On Spectral Inclusion Sets and Computing the

Spectra and Pseudospectra of Bounded Linear
Operators

Simon Chandler-Wilde

University of Reading

15t July 2014 — Chicheley Hall

Simon Chandler-Wilde Spectral Inclusion Sets for Spectra and Pseudospectra



...with the help of...

This talk is based on joint work with

@ Ratchanikorn Chonchaiya, Reading
@ Brian Davies, KCL
e Marko Lindner, TUHH, Germany

and supported by the Marie Curie Grants MEIF-CT-2005-009758
and PERG02-GA-2007-224761 of the European Union.

Simon Chandler-Wilde Spectral Inclusion Sets for Spectra and Pseudospectra



@ Introduction

Simon Chandler-Wilde Spectral Inclusion Sets for Spectra and Pseudospectra



@ Introduction

© Inclusion Sets and Approximations for the Spectrum and
Pseudospectrum

Simon Chandler-Wilde Spectral Inclusion Sets for Spectra and Pseudospectra



@ Introduction

© Inclusion Sets and Approximations for the Spectrum and
Pseudospectrum

© Substantial example with lots of pictures! Feinberg-Zee Random
Hopping Matrix

Simon Chandler-Wilde Spectral Inclusion Sets for Spectra and Pseudospectra



@ Introduction

© Inclusion Sets and Approximations for the Spectrum and
Pseudospectrum

© Substantial example with lots of pictures! Feinberg-Zee Random
Hopping Matrix

@ Extensions

Simon Chandler-Wilde Spectral Inclusion Sets for Spectra and Pseudospectra



@ Introduction

Simon Chandler-Wilde Spectral Inclusion Sets for Spectra and Pseudospectra



This talk is about a class of bounded linear operators on a space
E = (P with p € [1,00].

So x € E iff x = (xx)kez, where xx € C for all k € Z and

Ixlle = p/> Ixlp,  p<oo,
keZ
Ixle = sup|xl,  p=oo.

kEZ
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The Operators

L(E) := set of all bounded linear operators E — E.
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The Operators

L(E) := set of all bounded linear operators E — E.

With every bounded linear operator A on E we will associate a
matrix

with indices i, j € Z and entries a;; € C.

For simplicity, we will restrict ourselves to band matrices.
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Fredholm operators
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Fredholm operators

im A

(closed)

Definition

A: E — E is a Fredholm operator
if @ := dim(ker A) and 3 := codim(im A) are both finite.
The difference o« — 3 is then called the index of A.
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Spectrum, Essential Spectrum, Pseudospectra

For A€ L(E) and € > 0, we put

specA = {Ae€C : A— Al not invertible on E},
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Spectrum, Essential Spectrum, Pseudospectra

For A€ L(E) and € > 0, we put

specA = {Ae€C : A— Al not invertible on E},
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Spectrum, Essential Spectrum, Pseudospectra

For A€ L(E) and € > 0, we put

specA = {Ae€C : A— Al not invertible on E},
spececA = {Ae€C : A— Al not Fredholm on E},
spec,A = specA U {AeC : |[((A=AN7Y| > 1/e}
— U spec(A+ T)
I Tl<e
D specA + €D ("="if Ais normal).

The sets spec_A, € > 0, are the so-called e—pseudospectra of A.
It holds that

spec A =: specyA C spec,, A C spec,, A, 0<er <en.
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The Spectrum: Bounds and Approximations

© Inclusion Sets and Approximations for the Spectrum and
Pseudospectrum
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A Bi-Infinite Jacobi Matrix

We study bi-infinite matrices of the form

B2 Y-1
a_x B-1 Y
A = a1 Bo m ,
ag B m
ar B

where a = («a), = (i) and v = (v;) are bounded sequences of
complex numbers.
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A Bi-Infinite Jacobi Matrix

B2 v-1
ax B-1 Y
A = a1 Bo m
ap P11 m
ay B

Compute upper bounds on spectrum and pseudospectra of A,
understood as a bounded linear operator /2> — ¢2.
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Look at (pseudo)spectra of the finite principal submatrices of A:

N

Jé
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Strategy

Look at (pseudo)spectra of the finite principal submatrices of A:

N

Jé

N\

k+1
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Strategy

Look at (pseudo)spectra of the finite principal submatrices of A:

k+1

\
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Strategy

Look at (pseudo)spectra of the finite principal submatrices of A:

N

a Jé

k+1

N\
AN
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Method 1: Finite principal submatrices

Let A € spec_(A) and let x € 2 be a corresponding pseudomode.

I(A=AD x| < el
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Method 1: Finite principal submatrices

Let A € spec_(A) and let x € 2 be a corresponding pseudomode.

Simon Chandler-Wilde

I(A=AD x| < el

k+1

k+n
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Method 1: Finite principal submatrices

Let A € spec_(A) and let x € 2 be a corresponding pseudomode.

Simon Chandler-Wilde

I(A=AD x| < el

Claim: Jk € Z:
! ||(An,k — Alp) Xn,k”
< (e+en) [Ixnkll

k+n
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Method 1: Finite principal submatrices

Let A € spec_(A) and let x € 2 be a corresponding pseudomode.

Simon Chandler-Wilde

I(A =N x| < elix]l

Claim: JkcZ:
[(Ank — M) Xn k]
o1 < (e +en) [[Xnkll
> Ak = M) xniell®
k
con <(e+2n)® D lIxnkll?
K
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Method 1: Finite principal submatrices

Let A € spec_(A) and let x € 2 be a corresponding pseudomode.

\\\ I(A=AD x| < el

a -2,
X Claim: JkeZ:
[[(An ke — Aln) Xn il
- L et <(e+en) HXn,k”

\\ 1Ak — Mo) x4l
\ . < (et 0 i
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Method 1: Finite principal submatrices

Let A € spec_(A) and let x € 2 be a corresponding pseudomode.

NN

a -2y,

X (A=A x| < el

hr1 k1 H(An,k — Alp) Xn,kH

\\ < (e +20) lIxmil
\ .
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Method 1: Finite principal submatrices

Let A € spec_(A) and let x € 2 be a corresponding pseudomode.

NN

AL (A=A x|l < elix]]

1(Ank = Aln) Xl
T +1 < (6 + En) ||Xn,kH

N

1
ey < %(Hanoo"i_H’VHOO)
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Method 1: Finite principal submatrices

Let A € spec_(A) and let x € 2 be a corresponding pseudomode.

NN

LA (A=A x| < el

[(Ank = Aln) Xn k|
h+1 | fie < (5 + 5n) ”Xn,kH

\\\ en < Z(llallos + 1)
N
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Method 1: Finite principal submatrices

Let A € spec_(A) and let x € 2 be a corresponding pseudomode.

NN

a7, (A=A < el

[(Ank — M) Xn k|
» . < (e +n) [Xnll

m
\\ n < Zlalle +lll)
kk ken = Aespec,. (Ank)
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Method 1: Finite principal submatrices

Let A € spec_(A) and let x € 2 be a corresponding pseudomode.

N\N
NS 1A= A < <
X
[(Ank — M) Xn k|
< (e4¢n) [1Xnkll
k+1 | |k+1 ™
N\ n < Zlalle + i)
\ \ = Aespec.,. (Ank)
\k+|‘|\ L] +n
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Method 1: Finite principal submatrices

Let A € spec_(A) and let x € 2 be a corresponding pseudomode.

NN

a7, (A=A < el

[(Ank — M) Xn k|
» . < (e +n) [Xnll

m
\\ n < Zlalle +lll)
kk ken = Aespec,. (Ank)
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Method 1: Finite principal submatrices

Let A € spec_(A) and let x € 2 be a corresponding pseudomode.

NN

a7, (A=A < el

\ X
1(Ank = Mn) X i

k+1 +1

\\ < (e 42n) [xnl

Y
en < ;(”a”oo"i_H’VHOO)

k+n +n

= Aespec, ., (Ank)
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Method 1: Finite principal submatrices

So one gets

Upper Bound

spec.(A) € | spec... (Ank),

keZ
where
2(Jlevlloo + [l )S'n9< " (ledloo + 17lloo)
pr— I —
€n |0 Ylloo > n+ 2 |0 Yoo )s

and satisfies

<9<
2n+1~ — n+2

2sin § cos(n+ 1)0 + m sin(n—1)§ = 0.

Simon Chandler-Wilde Spectral Inclusion Sets for Spectra and Pseudospectra



Method 1: Finite principal submatrices

So one gets

Upper Bound

spec.(A) C UspecE+E"(An7k),
keZ

where

en = 2(||afloo + [|7]lo0) sin (Il + llvlloo);

T < T
4n+ 2 2n+1
ifa=0o0ry=0, i.e., Ais bi-diagonal.
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Method 2: Periodised finite principal submatrices

If the finite submatrices A, j are “periodised”,

NN

B

N
N

k+n
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Method 2: Periodised finite principal submatrices

If the finite submatrices A, j are “periodised”,

NN

B

N
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Method 2: Periodised finite principal submatrices

If the finite submatrices A, j are “periodised”,

N

N

\

very similar computations show that, again,

spec.(A) C UspecEJrEn(AEi:)
ke

K
2n

and this upper bound on spec_(A) can be sharper than method 1.

. . ™
with — cp = 2([Jafleo + [[7llec) sin o < —(flalloc + [[7]]sc)

Simon Chandler-Wilde Spectral Inclusion Sets for Spectra and Pseudospectra



Method 1 vs. Method 2: An Example

Look at the shift operator

(Ax)(i) = x(i+1), ie A = ( T )
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Method 1 vs. Method 2: An Example

Look at the shift operator

1

(A)(i) = x(i+1), ie A = ( "o )

0
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Method 1 vs. Method 2: An Example

Look at the shift operator

(A)(i) = x(i+1), ie A = ( R )

0 1
0 1 —
spec A,k =
Ank = ( o 0, ) P mk
0
0 1
0 1
per _
An’k N ( O ° )
1 0

-

-
-

Simon Chandler-Wilde Spectral Inclusion Sets for Spectra and Pseudospectra



Method 1 vs. Method 2: An Example

Look at the shift operator

1

(A)(i) = x(i+1), ie A = ( R )

0 1
0 1 —
spec A, x =
An,k:( o0 1) P mk
0

0 1
0 1 per _
APer _ ( - ) spec Amk =
n,k 0 1

-
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Method 1 vs. Method 2: An Example

Look at the shift operator

1

(A)(i) = x(i+1), ie A = ( R )

0 1
0 1 —
spec A, x =
An,k:( o0 1) P mk
0

" r \

APer _ - spec Amk = ) { ,
n,k 0 1 N ]
. S

-
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Method 1 vs. Method 2: An Example

Look at the shift operator

1

(A)(i) = x(i+1), ie A = ( R )

-

0o 1
0 1 _
spec. Ak =
An,k:( 0 ! 1) p en’ AN,k

. r \
APer _ - spec Amk =

n,k 0 1 N ]

1 0 . \ /
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Method 1 vs. Method 2: An Example

Look at the shift operator

1

(A)(i) = x(i+1), ie A = ( "o )

0
0o 1
Ank = ( 0 L ) SpecanAmk =
0

o
-

1 £
o s ) ({/ /\47“
‘ 0 1 APET — Y
Arr):k = ( 0 (1) ) ) speCEn n,k \i /& )
1 0 N Lens 7
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Method 1 vs. Method 2: An Example

Look at the shift operator

(Ax)(i) = x(i+1), ie A = ( T )

Q\
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Method 1 vs. Method 2: An Example

Look at the shift operator

(Ax)(i) = x(i+1), ie A = ( T )

o yeluson 04 . St oo s n 28
J— . R /\
/ \ oo .-

@ @
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Method 1 vs. Method 2: An Example

Look at the shift operator

(Ax)(i) = x(i+1), ie A = ( T )

s e w04 } ot e winzs y st oo i1 15
g . IS /\ do :
/ \ oo .- 2 < /_\

@ @ | @
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Method 1 vs. Method 2: An Example

Look at the shift operator

(Ax)(i) = x(i+1), ie A = ( T )

Spestral tolusson sor: n = 4 N _Speeral iclusion st = 8 . s Spestral solusion sor: n = 15 L pectral inclusin seti n = 2
e + L /\ i /—\ - p S
P \ M . < B o

" \// H o \\_/ | T |
55 0 a5 L 15 2 T I A B T Y T Mas 4 ws 0 a5 1 is 2
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Method 1 vs. Method 2: An Example

Look at the shift operator

(Ax)(i) = x(i+1), ie A = ( T )

@
ot
£

|

. _

B
=
JVKF)\
oo

T S
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Method 1 vs. Method 2

Summary on Methods 1 & 2
@ Both methods give upper bounds on spec A and spec_A.
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Summary on Methods 1 & 2
@ Both methods give upper bounds on spec A and spec_A.

@ The bound from Method 2 is often sharper.

o Conjecture: Method 2 converges to spec,A as n — 00.
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Method 1 vs. Method 2

Summary on Methods 1 & 2
@ Both methods give upper bounds on spec A and spec_A.

@ The bound from Method 2 is often sharper.
o Conjecture: Method 2 converges to spec,A as n — 00.

@ Method 1 also works for semi-infinite and finite matrices A!
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Here is another idea: Method 3

Instead of

Simon Chandler-Wilde Spectral Inclusion Sets for Spectra and Pseudospectra



Here is another idea: Method 3

We do a “one-sided” truncation.

NN,
N

k+n

A\
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Here is another idea: Method 3

We do a “one-sided” truncation.

NN
\ k

k+1
kin
e \

In a sense, we work with rectangular finite submatrices.

This is motivated by work of Davies 1998 and Hansen 2008.
(Also see Heinemeyer/Lindner/Potthast [SIAM Num. Anal. 2007].)
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Method 3: Projection Operator

Forne Nand k € Z, let P, : ¢? — (2 denote the projection

N x(i), i€{k+1, .. k+n},
(Prix)(i) = { 0 otherwise.

X TTTTTTITTTTITTTTITITIIT
Fux TTTTT T R [T TTTT]
k+1 k+n

Further, we put X, x :=im P, , and identify it with C" in the
obvious way.
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Method 3: Truncations

Method 1: Method 3:

SN NN
N\ \\

k+n k+n

N A

Pok(A = M)Ppklx, . (A= AD)Pnklx,,
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Method 3: Truncations

Method 1: Method 3:

SN NN
N\ \\

k+n k+n

N A

Pax(A—A)Puklx, (A= A)Paklx,,
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Method 3: Method 1 revisited

Method 1:

A € spec.(A) = For some k € Z:

A € spec.., (Pn,kAPn,k|Xn,k)
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Method 3: Method 1 revisited

Method 1:

A € spec.(A) = For some k € Z :

A€ specg+€n(Pn,kAP,,,k|Xnyk)
i.e. Smin(Pok(A=A)Pni) < e+ep
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Method 3: Method 1 revisited

Method 1:

A € spec.(A) = For some k € Z:

A€ spec8+€n(Pn,kAPn,k]Xnyk)
i.e. Smin(Pok(A=A)Pni) < e+ep

minspec ( (Pok(A = A)Pak) " (Pak(A=N)Pai)) < (2 +2n)?

Simon Chandler-Wilde Spectral Inclusion Sets for Spectra and Pseudospectra



Method 3: Method 1 revisited

Method 1:

A € spec.(A) = For some k € Z:

A€ spec8+€n(Pn,kAPn,k]Xnyk)
i.e. Smin(Pok(A=A)Pni) < e+ep

min spec ( (Pok(A = A1) Po) (Pak(A= A)Pak) ) < (2 +2n)?
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Method 3: Method 1 revisited

Method 1:

A € spec.(A) = For some k € Z:

A€ spec8+€n(Pn,kAPn,k]Xnyk)
i.e. Smin(Pok(A=A)Pni) < e+ep

min spec ( Po k(A= ) PoxPrk(A = M)Pos) < (e+2,)°
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Method 3: Method 1 revisited

Method 1:

A € spec.(A) = For some k € Z:

A€ spec8+€n(Pn,kAPn,k]Xnyk)
i.e. Smin(Pok(A=A)Pni) < e+ep

minspec (Po k(A= M) Pok(A = A)Pak) < (=+2n)°
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Method 3: Method 1 revisited

Method 1:

A € spec.(A) = For some k € Z :

A€ 5pecg+gn(Pn,kAPn,k|X,,,k)
i.e. Smin(Pok(A=A)Pni) < e+ep

Idea: minspec (P,Lk(A - )\I)*M(A — )\/)P,Lk) < (5 + 5,,)2
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Method 3: Method 1 revisited

Method 1:

A € spec.(A) = For some k € Z:

A€ 5pecg+gn(Pn,kAPn,k|X,,,k)
i.e.  Smin(Pmg(A—A)Pni) < e+ep

Idea: minspec (P,Lk(A - )\I)*M(A — )\/)P,Lk) < (5 + 5,,)2
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Method 3: Method 1 revisited

Method 1:

A € spec.(A) = For some k € Z:

A E spec5+5n(797,*AP,,,k|Xn’k)
i.e. Smin(M(A_ /\I)Pn,k) < €+é€np

Idea:  minspec (PM(A — A P (A — )\I)P,Lk) < (e+en)’
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Method 3: Method 1 revisited

Method 1:

Idea:  min spec (P,,J((A — A Poi (A — AI)P,,J() < (e+en)’
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Method 3: Method 1 revisited

Method 1:

Idea:  min spec (P,,J((A — A Poi (A — AI)P,,J() < (e+en)’

Let 42%(A) be the set of all A € C, for which

min spec (Pn,k(A M) (A— A/)Pn,k) < (e+en)’
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Method 3: Method 1 revisited

Method 1:

Idea:  minspec (P,Lk(A — M) P (A — )\/)Pmk) < (e+ 5,,)2

Method 3

Let v(A) be the set of all A € C, for which

min spec (PM(A M)A - A/)Pn,k> < (e+en)’

and  minspec (Pn,k(A AN(A - A/)*Pn,k) < (e+en)?
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Method 3: Method 1 revisited

Method 1:

Idea:  minspec (PM(A — A Poi (A — /\I)P,,7k> < (e+en)’

Method 3
Let 72%(A) be the set of all A € C, for which

min spec (Pn,k(A M) A=AM)P) < (e+en)’

and  minspec (PM(A—A/)(A—A/)*P,,,k) < (e+en)

Then put
r2(A) = (J24(A).

kEZ
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Method 3: Spectral bounds

Again we get (as in Methods 1 & 2)

Upper Bound

k
speCE(A) - 7£+5n(A) = rg+8n(A)
kEZ

T < T
2n+ 2 n+1

with e, = 2([|aflo+][7]l0) sin (lalloot{1vlloo)

and this time the upper bound looks even sharper than before.
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Method 3: Spectral bounds

Again we get (as in Methods 1 & 2)

Upper Bound

k
speCE(A) - 7£+5n(A) = rg+8n(A)
kEZ

T < T
2n+ 2 n+1

with e, = 2([|aflo+][7]l0) sin (lalloot{1vlloo)

and this time the upper bound looks even sharper than before.
But now we also have

Lower Bound

r2(A) C spec.(A).
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Method 3: Spectral bounds

From the lower and upper bound

I2(A) C spec.(A) and spec.(A) C 7., (A)

e+en

we get

r(A) <C spec(A) c T2, (A
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Method 3: Spectral bounds

From the lower and upper bound
I2(A) C spec.(A) and spec.(A) C IZ,. (A)

we get

Sandwich 1

r(A) <C spec(A) c T2, (A

Sandwich 2

spec.(A) C T2 (A) C spec . (A).
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Method 3: Spectral bounds

From the lower and upper bound
I2(A) C spec.(A) and spec.(A) C IZ,. (A)

we get

Sandwich 1

r(A) <C spec(A) c T2, (A

Sandwich 2

spec.(A) C T2 (A) C spec . (A).

In particular, it follows that
2. (A) — spec.(A), n— 0o

in the Hausdorff metric.
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Methods 1, 2 & 3: The Shift Operator

® & & ¢

1 ﬁ ; )
N4
7N\
& .

Simon Chandler-Wilde
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Methods 2 & 3: The Shift Operator

1 Spectral inclusion sety N Spectral inclusion set: n = 16 15 Spectral inclusion set: n = 32

0.5 0.5 0.5 q
o o o

4 Y -t
0 0 0

0.5 0.5 0.5 q
4 Y -t

1'—2 -1.5 -1 -0.5 0 0.5 1 15 2 -1.5 -1 -0.5 0 0.5 1 1.5 2 1'§2 -L.5 -1 0.5 0 0.5 1 1.5 2
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Method 3: The Shift Operator

Lt Spectral inclusion set; n = 32
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Methods 1, 2 & 3: Second Example

We now look at a matrix A with 3-periodic diagonals:

main diagonal: - - - | —%, 1,1, -
super-diagonal: ---, 1, 2, 1,

2Spectrum of periodic operator (green) and Gerschgorin circles (red)
: T
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Methods 1, 2 & 3: Third Example

We now look at a matrix A with 3-periodic diagonals:

main diagonal: - - - | —%, 1,1, -
super-diagonal: ---, 1, 1, 1,

. 5Spectrum of periodic operator (green) and Gerschgorin circles (red)
. T : T

OGF ST
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Methods 1, 2 & 3: Third Example

Spectral inclusion sett n = 4

— — ' -
e \\ 23 > AT >
! / b

Spaceral snclisin soti n = 6 . Spectral wolusion covt r =

| O O O
5 ‘ k P / af : ooy il /. ‘ \&\/) n: \\ - i

te 4 w5 0 o5 1 18
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Final Example

© Substantial example with lots of pictures! Feinberg-Zee Random
Hopping Matrix
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From a talk of Anthony Zee (MSRI Berkeley, 1999)

Nov - Hesmdiom Kandomn }'f)aJ:a.

Exfalmmj
Largoly T, victgr T !

£) 140 i
H re bn Homailboniom i [y““"“""
pahels T H s EY;

s Yo te Yoo T E Y. ) TEEL
42
Fembas .u..dey

i =l

| =

s s . . ¥
Cat ¢ O

Lihat doeo Ha Spoclivem bovh Lokt ?
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Final Example [Feinberg/Zee 1999]

Look at the bi-infinite matrix

0 1
b_;y 0 1
b 1
AT = bp 0 1 ’
by O

where b= (---,b_1, by, by, --) € {£1}% is a pseudoergodic
sequence
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Final Example [Feinberg/Zee 1999]

Look at the bi-infinite matrix

0 1
b_;y 0 1

b 1

AT = bp 0 1 ’

where b= (---,b_1, by, by, --) € {£1}% is a pseudoergodic
sequence; that means:

every finite pattern of +1’s can be found
somewhere in the infinite sequence b.
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Final Example [Feinberg/Zee 1999]

Spectral Formula C-W, Lindner 2008

If b is pseudoergodic then

o0

specAb = speceSSAb = U specpointAc'
ce{x1}~

(Also see Rabinovich/Roch/Silbermann 1998 and Davies 2001.)

Simon Chandler-Wilde Spectral Inclusion Sets for Spectra and Pseudospectra



Final Example [Feinberg/Zee 1999]

Spectral Formula C-W, Lindner 2008

If b is pseudoergodic then

o0

specAb = speceSSAb = U specpointAc'
ce{x1}~

(Also see Rabinovich/Roch/Silbermann 1998 and Davies 2001.)

One can try to “exhaust” the RHS by running through all periodic
+1 sequences c.
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Final Example [Feinberg/Zee 1999]

Period 1
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Final Example [Feinberg/Zee 1999]

Period 2 Periods 1,2
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Final Example [Feinberg/Zee 1999]

Period 3 Periods 1, ...,3
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Final Example [Feinberg/Zee 1999]

\|/ . Pl
AN 7N
Period 4 Periods 1, ...,4
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Final Example [Feinberg/Zee 1999]

Period 5 Periods 1,...,5
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Final Example [Feinberg/Zee 1999]

)/ N
TN \ TN \
Period 6 Periods 1,...,6
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Final Example [Feinberg/Zee 1999]

20 = ol
N/ /
£ VAR 5
N # .'/
Period 7 Periods 1,...,7
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Final Example [Feinberg/Zee 1999]

Period 8 Periods 1, ...,8
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Final Example [Feinberg/Zee 1999]

S | L

&L
i

Period 9 Periods 1,...,9
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Final Example [Feinberg/Zee 1999]

Period 10 Periods 1, ..., 10
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Final Example [Feinberg/Zee 1999]

Period 11 Periods 1, ...,11
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Final Example [Feinberg/Zee 1999]

Period 12 Periods 1, ...,12
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Final Example [Feinberg/Zee 1999]

Period 13 Periods 1,...,13
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Final Example [Feinberg/Zee 1999]

Period 14 Periods 1, ...,14
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Final Example [Feinberg/Zee 1999]

Period 15 Periods 1,...,15
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Final Example [Feinberg/Zee 1999]

Period 16 Periods 1,...,16
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Final Example [Feinberg/Zee 1999]

Period 17 Periods 1, ...,17
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Final Example [Feinberg/Zee 1999]

Period 18 Periods 1, ..., 18
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Final Example [Feinberg/Zee 1999]

Period 19 Periods 1,...,19
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Final Example [Feinberg/Zee 1999]

Period 20 Periods 1, ...,20
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Final Example [Feinberg/Zee 1999]

Period 21 Periods 1, ...,21
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Final Example [Feinberg/Zee 1999]

Period 22 Periods 1, ...,22
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Final Example [Feinberg/Zee 1999]

Period 23 Periods 1, ...,23
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Final Example [Feinberg/Zee 1999]

Period 24 Periods 1, ...,24
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Final Example [Feinberg/Zee 1999]

Period 25 Periods 1, ..., 25
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Final Example [Feinberg/Zee 1999]

Period 26 Periods 1, ..., 26
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Final Example [Feinberg/Zee 1999]

Period 27 Periods 1, ..., 27
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Final Example [Feinberg/Zee 1999]

Period 28 Periods 1, ..., 28
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Final Example [Feinberg/Zee 1999]

Period 29 Periods 1, ...,29
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Final Example [Feinberg/Zee 1999]

Period 30 Periods 1, ..., 30
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Final Example [Feinberg/Zee 1999]

Recall our “Sandwich 1": In this example, one has

U specE(P,,’kAbP,,yk) C spec( Ab U spec. ;. ( ,,kAanvk)
kez kez

=: ot ._ &ten
n e = o,

for all n € N, so let's look at o7, for ¢ = 0.

Here are the n x n matrix eigenvalues

U spec (Pn xkAPP, «)
kez

forn=1,...,30:
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Final Example [Feinberg/Zee 1999]

Size 1
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Final Example [Feinberg/Zee 1999]

Size 2
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Final Example [Feinberg/Zee 1999]

Size 3
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Final Example [Feinberg/Zee 1999]

Size 4
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Final Example [Feinberg/Zee 1999]

Size b
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Final Example [Feinberg/Zee 1999]
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Size 6
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Final Example [Feinberg/Zee 1999]
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Size 7
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Final Example [Feinberg/Zee 1999]

Size 8
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Final Example [Feinberg/Zee 1999]

Size 9
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Final Example [Feinberg/Zee 1999]

Size 10
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Final Example [Feinberg/Zee 1999]

Size 11
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Final Example [Feinberg/Zee 1999]

Size 12
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Final Example [Feinberg/Zee 1999]

Size 13
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Final Example [Feinberg/Zee 1999]

Size 14
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Final Example [Feinberg/Zee 1999]

Size 15
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Final Example [Feinberg/Zee 1999]
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Size 16
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Final Example [Feinberg/Zee 1999]

Size 17
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Final Example [Feinberg/Zee 1999]

Size 18
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Final Example [Feinberg/Zee 1999]

Size 19
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Final Example [Feinberg/Zee 1999]

Size 20
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Final Example [Feinberg/Zee 1999]

Size 21
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Final Example [Feinberg/Zee 1999]

Size 22
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Final Example [Feinberg/Zee 1999]

Size 23
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Final Example [Feinberg/Zee 1999]

Size 24
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Final Example [Feinberg/Zee 1999]

Size 25
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Final Example [Feinberg/Zee 1999]

Size 26
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Final Example [Feinberg/Zee 1999]

Size 27
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Final Example [Feinberg/Zee 1999]

Size 28
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Final Example [Feinberg/Zee 1999]

Size 29
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Final Example [Feinberg/Zee 1999]

Size 30
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Zoom into Region 1 + i of 03
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Final Example [Feinberg/Zee 1999]

The finite matrix spectra ¢0 are even contained in the periodic
(infinite) matrix spectra shown before.

More precisely, the spectra of all n x n principal submatrices
are contained in the set of all (2n+2)-periodic matrices:

Sizen=5 Period 2n+2 =12

Here we demonstrate this inclusion for some values of n.
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Finite Matrix Spectra in Periodic Matrix Spectra: n = 2

N
\\ ) ye
~\ N\ // //
N 4
7 7\ \
' \ AN
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Finite Matrix Spectra in Periodic Matrix Spectra: n = 3

-~ A
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Finite Matrix Spectra in Periodic Matrix Spectra: n =4
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Finite Matrix Spectra in Periodic Matrix Spectra: n =
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Finite Matrix Spectra in Periodic Matrix Spectra: n =

e
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Finite Matrix Spectra in Periodic Matrix Spectra: n =9
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Finite Matrix Spectra in Periodic Matrix Spectra: n = 10




Conjecture: spec A? if b is pseudoergodic
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Upper bound on spec A by the closed numerical range

)
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...in compari with plots of

n=2
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plots of
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plots of
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with plots of

Simon Chandler-Wilde Spectral Inclusion Sets for Spectra and Pseudospectra



with plots of
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with plots of
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...in compari with plots of

n=2=8
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...in compari with plots of

n=29
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...in compari with plots of

n=10
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...in compari with plots of

n=11
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...in compari with plots of

n=12
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...in compari with plots of

n=13
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...in comparison with plots of

n=14
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...in comparison with plots of

n=15
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...in comparison with plots of

n=16
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...in comparison with plots of

n=17
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0+e,
n

. . . 0 s
...In comparison with plots of X; = o

n=18
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Where does ¥° go as n — 00?

Computational cost for these pics: n-2"~1 x number of pixels.
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Where does ¥° go as n — 00?

Computational cost for these pics: n-2"~1 x number of pixels.
So let us focus on just one point (pixel) A:
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Where does ¥° go as n — 00?

Computational cost for these pics: n-2"~1 x number of pixels.
So let us focus on just one point (pixel) A:

We found a hole!

Center: 1.5 + 0.5i
Radius: 0.01

A=15+05/ ¢ ¥ O specAP
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Beyond Jacobi Matrices

@ Extensions
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Extensions

e Everything goes through if C replaced by B(X)

@ So everything goes through for matrices with arbitrary
bandwidth

@ Small perturbations can be handled
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