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...but we really connected fully when the 
AdS/CFT correspondence took shape.

I’d known Andrew for years, at the 
ITP, and we’d talked a lot about 
physics of various sorts.....

Conversations on the Correspondence

In that context, the string theory ideas and 
techniques of my world connected in a very 
fruitful way with those of the Relativist.
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Schematic
diagram of AdS

“Boundary” is D=4;
“Bulk” is D=5

 at every point.S5
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Other Versions of the Correspondence

D=11 
Supergravity on 

AdS4×S7

D=3, N=8, 
large N
CFTN

CFTN is an IR fixed point of D=3 SU(N) YM Theory is now on
R ! S2
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...summing over all the spacetimes that have the same boundary.

A Key Detail of the Correspondence
Recall the 
statement:

This should be refined....

ZFT(! M, " 0,k) = Zgrav(M, " )∑
i

i



Consequences of the Correspondence
In computing the contributions 
to the RHS in the sugra limit...

∑
i

Zsugra(Mi) =∑
i

e−I(Mi)

F(∂M)
Np −→ F(Mi) , as N→ ∞ .

I(Mi) = NpF(Mi) , p > 0The action is of the form:

F(!M) = − lnZCFT(!M)So the field theory free energy,

F(Mi)is dominated by the smallest

Vary a parameter in 
and can change which           is lowest...... looks like a phase transition!

∂M
F(Mi)



Consequences of the Correspondence
Phase transitions?

Introduce scale by putting 
theory in a box.....But still have 
phase transitions since N 
(which also measures number 
of degrees of freedom) is large.
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The Prototype
At finite temperature, 
must consider both AdS  
and AdS-Schwarzschild:
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Finite temperature? Make 
time periodic, with period β

∂M = S1! S3

Regularity at the horizon fixes the 
temperature of the hole....
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The Action Calculation
Andrew loved this “Gibbons-Hawking” calculus:

β=
2π!2uH
2u2H + !2

...which goes negative for sufficiently large black 
holes... sufficiently high temperatures...

The technology Hawking-Page (later Witten) used at the time 
included regulating the (formally infinite) action by computing 
the action of the hole relative to AdS at the same temperature.  
Result: 

I =
πu2H(!2 ! u2H)
2u2H + !2

.



The Prototype

u

β

uH

β=
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Minimum temperature,        , below 
which the holes do not exist.

Tmin

Both “small” and “large” 
holes exist for T > Tmin

small are 
unstable large are

stable

Phase structure:
Tc T0

AdS AdS! Sch

There is a critical temperature,      
where FBH < FAdS

Tc



Excited Thoughts
This inspired several thoughts in us in 1998...... and much email  exchange 
while I was in my Summer hideout, New York, sitting in the library at 
Columbia University:

This strongly suggested that various processes (say, involving black holes’s 
formation/evaporation) were unitary quantum processes, since they have a 
dual description in terms of unitary quantum field theory process.

Further:

This strongly suggests that all transitions between gravitational instantons in 
the old quantum gravity approach (which Andrew studied a lot with Hawking, 
Gibbons, etc) should be given a unitary QFT description (at least for           ).Λ < 0

Our first project, hep-th/9808177 (Chamblin, Emparan, Johnson, Myers) 
looked into finding some interesting examples.....



NUTs and Bolts of AdS

I’d worked on the Taub-NUT spacetime before, in the context of string 
theory in asymptotically flat space. Had also worked with Rob Myers on it.

This project brought me back to Taub-NUT, and got me working on Taub-
Bolt, both now in the context of Anti-de Sitter spacetime.

These were well-known gravitational instantons, for which we realized that 
the previous questions were begging to be answered! Nobody had done the 
work before!



NUTs and Bolts of AdS

The solution is:
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This is a squashed three-sphere, and is where the dual CFT would reside.

n = l / 2if it is actually AdS4



NUTs and Bolts of AdS

NUT Case:

If the fixed point set of the 
“time” Killing vector is a 
point...

and if the Misner string is 
unphysical...

and if there’s no conical 
singularity

V(r= n)= 0

This all translates into a condition 
on the “mass” parameter: mn = n!

4n3

l2



NUTs and Bolts of AdS

Bolt Case:

If the fixed point set of the 
“time” Killing vector is two-
dimensional...

and if the Misner string is 
unphysical...

and if there’s no conical 
singularity

Result:
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NUTs and Bolts of AdS

rb± =
l 2
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reality of the radius, and also rb > n
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l = nmaxgives:

This gives a range of values for which Taub-Bolts exist.

l = 2nNotice that the AdS value            is not in this range.
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n

r bBolt Case:



NUTs and Bolts of AdS

Notice the analogy with the black hole case:

The parameter n controls the period 
of Euclidean time and hence: T =

1
8! n

There is a branch of small and large 
radius bolts.

There is a NUT solution to compare 
each bolt to for every n.

Next, do the Gibbons-Hawking calculus and see if there’s a 
sensible thermodynamics story.



NUTs and Bolts of AdS

Action Calculation:
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So:

So this is infinite. Regulate by first working at finite boundary, and computing 
difference between volumes of Bolt and NUT matched at same temperature...



NUTs and Bolts of AdS

Action Calculation:
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NUTs and Bolts of AdS
Thermodynamics 

very similar to 
Hawking-Page-
Witten story!

Further evidence that 
several of our expectations 

were on right track!

T0
AdS AdS! Sch

Phase structure:
HP(W) Tc

T0
Phase structure:
(CEJM)

AdS ! Taub ! NUT AdS−Taub−Bolt

Tc



A Return To Black Holes

CEJM: So what about Reissner-Nordstrom black holes? 

What’s the phase structure there?

What would the U(1) gauge field correspond to?

Use a subgroup of the R-symmetry SO(6)

Diagonal U(1) of Cartan subalgebra is the appropriate choice to get EM-AdS.

Key observation:



A Return To Black Holes

Another motivation:  This is the road to finite density QCD! 

Need to study phase structure in presence of “baryon number”

Looking for a U(1) which plays this role.

Use a subgroup of the R-symmetry SO(6)

Diagonal U(1) of Cartan subalgebra is one such choice.



A Return To Black Holes

So we considered a Reissner-Nordstrom black hole in AdS.

ds2 =−V(u)dt2+V(u)−1du2+u2d! 2
3
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chemical potential in 
the gauge theory.
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A Rich Phase Structure

Resulting phase structure:

...Just like a Van de Waals gas!



A Rich Phase Structure

Resulting phase structure:

First order phase 
transition

T

µ
.

AdS

AdS-RN 
Black Holes



Promising step towards real QCD?

T

µ
.



I think that this phase diagram is considerable motivation for trying to get 
access to features of the “real” QCD phase diagram. Test against RHIC data?

!
S

is implied to be unusually small by RHIC data.
T h e q u a r k - g l u o n 
plasma’s properties are 
rather unexpected.

This is very natural in AdS/CFT...

I tried to generate interest in this back in 
1999/2000... no success.

Since then, the issue has been revisted..... Kovtun, Son, Starinets; Nastase... others.....

There have been other interesting related observations too....

Toward QCD



Toward QCD

Adding fundamental flavours.

One approach is inspired 
by role of D3-D7 strings:

D7-brane

D3-branes

A string endpoint 
transforms in the 
fundamental.

How does this 
look in AdS/CFT?



Take near horizon limit of N D3-branes 

Get  a sensible, controllable 
geometry when:

This gives limit in which 
D7s are simply probes of 
the AdS geometry.

This is like the “quenched” 
limit. The quarks do not 
back react on the physics.

Nf D7-branes

g2YMN = λ = finite

g2
YMNf = 0

N large



A D7-brane in the probe limit sees on its worldvolume:

ds2 =
u2

! 2

!
−dt2+dx2

1+dx2
2+dx2

3

"
+

! 2

u2du2+
! 2(u2−L2)

u2 dΩ2
3

Large u is just AdS5×S3

But when u=L, only have AdS part.

The D7-brane fills AdS and 
wraps S3 ! S5

The D7-brane dissolves away!

Karch-Katz ‘02, Kruczenski et al ‘03
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u

L

dynamical 
fundamental 

quarks

D7-branes

D7-branes
vanish



L

J.Erdmenger , N.Evans , Z.Guralnik , I.Kirsch , hep-th/0306018
Kirsch, hep-th/0406274
Mateos, et. al., hep-th/0605046
Tameem Albash, Veselin Filev, Clifford V. Johnson, Arnab Kundu, hep-th/0605088, hep-th/0605175

Phase Structure With Flavours



L



L





Phase Transition



Closing Remarks

Working wit h Andrew was always excit ing, 
f un, and f ruit f ul. 

Our collaborat ion, wit h Emparan and Myers, 
led t he way for several direct ions of 
invest igat ion st ill being car r ied on by many.

ThereÕs a lot more to do, and it  will lead to 
more beaut if ul and valuable physics.

Thanks again Andrew, and GoodBye!


