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Chapter 1

Introduction to inverse problems

Solving an inverse problem is the task of computing an unknown quantity from observed
(and potentially noisy) measurements. Typically, these two are related via a forward
model. Inverse problems appear in a variety of fields such as physics, biology, medicine,
engineering, and finance, and include—for instance—tomography (e.g. computed tomog-
raphy (CT)), machine learning, computer vision, and image processing. In this lecture
course we address mathematical aspects of linear inverse problems that are needed to find
stable and meaningful solutions.
The main focus of this lecture is the solution of the operator equation

Ku=f (1.1)

with given measurement data f for the unknown quantity u. Here, K : i/ — V denotes a
linear operator that maps from a space U to a space V. We will restrict ourselves to the
study of bounded linear operators between Hilbert spaces.

Computing a solution to (1.1) is typically not straightforward in most relevant appli-
cations for three basic reasons:

e a solution might not exist,
e if it exists it might not be unique,
e small errors (such as noise) in the measurements get heavily amplified.

The latter has the potential to render solutions useless without proper treatment.
In the sense of Hadamard the problem (1.1) is called well-posed if

e for all input data there exists a solution to the problem, i.e. for all f € V there exists
au €U with Ku = f.

e for all input data this solution is unique, i.e. u # v implies Kv # f.

e the solution of the problem depends continuously on the input datum, i.e. for all
{ug }ken with Kup — f implies ux, — u.

If any of these conditions is violated, problem (1.1) is called ill-posed. In the following we
will see that many relevant inverse problems are ill-posed.’

Tn fact, the name ill-posed problems may be a more suitable name for this lecture, as the real challenge
is to deal with the ill-posedness of these problems. However, the name inverse problems became more
widely accepted.
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1.1 Examples

In the following we are going to present various examples of inverse problems and highlight
the challenges in solving them.

1.1.1 Matrix inversion

One of the most simple (class of) inverse problems that arises from (numerical) linear
algebra is the solution of linear systems. These can be written in the form of (1.1) with
u € R™ and f € R™ being n-dimensional vectors with real entries and K € R™ ™ being a
matrix with real entries. We further assume K to be symmetric, positive definite.

We know from the spectral theory of symmetric matrices that there exist eigenvalues
Al > A2 > ... > Ay > 0 and corresponding (orthonormal) eigenvectors k; € R™ for
j € {1,...,n} such that K can be written as

K = X\kjkj] . (1.2)
j=1

It is well known from numerical linear algebra that the condition number kK = A; /), is a
measure of how stable (1.1) can be solved, which we will illustrate in the following.

We assume that we measure f? instead of f, with ||f — fo||2 < §||K| = 61, where
Il - |2 denotes the Euclidean norm of R™ and ||K|| the operator norm of K (which equals
the largest eigenvalue of K). Then, if we further denote with u’ the solution of Ku® = f9,
the difference between u’ and the solution v to (1.1) is

n
w—u® =Y MRk (f = 1),
j=1
Therefore, we can estimate

n
512 -2 2. 512 -2 5112
lu— w13 =D A7 Iksl31k] (F = £ < A2IF = 113,
Jj=1 =1
due to the orthonormality of eigenvectors, the Cauchy-Schwarz inequality, and A, < A;.
Thus, taking square roots on both sides yields the estimate

lu —a’ll2 < AHS = fOll2 < k0.

Hence, we observe that in the worst case an error § in the data y is amplified by the con-
dition number x of the matrix K. A matrix with large x is therefore called ill-conditioned.
We want to demonstrate the effect of this error amplification with a small example.

Example 1.1. Let us consider the matrix

1 1
1000

which has eigenvalues \; = 1 + Wloo +4/1+ W, condition number k ~ 4002 > 1, and
operator norm ||K|| =~ 2. For given data f = (1,1)T the solution to Ku = f is u = (1,0) .

Now let us instead consider perturbed data f° = (99/100,101/100)". The solution u°
to Ku® = f° is then u® = (—19.01,20)".

Let us reflect on the amplification of the measurement error. By our initial assumption
we find that § = ||f — fO||/|| K| = [/(0.01,—-0.01)T||/2 = v/2/200. Moreover, the norm of
the error in the reconstruction is then |lu — u’|| = [|(20.01,20)T|| ~ 20v/2. As a result, the
amplification due to the perturbation is ||u — u°||/§ =~ 4000 ~ k.
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1.1.2 Differentiation

Another classic inverse problem is differentiation of data. Assume we are given a function
f with f(0) = 0 for which we want to compute u = f’. For f sufficiently smooth, these
conditions are satisfied if and only if v and f satisfy the operator equation

which can be written as the operator equation Ku = f with the linear operator (K-)(y) :=
I3 (x) da.

As before, we assume that instead of f we measure a perturbed version f¢ = f+n’ with
f € C*([0,1]) and noise n® € L>=([0,1]). It is obvious that the derivative u exists if the
noise n° is differentiable. However, even in the (unrealistic) case that n? is differentiable,
the error in the derivative can become arbitrarily large as we will see.

Consider a sequence of noise functions n® € C*([0,1]) < L*°([0, 1]) with

n®(z) == dsin <’?> (1.3)
for a fixed but arbitrary k& > 0. Then, the solution to Ku’ = f? is
W (@) = (@) + kcos (’?) .
Observe that, for Hn(SHLoo([(JJD = — 0, we on the other hand have

lu = || oo o,y = 1)l 2o (0,17 = F-

Thus, despite the error in the data becoming arbitrarily small (in the L* norm), the error
in the derivative can become arbitrarily big (in dependence of k). In any case, for k > 0
we observe that the solution does not depend continuously on the data.

On the other hand, considering a decreasing error in the norm of the Banach space
C1([0,1]) yields a different result. If we have a sequence of noise functions (other than
those defined in equation (1.3)) with H”(;Hcl([o,l]) < 0 — 0 instead, we can conclude

Ju — v || oo o)) = 10°) [l oo,y < I8l o) — O

In contrast to the previous example the sequence of functions n®(z) := &sin(kz) for
instance satisfies

I7°]lcroay = sup [n’(z)|+ sup |(n°)(z)] = (1+ k)6 — 0.
z€[0,1] z€0,1]

However, for a fixed ¢ the bound on [Ju —uf|| Le<([0,1]) can obviously still become fairly large
compared to 9, depending on how large k is.
1.1.3 Deconvolution

An interesting problem that occurs in many imaging, image- and signal processing ap-
plications is the deblurring or deconvolution of signals from a known, linear degradation.
Deconvolution of a signal f can be modelled as solving the inverse problem of the convo-
lution, which reads as

F0) = (Ku)) = [ ulwhgly— o) o (1.4
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Here, f denotes the blurry image, u is the (unknown) true image, and g is the function
that models the degradation. Due to the Fourier convolution theorem we can rewrite (1.4)
to

f=@m)2F Y(F(u)F(g)) (1.5)

with F denoting the Fourier transform

F(u)(§) = (277)_3/ u(z)e @ dx (1.6)

n

and F~! being the inverse Fourier transform

_n

FHf)(@) = (2m) 72 Rnf(ﬁ)emgdf (1.7)

It is important to note that the inverse Fourier transform is indeed the unique, inverse
operator of the Fourier transform in the Hilbert space L?*(R") due to the theorem of
Plancherel. If we rearrange (1.5) to solve for u we obtain

_ (om) B F f<f>>
u= (2m)" 2 F (.7:(9) , (1.8)
and hence, we allegedly can recover u by simple division in the Fourier domain. How-
ever, we will see that this inverse problem is ill-posed and the division will lead to heavy
amplifications of small measurement errors.

Let u denote the image that satisfies (1.4). Further, we assume that instead of the
blurry image f we observe fO = f + n® instead and that u9 is the solution of (1.8) with
input datum f°. Hence, by the linearity of (1.6) and (1.7), we observe

oot (B (G o

As the convolution kernel g usually has compact support, F(g) will tend to zero for high
frequencies. Hence, the denominator of (1.9) becomes fairly small, whereas the numerator
will be non-zero as the noise is of high frequency. Thus, in the limit the solution will not
depend continuously on the data and the convolution problem therefore be ill-posed.

1.1.4 Tomography

In almost any tomography application the underlying inverse problem is either the inversion
of the Radon transform? or of the X-ray transform.

For u € C§g°(R"), s € R, and 0 € S"~! the Radon transform R : C$°(R™) — C*°(S"~1x
R) can be defined as the integral operator

£(0,5) = (Ru)(6, 5) = / u(z) da (1.10)

z-0=s
:/ u(sf + y) dy,
91_

which, for n = 2, coincides with the X-ray transform,

£(0,5) = (Pu)(0, ) = /R u(s0 + 104) dt,

2Named after the Austrian mathematician Johann Karl August Radon (16 December 1887 — 25 May
1956).
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Figure 1.1: Visualization of the Radon transform in two dimensions (which coincides with the
X-ray transform). The function u is integrated over the ray parametrized by 6 and s.?

for # € S"~! and 6+ being the vector orthogonal to . Hence, the X-ray transform (and
therefore also the Radon transform in two dimensions) integrates the function u over lines
in R", see Fig. 1.1.

Example 1.2. Let n = 2. Then S™! is simply the unit sphere S = {# € R? | ||§]| = 1}.
We can choose for instance § = (cos(p),sin(¢))T, for ¢ € [0,27), and parametrise the
Radon transform in terms of ¢ and s, i.e.

fle,s) = (Ru)(p,s) = /Ru(s cos(p) — tsin(yp), ssin(yp) + t cos(p)) dt. (1.11)

Note that—with respect to the origin of the reference coordinate system—p determines
the angle of the line along one wants to integrate, while s is the offset from that line from
the centre of the coordinate system.

X-ray Computed Tomography (CT)

In X-ray computed tomography (CT), the unknown quantity u represents a spatially vary-
ing density that is exposed to X-radiation from different angles, and that absorbs the
radiation according to its material or biological properties.
The basic modelling assumption for the intensity decay of an X-ray beam is that within
a small distance At it is proportional to the intensity itself, the density, and the distance,
ie.
I(x + (t+ At)0) — I(z +t0)
At

for x € §+. By taking the limit At — 0 we end up with the ordinary differential equation

= —I(x + th)u(zx + t0),

%I(x +t0) = —I(x + t0)u(z + th), (1.12)

Let R > 0 be the radius of the domain of interest centred at the origin. Then, we integrate

(1.12) from ¢t = —/R? — ||z||3, the position of the emitter, to t = \/R? — ||z||3, the position

3Figure adapted from Wikipedia https://commons.wikimedia.org/w/index.php?curid=3001440, by
Begemotv2718, CC BY-SA 3.0.
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of the detector, and obtain

/\/R2—|Ix|§ %[(l« + t0) /./R2—II|§

dt = —
ralg (@ +10) VR TR

Note that, due to d/dzlog(f(x)) = f'(x)/f(z), the left hand side in the above equation
simplifies to

/_g W dt = log (1 (ac + /R - Hmyge)) g (1 (x _Jr - umyge)) .

As we know the radiation intensity at both the emitter and the detector, we therefore
know f(z,0) = log(I(x —0+/R? — ||z|3)) —log(I(z+60+/R? — ||z||3)) and we can write the
estimation of the unknown density u as the inverse problem of the X-ray transform (1.11)
(if we further assume that u can be continuously extended to zero outside of the circle of
radius R).

u(z +t0)dt .

Positron Emission Tomography (PET)

In Positron Emission Tomography (PET) a so-called radioactive tracer (a positron emitting
radionuclide on a biologically active molecule) is injected into a patient (or subject). The
emitted positrons of the tracer will interact with the subjects’ electrons after travelling a
short distance (usually less than 1mm), causing the annihilation of both the positron and
the electron, which results in a pair of gamma rays moving into (approximately) opposite
directions. This pair of photons is detected by the scanner detectors, and an intensity
f(¢, s) can be associated with the number of annihilations detected at the detector pair
that forms the line with offset s and angle ¢ (with respect to the reference coordinate
system). Thus, we can consider the problem of recovering the unknown tracer density u
as a solution of the inverse problem (1.10) again. The line of integration is determined by
the position of the detector pairs and the geometry of the scanner.



Chapter 2

Linear inverse problems

Throughout this lecture we deal with functional analytic operators. For the sake of brevity,
we cannot recall all basic concepts of functional analysis but refer to popular textbooks
that deal with this subject, like [4, 16]. Nevertheless, we want to recall a few important
properties that will be important for this lecture.

In particular, we will focus mainly on inverse problems with bounded, linear operators
K only, ie. K € L(U,V) with

[ Kully
1K 2@y == sup = sup [[Kuly < cc.
wenfoy Nl juu<t

For K: U — V we further want to denote by
(a) D(K) :=U the domain
(b) N(K) :={uecU | Ku= 0} the kernel
(c) R(K):={f eV | f=Ku,u €U} the range

of K, see Figure 2.1
We say that K is continuous in v € U if there exists a § > 0 for all € > 0 with

|IKu — Kv|ly < e for all v € U with ||u — vy < 0.

For linear K it can be shown that continuity is equivalent to the existence of a constant
C > 0 such that

K ully < Clluflu

for all u € U. Note that this constant C' actually equals the operator norm || K||,1)-

For the first part of the lecture we only consider K € L(U,V) withUf and V being Hilbert
spaces. From functional calculus we know that every Hilbert space is equipped with a scalar
product, which we are going to denote by (-, );; (if U denotes the corresponding Hilbert
space). In analogy to the transpose of a matrix, this scalar product structure together
with the theorem of Fréchet-Riesz [16, Section 2.10, Theorem 2.E| allows us to define the
(unique) adjoint operator of K, denoted with K*, as follows:

(Ku,v)y = (u, K*v)y, for allu e U,v € V.

13
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Figure 2.1: Visualization of the setting for linear inverse problems where we want to solve the
inverse problem (1.1). The operator K is a linear mapping between U and V. The kernel N ()
and range R(K) are used to analyse solutions to the inverse problem.

In addition to that, a scalar product allows to have a notion of orthogonality. Two
elements u,v € U are said to be orthogonal if (u,v)yy = 0. For a subset X C U the
orthogonal complement of X in U is defined as

Xt ={uel| (u,v)y=0foralveX}.

One can show that X~ is a closed subspace and that U+ = {0}. Moreover, we have
X C (X)L If X is a closed subspace we even have X = (X1)L. In this case there exists
the orthogonal decomposition

U=xaxt,

which means that every element u € U can uniquely be represented as
w=2z+z" with z € X and 2+ € X%,

see for instance [16, Section 2.9, Corollary 1].
The mapping u +— z defines a linear operator Py € L(U,U) that is called orthogonal
projection on X.

Lemma 2.1 (cf. [11, Section 5.16|). Let X C U be a closed subspace. The orthogonal
projection onto X satisfies the following conditions:

(a) Px is self-adjoint, i.e. Py = Py,

(0) |Pxllzeiuy =1 (if X # {0}),

(¢c) I — Py = Py,

(d) |lu— Pxully < [lu —vljy for allve X,

(e) © = Pyu if and only if x € X and v —x € X+.

Remark 2.1. Note that for a non-closed subspace X we only have (X)L = X. For
K € L(U,V) we therefore have

e R(K)+ = N(K*) and thus N (K*)+ = R(K),
e R(K*)t = N(K) and thus N (K)*+ = R(K*).

Hence, we can conclude the orthogonal decompositions

U=NK)SRK") and V = N(K*) & R(K).



CHAPTER 2. LINEAR INVERSE PROBLEMS 15

In the following we want to investigate the concept of generalised inverses of bounded,
linear operators, before we will identify compactness of operators as the major source of ill-
posedness. Subsequently, we are going to discuss this in more detail by analysing compact
operators in terms of their singular value decomposition.

2.1 Generalised solutions

In order to overcome the issues of non-existence or non-uniqueness of (1.1) we want to
generalise the concept of least squares solutions to linear operators in Hilbert spaces.

If we consider the generic inverse problem (1.1) again, we know that there does not
exist a solution of the inverse problem if f ¢ R(K). In that case it seems reasonable to find
an element u € U for which ||[Ku — f||y gets minimal instead. If V = L? then v minimizes
the squared error and thus motivates the name least squares solution.

However, for N (K') # {0} there are infinitely many solutions that minimise ||Ku— f||y
of which we have to pick one. Picking the one with minimal norm ||u||;; brings us to the
definition of the minimal norm solution.

Definition 2.1. We call u € U a least squares solution of the inverse problem (1.1), if
|Ku— flly <||Kv—flly foralvel. (2.1)
Furthermore, we call u' € U a minimal norm solution of the inverse problem (1.1), if
luflloe < llvllee for all least squares solutions v. (2.2)

Remark 2.2. Let u be a least squares solution to Ku = f. It is easy to see that each
v € {u} + N(K) is a least squares solution as well.

Moreover, let uf be a minimal norm solution, then uf € N(K) Assume to the
contrary that this was not the case. Then, as N (K) is closed for K € L(U,V), there exists
elements 2+ € N(K)* and 2 € N(K) with ||z > 0 such that u' = z + 2. Clearly, z*
is a least squares solution and by

€L

lafllge = llz + 211z = a1 + 2 o, @)+l > a1z
N——

=0
has smaller norm than uf, which contradicts that u! is of minimal norm, thus u' € A/(K)*.

In numerical linear algebra it is a well known fact that the normal equations can
be considered to compute least squares solutions. The same holds true in the infinite-
dimensional case.

Theorem 2.1. Let f € V and K € L(U,V). Then, the following three assertions are
equivalent.

(a) uwelU satisfies Ku = me.

(b) w is a least squares solution of the inverse problem (1.1).

(c) u solves the normal equation

K*Ku=K*f. (2.3)
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Remark 2.3. The name normal equation is derived from the fact that for any solution u
its residual Ku — f is orthogonal (normal) to R(K). This can be readily seen, as we have
for any v € U that

0= <’U,K*(KU —fu = <KU7KU - f>V
which shows Ku — f € R(K)*.
Proof of Theorem 2.1. For (a) = (b): Let u € U such that Ku = Prgyf and let v € U be
arbitrary. With the basic properties of the orthogonal projection, Lemma 2.1 (d), we have

1w~ £ = (I = Prgey) FIIS < E%l(f lg = fIF < inf ||Kv— fIIS,
g

which shows that u is a least squares solution. Here, the last inequality follows from
For (b) = (c): Let u € U be a least squares solution and let v € U an arbitrary element.
We define the quadratic polynomial F': R — R,

F(A) = K (u+ ) = fI} = N[IKv[} — 2MKv, f = Ku)y + [|f — Kull}.

A necessary condition for u € U to be a least squares solution is F'(0) = 0, which leads to
(v, K*(f — Ku))y = 0. As v was arbitrary, it follows that the normal equation (2.3) must
hold.
For (c¢) = (a): From the normal equation it follows that K*(f — Ku) = 0, which
i
is equivalent to f — Ku € R(K), see Remark 2.3. Since R(K)+ = (R(K)> and

Ku e R(K) C R(K), the assertion follows from Lemma 2.1 (e):

Ku= Pyge/ & Kue R(K) and f - Kue(R(K))L.
O

Lemma 2.2. Let f € V and let L be the set of least squares solutions to the inverse problem
(1.1). Then, L is non-empty if and only if f € R(K) ® R(K)*.

Proof. Let u € L. It is easy to see that f = Ku + (f — Ku) € R(K) ® R(K)* as the
normal equations are equivalent to f — Ku € R(K)*.
Consider now f € R(K) @ R(K)*. Then there exists u € U and g € R(K)* =
1
(R(K)) such that f = Ku + g and thuSP f R(K Ku—I—P R(E )g—Ku and the

assertion follows from Theorem 2.1 (a). O

Remark 2.4. If the dimensions of i and R(K) are finite, then R(K) is closed, i.e. R(K) =
R(K). Thus, in a finite dimensional setting, there always exists a least squares solution.

It is natural to ask whether there are always least squares solutions. From the above
remark it is clear that we have to look for an example in infinite dimensional spaces. The
answer is negative as we see from the following counter example.

Example 2.1. Let U = ¢,V = (2, where the space £2 is the space of all square summable
sequences, i.e.

o
2
z; € R, Zl‘j < oo}.

Jj=1

2= {{%’j }ien
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It is a Hilbert space with inner product and norm given by

1/2

oo o0
(T, )2 = Z xjy; and |lzf/p = Zx? , respectively.
i=1 =

For more information see, for instance, [4].
Consider the inverse problem Kz = f, where the linear operator K : > — ¢2 is defined

by
517]

J
and the data by f; :== j~1. It is easy to see that K is linear and bounded, i.e. K € L(£2,(?)
and f € (2.

We will show that f € R(K)\ R(K) and thus f € R(K) ® R(K)*. With Lemma 2.2
it follows then that there are no least squares solutions.

First we show that f ¢ R(K) by contradiction. Assume that f € R(K), then there
exists & € % such that Kz = f and thus j_lmj = j~! for all j € N. Therefore, we have
z;=1and z & (2

Next we show that f € R(K). Let {z"}ren C £ be a sequence in £ (each element is
a sequence as well), with

@%ﬁZ{L 7=k

0, 7>k

(Kx); :

It is easy to see that xzF € £2 as it has only finitely many non-negative components. In
addition, we have

and therefore

0o 0o k
If =M= > #="17-3 -0 ask—>x
j=1 j=1

j=k+1
by definition of a convergent series. Therefore, f¥ — f in ¢? and thus f € R(K).

Theorem 2.2. Let f € R(K)®R(K)*. Then there exists a unique minimal norm solution
u' to the inverse problem (1.1) and all least squares solutions are given by {u'} + N(K).

Proof. From Lemma 2.2 we know that there exist least squares solutions and denote any
arbitrary two of them (not necessarily different) by u,v € Y. Then there exist ¢, 9 €
N(K)* and z,y € N(K) such that u = ¢+ and v = 1) + 3. As we noted in Remark 2.2
w and v are least squares solutions as well. With Theorem 2.1 we conclude

K(p—v) = Ko~ K = Py f — Prgf = 0, (2.4)

which shows that ¢ — ¢ € N(K). But as ¢ — ¢ € N(K)* and N(K)NN(K)* =

see that ¢ = 1. Therefore all least squares solutions are of the form {¢p} + N (K).
Moreover, we know that u' is a least squares solution and that uf € N(K)L,

Remark 2.2. Thus we have that uf = ¢, which completes the proof. D

{0} we

Corollary 2.1. The minimal norm solution is the unique solution of the normal equation

in N(K)*
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2.2 Generalised inverse

We have seen that, for arbitrary f € V), a least squares solution does not need to exist if
R(K) is not closed. If, however, a least squares solution exists, then we have shown that
the minimum norm solution is unique. We will see in the following that the minimum norm
solution can be computed via the Moore-Penrose generalised inverse.

Definition 2.2. Let K € L(U,V) and let

denote the restriction of K to N(K)*. The Moore-Penrose inverse KT is defined as the
unique linear extension of K~' to

D(K") = R(K) ® R(K)*

with
N(KT) = R(K)*.

Remark 2.5. Due to the restriction to A'(K)* and R(K) we have that K is injective and
surjective. Hence, K~ is linear and exists and—as a consequence—KT is well-defined on
R(K) and linear.

Moreover, due to the orthogonal decomposition D(KT) = R(K) @ R(K)™*, there exists
for arbitrary f € D(K') elements f; € R(K) and fo € R(K)* with f = fi+ fo. Therefore,

we have
K'f=Kfi+ K\ fo=Kfi=K'fi=K '"Pysf, (2.5)

where we used that fo € R(K)+ = N(KT). Thus, KT is well-defined on the entire domain
D(KT).

Note that, if K is bijective we have that KT = K~!. Moreover, we highlight that the
extension K1 is not necessarily continuous.

Example 2.2. To illustrate the definition of the Moore-Penrose inverse we consider a
simple example in finite dimensions. Let the linear operator K : R? — R? be given by

T
(200 (o
K“(o 0 0) 2 <0>
x3
It is easy to see that R(K) = {f € R? | fo = 0} and N(K) = {z € R® | 2; = 0}. Thus,
N(K)*t = {z € R3| 29,23 = 0}. Therefore, K: N(K)*+ = R(K), given by = +— (221,0) ",
is bijective and its inverse K~': R(K) — N(K)* is given by f — (f1/2,0,0)".

As the orthogonal projection onto R(K) is given by f = (f1, f2) — (f1,0), the Moore-
Penrose inverse of K is KT: R? — R3,

1/2 0 ; f1/2
Ktf=[ 0 o0 < 1> =1 0
0 o) \J2 0

Let us consider data f = (8,1)T ¢ R(K). Then, KTf = K1(8,1)T = (4,0,0)".

It can be shown that KT can be characterized by the Moore-Penrose equations.
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Lemma 2.3. The Moore-Penrose inverse KT satisfies R(KT) = N(K)*+ and the Moore-
Penrose equations

() KKK = K,
(b)) KIKK' = KT,

(c) KIK=1- Pk

f_p
(@) KK = Py o

where Prr(xy and Py RO denote the orthogonal projections on N (K) and R(K), respectively.

Proof. First we prove that R(KT) = N(K)t. Let u € R(KT). Then, there exists a
f e D(K") with u = KT f and according to (2.5) we observe that u = KT f = K~ P K)f

Hence, u € R(K~') = N(K)* and therefore R(KT) € N(K)*+. To prove N(K)+ C
R(KT), let u € N(K)*+ and it holds u = K~ Ku = K Ku. Thus, u € R(KT) showing set
equality.

It remains to prove the Moore-Penrose equations:
(d): For f € D(KT) it follows from (2.5) and K = K on N(K)' that

i 1 1 _
KK'f = KK ' Preyf = KK ' Py f = Pryf-

(¢): According to the definition of KT we have K1 Ku = K—'Ku for all u € U and thus

K'Ku=K ' KPyu+K 'K (I — Pye))u= (I — Pyr))u,
~————

—

=0 =Py (k)L

where we have used Lemma 2.1 (c¢) and the fact that N'(K) is closed.
(b): Inserting (d) into (2.5) yields

K'f=K' Pref = K'KKTf.
(a): With (c) we have
KK'K = K(I — Py(x)) = K — KPy ) = K.
O

The following theorem states that minimum norm solutions can be computed via the
generalised inverse.

Theorem 2.3. For each f € D(K'), the minimal norm solution ul to the inverse problem
(1.1) is given via
ut = KT

Proof. As f € D(KT), we know from Theorem 2.2 that the minimal norm solution u' exists
and is unique. With u! € A(K)*, Lemma 2.3, and Theorem 2.1 we conclude that

= (I — Py’ = K'Kul = KP wqf = K'KK'f=Kf'f.
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As a consequence of Theorem 2.3 and Theorem 2.1, we find that the minimum norm
solution u' of Ku = f is a minimum norm solution of the normal equation (2.3), i.e.

ul = (K*K) K*f.

Thus, in order to compute u! we can equivalently consider finding the minimum norm
solution of the normal equation.

At the end of this section we further want to analyse the domain of the generalised
inverse in more detail. Due to the construction of the Moore-Penrose inverse we have
D(KT) = R(K) ® R(K)*. As orthogonal complements are always closed we can conclude

D(KT) =R(K) @ R(K)* =V,

and hence, D(KT) is dense in V. Thus, if R(K) is closed it follows that D(KT) = V and
on the other hand, D(K') =V implies R(K) is closed.

Moreover, for f € R(K)* = N(K') the minimum norm solution is uf = 0. Therefore,
for given f € R(K), the important question to address is when f also satisfies f € R(K).
If this is the case, KT has to be continuous. However, the existence of a single element
f € R(K) \ R(K) is enough already to prove that KT is discontinuous.

Definition 2.3. Let V and U be Hilbert spaces and consider A:V — U. We call the graph
of A,

gr(A) ={(f,u) eV xU | Af = u},
closed if for any sequence {(f;,uj)}jen with u; = Af;, fj = f €V, and u; — v € U we
have that Af = u.

Theorem 2.4 (Closed graph theorem [14, Proposition 2.14 and Theorem 2.15|). Let V
and U be Hilbert spaces and let A:V — U be a linear mapping with a closed graph. Then
Ae L(V,U).

Theorem 2.5. Let K € L(U,V). Then KT is continuous, i.e. Kt € L(D(KT),U), if and
only if R(K) is closed.

Proof. We will show first that the graph of the Moore-Penrose inverse is closed. To this end,
let {(fj,uj)}jen C gr(KT) be a sequence in the graph of the Moore-Penrose inverse, i.e.
uj = KTfj, and f; — f and u; — u. Then, because of the continuity of K, Lemma 2.3 (d),
and the continuity of the orthogonal projection, we have

Ku= lim Ku; = lim KK'f; = Jim Prgeyfs =
Thus, by Theorem 2.1, u is a least squares solution. As K'f; € N(K)* and N(K)*
is closed, we have u € N(K)* and it follows from the uniqueness of the minimal norm
solution that u = KT f. This shows that the graph of KT is closed.
For the proof of the theorem, assume first that R(K) is closed so that D(KT) = V.
Then, by the closed graph theorem (Theorem 2.4), K tis bounded and therefore continuous.
Conversely, let KT be continuous. As D(KT) is dense in V, there is a unique continuous
extension A of K to V,

Af = lim K'f; for {f;};en C D(KT) with f; — f € V.
J—00

Prmyt-

Now let f € R(K) and let {f;}jen C D(KT) with f; — f. Then, from Lemma 2.3 (d) we
find that
f=Praef = hm Py li = hm KKTf, KAf € R(K)

and thus R(K) = R(K) showing that R(K) is closed. O
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In the next section we are going to discover that the class of compact operators is a
class for which the Moore-Penrose inverses are discontinuous.

2.3 Compact operators

Compact operators are very common in inverse problems. In fact, almost all (linear) inverse
problems involve the inversion of compact operators. Compact operators are defined as
follows.

Definition 2.4. Let K € L(U,V). Then K is said to be compact if the image of a bounded
sequence {u;}jen C U contains a convergent subsequence {Kuj, }reny C V. We denote the
space of compact operators by KC(U, V).

Remark 2.6. We can equivalently define an operator K to be compact if and only if for
any bounded set B, the closure of its image K(B) is compact.

Example 2.3 (Follows from e.g. |17, p. 49]). Let I: U — U be the identity operator on
U, i.e. ur— u. Then I is compact if and only if the dimension of I/ is finite.

Example 2.4 (e.g. [17, p. 286, Proposition 5| or [4, p. 186]). Let K € L(U,V). If the
range of K is finite dimensional, then K is compact.

Example 2.5 ([10, p. 230]). The operator K : ¢ — (* (Kz); = j 'z, from Example 2.1
is compact.

Example 2.6 (|10, p. 231]). Let 0 # Q C R" be compact. Let k € L?(2 x Q) and define
the integral operator K: L?(Q) — L%(Q) with

(Ku)(z) = /Q Kz, y)u(y) dy.

Then, K is compact.

Example 2.7 ([12, p. 38]). Let B := {z € R? | ||z| < 1} denote the unit ball in R? and
Z = [-1,1] x [0,7). Moreover, let 8(p) := (cos(¢),sin(p)) ", 8-(p) = (sin(y), — cos(p))"
be the unit vectors pointing in the direction described by ¢ and orthogonal to it. Then,
the Radon transform/X-ray transform is defined as the operator R: L?(B) — L%*(Z) with

V1—s2

(Ru)(s.9) = |

_mu<30(<,0) + tHL(go)) dt.

It can be shown that the Radon transform is linear and continuous, i.e. R € L(L?*(B), L*(2)),
and even compact, i.e. R € K(L?(B),L?*(2)).

Compact operators can be seen as the infinite dimensional analogue to ill-conditioned
matrices. Indeed it can be seen that compactness is a main source of ill-posedness in infinite
dimensions, confirmed by the following result.

Theorem 2.6. Let K € K(U,V) with an infinite dimensional range. Then, the Moore-
Penrose inverse of K is discontinuous.
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Proof. As the range R(K) is of infinite dimension, we can conclude that ¢/ and N (K)+
are also infinite dimensional. We can therefore find a sequence {u;};en with u; € N'(K)*,
llujlly = 1 and (uj,ug)y = 0 for j # k. Since K is a compact operator the sequence
fj = Kuj has a convergent subsequence, hence, for all § > 0 we can find j, k such that
|lfi — frlly < 0. However, we also obtain

IKTf; — KT fllfy = | KT Kuy — KTKw||Z,
= lluj — welliy = lujllyy — 20w, wedu + lluwlly = 2,

which shows that KT is discontinuous. Here, the second identity follows from Lemma 2.3 (c)
and the fact that u;,ur € N(K)*,. O

To have a better understanding of when we have f € R(K) \ R(K) for compact
operators K, we want to consider the singular value decomposition of compact operators.

2.4 Singular value decomposition of compact operators

We want to characterise the Moore-Penrose inverse of compact operators in terms of a
spectral decomposition. Like in the finite dimensional case of matrices, we can only expect
a spectral decomposition to exist for self-adjoint operators.

Theorem 2.7 ([10, p. 225, Theorem 9.16]). Let U be a Hilbert space and K € K(U,U) be
self-adjoint. Then there exists an orthonormal basis {u;}jen CU of R(K) and a sequence
of eigenvalues {\j}jen C R with |A\i| > [A2| > ... > 0 such that for all w € U we have

o0
Ku = Z A (u, wg )
j=1

The sequence {\;}jen is either finite or we have A\; — 0.

Remark 2.7. The notation in the theorem above only makes sense if the sequence {\;}jen
is infinite. For the case that there are only finitely many ); the sum has to be interpreted
as a finite sum.

Moreover, as the eigenvalues are sorted by absolute value |\;|, we have [|K||zqu) =
|A1].

Due to Theorem 2.1 we can consider K* K instead of K, which brings us to the singular
value decomposition of linear, compact operators.

Theorem 2.8. Let K € K(U,V). Then there exists
(a) a not-necessarily infinite null sequence {oj}jen with o1 > o9 > ... >0,

(b) an orthonormal basis {u;}jen CU of N(K)*,

(¢) an orthonormal basis {v;}jen CV of R(K) with
Kuj =ojvj, K*vj=ojuj, foralljeN. (2.6)
Moreover, for all w € U we have the representation
o0
Kw = Zaj(w,uj>uvj. (2.7)
j=1

The sequence {(oj,uj,vj)} is called singular system or singular value decomposition
(SVD) of K.
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Proof. As K is compact we have that K* K : U — U is compact and self-adjoint. By Theo-
rem 2.7 there exists a decreasing (in terms of absolute values) null sequence {\;}jeny C R\

{0} and an orthonormal basis {u;}jen C U of R(K*K) with K*Ku = 3772, Aj{u, uj)yu;
for all w e U.
Due to
Nj = Nlluslige = Mg, uphu = (K" Kug, ujhy = (Kug, Kug)y = [ Kl > 0

we can define

oji=+/A; and wv;:= aj_lKuj €)Y forall j€N.
Further, we observe
K*v; = aj_lK*Kuj = aj_l)\juj = ojuj,

which proves Equation (2.6).
We also obverse that {v;};en form an orthonormal basis due to

1 1 A 1 ifi=j,
Vi, Vi)y = Ku;, Ku;)y = K 'Ku;,uidy = —(ui, ui)y =
<z ]>V O'io'j< i ]>V O'iO'j< 4 J>U Uio'j< { ]>U {0 clse.

We know that {u;};en is an orthonormal basis of R(K*K') and we want to show that
it is also an orthonormal basis of N(K )L. As made apparent in Remark 2.1, we have
R(K*) = N(K)* and thus it is sufficient to show that R(K*K) = R(K*).

It is clear that R(K*K) = R(K*|g(k)) € R(K*), such that we are left to prove that
R(K*) C R(K*K).

Let u € R(K*) and let £ > 0. Then, there exists f € N(K*)* with [|[K*f —uly < /2.
As N(K*)* = R(K) (again see Remark 2.1), there exists x € U such that |Kz — f||y <
e/ 2l K|l z@,v))- Putting these together we have

K"Kz —ully < [|K*Kz — K fllo + [|1K7F — ull
S NE e 1Kz = flly + | K7f —ullu <€

<e/2 <e/2

which shows that u € R(K*K) and thus also R(K*) C R(K*K).

To show (2.7), observe that we have an orthonormal basis {u;};en of R(K*), which we
can extend to an orthonormal basis V of U. Since U = N(K) @ N (K)* and N(K)* =
R(K*) we need to consider elements from N (K) for the extension.

Then,

Ku = Z(u,quU = Z(u, ujuKu; = Z<U7Uj>u0'jvj

veV JEN jEN
= (u, K vp)yv; = > (Ku,v;)vv;
jEN jeN

The first line shows (2.7) and the second line shows that {v;}en is an orthonormal basis
of R(K).

O
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Remark 2.8. Since Eigenvalues of K* K with Eigenvectors u; are also Eigenvalues of K K*
with Eigenvectors v;, we further obtain a singular value decomposition of K*, i.e.

oo
Kz = Zaj<z,v]~>v Uy -
7=1

A singular system allows us to characterize elements in the range of the operator.

Theorem 2.9. Let K € K(U,V) with singular system {(oj,uj,vj)}jen, and f € R(K).
Then f € R(K) if and only if the Picard criterion

o0 2
3 ‘(vaJé>V| < o (2.8)
j=1 j

1S met.

Proof. Let f € R(K), thus there is a u € U such that Ku = f. It is easy to see that we
have

(fyvp)v = (Ku,vj)y = (u, K*vj)y = 0j{u, uj)y

and therefore

o0
Zofww Sy uhul? < Jlully < oo

=1

Now let the Picard criterion (2.8) hold and define u := 72, 0';1<f, vj)yuj € U. It is
well-defined by the Picard criterion (2.8) and we conclude

o0

M—Zaf%ﬂ% Y {fvihvvj = Prgeyf =

7=1
which shows f € R(K). O

Remark 2.9. The Picard criterion is a condition on the decay of the coefficents (f,v;)y.
As the singular values o; decay to zero as j — oo, the Picard criterion is only met if the
coefficients (f,v;)y decay sufficiently fast.

In case the singular system is given by the Fourier basis, then the coefficents (f,v;)y
are just the Fourier coefficents of f. Therefore, the Picard criterion is a condition on the
decay of the Fourier coeflicients which is equivalent to the smoothness of f.

We can now derive a representation of the Moore-Penrose inverse in terms of the singular
value decomposition.

Theorem 2.10. Let K € K(U,V) with singular system {(cj,vj,u;)}jen and f € D(KT).
Then the Moore-Penrose inverse of K can be written as

Kif= ZU (f,vi)vu; . (2.9)
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Proof. As f € R(K) ® R(K)* there exist u € N(K)* and g € R(K)* such that f =
Ku+ g. As {u;}jen is an orthonormal basis of N'(K)! we have that

o0 o0 [e.9]

U= (u, uj)yuj = g aj (u, ojuj)yu; = E O'J (u, K*vj)yu;
1

3

o0 oo
o; YEKu, Vj)yuj = Za] (f —g,vj)yuj = Za (f,vi)vu;
Jj=1 Jj=1

.
Il
R

where we used for the last equality that g € R(K)* and v; € R(K).
Moreover, in addition to u € A(K)* we have that u satisfies the normal equation

K*Ku—z f,vjyuj Zajf,vjpuj K*f

and is therefore the minimal norm solution to the inverse problem Ku = f (1.1). With
Theorem 2.3 we conclude that u = KTf. O

From representation (2.9) we can see what happens in case of noisy measurements.

Assume we are given [0 = f+ dv; and denote by u' and ug the minimal norm solutions of
Ku= f and Ku = f°. Then we observe

0
lu = wflle = 111 = K37 = 811K sl = — — 00 for j — oo
J
For fixed j we see that the amplification of the error 6 depends on how small o; is. Hence,
the faster the singular values decay, the stronger the amplification of errors. For that
reason, one distinguishes between two classes of ill-posed problems:

Definition 2.5. We say that an ill-posed inverse problem (1.1) is severely ill-posed if the
singular values decay as o; = O(exp(—j)), where the “Big-O-notation” means that there
exists jo and ¢ > 0 such that for all j > jo there is 0; < cexp(—j). We call the ill-posed
inwverse problem mildly ill-posed if it is not severely ill-posed.

Example 2.8. Let us consider the example of differentiation again, as introduced in Sec-
tion 1.1.2. The operator K: L?([0,1]) — L?([0,1]) of the inverse problem (1.1) of differen-

tiation is given as
Y 1
(Ku)w) = [ u(e)dz = [ kg)ute) ds
0 0

with k: [0,1] x [0,1] — R defined as

k(z,y) :== {1 TSy :

0 else

This is a special case of the integral operators as introduced in Example 2.6 due to its
kernel k being square integrable and thus K is compact.

In order to compute the singular value decomposition of K we compute its adjoint K*
first, which is characterised via

(Ku,v) 20,17y = (U K*0) p2([0,1)) -
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Hence, we obtain

Koy = [ [ Memn@ = [ o) [ s .

Hence, the adjoint operator K* is given via

1 1
(K*v)(96)=/O k(m,y)v(y)dy=/ v(y)dy. (2.10)

Now we want to compute the Eigenvalues and Eigenvectors of K*K, i.e. we look for A > 0

and u € L*([0,1]) with
Au(z) = (K*Ku)( / / z)dzdy.

We immediately observe u(1) = 0 and further

=L [ [t [ urae

from which we conclude u/(0) = 0. Taking the derivative another time thus yields the
ordinary differential equation

A (z) +u(x) =0,

for which solutions are of the form

u(z) = ¢ sin(o1z) + ey cos(o 71 x),

with ¢ := /A and constants c;,co. In order to satisfy the boundary conditions u(1) =
c1sin(c™!) + cacos(c™!) = 0 and v/ (0) = ¢; = 0, we chose ¢; = 0 and o such that
cos(c~1) = 0. Hence, we have

oj = for j € N,

(2 = Dm

and by choosing ¢y = v/2 we obtain the following normalised representation of uj:

o) =i (1 ) me)

According to (2.6) we further obtain

0i(x) = 07 (Kuy) () = (j - ;) ﬂ/ﬂxﬂcos ((; _ ;) 7ry> dy = V3sin ((j - ;) 7ra:> ,

and hence, for f € L%([0,1]) the Picard criterion becomes

2§aj2 (/01 f(@)sin (o7 '2) dx>2 < oo,

Thus, the Picard criterion holds if f is differentiable and f’ € L%(]0,1]).
From the decay of the singular values we see that this inverse problem is mildly ill-posed.
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Regularisation

We have seen in the previous section that the major source of ill-posedness of inverse
problems of the type (1.1) is a fast decay of the singular values of K. An idea to overcome
this issue is to define approximations of KT in the following fashion. Consider the family
of operators

Raof == galo))(f,v5)v u;, (3.1)

Jj=1

with functions g, : Rso — R>( that converge to 1/0; as o converges to zero. We are going
to see that such an operator R, is what is called a regularisation (of K T), if g, is bounded,
ie.

Jga(0) < O, for all o € Ryy. (3.2)

In case (3.2) holds true, we immediately observe

| Ra f||u —Zga o) f’UJ>V|2 < C2Z| frv5) Wwi? < C2Hf||Va

7j=1 7=1
which means that C,, is a bound for the norm of R, and thus R, € L(V,U).

Example 3.1 (Truncated singular value decomposition). As a first example for a spectral
regularisation of the form (3.1) we want to consider the so-called truncated singular value
decomposition. As the name suggests, the idea is to discard all singular values below a
certain threshold «

ga(0) = {

Note that for all ¢ > 0 we naturally obtain lim,_,0 go(0) = 1/0. Equation (3.1) then reads
as

(3.3)

N IV

(o2 o
o «

O Q=

af Z f: U] V Uj, (34)

0']>o¢

for all f € V. Note that (3.4) is always well-defined (i.e. finite) for o« > 0 as zero is the only
accumulation point of singular vectors of compact operators. From (3.3) we immediately
observe gq (o) < 1/a so that [|Rallz@,v) < 1/c

27
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Figure 3.1: Visualization of reconstruction from noisy data. While the Moore-Penrose inverse re-
constructs optimally from noiseless data, its noise amplification renders it useless when small errors
are present in the data. A regularisation operator gives a robust solution while still approximating
the Moore—Penrose inverse.

Example 3.2 (Tikhonov regularisation). The main idea behind Tikhonov regularisation®
is to shift the singular values of K*K by a constant factor, which will be associated with
the regularisation parameter . This shift can be realised via the function

o

galo) = 2 ta (3.5)
Again, we immediately observe that for all o > 0 we have lim,_ go(0) = 1/0. Further,
we can estimate g, (o) < 1/(2y/a) due to 0 + a > 2\/ac. The corresponding Tikhonov
regularisation (3.1) reads as

Raf =3 52— (fooshvu. (3.6)
j=1

2
o +
After getting an intuition about regularisation of the form (3.1) via examples, we want

to define what a regularisation actually is, and what properties come along with it.

Definition 3.1. Let K € L(U,V) be a bounded operator. A family {Ra}a>0 of continuous
operators is called regularisation (or regularisation operator) of KT if

Rof — KVf =4
for all f € D(KT) as o — 0.

Definition 3.2. We further call { Ry }a>0 a linear regularisation, if Definition 3.1 is sat-
isfied together with the additional assumption

R, € L(V,U),
for all o € Ryy.

Hence, a regularisation is a pointwise approximation of the Moore—Penrose inverse
with continuous operators, see Figure 3.1 for an illustration. As in the interesting cases
the Moore—Penrose inverse may not be continuous we cannot expect that the norms of a
regularisation stay bounded as a — 0. This is confirmed by the following results.

!'Named after the Russian mathematician Andrey Nikolayevich Tikhonov (30 October 1906 - 7 October
1993)
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Theorem 3.1 (Banach—Steinhaus e.g. [4, p. 78|, [17, p. 173]). Let U,V be Hilbert spaces
and {Kj}jen C L(U,V) a family of point-wise bounded operators, i.e. for all w € U there
exists a constant C(u) > 0 with sup,cy [|[Kjully < C(u). Then

sup || K| caa,vy < 00
jEN

Corollary 3.1 ([17, p. 174]). Let U,V be Hilbert spaces and {K;}jen C LU, V). Then
the following two conditions are equivalent:

(a) There exists K € L(U,V) such that

Ku= lim Kju forallucl.

Jj—00
(b) There is a dense subset X C U such that lim;_,o Kju exists for all w € X and

sup || K| z@,vy < 0.
jeN

Theorem 3.2. Let U, V be Hilbert spaces, K € LIU,V) and {Ra}a>0 a linear regularisa-
tion as defined in Definition 8.2. If KT is not continuous, {Ra}a>0 cannot be uniformly
bounded. In particular this implies the existence of an element f € V with ||Rafl|lu — o0
for a — 0.

Proof. We prove the theorem by contradiction and assume that {R,}q>0 is uniformly
bounded. Hence, there exists a constant C' with ||Rallzve) < C for all a > 0. Due to
Definition 3.1, we have R, — KT on D(KT). Corollary 3.1 then already implies KT €
L(V,U), which is a contradiction to the assumption that K t is not continuous.

It remains to show the existence of the element f € V with ||Ry f|[zx — oo for a — 0.
If such an element would not exist, we could conclude {Rq}a>0 C L(V,U). However,
Theorem 3.1 then implies that { R4 }a>0 has to be uniformly bounded, which contradicts
the first part of the proof. O

With the additional assumption that || K Ra||z(v,y) is bounded, we can even show that
R f diverges for all f ¢ D(KT).

Theorem 3.3. Let K € L(U,V) and {Ry}a>0 be a linear reqularisation of KT, and define
Ug = Rof. If

sup || K Ra || £y, < 00,
a>0

then ||uql|lyy — oo for f & D(KT).

Proof. The convergence in case of f € D(KT) simply follows from Definition 3.1. We
therefore only need to consider the case f ¢ D(KT). We assume that there exists a sequence
ar — 0 such that |lug, |l is uniformly bounded. Then there exists a weakly convergent
subsequence uq, Wwith some limit u € U, cf. [9, Section 2.2, Theorem 2.1]. As continuous
linear operators are also weakly continuous, we further have K Uay, — Ku. However, as
KR, are uniformly bounded operators, we also conclude K Uey, = K Rakl f—= PW f for

all f € V (and not just f € D(KT)), because of Corollary 3.1. Hence, we further conclude
f € R(K) and therefore f € D(KT) in contradiction to the assumption f ¢ D(KT). O
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A , --- data error
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Figure 3.2: The total error between a regularised solution and the minimal norm solution decom-
poses into the data error and the approrimation error. These two errors have opposing trends: For
a small regularisation parameter « the error in the data gets amplified through the ill-posedness
of the problem and for large « the operator R, is a poor approximation of the Moore—Penrose
inverse.

Usually we cannot expect f € D(KT) for most applications, due to measurement and
modelling errors. However, we assume that there exists f € D(KT) such that we have

Ir-r, <5

for measured data f0 € V. For linear regularisations we can split the total error between
the regularised solution of the noisy problem R, f° and the minimal norm solution of the
noise-free problem uf = KTf as

1R f® = ulll < |Raf® = Rafllu + | Raf — u'[lu

< O|Rallcovany + | Raf — KT fllu - (3.7)
data error approximation error

The first term of (3.7) is the data error; this term unfortunately does not stay bounded
for « — 0, which we can conclude from Theorem 3.2. The second term, known as the
approzimation error, however vanishes for a — 0, due to the pointwise convergence of R,
to KT. Hence it becomes evident from (3.7) that a good choice of o depends on §, and
needs to be chosen such that the approximation error becomes as small as possible, whilst
the data error is being kept at bay. See Figure 3.2 for a visualisation of this situation. In
the following we are going to discuss typical strategies for choosing « appropriately.

3.1 Parameter-choice strategies

In this section we want to discuss three standard rules for the choice of the regularisation
parameter o and whether they lead to (convergent) regularisation methods.
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Definition 3.3. A function a: Rsg x V — Rsg, (6, f0) — (6, f°) is called parameter
choice rule. We distinguish between

(a) a-priori parameter choice rules, if they depend on § only;
(b) a-posteriori parameter choice rules, if they depend on ¢ and f9;
(¢) heuristic parameter choice rules, if they depend on 19 only.
In case of (a) or (c) we would simply write «(d), respectively a(f?), instead of a(d, f?).

Definition 3.4. If {Ry}as0 is a reqularisation of KT and a is a parameter choice rule,
then the pair (Ry, ) is called convergent regularisation, if for all f € D(KT) there ewists
a parameter choice Tule o : Rsg x V — Ry such that

o {1, [ v r],<sh0 o

and

. 1) 9
limsup {a(6,/) | /7 €V,

f-£| <d}=o0 (3.9)

are guaranteed.

3.1.1 A-priori parameter choice rules

First of all we want to discuss a-priori parameter choice rules in more detail. In fact, it
can be shown that for every regularisation an a-priori parameter choice rule, and thus, a
convergent regularisation, exists.

Theorem 3.4. Let {Ra}as0 be a regularisation of KT, for K € L(U,V). Then there exists
an a-priori parameter choice rule, such that (Ry, ) is a convergent regularisation.

Proof. Let f € D(K') be arbitrary but fixed. We can find a monotone increasing function
v : Rsp — Ry with lim._,oy(g) = 0 such that for every e > 0 we have

Jros-s], =

due to the pointwise convergence R, — K.
As the operator R, is continuous for fixed ¢, there exists p(e) > 0 with

€ .
1R09 = Ry fll, < 5 forall g € V with [lg — flly, < p(e).

Without loss of generality we can assume p to be a continuous, strictly monotone increasing
function with lim._,o p(¢) = 0. Then, due to the inverse function theorem there exists a
strictly monotone and continuous function p~! on R(p) with lims o p~1(6) = 0. We
continuously extend p~! on Ry and define our a-priori strategy as

a:Rsg—Rag, 6—=7(p7'(9)).

Then lims_,g a(d) = 0 follows. Furthermore, there exists 0 := p(e) for all € > 0, such that
with a(d) = y(e)

HRQ(‘F)JMs N KTfHu = HRV(E)JC& B RV(E)fHu * HRV(E)“f B KTfHu =€

follows for all fo € V with ||f — f°|ly < 6. Thus, (Ra,a) is a convergent regularisation
method. O
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For linear regularisations we can characterise a-priori parameter choice strategies that
lead to convergent regularisation methods via the following theorem.

Theorem 3.5. Let {Ru}a>0 be a linear regularisation, and o : Rsg — Rsg an a-priori
parameter choice rule. Then (Rq,«) is a convergent reqularisation method if and only if

(a) lims_o a(d) =0
(6) lims_s0 6| Rags)llcvza) = 0

Proof. «<: Let condition a) and b) be fulfilled. From (3.7) we then observe
| R f? = K'f| = 0 for 6 0.

Hence, (R,,«) is a convergent regularisation method.

=: Now let (Ra,«) be a convergent regularisation method. We prove that conditions 1
and 2 have to follow from this by showing that violation of either one of them leads to
a contradiction to (R,,«) being a convergent regularisation method. If condition a) is
violated, (3.9) is violated and hence, (R4, @) is not a convergent regularisation method. If
condition a) is fulfilled but condition b) is violated, there exists a null sequence {d }ren
with 0x||Raes)llcovgy = C > 0, and hence, we can find a sequence {gx}reny C V with
lgrlly = 1 and 0x||Ras,) 9k llee > C for some C. Let f € D(K') be arbitrary and define
fr := f + Oxgr. Then we have on the one hand || f — fx|ly < dk, but on the other hand the
norm of

Rosofr — KT f = Ros f — KU f + 0k Rogs,)9r

cannot converge to zero, as the second term 0 Ry (s, gk is bounded from below by con-
struction. Hence, (3.8) is violated for fo = gp and thus, (R4, ) is not a convergent
regularisation method. O

3.1.2 A-posteriori parameter choice rules

In the following sections we are going to see that Theorem 3.5 basically means that a/(d)
cannot converge too quickly to zero in relation to §; typical parameter choice strategies will
be of the form «(d) = dP. However, finding an optimal choice of p often requires additional
information about u', for instance in terms of source conditions that we are going to discuss
in Section 3.2.4. A-posteriori parameter choice rules have the advantage that they do not
require this additional information. The basic idea is as follows. We again have f € D(KT)
and f9 with ||f — f°||y < 6, and now consider the residual between f° and u, := Raf?,
ie.

1Ko — flv.

If we assume that u! is the minimal norm solution and f is given via f = Kul, we
immediately observe that u! satisfies

IKut — Pl =1f = fllv=06.

Hence, it appears not to be useful to choose a(d, f°) with [ K ug s, p5) — f2lly < 8, which
motivates Morozov’s discrepany principle.
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Definition 3.5 (Morozov’s discrepancy principle). Let a8, f0) be chosen such that
o8, f0) = sup{a > 0| |KRaf° — f°|ly < nd}

is satisfied, for given &, f°, and a fived constant n > 1. Then Ug(5,55) = Ra((g’fé)fd 1s said
to satisfy Morozov’s discrepancy principle.

Remark 3.1. It is important to point out that the condition may never be fulfilled, as is
the case for f € R(K)*. Following Lemma 2.3 (d), even for exact data fo = f we observe

IKu® = fllv = |KKYf = flv = | Prgey f = Fllv = [ fllv >

in this case, for § being small enough. In order to avoid this scenario, we ideally ensure
that R(K) is dense in V, as this already implies R(K)* = {0} due to Remark 2.1.

Practical a-posteriori regularisation strategies are usually designed as follows. We pick
a null sequence {a;}jen and iteratively compute uq; = R%.f‘s for j e {1,...,5°}, j* €N,
until uq . satisfies Morozov’s discrepancy principle. This procedure is justified by the
following theorem.

Theorem 3.6. Let {R,}a>0 be a linear regularisation of K € L(U,V) and {K Ry }a>0 be
uniformly bounded. Moreover, let R(K) be dense in'V, f € V, and let {a;}jen be a null
sequence. Then, for all 6 > 0 there exists a finite index 7* € N such that the inequalities

[Kua,. — fllv <6 <|Kua; — flv
are satisfied for all j < j*.

Proof. As R(K) is dense in V we have that D(KT) = V. We know that KR, converges

pointwise to KK = PW in D(KT), which together with the uniform boundedness

assumption already implies pointwise convergence in V, as we have already shown in the
proof of Theorem 3.2. Hence, for all f € V we can conclude

lim | Kuq = flly = lim | KRaf = fllv = | Prgeyf = 1] =
O
We want to conclude the discussion of parameter choice strategies by investigating
heuristic regularisation methods.
3.1.3 Heuristic parameter choice rules

Heuristic parameter choice rules do not require knowledge of the noise level §, which makes
them popular strategies in practice. In the following we give three examples of popular
heuristic parameter choice rules.

Quasi-optimality principle For the first n elements of a null sequence, i.e. {a;}je(1,..n};
we choose a(f?) = a;« with

j* = arg min ||uaj+1 — Uq; [
1<j<n

Hanke-Raus rule The parameter o(f?) is chosen via

a(f’) = arg min \fHKua —Plv.
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L-curve method The parameter o(f?) is chosen via

a(f?) = arg min |Jua[lu| Kua = f°]|v-
a>0

Despite their popularity and the fact that they do not require any knowledge about §,
heuristic parameter choice rules have one significant theoretical disadvantage. While any
regularisation can be equipped with an a-priori parameter choice rule to form a convergent
regularisation as seen in Theorem 3.4, heuristic parameter choice rules cannot lead to
convergent regularisations, a result that has become famous as the so-called Bakushinskii
veto [2].

Theorem 3.7. Let K € L(U,V) with R(K) # R(K). Then for any regularisation
{RaYa>0 and any heuristic parameter choice rule o f?) the pair ({Ra}, ) is not a con-
vergent regularisation.

Proof. Assume that ({R,}, ) is a convergent regularisation method and that the param-
eter choice rule is heurstic, i.e. @ = a(f%). Then it follows from (3.8) that

limsup{HRa(fa)f‘s—KTfHu ‘f‘SEV, f—f(sHVS(S}:O

6—0
and in particular R, ) f = KTf for all f € D(KT). Thus, for any sequence {fi}jen C
D(KT) which converges to f € D(K') we have that

lim K'f; = li V=K1
Jim Kfj = lim R fi = K'f
which shows that KT is continuous. It follows from Theorem 2.5 that the range of K is
closed, which contradicts the assumption. O

Remark 3.2. We want to point out that Theorem 3.7 does not automatically make any
heuristic parameter choice rule useless, for two reasons. Firstly, because Theorem 3.7
applies to infinite dimensional problems. Hence, discretised, ill-conditioned problems can
still benefit from heuristic parameter choice rules. Secondly, the proof of Theorem 3.7
explicitly uses perturbed data f; € D(K ) to show the contradiction. For actual perturbed
data f0 however, it is quite unusual that they will satisfy f° € D(KT). It can indeed be
shown that, under the additional assumption f? ¢ D(KT), a lot of regularisation strategies
together with a whole class of heuristic parameter choice strategies can be turned into
convergent regularisations.

3.2 Spectral regularisation methods

Now we revisit (3.1) and finally prove that these methods are regularisation methods for
piecewise continuous functions g, satisfying (3.2).

Theorem 3.8. Let g, : Ryg — R be a piecewise continuous function satisfying (3.2),

limg 0 ga(0) = % and

supoga(o) <7, (3.10)

a,o

for some constant v > 0. If R, is defined as in (3.1), we have
Rof - K'f as a— 0,

for all f € D(KT).
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Proof. From the singular value decomposition of KT and the definition of R, we obtain
o 1 o
Rof —K'f =" (ga(Uj) - ) (fopvuy =Y (059a(0) — 1) (ul, ug)u ;.
j=1 J j=1

From (3.10) we can conclude

|(@39a(03) = 1) (ul wihue| < (1) ul
and hence, each element of the sum stays bounded. Thus, we can also estimate
o 2 e 2
|Raf = KT FIE = 3 Iosga(ey) = 12 [l uidu| < (1402 |l
=1 j=1
= L+ 7l < o0

and conclude that || Ry f — KT f|y is bounded from above. This allows the application of
the reverse Fatou lemma, which yields the estimate

2 o0
lim sup HRaf - KTfH < limsupz l0jga(oj) — 112 ‘(UT,uﬁu
a—0 u a—0 j=1
e | . 2y 2
< i . ) .
> Zl algbajga(aj) ‘ ‘<u ’uJ>U’
J:

Due to the pointwise convergence of go(c;) to 1/0; we obtain lim,—,00jga(c;) —1 = 0.
Hence, we have HRaf — KTfHu — 0 for a — 0 for all f € D(KT). O

Proposition 3.1. Let the same assumptions hold as in Theorem 3.8. Further, let a be an
a-priori parameter choice rule. Then (Rq(s), (0)) is a convergent regularisation method if

%1_1% 6Cq5) =0

s quaranteed.

Proof. The result follows immediately from ||Ry5)llzvu) < Ca(s) and Theorem 3.5. [

3.2.1 Convergence rates

Knowing that spectral regularisation methods of the form (3.1) together with (3.2) repre-
sent convergent regularisation methods, we now want to understand how the error in the
data propagates to the error in the reconstruction.

Theorem 3.9. Let the same assumptions hold for g, as in Theorem 3.8. If we define
Ug := Rof and ul := Ry f?, with f € D(K'), fO €V and ||f — f°||y <6, then

| Ko — Kully < 79, (3.11)
and

u < Cod (3.12)

0
[ua = uq |

hold true.
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Proof. From the singular value decomposition we can estimate

oo
| Ko — K| < S 02ga(0)21(f — £, 0wl
j=1

<Y K= ool =20 = IS < A2

J=1

which yields (3.11). In the same fashion we can estimate
e — ug i < Zga () 1(f = £, 0wl
oo
Z (f = fruvl? = CallF = £IR < Cao?,

to obtain (3.12). O

Remark 3.3. At first glance (3.12) gives the impression as if the error in the reconstruction
is also of order §. This, however, is not the case, as C, also depends on 9§, as we have seen
in Proposition 3.1. The condition lims_,o dC, = 0 will in particular force C, to decay more
quickly than 6. Hence, C,d will be of order 4%, with 0 < v < 1.

Combining the assertions of Theorem 3.8, Proposition 3.1 and Theorem 3.9, we obtain
the following convergence results of the regularised solutions.

Proposition 3.2. Let the assumptions of Theorem 3.8, Proposition 3.1 and Theorem 3.9
hold true. Then,

ua((g) — UT

is guaranteed as § — 0.

3.2.2 Truncated singular value decomposition

As a first example for a spectral regularisation of the form (3.1) we have considered the
so-called truncated singular value decomposition in Example 3.1. From (3.3) we imme-
diately observe gq(0) < Cy = 1/a. Thus, according to Proposition 3.1 the truncated
singular value decomposition, together with an a-priori parameter choice strategy satisfy-
ing lims_,g (d) = 0, is a convergent regularisation method if lims_, 0 /() = 0.

Moreover, we observe sup, , 0ga(0) = v = 1 and hence, we obtain the error estimates
| K — Kul|ly <6 and |Jug — ud |l < 5/a(5) as a consequence of Theorem 3.9.

Let K € KK(U,V) with singular system {0}, u;,v;)}jen, and choose for § > 0 an index
function j* : Rso — N with j%(0) — oo for § — 0 and lims06/0;+5 = 0. We can
then choose a(§) = 0j+(5) as our a-priori parameter choice rule to obtaln a convergent
regularisation.

Note that in practice a larger § implies that more and more singular values have to be
cut off in order to guarantee a stable recovery that successfully suppresses the data error.
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3.2.3 Tikhonov regularisation

The second example we were considering was Tikhonov regularisation in Example 3.2,
where we have shifted the singular values of K*K by a constant factor, which will be
associated with the regularisation parameter a.

In case of g, as defined in (3.5) we observe lim,—0gq(0) = 1/0 for ¢ > 0. Further,
we can estimate g, (0) < 1/(2y/a) = C, due to 0% + a > 2\/ac. Moreover, we discover
0ga(0) = 0%/(0? +a) <1 =: v for a > 0. Consequently, we have to ensure 6/(2\/a(d)) —
0 for & — 0 to obtain a convergent regularisation, and in that case get the estimates
Ko — Kud|ly < 6 and |Juq — ul |l < §/(24/a(6)). Thus, equipping Rqs) for instance
with the a-priori parameter choice rule «(d) = 6/4 will lead to a convergent regularisation
for which we have [juq — ud [lyy = O(V3).

Note that Tikhonov regularisation can be computed without knowledge of the singular
system. Considering the equation (K*K 4 al)u, in terms of the singular value decompo-
sition, we observe

v K* Ku; + Vidp Ui
ZU +a f ]V J Zl + <f J>V J
- =0;v; J
———
:U?Uj
. 0 cr —I—a s
Z foopvu; = oi(f,v)yu; = K*f.
7j=1 7j=1

Hence, the Tikhonov-regularised solution u, can be obtained by solving
(K*K +al)u, = K*f (3.13)

for uq. The advantage in computing u, via (3.13) is that its computation does not require
the singular value decomposition of K, but only involves the inversion of a linear, well-posed
operator equation with a symmetric, positive definite operator.

3.2.4 Source-conditions

Before we continue to investigate other examples of regularisations we want to briefly
address the question of the convergence speed of a regularisation method. From Theorem
3.9 we have already obtained a convergence rate result; however, with additional regularity
assumptions on the (unknown) minimal norm solution we are able to improve those. The
regularity assumptions that we want to consider are known as source conditions, and are
of the form

Jweld : ul = (K*K) w. (3.14)

The power u > 0 of the operator is understood in the sense of the consider the u-th power
of the singular values of the operator K*K, i.e.

o0
* 2
(K K)w =3 0w, g
j=1

Example 3.3 (Differentiation). We want to take a look at what (3.14) actually means
in the case of a specific example. We therefore again consider the inverse problem of
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differentiation, i.e.

In case of u =1 (3.14) reads as

uT(a:):/:/wa(z)dzdy.

due to (2.10). Hence, (3.14) does simply imply that u has to be twice weakly differentiable.
It becomes even more obvious if we look at twice differentiable u!. In that case applying
the Leibniz differentiation rule for parameter integrals leaves us with

(uh)"(z) = ~w(2).

Hence, any twice differentiable u' automatically satisfies the source condition (3.14) for

w=1
Similar results follow for different choices of y € N.

The rate of convergence of a regularisation scheme to the minimal norm solution now
depends on the specific choice of g,. We assume that g, satisfies

0 |0ga(0) 1] < w,(a).

for all ¢ > 0. In case of the truncated singular value decomposition we would for instance
have wy, (o) = a*. With this additional assumption, we can improve the estimate in
Theorem 3.8 as follows:

1Raf = K13 <D lojgalog) — 1P ¢ul, ujhul?
j=1

Hence, we have obtained the estimate
lua = ul o < wpul@)lfwlle -
Together with (3.7) we can further estimate
ltags) = ulllu < wu(a)lwlle + Cad. (3.15)

Example 3.4. In case of the truncated singular value decomposition we know from Section
3.2.2 that C, = 1/a, and we can further conclude w,(a) = a®*. Hence, (3.15) simplifies
to

luags) = ulllu < @ wlly + 5o~ (3.16)

in this case. In order to make the right-hand-side of (3.16) as small as possible, we have

to choose « such that
1
< 1) ) 2p+1
a=——— )
2pfwlles
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With this choice of o we estimate

., R 5w
lutas) — ul o < 21520 w2 5205 [l
<2 <1

2 2 : 1
< 2575wl

2
It is important to note that no matter how large p is, the rate of convergence 57T will
always be slower than §, due to the ill-posedness of the inversion of K.
3.2.5 Asymptotic regularisation
Another form of regularisation is asymptotic regularisation of the form

duu(t) = K* (f — Kul(t))

4(0) = 0 . (3.17)

As the linear operator K does not change with respect to the time ¢, we can make the
Ansatz of writing u(t) in terms of the singular value decomposition of K as

u(t) =Y (b, (3.18)
j=1

for some function y : R — R. From the initial conditions we immediately observe v(0) = 0.
From the singular value decomposition and (3.17) we further see

;%‘(t)w = j;dj (fovi)y — oy (t) (uguidu | uj.

=llu;7=1
Hence, by equating the coefficients we get
Vi(t) = o (f,v5)v — o3;(t)

and together with v;(0) we obtain

5 (t) = (1 - 6’_0]%) {(fivi)v

1
9j
as a solution for all j and hence, (3.18) reads as
> 2.\ 1
— _ ety ; .
u(t) = Z (1 e 7 ) o (f,vj)vu;.
7j=1
If we substitute ¢ = 1/a, we obtain the regularisation

o0 2
RAW!
ta =) <1_€ OZ) —(fovgdvuy
J

Jj=1

o2
with go(0) = <1 - e_a> 1 We immediately see that go(c)o < 1 =: 4, and due to

o2

62
e® > 1+ x we further observe 1 —e~'a < 0%/« and therefore (1 —e™ o )/o < max;o;/a =
or/a =Kl uy/a=:Ca.
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3.2.6 Landweber iteration

If we approximate (3.17) via a forward finite-difference discretisation, we end up with the
iterative procedure

k+1 k

woTw g (f—Kuk), (3.19)
-
& uf = oF 4 7 K* (ffKuk),
& uk+1:(I—TK*K)uk+TK*f,

for some 7 > 0 and u® = 0. Iteration (3.19) is known as the so-called Landweber iteration.
We assume f € D(KT) first, and with the singular value decomposition of K and K* we
obtain

o0
Z(ukH Duuj = Z < (1- TU uk, uj)y + 10 (f, Uj>v> u; (3.20)
=1 =1

and hence, by equating the individual summands

<uk+1,uj)u = (1 - 7‘0?-) (uk,uj>u + 10 (f,vj)v. (3.21)

Assuming 4 = 0, summing up equation (3.21) yields

e

(¥ uj)y = Toi(foy Y (1—T03)F " (3.22)
=1

The following Lemma will help us simplifying (3.22).

Lemma 3.1. For k € N\ {1} we have

k 1—(1—7’02)k

d-rot)iis (3.23)

; To2
=1
Proof. Equation (3.23) can simply be verified via induction. We immediately see that

3 2
Z(l - 7‘72)2%’ =14+(1—- 7'02) = 1 - (1—270% +7%0") _ 1- (1 — 7'02)

, 702 702
=1

serves as as our induction base. Considering k — k + 1, we observe

k+1
Z(l k:+1 1_1_1_2 k‘-i—l —1
i=1
k
—1—1—(1—7'0)2(1—7‘0)’“’
i=1
1—(1—-70?
=14+ (1—-710%) ( 270)
TO
1_(1_7_U)k+1
T02 ’

and we are done. O
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If we now insert (3.23) into (3.22) we therefore obtain
1
(W g = (1= (1= 703)) (0. (3.24)
J

The important consequence of Equation (3.24) is that we now immediately see that (u¥, u )y —
(uf, u;)y if we ensure (1 — TUJZ-)k — 0. In other words, we need to choose 7 such that
11— 7'0'?’ < 1 (respectively 0 < 7o; < 2) for all j. As in the case of asymptotic regularisa-

tion we exploit that o1 = ||K||zq,y) > o for all j and select 7 such that

0<71< (3.25)

1K1 g
is satisfied. If we interpret the iteration number as the regularisation parameter o := 1/k,
we obtain the regularisation method

Q=

ua:Raf:i(l—(l—TU?)

Jj=1

) (e

with go(0) = (1 —(1- 7'02)§> Jo.

Landweber Iteration & the discrepancy principle

To conclude this section on the Landweber iteration we want to prove convergence rates
given ul satisfies a source condition. We further want to demonstrate that Landweber
iteration in combination with the a-posteriori parameter choice rule defined in Definition
3.5 is a sensible strategy that ensures u¥ — u' as long as the discrepancy principle is
violated. Following the introduction of the source condition in Section 3.2.4, we want to
assume a source condition similar (3.14) for u = 1/2, i.e. there exists a w € V such that

ul = K*w (3.26)

is satisfied. Under that additional assumption we can conclude the following convergence
rate in the case of noise-free data f = f.

Lemma 3.2. Let (3.26) be satisfied. Then the Landweber iterates (3.19) satisfy

o~ =0 () =0 (va)

for f = Kul.

Proof. We start proving this statement by showing that the inner product of u* — ut with
a singular vector u; simplifies to
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with the second equality following from Equation (3.24). As our next step, we want to find
an upper bound for 7(c;). We therefore analyse the concave function r(c) = o(1 — 702)*
by computing its first derivative, setting it to zero and inserting the resulting argument

that maximises r. This yields
( ok )’“ .
2k+1
max r(o) <

o T Tkt D) TR+ D)

for k € N. Hence, we obtain the estimate

[{w, uj)ul

T2k + 1)

‘(uk — uT,uj>u‘ <

and consequently

vz lwllu
jz;‘<w’u]>U| - \/m

O]

Juh — ulfy =

> 1
TR R T L
Sl £ s

Together with the stepsize-constraint (3.25) we can further conclude convergence of the
iterates to a least squares solution.

Lemma 3.3. Let (3.25) be satisfied. Then the iterates (3.19) satisfy
Kbt — flly < | Ku* = fllv,

for f = Kul and all k € N, where equality only holds if u* already satisfies the normal
equation (2.3).

Proof. We easily estimate

[Ku* = fI5 = | K(I = TK*K)u® — (I = 7K*) |3
= | Ku* — f — 7KK (Ku* = )]}
= [ = fII} - 2 (K (Ku* — ), K*(Ku® — ) + 7| KK (Ku* = )]}
= K = f 7 (e ek — 1)} — 205 (K — ))

< ||[Kub = fI} + 7| K (Ku* — f)])3 (THKHi(u,w - 2)

<0
< [|Eu* — fII5

which proves the statement. O

Lemma 3.2 and Lemma 3.3 allow us to conclude the following proposition.

Proposition 3.3. The Landweber iteration is a linear reqularisation in the sense of Defi-
nition 3.2.

In order to show that the Landweber iteration (3.19) in combination with Morozov’s
discrepancy principle is also a convergent regularisation, we obviously have to look at the
case of noisy data f0 with ||f® — f|ly < 6 for f = Ku'. We denote the solution of (3.19)
in case of noisy data f° as u’g for all k£ € N and obtain the following estimate for the norm
between u’g and uf.
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Lemma 3.4. Let (3.26) be satisfied. Then the Landweber iterates (3.19) satisfy

[[wlles

T (3.27)

g — T lloe < TR | 20wy +

for k € N\ {1}, f = Kul, f* €V and ||f° — f|lv < 6.

Proof. Similar to the proof of Lemma 3.2 we consider the inner product between ulg —auf
and a singular vector u;, which yields

(s —utughe = 2 (1= (1= 702 (70w = (o))

g3
Sl (T CEE L R A N R T

gj
Hence, for k > 1 we can use (3.23) to estimate
1 k .
o (1= =rah) [ = fovv| = 7o > (1= (7= fuv|
< hoy |(f7 = fovihv| < Thor |(F = fui|
Together with the result from Lemma 3.2 we conclude

[[w]les

VT(2k—=1)

luy — ullle < 7RSI K || vy +

O]

Note that the decrease of the residual in Lemma 3.3 holds true for all f € V. As we
obviously do not want to iterate until infinity — this would blow up the data error in (3.27)
— this decrease together with the stepsize-constraint (3.25) motivates the use of

[ K ttgs. 5y — £ollv < nd (3.28)

as a stopping criterion. The following lemma shows that with (3.19) we indeed minimise
the difference between ulg and u' (in terms of the &/ norm) as long as (3.28) is violated.

Lemma 3.5. Let (3.25) be satisfied. Then the iterates of (3.19) satisfy

g ™ = wtleg < [lusg — 'l

for k < k*, f = Kul and fo € V with ||f® — f|lv < 8. Here, k* satisfies the discrepancy
principle (3.28) forn =2/(2 — THKH%(L{ V)) > 1. Moreover, equality can only be attained

ford =0 and ulg satisfying the normal equation (2.3).

Proof. We prove the statement by showing that Hu]gHL —ul |2 — [|uf — u'||? is negative
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whilst the discrepancy principle is not violated. We estimate

k * F)
Juptt — ull|Z = uf =l = [Juy — 7K*(Kuf — f°) — ul[|Z, — |uf —u'|1F
= 72| K*(Kuf — fO)|If — 2r(Kuf — f°, Kuf — f)v
< PNK N2y | Kug = OIS — 2 (Kuf — f°, Kuf — f+ f° = f°)v

=[|Kuf—fO I3+ Eus—f2.f0—f)v
™ (P 2 gy — 2) IS = 101 + 27 (f = 12, K — £)y
< (TIE W gy - 2) I1Kub = FOI3 + 270l Kuf = £y
= —rllKuf — £y (2 = 71K 2 ) 10§ = £l - 2)

2T
=~ = £l (1K = £l = 78)

Hence, for k < k, we conclude Hulg'H —ullly < [|ul — ul|ly. O

3.3 Tikhonov regularisation revisited

We conclude this chapter by showing that Tikhonov regularisation can not just be in-
terpreted as the spectral regularisation (3.6) and the solution of the well-posed operator
equation (3.13), but also as the minimiser of a functional.

Theorem 3.10. For f € V the Tikhonov-reqularised solution u, = R f with Ry as defined
in (3.6) is uniquely determined as the global minimiser of the Tikhonov-functional

1 o
Talw) = 5 1Ku— I+ 5 ully (329)

Proof. =: Let uy be the Tikhonov-regularised solution and we show that it is also a global
minimiser. A global minimiser 4 € U of T, (@) is characterised via T, (1) < Ty (u) for all
u € U. Hence, it follows from

1 2 « 2 1 2 « 2
To(w) = Talua) = 5 |Ku = £} + 5 lully = 5 1 Kua = 15 = 5 luall

1 o 1 o
= Sl — (B, )+ Sl — Sl o+ (Ko, £) — Sl
+ {(K*K + al)uq — K* f,uq — u)

/

=0

1 2 @ 2
=3 [ Ku— Kuglly, + 3 lu — uall
>0

that u, is a global minimiser of T,.
<: Let now 4 be a global minimiser. If we have Ty, (1) < T, (u) (for all u € U), it follows
with v = @ + 7ov for arbitrary 7 > 0 and fixed v € U that

. 72 a .
0 < Talu) — Tul@) = S I1K0ly + S0l + 7((K7K + al)a — K*f, v
holds true. Dividing by 7 and subsequent consideration of the limit 7 | 0 thus yields

(K*K 4 ad)t — K*f,v)yy >0, for all v € U.
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Thus (K*K + al)t — K*f = 0 and we conclude 4 = uq, i.e. a global minimiser is the
Tikhonov-regularised solution. This also shows that the global minimiser of the Tikhonov
functional (3.29) is unique. O

This result paves the way for a generalisation of Tikhonov regularisation to a much
broader class of regularisation methods that we want to discuss in the following chapter.
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Chapter 4

Variational regularisation

At the end of the last chapter we have seen that Tikhonov regularisation! R.f can be
characterised as the solution of the minimisation problem

g a
R.f = arginelg{iHKu— FI% + 5”“”13}

It is well known that the solution to an unconstrained minimisation problem has a vanishing
derivative. In function spaces, the (Gateaux-) derivative is also called the “first variation”
such that minimisation problems are also called variational problems and methods that
rely on minimising a functional variational methods. In this section we want to investigate
variational methods for regularisation of linear inverse problems. To do so we will generalise
Tikhonov regularisation by choosing different regularisation functionals J: &4 — R and
compute regularised solutions by minimising the functional

1
Do (u) i= S| Ku— I} +aw).

Regularisation of this form is sometimes called Tikhonov-type reqularisation but we will
refer to this as wariational regularisation. Before we have a look at the theory behind
variational regularisation such as the existence and uniqueness of minimisers we will discuss
several examples of regularisation functionals J.

Example 4.1 (Tikhonov-Philipps regularisation). The easiest way to extend classical
Tikhonov regularisation to a more general regularisation method is to replace %HUHZQ/{ by
$|Dul|%2 where D: U — Z is a linear (not necessarily bounded) operator and we thus
minimise

1 o
§HKU —flly + §||DU”22 )

which became known as Tikhonov-Philipps regularisation. While Tikhonov regularisation
penalises the norm of u, in Tikhonov-Philipps regularisation only certain features of u
(depending on the choice of D) are penalised. The most frequent used operator D in
imaging applications is the gradient operator V such that the regulariser J corresponds
to the semi-norm on H!(f2) which is the Sobolev space of functions u € L?(Q2) such that
the weak derivative Vu exists and Vu € L?(Q,R"). By using this regulariser, only the
variations in u but not the actual intensities are penalised which helps to control noise
without a bias of the intensities towards zero.

L This regularisation is called ridge regression in the statistical literature.

47
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If the operator D is given by Du = (u, Vu) and Z = L?(Q) x L?(2,R") is equipped
with the natural inner product for product spaces, then

1 1 1
T(w) = SIDul% = SlullZ: + 5 Vel

is the norm on H'(Q) and it corresponds to classical Tikhonov regularisation on H?!(£2).

Example 4.2 (¢!-regularisation). When it comes to non-injective operators K € L£(¢}, (?)
between sequence spaces, the £-norm, i.e. ||ul|pn := > 721 lujl is often used as a regulariser,
in order to enforce sparse solutions. The corresponding minimisation problem reads as

min {5 15w = I + ol } (a1)
uell | 2

This problems is also called lasso in the statistical literature. One can show that minimisers
of (4.1) are always sparse in the sense that they have finite support, i.e. |supp(u)| < oo
with supp(u) = {i € N|u; # 0}. This is in contrast to solutions of the Tikhonov regularised
problem which may not be sparse. For a finite dimensional example see Figure 4.1.

minimal /*-norm

minimal /2-norm

Figure 4.1: Non-injective operators have a non-trivial kernel such that the inverse problem has
more than one solution and the solutions form an affine subspace visualised by the solid line.
Different regularisation functionals favour different solutions. The circle and the diamond indicate
all points with constant ¢2-norm, respectively ¢!-norm, and the minimal ¢2-norm and ¢!-norm
solutions are the intersections of the line with the circle, respectively the diamond. As it can
be seen, the minimal ¢#2-norm solution has two non-zero components while the minimal ¢!'-norm
solution has only one non-zero component and thus is sparser.

Example 4.3 (Elastic net). Another regularisation method from statistics is the elastic
net, where the regulariser is the weighted sum of the ¢'-norm and the squared ¢2-norm:

B
J(u) = lJullex + §IIUH?2 :

Here the idea is to combine two favorable models in order to get sparse solutions with more
stability. As ¢! C ¢? we could either consider the elastic net on the Banach space ¢! or on
the Hilbert space 2. In case we decide to do the latter, we can extend the elastic net such
that

Sy = el + Slulz ifued
00 if ue?\ 0t
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—

Figure 4.2: The absolute value function on the left is in H!(Q), Q = [~1, 1], while the Heaviside
function on the right is not. The solid dot at a jump indicates the value that the function takes.
However, the Heaviside function is in BV(Q) which shows that BV(Q2) is larger than H!(Q).
Moreover, it shows that BV(Q) includes function with discontinuities which is a favourable model
for images with sharp edges.

Intuitively, the value co makes sure that a minimiser will never be in ¢2\ ¢! but we will
discuss this aspect in more detail later.

Example 4.4 (Total variation). Total variation as a regulariser has originally been intro-
duced for image-denoising and -restoration applications with the goal to preserve edges in
images, respectively discontinuities in signals [13]. For smooth signals u € HY1(€), i.e.
u € LY(Q) and has a weak derivative Vu € L!(€2,R"), the total variation is simply defined
as the semi-norm on the Sobolev space H1(£2)

J(u) =TV(u) := /Q |IVu(x)||2dx .

However, functions in H'1(£2) may not allow discontinuities which are useful in imaging
applications to model images with sharp edges.

To allow discontinuities while still preserving some regularity (otherwise we could model
images in L'(Q) for instance) we generalise the definition of the total variation. It is well-
known (e.g. Cauchy—Schwarz inequality) that for z,v € R™ with [jv]]2 < 1 we have that
(v,x) < ||z||2- Thus, for any test function ¢ € D(Q,R"™) with

D(Q,R") := {w € O (O RY)

sup lo(z)]l2 < 1}
we have that
TV (1) = /Q V()]s do > /Q (Vu(z), o)) do = — /Q w(z) div o(z) do

where the last equality is due to partial integration (Gauss’ divergence theorem). In fact
one can show that

TV(u) = sup / u(zx) div p(x) dx ,
LED(QR) JQ

which gives rise to the definition of functions of bounded variation.
BV(Q) := {u e L1(Q) ] lullgy = fJufl 1 + TV (u) < oo}

It can be shown that BV(Q) is much larger than H'!(Q) and contains functions with
discontinuities, see examples in Figure 4.2.
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Example 4.5 (Maximum-entropy regularisation). Maximum-entropy regularisation is of
particular interest if solutions of the inverse problem are assumed to be probability density
functions (pdf), i.e. functions in the set

PDF(Q) := {ueLl ’/ z)dr =1, u>0}

The set PDF(Q2) is a convex subset but it is not a subspace as differences of pdfs are
not necessarily pdfs. The (differential) entropy used in physics and information theory is
defined as the functional PDF(Q2) — R with

wis — / 2)log(u(z)) da

and the convention 0log(0) := 0. As PDF(f2) is not a vector space, we extend it to the
whole L'(2) and define the negative entropy regularisation as

) = {fQ ) log(u(z)) dz iefl:%ePDF(Q).

To summarise the introduction, variational regularisation aims at finding approxima-
tions to the solution of the inverse problem (1.1) by minimising appropriate functionals of
the form

D, f(u) = *HKU IR+ ad(u), (4.2)

where J : U — R U {oco} represents a functional over the Banach space U, V is a Hilbert
space and K € L(U,V) a linear and continuous operator, and a > 0 is a real, positive
constant. The term D(u) := 3|Ku — f||3, is usually named fidelity or data term, as it
measures the deviation between the measured data f and the forward model Ku. The
functional J is the regularisation term or requlariser as it will impose certain regularity
conditions on the unknown u. The regularisation parameter will balance between both
terms. Next, we will study some general theory on variational methods that will tell
us under which conditions we can expect existence and uniqueness of solutions to those
minimisation problems.

4.1 Variational methods

4.1.1 Background
Banach spaces and weak convergence

To cover all the examples of the beginning of this chapter we have to extend our setting
to include Banach spaces. These are complete, normed vector spaces (as Hilbert spaces)
but they may not have an inner product. For every Banach space U, we can define the
space of linear and continuous functionals which is called the dual space U* of U, i.e.
U* == LU,R). Let uw € U and p € U*, then we usually write the dual product (p,u)
instead of p(u). Obviously, the dual product is not symmetric (in contrast to the inner
product of Hilbert spaces). Moreover, for any K € L(U,V) there exists a unique operator
K*: V* — U*, called the adjoint of K such that for all uw € U and p € V* we have

(K*p,u) = (p, Ku) .
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It is easy to see that either side of the equation are well-defined, e.g. K*p € U* and u € U.

As the dual space is a Banach space, it has a dual space as well which we will call the
bi-dual space of U and denote it with U** := (U*)*. As every u € U defines a continuous
and linear mapping on the dual space U* by

(E(u),p) = (p,u),

the mapping F: U — U** is well-defined. It can be shown that E is a linear and continuous
isometry (and thus injective). In the special case when E is surjective, we call U reflexiv.
Examples of reflexive Banach spaces include Hilbert spaces and L%, (9 spaces with 1 <
q < oo. We call the space U separable if there exists a set X C U of at most countable
cardinality such that X = U.

A problem in infinite dimensional spaces is that bounded sequences may fail to have
convergent subsequences. An example is for instance in £2 the sequence {u*}ren C €2, uf =
1if £ = j and 0 otherwise. It is easy to see that ||u*||;2 = 1 and that there is no u € £2
such that u* — u. To circumvent this problem, we define a weaker topology on U. We say
that {uF}ren C U converges weakly to u € U if and only if for all p € U* the sequence of
real numbers {(p, u*)}ren converges and

(p,uj) = (p,u).

We will denote weak convergence by u* — u. On a dual space U* we could define another
topology (in addition to the strong topology induced by the norm and the weak topology
as the dual space is a Banach space as well). We say a sequence {pk teen C U converges
in weak-*x to p € U* if and only if

<pk, u) = (p,u) forallueld

and we denote weak-% convergence by p¥ = p. Similarly, for any topology 7 on U we
denote the convergence in that topology by uF = w.

With these two new notions of convergence, we can solve the problem of bounded
sequences:

Theorem 4.1 (Sequential Banach-Alaoglu Theorem, e.g. [14, p. 70] or [15, p. 141]). Let
U be a separable normed vector space. Then every bounded sequence {uk}keN CU* has a
weak-* convergent subsequence.

Theorem 4.2 ([17, p. 64]). Each bounded sequence {u*}ren in a reflevive Banach space
U has a weakly convergent subsequence.
Infinity calculus

We will look at functionals E : Y — Ry, whose range is modelled to be the extended real
line Ry := RU {400} where the symbol co denotes an element that is not part of the real
line that is by definition larger than any other element of the reals, i.e.

xr < 00

for all z € R. This is useful to model constraints: For instance, if we were trying to minimise
E :[-1,00) = R,z + 22 we could remodel this minimisation problem by £ : R — R,

- {:p2 ifx>-—1

oo else
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Obviously both functionals have the same minimiser but E is defined on a vector space
and not only on a subset. This has two important consequences: On the on hand, it makes
many theoretical arguments easier as we do not need to worry whether E(x + y) is defined
or not. On the other hand, it makes practical implementations easier as we are dealing
with unconstrained optimisation instead of constrained optimisation. This comes at a cost
that some algorithms are not applicable any more, e.g. the function F is not differentiable
everywhere whereas F is (in the interior of its domain).

It is useful to note that one can calculate on the extended real line R, as we are used
to on the real line R but the operations with oo need yet to be defined. As oo is larger
than any other element it makes sense that it dominates any other calculation, i.e. for all
x € Rand A > 0, we have

T+ oo:i=004+2:=00 A00:I=00-A:=00

x/oo:=0 00 4 00 1= 0.
However, care needs to be taken as some calculations are not defined, e.g.

oco—00, 0-00 and oo0-00.

Definition 4.1. Let U be a vector space and E: U — Ry a functional. Then the effective
domain of E is

dom(E) :={uel | E(u) < oo} .

Convex calculus

A property of fundamental importance of sets and functions is convexity.

Definition 4.2. LetU be a vector space. A subset C C U is called convex, if \u+(1—X\)v €
C for all A € (0,1) and all u,v € C.

0 €

Figure 4.3: Example of a convex set (left) and non-convex set (right).

In analogy we can define convex functionals with the help of their epigraph which are
all points that lie “above” its graph.

Definition 4.3. The epigraph of a functional E: U — R, is defined as the set

epi(E) := {(u, A) €U xR ’ E(u) < /\} .



CHAPTER 4. VARIATIONAL REGULARISATION 53

00 = ===

Figure 4.4: Example of a convex function (left), a strictly convex function (middle) and a non-
convex function (right). Their epigraph are shaded in grey.

Definition 4.4. A functional E: U — Ry is called convex if its epigraph is convex in
U xR.

It can be shown that this definition is equivalent to the following more common defini-
tion.

Definition 4.5. A functional E: U — Ry, is called convex, if
EAu+ (1 —=XNv) < AE(u) + (1 = N)E(v)

for all X € (0,1) and all u,v € dom(FE) with u # v. It is called strictly convex if the
inequality 1s strict.

Example 4.6. The absolute value function R — R,z + |z| is convex but not strictly

convex while the quadratic function z — 22 is strictly convex. For other examples, see
Figure 4.4.

Example 4.7. Let C C U be a set. Then the characteristic functional xc¢: U — Ry, with

0 wuelC

xe(u) = {Oo wel\C (4.3)

is convex if and only if C is a convex set. To see the convexity, let u,v € dom(x¢) = C.
Then by the convexity of C the convex combination Au+ (1 — A)v is as well in C and both
the left and the right hand side of the desired inequality are zero.

Lemma 4.1. Let o > 0 and E, F: U — Ry, be two convex functionals. Then E+aF : U —
Ry ts convex. Furthermore, if a > 0 and F' strictly convex, then E+ oF is strictly convex.

Proof. The proof shall be done as an exercise. O

Definition 4.6. A functional E: U — Ry, is called subdifferentiable at uw € U, if there
exists an element p € U* such that

E(v) > E(u) + (p,v — u)

holds, for all v € U. Furthermore, we call p a subgradient at position u. The collection of
all subgradients at position u, i.e.

OFE(u):={peU* | E(v) > E(u) + {p,v —u),Yv € U} ,

1s called subdifferential of E at u.
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’
.
.
N
N L7

Figure 4.5: Visualisation of the subdifferential. Linear approximations of the functional have to
lie completely underneath the function. For points where the function is not differentiable there
may be more than one such approximation.

Remark 4.1. Let F: U4 — R4, be a convex functional. Then the subdifferential is non-
empty at all v € dom(FE). If dom(E) # 0, then for all u ¢ dom(F) the subdifferential is
empty, i.e. IE(u) = (.

For non-differentiable functionals the subdifferential is multivalued; we want to consider
the subdifferential of the absolute value function as an illustrative example.

Example 4.8. Let E: R — R be the absolute value function E(u) = |u|. Then, the
subdifferential of F at u is given by
{1} for u >0
OE(u) = ¢ [-1,1] foru=0,
{-=1} foru<0

which you will prove as an exercise. A visual explanation is given in Figure 4.5.

It turns out that convex functions naturally define some distance measure that became
known as the Bregman distance.

Definition 4.7. Let E: U — Ry be a functional. Moreover, let u,v € U, E(v) < oo and
p € OE(v). Then the (generalised) Bregman distance of E between u and v is defined as

DY (u,v) := E(u) — E(v) — (p,u —v). (4.4)

Figure 4.6: Visualization of the Bregman distance.

Remark 4.2. It is easy to check that a Bregman distance somewhat resembles a metric as
for all u,v € U,p € OE(v) there is DY (u,v) > 0 and D%,(v,v) = 0. There are functionals
where the Bregman distance (up to a square root) is actually a metric; e.g. E(u) := ||ul%
for Hilbert space U, then DY, (u,v) = %|lu — v||%. However, there are functionals E where

DY.(u,v) = 0 does not imply u = v, as you will see on the example sheets.
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4.1.2 Minimisers

Definition 4.8. Let E: U — Ry be a functional. We say that u* € U solves the minimi-
sation problem

inF/
min £ (u)

if and only if E(u*) < oo and E(u*) < E(u), for allu € U. We call u* a minimiser of E.

We will now review two properties that are necessary for the well-definedness of a
minimisation problem.

Definition 4.9. A functional E is called proper if the effective domain dom(E) is not
empty.

Definition 4.10. A functional E: U — Ry is called bounded from below if there exists
a constant C' > —oo such that for all w € U we have E(u) > C.

This condition is obviously necessary for the existence of the infimum inf,cyy F(u).
Finally we characterise minimisers of functionals.

Theorem 4.3. An element u € U is a minimiser of the functional E: U — Ry if and
only if 0 € OE(u).

Proof. By definition, 0 € 0E(u) if and only if for all v € U it holds
E(v) > B(u) + (0,0 — u) = E(u),

which is by definition the case if and only if u is a minimiser of F. O

4.1.3 Existence

If all minimising sequences (that converge to the infimum assuming it exists) are un-
bounded, then there cannot exist a minimiser. A sufficient condition to avoid such a
scenario is coercivity.

Definition 4.11. A functional E: U — Ry is called coercive, if for all {u;}jen with
|ujlley — o0 we have E(u;) — oo.

) exp(z)

x —_ z

Figure 4.7: While the coercive function on the left has a minimiser, it is easy to see that the
non-coercive function on the right does not have a minimiser.

Remark 4.3. Coercivity is equivalent to its negated statement which is “if the function
values {E(u;)}jen C R are bounded, so is the sequence {u;};jen C U”.

Although coercivity is not strictly speaking necessary, it is sufficient that all minimising
sequences are bounded.
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Figure 4.8: Visualisation of lower semi-continuity. The solid dot at a jump indicates the value
that the function takes. The function on the left is continuous and thus lower semi-continuous.
The functions in the middle and on the right are discontinuous. While the function in the middle
is lower semi-continuous, the function on the right is not (due to the limit from the left at the
discontinuity).

Lemma 4.2. Let E: U — Ry, be a proper, coercive functional and bounded from below.
Then the infimum inf,cy E(u) exists in R, there are minimising sequences, i.e. {u;j}jen C
U with E(u;) — infyey E(u), and all minimising sequences are bounded.

Proof. As FE is proper and bounded from below, there exists a C7 > 0 such that we
have —oco < —C; < inf, F(u) < oo which also guarantees the existence of a minimising
sequence. Let {u;}jen be any minimising sequence, i.e. E(u;) — inf, E(u). Then there
exists a jo € N such that for all j > j; we have

E(uj) <inf E(u) +1 < c0.

—_————
=:C9

With C' := max{C;,Cs} we have that |E(u;)| < C for all j > jo and thus from the
coercivity it follows that {u;};>;, is bounded, see Remark 4.3. Including a finite number
of elements does not change its boundedness which proves the assertion. O

More importantly we are going to need that functionals are sequentially lower semi-
continuous. Roughly speaking this means that the functional values for arguments near an
argument u are either close to E(u) or greater than E(u).

Definition 4.12. Let U be a Banach space with topology 4. The functional E: U — Ry
is said to be sequentially lower semi-continuous with respect to 74 (74-l.s.c.) at uw € U if

E(u) < liminf E(uj)

Jj—00
for all sequences {u;}jen CU with uj — u in the topology T4 of U.

Remark 4.4. For topologies that are not induced by a metric we have to differ between a
topological property and its sequential version, e.g. continuous and sequentially continuous.
If the topology is induced by a metric, then these two are the same. However, for instance
the weak and weak-* topology are generally not induced by a metric.

Example 4.9. The functional || - ||; : £2 — Ry with

lufly = >y luj| ifue A
00

else

is lower semi-continuous with respect to £2.
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Proof. Let {u/ }ien C £? be a convergent sequence with v/ — u € ¢2. As strong convergence
implies weak convergence, we have with 3 : £2 — R, (6, v) = vy that for all k € N that

The assertion follows then with Fatou’s lemma

(o.9) oo (0.9}
el =D feel = > Tim Juf | < Timinf 3 fuf | = liminf o]
k=1 k=1 k=1
Note that it is not clear whether both the left and the right hand side are finite. O

Example 4.10. Let © C R" be open and bounded. Then, the total variation is lower
semi-continuous with respect to L1.

Proof. Recall that the total variation was defined by means of the test functions

D(Q,R") := {go € O (Q;RY)

sup ()2 < 1}
zeQ

as

TV(u) =  sup /u(a:) div ¢(x) dz .
peD(Q,R") JQ

Let {u;}jen C BV(Q) be a sequence converging in L'(Q) with uj — w in L'(Q). Then for
any test function ¢ € D(2, R™) there is

/ () — uy ()] div () dz < / () — uy(@)]da sup | div ()] = 0
Q Q . e

=||u7’LLj||L1~)O <0

and thus

/ u(z) divp(z)de = liminf [ wj(z)dive(z)dr < liminf TV (u;).

O J]—00 ) J—00

Taking the supremum over all test functions shows the assertion. Note that again the left
and right hand side may not be finite. O

We have now all ingredients in place for a positive answer about the existence of min-
imisers also known as the “direct method” or “fundamental theorem of optimisation”.

Theorem 4.4 (“Direct method”, David Hilbert, around 1900). Let U be a Banach space
and 1y a topology (not necessarily the one induced by the norm) on U such that bounded
sequences have Ty-convergent subsequences. Let E: U — Ry be proper, bounded from
below, coercive and 14-1.s.c. Then E has a minimiser.

Proof. From Lemma 4.2 we know that inf,c E(u) is finite, minimising sequences exist
and that they are bounded. Let {u;j}jen € U be a minimising sequence. Thus, from
the assumption on the topology 7, there exists a subsequence {uj, }reny and u* € U with

Ujy ™ u* for k — co. From the sequential lower semi-continuity of E we obtain

E(u") <liminf F(uj,) = lim E(u;) = inf F(u) < oo,

k—o0 j—o0 ueU

which shows that E(u*) < co and E(u*) < E(u) for all u € U; thus v* minimises £. [
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The above theorem is very general but its conditions are hard to verify but the situation
is a easier in reflerive Banach spaces (thus also in Hilbert spaces).

Corollary 4.1. Let U be a reflexive Banach space and E: U — Ry be a functional which
1s proper, bounded from below, coercive and l.s.c. with respect to the weak topology. Then
there exists a minimiser of E.

Proof. The statement follows from the direct method, Theorem 4.4, as in reflexive Banach
spaces bounded sequences have weakly convergent subsequences, see Theorem 4.2. O

Remark 4.5. For convex functionals on reflexive Banach spaces, the situation is even
easier. It can be shown that a convex function is l.s.c. with respect to the weak topology
if and only if it is l.s.c. with respect to the strong topology (see e.g. [7, Corollary 2.2., p.
11] or [3, p. 149] for Hilbert spaces).

Remark 4.6. It is easy to see that the key ingredient for the existence of minimisers is that
bounded sequences have a convergent subsequence which is difficult to prove in practical
situations. Another option is to change the space and consider a space in which U is
compactly embedded in, i.e. the mapping U — V,u — u is compact. Then (by definition)
every bounded sequence in U has a convergent subsequence in V.

4.1.4 Uniqueness

Theorem 4.5. Assume that the functional E: U — Ry has at least one minimiser and is
strictly convex. Then the minimiser is unique.

Proof. Let u,v be two minimisers of ' and assume that they are different, i.e. u # wv.
Then it follows from the minimising properties of v and v as well as the strict convexity of
FE that

1 1
E(u) < E(3u+ 3v) < E(u) + = E(v) < E(u)
2 2
<E(u)
which is a contradiction. Thus, u = v and the assertion is proven. O

Example 4.11. Convex (but not strictly convex) functions may have have more than one
minimiser, examples include constant and trapezoidal functions, see Figure 4.9. On the
other hand, convex (and even non-convex) functions may have a unique minimiser, see
Figure 4.9.

a) b)

Figure 4.9: a) Convex functions may not have a unique minimiser. b) Neither strict convexity
nor convexity is necessary for the uniqueness of a minimiser.
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4.2 Well-posedness and regularisation properties

The aim of this section is to have a detailed look at the model R, : V — U with

1

Rof = argggg{q)ayf(u) = 5||Ku — fII% + aJ(u)} . (4.5)

We will establish conditions on the spaces U, V, the functional J and the operator K under
which a minimiser exists and is unique and therefore the mapping R, is well-defined.
We will analyse the continuity of the mapping R, which means that the solution depends
continuous on the data and thus can handle small variations due to noise. We also show that
there are parameter choice rules that make R, a convergent regularisation in a modified
sense (that we will define later) and prove convergence rates under a source condition.

4.2.1 Existence and uniqueness

Existence

Lemma 4.3. Let U be a Banach space and 14 a topology on it. Let E:U — R and
F: U — Ry be proper functionals that are both y4-l.s.c. and bounded from below. Then
E+ F: U — Ry is proper, 1y-1.s.c. and bounded from below.

Proof. First of all, as F' is proper, there exists u € U such that F'(u) < oo and as E(u) < 0o
it is clear that (E + F')(u) < oo which shows that E + F' is proper.

Second, for all u € U we have from the boundedness from below of E and F that
E(u) > Cy and F(u) > C5 and thus,

(E+F)(U)IE(U)+F(U)201+CQ>*OO.

Finally, let {u;}jen C U be a sequence and v € U with u; — w in 7. Then by 74-ls.c.
we have that

(E+ F)(u) < liminf E(uj;) + lim inf F(u;)

j—00 Jj—o0
<liminf (E(u;) + F(u;)) = liminf(E + F)(u;)
j—00 j—00
which shows that E + F' is 74-l.s.c. and all assertions are proven. O

Lemma 4.4. Let U be a Banach space and E,F: U — Ry be functionals. Let E be
coercive and F' be bounded from below, then E + F is coercive.

Proof. From the boundedness from below of F', there exists a constant C' € R such that
F(u) > C for all u € U. Thus we see that

(E+ F)(u) = E(u) + F(u) > E(u) + C —
as ||ullyy — oo which proves that E + F is coercive. O

In many situations of interest, the lemma above does not apply because the coercivity
comes jointly from the data term and the prior as we will see in the following example.

Example 4.12. Let 2 C R™ be bounded and consider total variation regularisation, i.e.
J =TV and U = BV(Q). One can easily see that constant functions have zero total
variation, i.e. TV(u) = 0, for all u = ¢,¢ € R. Notice that this implies that J is not
coercive on the whole space U as u;(x) = j/|9,|Q| := [, 1dz defines a sequence such that
lujl| 1 = j and TV (u;) = 0. However, we can make use of a Poincaré-Wirtinger inequality
for BV.
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Proposition 4.1 ([8, p. 24]). Let Q C R™ be a Lipschitz domain (non-empty, open,
connected and bounded with Lipschitz boundary). There exists a constant C > 0 such that
for all w € BV(Q) the Poincaré-Wirtinger type inequality is satisfied

lu —uqll;r < CTV(u)
where ug := ﬁ Jou(x)dx is the mean-value of u over Q.

Continuation of Example 4.12. Let Q now fulfil the conditions of Proposition 4.1.
Furthermore, let pg € U* with

1
(po,u) :=ug = IQ/Qu(:/c)dal?

and denote the space of zero-mean functions by Uy := {u € U|u € N(py)}. By the
Poincaré—Wirtinger inequality it is clear that the total variation is coercive on Uy and the
data term has to make sure that the functional ®, ; is coercive on the whole space U.
As we will see in the next, Lemma 4.5, the condition 1 ¢ N (K) is sufficient to guarantee
coercivity in this scenario. This will follow from a more general result.

Lemma 4.5. Let U,V be Banach spaces, K € L(U,V), J: U — [0,00] and f € V. Let
po € U, up € U, (po,uo) =1,

Uy :={ueld|ueN(po}
so that ug € N(K) and J is coercive on Uy in the sense that
llu — (po, wyuplly — oo implies  J(u) — oo.
Then the variational regularisation functional ®q 5 defined by (4.5) is coercive.
Proof. Any u € U can be decomposed into
uUu=v+w

where v :=u — (po, u)ug € Uy and w := (po, u)uo € span(uo). A

Now, let {u’}jen C U be a sequence with ||u’ |z — co. On the one hand, if ||/ |y — oo,
then by the coercivity of J on Uy and the boundedness from below of the data term, we

have that @, f(u/) — oo.
On the other hand, if |[v7]jyy < C for some C > 0, then from

1 lee < N7 e + 1wl < €+ [{po, uw?) uo
it follows that |(pg,u’)| — oo. Therefore,

1w = flly = [|K (7 +w’) = fllv
> | Kw[ly = [[Kv = fllv
> [ Kuollv |{po, )| = K[|C —[[fllv — o0
N — N —

~
>0 —00 constant

and thus @, f(u/) — 0o as the regularisation functional .J is bounded from below. O
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Remark 4.7. A natural question here is whether the coercivity can also come completely
from the data term D(u) = 3||Ku — f||3,. On the one hand if K is not injective, then the
kernel is non-trivial, thus we cannot expect the data term to be coercive.

On the other hand, even if K was injective we cannot expect coercivity in general.
Assume that the data term D was coercive, U a Hilbert space, the topologies 14, 7y the
weak topologies on U,V, f € R(K) \ R(K) and D 74-l.s.c. (e.g. see Lemma 4.6). Then
we can apply the direct method on the data term D and would prove the existence of a
minimiser. This is by definition a least squares solution; a contradiction to Lemma 2.2.

The remark will be illustrated by the following example.

Example 4.13. Let us consider the Example 2.1 again where the operator was K : ¢2 —
02, (Ku)j :=u;j/j and the data f € ¢? with f; := 1/j. Then the {uf} ey C £2 with

k1 i<k
uj =
0 else

defines a sequence { Ku¥}pen with Kub — f in 2.

Note that K is injective and {u*}rey is a minimising sequence of the data term, i.e.
| KuF — f|l2 — 0. However, as ||u¥||;2 = k the sequence {u*}rcn is unbounded and thus
u > ||Ku — f||2 cannot be coercive.

Lemma 4.6. Let U and V be Banach spaces with topologies 1y and 1Ty. Moreover, let the
norm on V be my-l.s.c., the operator K: U — V be sequentially continuous with respect to
the topologies T4 and Ty and let {fj}jen C V be convergent in 7y with f; — f € V. Then
for any y-convergent sequence {u;}jen C U with uj — u € U with respect to 1y, we have

1 o
5 I1Eu = I < lminf 5[ Ku; — Sl

In particular, if f; = f, then D: U — R,u — 3||Ku— f|3 is 7y-l.s.c.

Proof. Let {u;}jen be a 74-convergent sequence and denote its limit by u € U, i.e. uj = u
in 74. Because K is continuous with respect to 7y and 7, we have that Ku; — Ku in 1y
and thus Ku; — f; =+ Ku — f in 7. Thus, the assertion follows from the 7y-1.s.c. of the
norm. ]

Remark 4.8. If the topologies 7y and 7, are the weak topologies, then the situation is
much simpler as continuity in the strong topologies implies continuity in the weak topologies
|5, chapter IV.3|. Thus the assumptions of Lemma 4.6 are met if K is continuous.

Note that the norm is convex (will be proven in what follows) such that weak-l.s.c. is
equivalent to l.s.c.

Now we are in a position to state sufficient assumptions for the existence of minimisers.
Assumption 4.1. Sufficient assumptions for the existence of minimisers of ®, s are:

(a) The Banach space U and Hilbert space V are associated with the topologies 14 and
Tv. The pair (U, 1y) has the property that bounded sequences have Ty -convergent
subsequences. Moreover, the norm on V is Ty-l.s.c.

(b) The operator K: U — V is linear and sequentially continuous with respect to the
topologies Ty and Ty .
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(¢) The functional J: U — [0,00] is proper and 1-1.s.c.
(d) FEither J is coercive or the pair (K, J) fulfil the assumptions of Lemma 4.5.

Theorem 4.6. Let the Assumptions 4.1 hold and let f € V,«a > 0. Then the variational
reqularisation functional ®q ; defined by (4.5) has a minimiser.

Proof. It follows from the assumptions by Lemmata 4.3 and 4.6 that ®,, y is proper, 74-1.s.c.
and bounded from below. Moreover, from Lemmata 4.4 or 4.5 (depending on assumption
4.1 (d)) @4, is coercive. Then from the direct method, Theorem 4.4, it follows that there
exists a minimiser. ]

Uniqueness

Lemma 4.7. Let U be a Banach space and and V a Hilbert space. Furthermore, let K €

LU,V), f €V and D: U — Rog be defined as D(u) == 3|Ku — f||}. Then D is convez.

Furthermore, D is strictly convex if and only if K is injective.
Proof. Let A € (0,1) and u,v € U with u # v.
Long and straightforward calculations (good exercise) yield

DO+ (1= Aw) = AD(u) + (1 — \)D(v) —

M k(=) 3,

>0

which shows that D is convex.

Note that ||K(u — v)|ly > 0 if K is injective and u # v. On the other hand, if K
is not injective, then we can find u,v € U with v # v so that v — v € N(K) and thus
|| K (v — v)|ly = 0 which shows that D is not strictly convex. O

Remark 4.9. The lemma is in general not true if V is a Banach space. As an example,
consider K = I, f =0,V = R? with || - ||; as a norm. Then D is not strictly convex.

Example 4.14. Let U be continuously embedded into the Hilbert space Z (in symbols
U — Z), i.e. there exists a constant C' > 0 such that for all u € U there is ||ullz < C||u|ly-
Furthermore, let § > 0 and J be convex. Then the functional ®, ; + g” |I% is always
strictly convex independent of K.

Consider the product space V x Z which is a Hilbert space with the inner product

((v1,21), (v2, 22))yxz = (V1,v2)y + (21, 22) = -

Then we can rewrite 3[|[Ku — f[|3 + 5ul% as

LCEN, - (f

2 (| \VBI 0
where the modified operator K is injective. Therefore, adding the term gHUHQ}: can be seen
as a regularisation of the linear operator K directly.

2 1. }
= SIKu— 713

VxZ

Theorem 4.7. Let the Assumptions 4.1 hold and let J be convex. Moreover, let either
K be injective or J be strictly convex. Then for any f € V and o > 0 the variational
reqularisation model R,, is well-defined (there exists a unique minimiser of the functional
¢ defined by (4.5)).
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Proof. Existence follows immediately from Theorem 4.6. For the uniqueness, notice that
both 3| Ku— f||3 and aJ are convex and either of them is strictly convex by assumption,
see Lemma 4.7. Thus by Lemma 4.1 the whole functional ®, ; is strictly convex and
therefore the minimiser is unique, see Theorem 4.5. O

Example 4.15. Let o, 8 > 0, K € L(£?,/?) and consider the elastic net variational regu-
larisation model 3 || Ku — flI% + aJ (u) with

Jw) = {Hu!h + gl ifue st
00 else

We check the assumptions of Theorem 4.7 in this setting to conclude that R, is well-defined.
Let U,V = (% and as these are Hilbert spaces we choose the topologies 74,7y to be
both the weak topology on £2. By Remark 4.8 the Assumptions 4.1 (a) and (b) are fulfilled
and we can show lower semi-continuity in the strong topology rather than the weak one.
It is easy to see that the prior J is strictly convex, proper and coercive. It remains to show
that J is lower semi-continuous with respect to £2. The squared £?-norm is continuous,
thus lower semi-continuous and the lower semi-continuity of the ¢!-norm has been proven
in Example 4.9 such that the elastic net is lower semi-continuous by Lemma 4.3. As it is
convex, l.s.c. is equivalent to weak-l.s.c. and all assumptions of Theorem 4.7 hold.

For the example of the total variation we need to have some knowledge about compact
embeddings of BV ().

Theorem 4.8 (Rellich-Kandrachov, [1, p. 168|). Let Q C R™ be a Lipschitz domain and
either

n>mp and p*:=np/(n—mp)
or n<mp and p":=o00.

Then the embedding H™P(QY) — L1(Q) is continuous if 1 < q < p* and compact if in
addition q < p*.

Due to approximations of u € BV(£) by smooth functions the Rellich-Kandrachov
Theorem (for m = 1,p = 1) gives us compactness for BV(Q).

Corollary 4.2 (|8, p. 17]). For any Lipschitz domain @ C R™ the embedding
BV(Q) — LY(Q)
18 compact.

Example 4.16. Let Q C R" be a Lipschitz domain, o > 0, K € L(L'(Q), L?(2)) be
injective and consider the total variation regularised model R,: L?(2) — BV(Q), Rof =
arg ming,epy (o) Pa,r(u) with

Do g(w) = 5 |Ku— fI3+aTV().
This time we are neither in a Hilbert nor in a reflexive Banach space setting but from
Corollary 4.2 we see that BV(Q) is compactly embedded in L!(2). Thus every sequence
bounded in BV(Q) has a convergent subsequence in L!().

Let 74 and 7 be the topologies induced by the L'-norm, respectively L?-norm. It is
clear that the assumptions on the spaces and topologies are met. The lower semi-continuity
of TV with respect to L' was shown in Example 4.10. Moreover, it can be shown that TV
is proper and convex. The injectivity of K implies that 1 ¢ N(K). From Example 4.12
and 1 € N (K) it follows that ®, s is coercive. Thus, a minimiser exists. The injectivity of
the operator K guarantees strict convexity and therefore the uniqueness of the minimiser.
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4.2.2 Continuity

We have seen that under some assumptions the variational regularisation R, is well-defined
(solutions exists and are unique). In this section we show that variational regularisation
is continuous with respect to the data, i.e. small variations in the data do not lead to
arbitrary large distortions in the solution. To establish the main result we have to prove
auxiliary lemmata.

Lemma 4.8. Let V be a normed space. For all f,g € V there is

IF + gl < 20715 + 209113 -

Proof. For any f,g € V we have with the monotonicity of [0,00) — [0, 00), 2 + 2% that

2
1+ gl < (11 + gl
= 71 + 20/ Ivllglly + gl

We complete the proof with the observation that 2ab < a? + b2 for all a,b € R. O

Lemma 4.9. Let U,V be normed spaces. For allu € U and f,g € V there is

o p (1) < 2®ayg(u) + |1 — gl

Proof. Using Lemma 4.8 and J(u) > 0, we have

Doy u) = | K~ fI + () = SKu— g+ (g = DI} +ad(w)
< 1Ku =gl + llg — FI + 20 ()
=2 (GlKu= gl + agtw)) +1f - al}
= 9 g(u) + I — ol
O

Theorem 4.9 (Continuity). Assume the setting of Theorem 4.7 that guarantees the ex-
istence and uniqueness of minimisers of ®q (u) = | Ku — f|% + aJ(u) for any f € V
and o > 0. Moreover, let the topology ™ on V be weaker than the norm topology in the
sense that convergence in norm implies convergence in Ty. Then, the mapping Ry: V —
U,R,f = argmin, g, Po, r(u) is sequentially strong-my continuous, i.e. for all sequences
{fitjen CV with f; — f we have

Rafj — Raf m TY.
Moreover, the function values of the regulariser converge, i.e. J(Rafj) = J(Raf).

Proof. Let {f;}jen C V be a convergent sequence with f; — f and let u; := R, f; be the
minimiser of @, ;.

We first show that {®q r(u;j)}jen C R is bounded. To see this, as J is proper, there
exists @ € U such that J(@) < oo and we denote C' := 2| K|, + 2] (7). With Lemma
and 4.9 and the minimising property of u; we have that

D f(uy) < 2®a, 5, (ug) + |If = fill5
< 2B 5, (@) + |1f — £} = I1Ka@— £} + 200 (@) + || f — f5lI3
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With Lemma 4.8 we can further estimate
1K@ — f1[5 + 200 (@) + | f = f5l15 < 201Kall + 201 f515 + 20 (@) + | f = f515
<2l fl15 + 1F = F1% +C-
As f; converges to f, there exists a jo € N such that for all j > jg there is

Do p(ui) < 251D +1f = FlF+C < 2| fIp +C +3 < .
N N——

2
I715+1 <t

By the coercivity of ®, y we know that the sequence {u;};en C U is bounded, see Remark
4.3. Thus there exist 7/-convergent subsequences and let {u;, }ren C U be any one of
those. We denote its limit by u* € U, i.e. uj — u* in 7.

From Lemma 4.6 and as J is 7y4-l.s.c. we have that

1 1
gl Ku = [} < liminf 2| Kuj, — £} and  J(u’) <liminfJ(u;,)  (4.6)
—00 k—o0

and therefore
Do s(u7) = K"~ FI} + @l ()
< lim inf %HK% = fielly + aliminf J (u;,)
< lim inf (;HK% — fill + aJ(ujk)> = liminf @4, 7, (uj,) -
With the minimising property of u; we arrive at

cI)Oé7f(u ) < hkrggéf (I)Oz,fjk (u]k) (47)
< liminf @, 7, (u) = lim o7, (u) = Pa,r(u)
for all w € U. In particular, this holds for u = R, f. Thus, as the minimiser of @, r
is unique, we have that u* = R,f. Repeating the same arguments as above for any
subsequence of {u;};en instead of {u;} jen, we see that every subsequence has a convergent
subsequence that converges to R, f in 74. Thus, {u;};jen is convergent in 74 and we have
uj — Rq f in 74 and the first assertion is proven.
Moreover, from (4.7) it follows with u; — Rq f in 74 that
lim (I)Oufj (u]) = (pa,f(Raf) .

Jj—o0

and therefore

. . 1 1
lim sup aJ (u;) = lim sup <2|]Kuj — fj”)% + aJ(uy) — §||Kuj - fy”l%)

Jj—00 Jj—0o0

. 1 . 1
< lim sup <2HKUj — filly + aJ(“j)) +lim sup <2||Kuj - fj||12;)

j—oo J—00

=lim;_, 00 ’i’a,fj (uj)=Pq,f(Raf)

1 o
= 5IERaf = [l + o (Raf) —liminf 5[ Ku; — fi[[3

<-L|KRaf—fII3 by (4.6)
< aJ(Raf) .
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The 7y-ls.c. of J proves the second assertion

limsup aJ (u;) < aJ(Rqf) < liminf aJ (u;) .

j—o0 j—ro0
O

Remark 4.10. In the theorem above we could only prove convergence in 7. If J statisfies
the Radon-Riesz property with respect to the topology 7y, i.e. u; — u in 7y and J(u;) —
J(u) imply ||u; — ullzy — 0, then the convergence is in the norm topology. An example of
a functional satisfying the Radon-Riesz property is || - |7, / || - [|7, with 1 < p < oo if the
underlying space is LP / /P and 74 being the weak topology.

4.2.3 Convergent regularisation

Note that variational regularisation for general J is not necessarily a regularisation in the
sense of Definition 3.1, as we cannot expect Rof = argmin, g, ®q, r(u) — ul for a — 0
where u' is the minimal norm solution. However, we can generalise Definition 2.1 of a
minimal norm solution (and a least squares solution) to justify calling R,, a regularisation.

Definition 4.13. LetU andV be normed spaces and f € V. We call u € U a least squares
solution of the inverse problem (1.1), if

u € argmin |[Kv — fl|y (4.8)
veU

As in the case of Hilbert spaces, we denote by L the set of all least squares solutions (it
might be empty). Furthermore, we call u! € U a J-minimising solution of the inverse
problem (1.1), if

ul € argmin J(u). (4.9)
u€ll

Remark 4.11. If V is a Hilbert space (as in our setting in Assumption 4.1), then most
of the statements from Chapter 2 about least squares solutions still hold. In particular
Lemma 2.2, which states that L. # () if and only if f € R(K) ® R(K)*. However, the
minimal norm solution (J-minimising solution for J = || - ||zy) may not be unique any more.

Lemma 4.10. Let U be a vector space and E: U — Ry, a convex functional. Then the set
of all minimisers S, i.e.

S = in &/
argmin B(u),

18 convex.
Proof. For any u,v € S,u # v and X € (0, 1), it is easy to see that
EAu+ (1—=XNv) <AE(u)+ (1 — M) E(v)
< AJE{,E(“’) +(1-X) JJELE(UJ) = ul;lézf,lE(w)

which shows that Au+ (1 — A)v € S and thus S is convex. O

Corollary 4.3. LetU and V be normed spaces, f € V and K:U — V be linear. Then the
set of least squares solutions IL is convex.

Proof. One can show that u — ||[Ku — f||y is convex so that the lemma applies. O
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Lemma 4.11. Let U be a Banach space, V be a Hilbert space, f € V and K: U — V be
linear and injective. Then the set of least squares solutions IL is at most a singleton.

Proof. Assume that least squares solutions exist which are equivalently characterised by
1

e argmin{ D(v) = S| Kv - fI}}. 4.10

we argmin{ D(v) := S| Kv — £} (4.10)

From Lemma 4.7 we know that D is strictly convex and thus by Theorem 4.5 the minimiser
is unique. O

Proposition 4.2. Let the assumptions of Theorem 4.7 hold and f € R(K) ® R(K)> .
Then a J-minimising solution exists and is unique.

Proof. By Remark 4.11, the condition f € R(K)@®R(K)* guarantees the existence of least
squares solutions, i.e. L # (). For the existence of J-minimising solutions via the direct
method, Theorem 4.4, we see that only the coercivity on L. may not be guaranteed by the
assumptions.

If J is coercive, then it is obviously also coercive on L. If J is only coercive on Uy (see
Lemma 4.5 for a definition), then a similar calculation as in the proof of Lemma 4.5 shows
that for any sequence {u’ }jen C L we have with

uj - uj - <p07uj>u0 + <p07uj>u0

=] =wJ

that

Il = K0 = fllv > [ Ku’ — fllv
= [[K( +w’) = fllv
> [[Kwlly = [If = Ko’ |lv > [[Kuol[v[{po, u”)| = I Fllv = [IK][[[o7 [l -

Let {u/}jeny C L with [|u/|lyy — oo. If [|[v7]|y was bounded, then so would be |(po,u’)|
which contradicts the unboundedness of {u/};en. Thus

17 llee = l[w? — (po, u?)[lus — o0

and J(u/) — oo by the coercivity of J on Up.
For the uniqueness, either J is strictly convex (and thus a minimiser is unique) or K
is injective and only one least squares solution exists. O

Definition 4.14 (Regularisation). Let U,V be Banach spaces, 74 a topology on U, f €V
and K € L(U,V). Moreover, let ul be the J-minimising solution (assuming it exists and
is unique). We call the family of operators {Ra}a>0, Ra: V — U a regularisation (with
respect to 1) of the inverse problem (1.1), if R, is sequentially strong-y continuous for
all > 0 and

Raf—wﬂ m 1y as o — 0.

Theorem 4.10. Let the assumptions of Theorem 4.7 hold and assume (for simplicity) that
the clean data is in the range, i.e. f € R(K), thus the J-minimising solution ul exists and
1s unique. Moreover, assume that the topology T is weaker than the norm topology on V.
Let o : (0,00) — (0,00) be a parameter choice rule with

2

a(d) — 0, and w—)() as 0—0.
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Let {0;}jen C [0,00) be a sequence of noise levels with §; — 0 and {fj}jen C V be a
sequence of noisy observations with || f — fjlly < 6;. Set a;j := a(;) and let {u;}jen be the
sequence of minimisers of @o; f;, 1.€. uj = Ra, fj.

Then u; — ul in 7y and J(u;) — J(ul). In particular, R, is a regularisation.

Proof. From minimising property of u; and Ku' = f, it follows that
1 2
0 < SlKw; = filly + a;J ()

1
< §HKUT — Fill} + aj J (uh) (4.11)
52

V)

1
= §||f—fj||12/+ajJ(UT) <2 +a;J(ul) =0

w‘g

as j — 0o (05, a; — 0). In particular lim; o || Ku; — fj]lv = 0, and then
K wj = fllv < 1Kuj = filly + 1f; = fllv < [Kuj = fillv +6; = 0. (4.12)

Similarly, we see from (4.11) that

2

limsup J(u;) < limsup 4 Jh) = Jh. (4.13)
Jj—o0 j—00 Qg
Let o™ := maxjey a; be the largest regularisation parameter (which exists as a; — 0),

then
1
limsup @+ f(uj) = limsup (||Kuj — I3+ oz+J(uj))
j—o0 j—00 2

1
< limsup§HKuj —fI13 —l—limsupa+J(uj) <atJu) = C <

J—00 J—00

=0 <atJ(ut)

This shows that there exists a jo € N such that for all j > jo we have that @+ f(u;) < C+1.

From the coercivity of ®,+ ; it follows that {u;};en is bounded and therefore has a
Ty-convergent subsequence {uj, }reny with wj, — 4 in 74. By the continuity of K with
respect to 74 and 7y we have that Kuj — K in 7. With the my-l.s.c. of the norm of V
we conclude that Ku = f as

|Ka— flly <liminf |[Kuj, — f|ly =0.
k—oo

Thus 7 is a least squares solution.
From (4.13) and the 7-l.s.c. of J we have that

J(4) <liminf J(uj,) < limsup J(u;,) < J(u') < J(u) (4.14)
k—o0 k—o0
for all w € Y. Thus, @ is a J-minimising solution, which implies by its uniqueness that
@ = ul. Moreover, from (4.14) we deduce J(uj,) — J(ul).
As in the proof of Theorem 4.9, all arguments can be applied to any subsequence of
{u;}jen, which shows that u; — ul in 77 and J(uj) — J(ul). O

Remark 4.12. Similar to the stability we can get strong convergence if J satisfies the
Radon-Riesz property.
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4.2.4 Convergence rates

In the last section we have proven convergence of the regularisation method in the topology
7y and not in the norm as in Chapter 3. Thus, we cannot expect to prove convergence
rates in the norm. However, it turns out we can prove convergence rates in the Bregman
distance.

Theorem 4.11. Assume the setting of Theorem 4.7 that guarantees that the mapping R,
is well-defined. Let f € R(K) be clean data and u' be a solution of the inverse problem,
i.e. f=Ku', and consider noisy data f° € V with ||f — f°||y < 8. Moreover, let ul satisfy
the source condition

p=K"we dJ(u)

and denote ul, ;= Ro f°. Then,

@ D) < D s + 0B
1) SIE ~ I} < 0+ 20fwlved + 207w , and
(c) Jl) < o + J(ul).

= 2a

Moreover, for the a-priori parameter choice rule a(d) = § we have
Dh(up,ul) = 0(8), ||Kud,— flly = 0(5), and J(ul) < J(u')+ O().

Proof. From the minimising property of v} and Ku' = f it follows that

1 1 62
G = IS + ol (ug) < SlIEu = I + o (ul) < - + a (ul). (4.15)
From the non-negativity of the data term and (4.15) we derive assertion (c) as
5 1 /1 5 o2 5 5 +
J(Ua)ﬁa §HKU‘a—f 19 + o (ug,) §%+J(U)-

Moreover, by reordering the terms of (4.15) and completing Bregman distance, we get

1 5 4o 5 5 5
§HK’U‘04 - f H]Qﬂ + aD?(uonuT) < 5 - a(p, Uq — uT>

where we can further estimate
_<p> Ug - UT> = —<U),K(U6a - UT)> = —<’LU,KU6Q - f)
< Jfwlly- 1K, = Il < llwllve (1w = £l + )

Combining the two yields

1 5 4o 5 52 5 6
iHK% — IS + aDb(ul, ul) < 5 T allwlly«d + allw|y [ Kug, — f°[lv

52
< 5 Falwly-d+

2 2
aflwly. v B 5112
—— + || Kug, —
where we used ab < %aQ + %bQ for the second inequality. Thus, we derive

o?||wlf3
2y
Choosing v =1 and v = 1/2 yields the assertions (a) and (b). O

1 52
(1- 7)5\\Kui — I3 + aDb(ul, ul) < 5+ allwlly«d +
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Remark 4.13. Note that we did not use the source condition for the assertion (c), thus
it is true for all solutions u! of the inverse problem, i.e. Kul = f.

Remark 4.14. We did not explicitly assume that ' is a J-minimising solution. However,
let U be a Hilbert space and J(u) = %||u[%. Then the source condition is equivalent to
K*w = u! which is in turn equivalent to u' € R(K*) = N(K)*. Thus, by Corollary 2.1,
u! is the minimal norm solution.



Chapter 5

Numerical Solutions

5.1 More on derivatives in Banach spaces

In order to make better sense out of the optimality conditions, we have to discuss some
more properties of the subdifferential.

Definition 5.1. Let E: U — R be a mapping from the Banach space U and u € U. If
there exists an operator A € L(U,R) =U* that

i Bt ) = E(u) — Ah| _

0,
h—0 I17]|s

holds true, then E is called Fréchet differentiable in x and E'(u) := A the Fréchet derivative
inw. If the Fréchet derivative exists for allu € U, the operator E' : U — U* is called Fréchet
derivative.

Example 5.1. Let U be a Banach space and p € U*. Then the Fréchet derivative of p is
given by p' = p.

Example 5.2. Let U be a Hilbert space and M € L(U,U). Then the Fréchet derivative
of E: U — R,
E(u) = ||ull§; = (Mu, u)

at any v € U is given by
E'(u) = (M + M")u,"),

and thus by the Riesz representation theorem can be identified with (M + M™*)u.
Moreover, if M is self-adjoint then E'(u) = 2Mu.

Proof. Simple calculations show that
E(u+h) — E(u) = (M + M*)u,h) + (Mh,h)

which shows that
|[B(uth) = E(uw) — (M + M )u,h)| _ [(MhB)| _ [ M][|All

— < 0
17l 2[|Alu 2

for ||] — 0. O

71
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Example 5.3. Let U,V be Hilbert spaces, K € L(U,V), f € V and E: U — R be defined
as E(u) := 3||Ku — f|%. Then the Fréchet derivative of E can be identified with

E'(u) = K*(Ku-—f).
Proof. For any u € U, an easy calculation shows that
1 1 1
S (k) — IR~ 21— I, = (K~ f, Ko+ 5[ KnIE
and thus with Ah := (K*(Ku — f), h)y; we have that

|E(u+h) = E(u) — Ah| _ 5K (u+h) = fIlf — 51Ku— fllf — (K*(Ku— ), hul
1P lee [1Pllee
[(Ku— f, KRy + 31| Kh|lf — (Ku— f, Kh)y|
1Pl

1 1
= &Rl < 1K~ — 0

as [[hllee — 0. O

Proposition 5.1. Let U be a Banach space and E : U — R be a convex functional that is
Fréchet differentiable in w € U. Then

OE(u) = {E'(v)}.

Proof. Let p € OFE(u). Then for every v € U, h > 0 there is

(pr) = 1 oo+ o) < (B + hv) — B(u)

and similar for A < 0 there is

(p,v) > —[E(u+ hv) — E(u)] .

Sl

Thus,
('(u), ) =lim £ [E(u + ho) — E(w)

< {p.v) < lim L [E(u+ o) — Ew)] = (E'(u),v)

which shows p = E'(u).
On the other hand, let v € U and h € (0, 1] there is
1

LB (u+ h(v — u)) ~ B(w)] = 3 [B((1 ~ h)u + hv) ~ B(u)]

< —=[(1=h)E(u)+ hE(v) — E(u)] = —E(u) + E(v)

> =

and thus
BE(u) + (E"(u),u —v) = E(u) + %igi[E(u + h(v—u)) — E(u)]
< E(u) — E(u) + E(v) = E(v)

thus E'(u) € 0E(u). O
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Theorem 5.1 (e.g. |6, p. 279|). Let U,V be normed spaces, E, F: U — Ry be proper and
convex. Then the following rules for the subdifferential hold.

(a) O(AE) = NOE for A > 0.

(b) O(EoT,) = 0E(u+v) for anyv € U and the translation operator T,: U — U, T, (u) =
U+ V.

(c) OE+ OF C O(E + F) and equality if there exists u € dom(E) Ndom(F') such that E
18 continuous in u.

Corollary 5.1. Let U be a normed space, E: U — R be conver and Fréchet differentiable
and F: U — Ry be convex. Then for all u € dom(E + F') = dom(F) it holds

A(E + F)(u) = E'(u) + OF (u) .

5.2 Minimization problems

5.2.1 Gradient Descent

In this section we will analyse the iteration
uF =k — TE,(’LLk) (5.1)

called gradient descent which is one of the most popular iterations to solve smooth min-
imisation problems.

Lemma 5.1 (Descent Lemma). Let E: U — R be Fréchet differentiable and E' Lipschitz
continuous with constant L € R (which we will call L-smooth in what is to follow). Then
for all x,y € U there is
L
E(z) < E(y) + (E'(y),z —y) + S lo —y[*.

Proof. For any t € [0,1] define g(t) := E(y + t(x — y)) for which we obviously have
g(1) = E(z) and g(0) = E(y). Then we have that

1 1
A<E@+uw—ww4wwa~wMu;Anﬂw+ww—w»—ﬂwmm—th

1
g/ Lit||x — y||2dt
0
L
=§||:L“—y||2

and can further estimate
1
ﬂ@—mwzmn—ﬂm=égww
1
— [+t o g
01 1
= / (E'(y), = — y)dt + / (B'(y+t(x —y)) — E'(y),x — y)dt
0 0

L
<(E'(y), 2 —y)+ 5o - yll? .
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Remark 5.1. If E is convex, then the inequality of the lemma can also be written in terms

of the Bregman distance as Dg/(y) (x,y) < %H&’ —yl*.

Theorem 5.2 (Convergence of gradient descent). Let E be L-smooth and the step size of
gradient descent be chosen as

<2
T —.
L

Then gradient descent monotonically decreases the function value, i.e.
E(uf) < E(u®).
Moreover, if E is bounded from below, then the gradients convergence to zero, i.e.
1E (u*)]| — 0,

with rate (for some C' > 0)

C
. 1/ k
grin NE @I < 557

k+1

Proof. Choosing x = u and y = u* in the Descent Lemma yields

B) — Bb) < (B'(b), ~rB () + 17 B () P

27 . . (5.2)
2
= —7| E' (")) + HF()WZ*QWWUH
with ¢c:= 7L (f — 7‘) > 0 which shows the monotonic descent.
Moreover, summing (5.2) over k =0,..., K — 1 yields
K-1
B(u®) - —c > B WP

k=0

and after rearranging
0y _ K 0y _:
Z HE, 2 < E(w’) — E(u™) < E(u’) —infyey E(u) <c?
c c
Thus, letting K — oo we have that
1B (u®)[| = 0
and the convergence is with rate
K-
02
E/ 2 El/ 2 =
L min B @) < ;u Y2 < =

Taking the square root completes the proof. ]

Remark 5.2. It follows from the theorem that if {u*}; converges, then it converges to a
stationary point u* € U with E'(u*) = 0.
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