as required. O

Corollary 7.16. Let N and M be as in Theorem 6.2 and recall the definition of puw m(k, j) in (4.2). Suppose
that ® and U satisfy the decay estimate (7.100) with o > 1 and that ¥V has v > 1 vanishing moments. Then,

L () 2k

\/Nk—12 J—1 2fi-1
fork =2, pnaa(k,j) < Bow-q 1 (3;:1)“‘”2 j<k-1 (7.110)
1 s
N Jj=k,
Vv . ( Wi ) k<r—
fork>2, pna(k,00) < Bog - { VNea2fr-r (2707 (7.111)
N7171 k=,
VR ( Wiy ) j>2
pna(1,7) < Bog - { Vemir \2ft = (7.112)
1 i=1
w wN7 \*
invaa(1,00) < Bay - ;RF - (2&11) , (7.113)

where Bg v is a constant which depends only on ® and ¥ and Ry = 0.

Proof. Throughout this proof, By ¢ is a constant which depends only on ® and W, although its value may
change from instance to instance. Note that

: Ny M;_ Ny
MN,M(ka]):\/NUDN: 1UPMJ- 1)':“(PN; 'U)

< Bou N, P\ u(PyUPY ™), k>2,j€{1,... .},

(7.114)

since we have u(P[{;kil U) < Bq>7\ka__11 by (ii) of Theorem 7.15. Also, clearly

pna(Lg) = /(PN UPL") - u(PNU) < By /u(PACU PP ), (7.115)

for j € {1,...,r}. Thus, for k > 2, it follows that yx m(k, k) < p(Py _ U) < Bq),\yﬁ, yielding the
last part of (7.110). Also, the last part of (7.112) is clear from (7.115).

As for the middle part of (7.110), note that for £ > 2, and with 5 < k — 1, we may use (iii) of Theorem
7.15 to obtain

N M 1 i N
k—1 -1 L
\/M(PNk UPMj ) < M(PNIC71UPM") = BCD"I’ . \/m (C‘JNkl) 7

and thus, in combination with (7.114), we obtain the j < k—1 part of (7.110). Observe thatifk € {1,...,r}
and j > k + 1, then by applying (iv) of Theorem 7.15, we obtain

- — w wNL \"
\/M(PIJ\\/]: IUPJ\]ZJ 1) < /l(PNkUPIJv}j_l) < Bgy - \/;{;T ‘ (QRJ_k1> . (7.116)
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Thus, by combining (7.116) with (7.114), we obtain the j > k + 1 part of (7.110). Also, by combining
(7.116) with (7.114) we get the 7 > 2 part of (7.112). Finally, recall that

N _
pnna(k, 00) = \Ju(PRE T UPY, ) - ul(PY, U)

and similarly to the above, (7.111) and (7.113) are direct consequences of parts (ii) and (iv) of Theorem
7.15. O

The following lemmas inform us of the range of Fourier samples required for accurate reconstruction of
wavelet coefficients. Specifically, Lemma 7.17 will provide a quantitative understanding of the balancing
property, whilst Lemma 7.18 and Lemma 7.19 will be used in bounding the relative sparsity terms.

Lemma 7.17 ([66, Corollary 5.4]). Consider the setup in §7.4.1. Let the sampling density w be such that
L ¢ N and suppose that there exists Co, Cy > 0 and o > 1.5 such that

C<1> C\II
)| < aiee )| < T

Then given v € (0, 1), we have that || PayU* PNU Pt — Pap||joe e < v Wherever N > Cy~1/(2a=1 31
and HPAL{ oo <Y wherever N > Cr~Y =DM where C is some constant independent of
N but dependent on Cy, Cy and w.

EeR, k=0,1,2

Lemma 7.18 ([66, Lemma 5.1]). Let @}, denote the k' wavelet via the ordering in (7.102). Let R € N and
M < Wg be such that {¢; : j < M} C Ag,q, where Wg and AR o are defined in (7.104) and (7.103)
respectively. Also, let the sampling density w be such that w=1 € N. Then for any v € (0,1), we have that
HPﬁ UPy H < ~, whenever N is such that

1

402 2a—1 5

N>w! o . 2R+1 AT Za—1
e <<2w>2a-<2a1>> !

and Cg is a constant depending on P.

Lemma 7.19. Let ¢, denote the k' wavelet the ordering in (7.102). Let Ry, Ry € N with Ry > Ry, and
My, My € N with My > M be such that

{pj : My >j> M} CAgyao\ AR, a
where AR, o is defined in (7.103). Then for any v € (0,1)

1 _ 22U(R17R2)

7T2
< — 0 o (2 v
= 4 || \I/”L ( ﬂ-’Y) 1 _ 2—21)

|Pyu Pl

whenever N is such that N < 7w‘12Rl.

Proof. Letn € [?(N) be such that ||n|| = 1. Note that, by the definition of U in (7.107), it follows that

M2 2 Rz*l 2
IPNUPYI® < >0 Wk, D> mied| < D0 (W D0 > o i)
|k|<N/2 J=Mi+1 |k|<N/2 =Ry jE&A,

where we have defined

A={jcZ:V ;€N Nt1a\ Nt p:{(,A)en = N\{L,. .. [Arql}

to be the bijection such that ¢, ;) = ¥, ;. Now, observe that we may argue as in the proof of Theorem
7.15 and use (7.108) to deduce that given I € N, —[a] < j < 2![a] and k € Z, we have that (¥, ;, ;) =
Ns U (—2%¢k) e2miwik Hence, it follows that

2 2

Ry—1 Ry—1
Z (V, Z Z np(l,j)‘l’l,j> = Z Z \/» Z Mol ,J)A ( 27rwk) ezmwjk/gz

|k|<N/2 I=R; jeA, |k|<N/2 |I=R: jen;
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which again gives us that

IPNUPyIP < >

gy 27wk wk ’
i} U i

|k|<N/2
Ro—1 2 Ry—1 2
|k|<N/2l Ry I=R: V2l 2
Ro—1 2 Ry—1
- 2nwk wk
< U
<3 ( ) PRI
=R 1 \k‘\<N/2

where fI(z) = 3. A, Mo, €®™. Let H = xjo,1) and, for | € N, —[a] < j < 27[a], define H, ; =
25H(2l-—j). By the choice of j, we have that H; ; is supported on [—T7, T5]. Also, since by (7.105) we have

w € (0,1/(T} + T»)), we may argue as in (7.108) and find that (H, j,¢y) = /5 H (=2ke) e2miwks/2'
Thus,
Jw —2mkw ol
Z np 77)Hl,]777[}k Z np(l,y < ) 2miwkj/2 . (7118)
JEA; ]EAZ

It is straightforward to show that inf <, ’ﬁ (x)‘ > 2/m, and since N < 21 /w, for each | > Ry, it follows

directly from (7.118) and the definition of [ that
|k|[<N/2 | jEA,

inf
|z|<m
2

7T2 7T
< Z Z np(l,j)HlJ < Z”PALUH

-1

H(JU)‘Q) Z <Z Np,5)Hij Vi)

s
7N
M‘E
==
~——

[V
IN

JEA,
Hence, we immediately get that
Ro—1 2R2 1 2
DN <>] SNLNTE il < 2 (7.119)
I=R; |k|<N/2

Also, since U has v vanishing moments, we have that ¥ (z) = (—iz)"6y (z) for some bounded L function
Oy. Thus, since N <~y - 2R1/w, we have

- (omwk\|? | w2 fa 2
¥ ()] < el 3 mr

=Ry

Ro—1

max
|k|<N/2

=R
1— 221}(R17R2)

7w’ 20 2
= @) 6l ——

IN

Thus, by applying (7.117), (7.118) and (7.119), it follows that
2 ) 1 — 92v(R1—R2)
| PVUPE NI < 189G - (27)* 55—

and we have proved the desired estimate. O

7.4.3 The proofs

Proof of Theorem 6.2. In this proof, we will let By ¢ be some constant which depends only on ® and ¥,
although its value may change from instance to instance. The assertions of the theorem will follow if we
can show that the conditions in Theorem 5.3 are satisfied. We will begin with condition (i). First ob-
serve that since U is an isometry we have that || Py;U* PyU Py — Puy|lie = [|[PaU* PRU Pyl 100 <
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VM||PRUPy || and || Pi5U* PnU Py |11 = || PizU* P U Pas||ie 100 < VM ||PrU Py ). So N, K
satisfy the strong balancing property with respect to U, M and s if

—1/2

|PxUPy|| < = (Mlog2(4KM\f)) .

In the case of o > 1, by applying Lemma 7.18 with v = é (M log, (4KM\/§))71/2, it follows that NV,
K satisfy the strong balancing property with respect to U, M, s whenever

__2
2a—1

1 _
N >C,q 28 (8 (M log, (4K M \/3)) 1”) :

where R is the smallest integer such that M < Wx (where W, is defined in (7.104)) and C,, ¢ is a constant
which depends only on the Fourier decay of ® and w. By the choice of R, we have that M = O (2%) since
Wg = O (2%) by (7.104). Thus, the strong balancing property holds provided that

N Z M1+1/(2a71) . (1Og2(4MK\/§))1/(20‘71)

where the constant involved depends only on w and the Fourier decay of ®. Furthermore, if (7.101) holds,
then a direct application of Lemma 7.17 gives that N, K satisfy the strong balancing property with respect to

U, M, s whenever N > M - (logy (4K M \/5))1/ (4=2) 5o, condition (i) of Theorem 6.2 implies condition
(i) of Theorem 5.3.
To show that (ii) in Theorem 5.3 is satisfied, we need to demonstrate that

1> M m Nemt o0 -1y, (Z (k) - sl> log (mw;) , (7.120)
=1

mg
(with i v (k, r) replaced by piw v (k, 00), and also recall that Ny = 0) and

my 2y, - log(e ") - log (KM\/E) ;

"N — N (7.121)
1> ("’” - 1) cunm(k D) Bk, VI=1,..m
my
k=1
where ~
M = min{i € N : max | PyUe|| < 1/(32K+/s)}. (7.122)

We will first consider (7.120). By applying the bounds (7.110) and (7.111) on the local coherences derived
in Corollary 7.16, we have that (7.120) is implied by

k—1 R a—1/2
my S; 2Mi—1 Sk
. — > P E J ( > +
(Ne = Ne—p) ~ 007 ( ¢ Niet \wNiy Ne

(7.123)
ka v 1 ~ -
+J§k+1 Nk 12le <2le) )-log(e )-log(KM\/E), k=2 r
mi w wNy \" 1 ~
> . .
~, < Baw: <81+§\/2371 (QRJ1> ) log(e™") - log (KM\/E) (7.124)

To obtain a bound on the value of M in (7.122), observe that by s)
whenever j = |[A,| = O (27) such that 27 > (32K/5)Y/" - N - w. Thus, M < [(32K/s)/" - N - w],
and by recalling that N}, = 2%+, =1, we have that (7.123) is implied by

g Nior 2 Bow -log(e™?) - log ((K\/E)IH/UN)

Ni — Ni—1
k-1 ae1/2 —(Rg-1—Rj-1) —(Rp—Ri_1)/2
, Zsj.(g ) + sk + spyr - 27T (7.125)
j=1 .
+ Z g~ (Rima—Ri1)/2 v<leRk>>, k> 2,
j=k+2
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and when k£ = 1, (7.124) is implied by

m
Nl > Baw -log(e™") - log ((K\/§)1+1/UN)
1

j=k+2

(7.126)

However, the condition (6.1) obviously implies (7.125) and (7.124), hence we have established that condition
(6.1) implies (7.120). As for condition (7.121), we will first derive upper bounds for the 55 values. Recall
that according to Theorem 5.3 we have

. Ni_
5k < Sk(N, M, s) = max{[|Py* YU Il <1, [supp( PM; Ml=s,l=1,...,r}

where Ny = My = 0. Thus, we will concentrate on bounding Sj. First note that by a direct rearrangement
of terms in Lemma 7.18, for any v € (0,1) and R € N such that M < Wpg, we have that HP]#UPMH <~

whenever [V is such that o
R\ T2 2 Cs
¥ > . .
wN 20—1 7@

So for any L > 0, by letting v = /52 - <2 - L=*%7 if y € (0,1), then || Pa-U Pas|| <  provided that

2a—1
N > w™ - L2 Also, if v > 1, then | PUPy|| < 7 is trivially true since ||U|| = 1. Therefore, for
k > 2 we have that

D) C 2Rl a—1/2
1 Co
IPS, TPl < /5 =2 .(QR“> L l<k-1.
Also, by Lemma 7.19, it follows that

2R

||PNkUP%l1|<<27r>"-|e@||m-( ) 1> k4L

QR1—1

Consequently, for k =3,...,r

e - Nj,— M,
V Sk <V Sk —max|| 1U77|| < Z”PN: IUPMll s
=1

k—2 a—1/2 r v
2R 2R
§B<1>,\1/<Z\/§'<2R“) + /Sk—1 + Sk + /Sk+1 + Z \/5(21211> >,
=1

1=k+2

where u
O = {n:|Inl= < 1,[supp(Py;, ~'n)| = s, I =1,...,7},
and for k£ = 1, 2 we have

9Ri \
\F<B¢>\p<\/sk 1+\ﬁ+\/8k+1+Z\F (2Rl1)>’

I=k+2
where we let s = 0. Hence, fork = 3,...,7r, Ay = 2% /2 and A, = 2V
2
5k<B<I>\I/<‘/ +Z\/>A(RklRl+Z\/>A(Rlle>,
I=k+2

where §; = max{si_1, Sk, Sk+1}- SO, by using the Cauchy-Schwarz inequality, we obtain

k—2
5k<B<I>\If<1+ZA (Re—1— Rl)+ Z A (Ri—1— Rk))

=1 l=k+2
'<3k+zsl —(Rg—1— Rl)+ Z s - A (Ri—1— Rk))
l=k+2
k—2
<B<I>\Il<5k+23l —(Re-1—Ri) 4 Z s - —(Ri—1— Rk))
=1 l=k+2
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and similarly, for k& = 1,2, it follows that §; < Bg v (5 + Zl jr2 SU- Ay (Ri—1— Rk)) Finally, we will
use the above results to show that condition (6.1) implies (7.121): By our coherence estimates in (7.110),
(7.112), (7.111) and (7.113), we see that (7.121) holds if my, > 1y, - (log(e ™) + 1) - log (K /s)!T1/*N)
and foreachl =2,...,r,

N1 ~ w WNl v
1>B®W<<m_1>'sl'\/;'(w>
-1 v
N — Ni_1 _ w Wy,
kRl 1) 5 .
+kz_2( o ) ok W <2m1 (7.127)

r a—1/2
N; — Nj_4 - 1 N — Ni_1 - 1 2R1-1
AL Ut S T I E e SRl 9 g ——
+ ( . ) SUNL T ( T, ) % N, (ka_l ’

k=l+1

(where we with slight abuse of notation define Zﬁc;z(mfmij\:’“‘l —1)3 /m(%)” = 0 when
l=2),andforl =1

N " [Ny — Nj— 1 1\
o (G o B (M) e () ) o

Recalling that N}, = w™ 128 (7.127) becomes, forl = 2,...,7,

Ny ) 3 Nk 1 Sk _ _
1> B . — -1 Lo v(Rici—Re) ( _ 1) . .9~ v(Ri—1—Ry)
~ e ((m Nk 1 Z Ni_1

1

Ny — N4 > S . <Nk — N1 > Sk _1/9 —(Rip—1—Ri-1)
T ! + R -—.(QQ 2) :
( ml Nl 1 Z mk Nkfl

k=Il+1

and (7.128) becomes

Observe that forl = 2,...,r

(Rk—1—Ry—-1)

1+Zz V(R R) 4 Z (202) < Ba.u,

k=I+1

—(Rk-1)

and that 1+ 37, ., (20‘*1/2) < Bg,w. Thus, (7.121) holds provided that foreach k = 2,...,r,

. Ni — N1 . . _
meBé,q;'Ni'Sk, m1 > Bs g - N1 - 51,
k—1

and combining with our estimates of 55, we may deduce that (6.1) implies (7.121). O

Proof of Proposition 6.3. It HPJ z|| = 0, there is nothing to prove, thus, we assume that || P7z| # 0. Let
N J ~ N

f= Z —1ZjPj and f = {fJ}JENa where f] = <fa 17[}]> Similarly, let g = Z_j:] xjpjand § = {gj}jENa

where G; = (g,%;). Let  be a multilevel sampling scheme as in Theorem 6.2, and define y = Pof + =

where z € ran(Pq) is a noise vector satisfying ||z|| < 4. Now, let z; = PoUPjx — y. Suppose for the

moment that ||PQ U Pj‘ || ||Pj-:v|| < §, we will show this later. Then we have

|z1]| < |PaUz — y|| + || PoUPF || < 6 + || PaUPF ||| PF=|| < 20.
Define y = Pog — 21 and apply Theorem 6.2 to g and the noise vector z1. Then, since § = y we get that any

minimizer £ of
min ||| subject to || PoUPyn — y|| < 24,
neC’
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satisfies ~ -
I~ Prall <€ (25 (14 L-v5) + ouna(s).

However, o5 m(g) < osm(f) and || PFz|| < o5 m(f). Thus,

I =l <20+ (5 (1+L-V5) +oum(f)).

where we have assumed without loss of generality that C' > 1. So, to finish the proof, we only need to
show that ||PQUPj- || ||Pj-x|| < §. In fact, we will show that HPNUPj- H ||Pj-a:|| < 4. To see the latter, by
choosing Ry = R and letting Ry — oo in Lemma 7.19, it follows that for any v € (0, 1

2
|PNUPF | < 7 163ll - (277)" V2

whenever N < 72fw~1, Letting

5 1/v
v=2m~! ( )
|1P7a|| - 10wl 72

Lo 1/v
we get the desired bound when 27 > 27w N - (W) , where Oy ' = ||| 72 O
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