
Non-Gaussianities in the squeezed limit

PASCOS
2011

 Collaborators: Seljak, Smith, Senatore, Yoo, etc.  



! ! k1 á á á! kN " = " D (k1 + á á á+ kN ) QN (k1, á á ákN )



Why study this limit

¥ Single Þeld consistency conditions
¥ Large signal in multi-Þeld models
¥ Lots of potentially interesting phenomenological signals.
¥ Shows up nicely in LSS through the scale dependence of 
the bias. Good sensitivity. 



The consistency condition and its meaning

ds2 = ! dt2 + a2(t)e2! Ldx2

! xP = e! L ! x k = e! L kP

Q3 ! " (ns " 1)P (kL )P (kS)

At this order in derivatives the long wavelength mode is locally unobservable. It is just a 
rescaling of the coordinates. 

The statement that locally there is no effect implies that in the squeezed limit the 3-pt 
function should go to:

The physical effects are down by (
kL

kS
)2

P(kP
S ) = constant P(kS) = P̄(e! ! LkP

S ) ! P̄(kP
S ) "

!P (kP
S )

! ln k
"L + á á á



In single Þeld the physical effects of the large scale modes 
are suppressed by a factor 

(
kL

kS
)2

This is the size of the Þrst correction to the consistency condition. Seeing anything that 
scales slower than this would also rule out single Þeld inßation.

If the ßuctuations we observed were produced by a second Þeld, the super horizon 
ßuctuations of this Þeld are almost by deÞnition locally observable at the time when they 
are converted to curvature ßuctuations. Thus there should not be any kL suppression. 
Thus the squeezed limit will be non-zero and in examples typically gives fnl of order one 
or larger. 

Paolo Creminelli, Guido D'Amico, Marcello Musso, Jorge Norena.
e-Print: arXiv:1106.1462



Another procedure to measure the squeezed limit

Standard procedure:

Totally equivalent computation: Divide the survey in patches and look for variations in the 
amplitude of an N-point function measured in each patch. 

Cross cross-correlate different measures of the large scale 
variations



General consistency condition: 

In single Þeld the large scale modes do not affect the large scale modes, so the only effect from the 
ÒfakeÓ spatially dependent redeÞnition on the coordinates. 

QN + M ∝ (ns − 1)N (ns − 1)M QN QM P(kL )
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PACS numbers:

We use the notation !á"c to denote the connected part
of an N -point expectation value, and the notation !á"! to
denote the expectation value without the multiplicative
factor (2! )3" 3(

∑

k i ).
For purposes of this paper, we define the quantities

f NL , gNL and #NL by:
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5

12
lim

k1" 0
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$k3
"!

P(k1)P(k2)
(1)
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$k2

$k3
$k4

"!
c

P(k1)P(k2)P(k3)
(2)

#NL =
1

4
lim

|k1+ k2|" 0

!$k1
$k2

$k3
$k4

"!
c

P(k1)P(k3)P(|k1 + k2|)
(3)

This slightly generalizes the usual definitions.1

GENERAL PROOF THAT τNL ! (6f NL / 5)2

In the standard f NL model, #NL is equal to (6f NL / 5)2.
In [1], the inequality #NL # (6f NL / 5)2 was proved at tree
level in the (! N ) formalism, under the assumption that
non-Gaussianity is generated outside the horizon during
inflation. In [2], it was observed that some loop diagrams
can violate the inequality, raising the interesting possi-
bility that violation of the inequality #NL # (6f NL / 5)2

could be an observational signature of loop diagrams dur-
ing inflation. However, we will show here that the in-
equality #NL # (6f NL / 5)2 always holds.

The proof is valid for initial conditions with an ar-
bitrary non-Gaussian PDF, and makes no assumptions
about the physics. The intuitive idea is that if we define
a local estimate of the small-scale power P̂ , then #NL is
the auto power of P̂ on large scales, whereas (6f NL / 5)2

is the part of the auto power which can be attributed to
the cross-correlation of P̂ with $l .

1 (KMS: There is a subtlety in the deÞnition of gNL : the dou-
ble squeezed limit lim k 1,k 2→0 is not well-deÞned and one must
specify precisely how the limit is taken. The limit in Eq. (2)
corresponds to conÞgurations which satisfy k1 ! k2 ! k3 . The
motivation for deÞning gNL this way is that the gNL 4-point esti-
mator gets most of its statistical weight from such conÞgura tions.
Not sure how much of this to say explicitly (the statement abo ut
statistical weight requires some calculation and is not obv ious at
all).)

The formal proof is as follows. For wavenumbers
kL $ kS , let b be a narrow band of wavenumbers near
kS . Define a field P̂kL by:

P̂kL =
1

Vb

∫

k# b

d3k
(2! )3 $k$kL $ k (4)

where Vb =
∫

k# b d3k/ (2! )3 is the volume of the band.

The power spectrum of P̂ and its cross power spectrum
with $ are given by:

! P̂%
kL

P̂kL "! =
1

V 2
b

∫

d3kd3k !

(2! )6 !$$ k$k$ kL $k′$$ k′+ kL "!
c

+
2

V 2
b

∫

d3k
(2! )3 P(k)P(|k %kL |)

& 4#NL P(kL )P(kS )2 +
2P(kS)2

Vb
(5)

!$%
kL

P̂kL "! =
1

Vb

∫

d3k
(2! )3 !$$ kL $k$kL $ k"

&
12

5
f NL P(kL )P(kS) (6)

where “& ” denotes the leading behavior of each term in
the kL $ kS limit. Note that the second term in Eq. (5),
which represents the disconnected part of the four-point
function, is subdominant to the first term in this limit,
so we will neglect it in what follows.

Now consider the 2-by-2 covariance matrix of the fields
$ and P̂ in the kL $ kS limit:

(

P(kL ) 12
5 f NL P(kL )P(kS )

12
5 f NL P(kL )P(kS ) 4#NL P(kL )P(kS )2

)

(7)

From positivity of the determinant, we read o" the in-
equality #NL # ( 6

5 f NL )2. This completes the proof.

SINGLE FIELD INFLATION

There is a widely-used consistency relation which re-
lates the behavior of the three-point function in the
squeezed limit (k1 $ k2) to the scale dependence of the
two-point function [3, 4]. With f NL defined by Eq. (1),
this consistency relation can be written:

f NL =
5

12
(1 %ns) (8)
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Constraints on possible values of the parameters

General relations that come from the positivity of the covariance matrix. These relations have no 
physics in them and will always be satisÞed. 

(Suyama-Yamaguchi relation)



The squeezed limit in large scale structure
non-Gaussian bias: theory vs. simulations 7

Figure 5. Non-Gaussian bias correction measured in the simulations a t various redshifts for haloes of mass M > 2 ! 1013 M ! / h
(colors as in Fig. 4). In each panel, the upper plot shows the r atio Phh (k, f NL )/P hh (k, 0) " 1 (dotted curves, empty symbols) and
Pmh (k, f NL )/P mh (k, 0) " 1 (solid curves, Þlled symbols). The error bars represent th e scatter among 5 realisations. The respective output
redshift and linear halo bias are also quoted. The bottom of e ach panel displays the departure from the theoretical predi ction, ! bs / ! bt

(see text). The shaded area indicates the domain where the de viation is less than 20 percent. The theory agrees reasonabl y well with the
measurements at wavenumber k <# 0.03 hMpc " 1 .

c$ 0000 RAS, MNRAS 000 , 1Ð13

Desjacques et al. 0811.2748
12

FIG. 4: This Þgure shows the median value (red points) and 1,2 and 3-sigma limits on f NL obtained from di ! erent probes
(vertical lines). The data set used are, from top to bottom: P hotometric LRGs, Photometric LRGs with only slices 0Ð4 used,
Spectroscopic LRGs, Integrated Sach Wolfe e! ect, photometric QSO, photometric QSOs using b(z) ! 1/D (z) biasing scheme
(see Section III C), photometric QSOs using alternative ! 2 calculation scheme (see Section III C), using a scale dependent bias
formula appropriate for recently merged halos (Section II C ), Combined sample, Combined sample using a scale dependentbias
formula appropriate for recently merged halos (for QSO), th e last two resoluts to which a statistically independent WMA P 5
bispectrum f NL constraint was added. See text for discussion.

has been smeared out. The QSO plot again shows simi-
lar behaviour, with two caveats. First, the changes in the
predicted power spectrum on small scales are a result of
the fact that bdn/ dz is perturbed with changing f NL , al-
though this is a minor effect. Second, the increase in the
power at smallest! for negativef NL is due to the fact that
for sufficiently negative f NL (or sufficiently large scales),
"b < −2b and hence power spectrum rises again above
what is expected in the Gaussian case. The more unex-
pected is the NVSS-CMB cross-correlation. Naively, one
would expect that the Þrst point of that plot will produce
a very strong f NL ÒdetectionÓ. However, the CMB cross-
correlation signal is only linearly dependent onf NL , while
cross-correlations of NVSS with other tracers of struc-
ture are quadratically dependent on f NL . Large values

of f NL produce anomalously large power in the angular
power spectrum if bdn/ dz has signiÞcant contributution
at high-z tail, which probes large scales. Therefore, the
bdn/ dz Þtting procedure skews the distribution towards
lower redshifts, leading to a lower bias overall. At very
large values, e.g.f NL = 800, this effect is so severe that
the b ∝ 1/D (z) scaling forcesb < 1 at the low-redshift
end. This implies ∆b < 0, and the large-scale ISW sig-
nal actually goes negative (see top-left panel of Fig. 3).
Therefore, the ISW is surprisingly bad at discriminating
f NL and we were unable to Þt the Þrst NVSS ISW data
point with a positive f NL . This behavior is however only
of academic interest because the other data sets strongly
rule out these extreme values off NL .

We ran a series of MCMC chains with base cosmolog-

Slosar et al. 0805.3580

By comparing different tracers one may avoid cosmic variance. 
This technique seems to be more sensitive than the CMB and allow one to go below 
fnl of one. 



! b ! (b" 1)f NL(
H 2

k2
)

The correction to the bias scales as:

You win by measuring the largest scales. As you approach the horizon you need to keep 
track of various GR effects. 

The signal is biggest on the largest 



Fermi frame

rL

timelike geodesic

Figure 1: Fermi Coordinates.

an unperturbed, curved FRW Universe, whose metric is of the form

ds2 = ! dt2
G + a(tG)2 d!x2

G!
1 + 1

4K !x2
G

"2 . (9)

We consider the curved case here because it will be useful for later purposes. It is easy to
check that upon the following change of coordinates, valid at small distances [38]:

tG = tL !
1
2

H (tL )r 2
L , (10)

xi
G =

xi
L

a(tL )

#
1 +

1
4

H (tL )2r 2
L

$
,

wherer 2
L = x2

L, 1 + x2
L, 2 + x2

L, 3 and the subscriptL reminds us that these are the Locally valid
coordinates, the metric takes the form

ds2 = !
%
1 !

&
úH (tL ) + H (tL )2

'
r 2

L

(
dt2

L +
)
1 !

1
2

#
H (tL )2 +

K
a(tL )2

$
r 2

L

*
d!xL . (11)

As we had anticipated, for an indeÞnite amount of time, the metric near the spatial origin
is approximately the Minkowski one, with corrections starting at orderr 2

L and suppressed by
powers ofH r L " 1. So for example this metric is valid for distances smaller than Hubble,
but it clearly can include cosmologically interesting length scales such as the non-linear scale
where structures form.

6

was found for unperturbed FRW Þrst in [38]. Here we are going to provide such a set of
coordinates for a linearly perturbed FRW Universe. We will then argue that in this set of
coordinates the Newtonian approximation is valid, and that this is actually the frame in which
N -body simulations are performed. This will provide us with a mapping from the local Fermi
coordinates in which simulations are done, to the global coordinates of a perturbed FRW,
and it will also tell us how simulations have to be performed in order to include the e! ect of
perturbations with wavelengths much larger than the box size.

Let us therefore Þnd these coordinates. Let us suppose we have an FRW metric with some
small long-wavelength ßuctuations that we can treat linearly. We start from a perturbed FRW
space in Newtonian Gauge:

ds2 = ! (1 + 2" (!xG, tG)) dt2
G + a(tG)2 (1 ! 2# (!xG, tG)) d!x2

G . (7)

In app. A we perform the same construction starting fromζ-gauge. Here the subscriptG
stands for Global to stress that these coordinates are valid for the entire FRW space. A
great simpliÞcation comes from the fact that we wish to study the properties of the large
scale structures manly in the regime where the long-wavelength modes are linear: in other
words, we are mainly interested in the two-point function of large-scale ßuctuations. This
has two consequences. First, the behavior of" and # can be found by solving the linear
Einstein equations and the linearized equations of motion for matter. For example, we can
assume that there is no anisotropic stress at linear level, so that# = " . Second, if we wish
to compute scalar quantities (as we will wish), we can use superposition principle to restrict
ourselves to consider conÞgurations where" is spherically symmetric around one point, let
us say the point!xG = 0. Generalization to the non-linear treatment of " is conceptually
straightforward, but computationally not so, and we leave it to future work1.

In order to Þnd the Fermi coordinates (Fig. 1), we can restrict ourselves to the neighbor-
hood of a time-like geodesic. Spherical symmetry suggests to consider the geodesic!xG(tG) = 0.
If we consider modes whose wavelength is much larger than the region of interest, we can Tay-
lor expand the metric around the origin, and keep only the leading two derivatives. Notice
that numerical simulations have to follow dark matter particles, and therefore their region
of interest corresponds to scales corresponding to the length traveled by the particles, of the
order of the non-linear scale. We obtain:

ds2 " !
!

1 + 2" (!0, tG) + " (!0, tG),r G r G r 2
G

"
dt2

G+ a(tG)2
!

1 ! 2" (!0, tG) ! " (!0, tG),r G r G r 2
G

"
d!x2

G ,

(8)
where r 2

G = x2
G,1 + x2

G,2 + x2
G,3. We can Þnd the coordinates in which the above metric

appears in the Fermi way in a simple, but brute force, way that we describe here. A more
geometric derivation is presented in App. B. Let us Þrst warm up by considering the case of

1Of course such a non-linear treatment would become much more pressing if we had convincing evidence
that the primordial perturbation were non-Gaussian. There is some reason of possible excitement: in the
CMB Gaussianity is excluded only at the 2σ level [10] through the analysis of the three-point function of the
orthogonal kind and parametrized by forthog.

NL [11].
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The resulting metric is of the form

ds2 = −
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which is valid without assuming thatζ is constant. If we use thatζ is indeed constant outside
of the sound horizon, the metric simpliÞes to

ds2 = −
*
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The above metric represents the description of a perturbed FRW Universe on scales much
smaller than the typical length scale of the perturbations. For this reason, in the presence
of adiabatic perturbations whose wavelength is longer than the sound horizon, it has to be
equivalent to the local version of an FRW metric, as represented in the local coordinates
of (11). This is indeed due to Birkho" theorem. This is in fact true: upon identiÞcation of
an e" ective local expansion rateHL (tL ) and of an e" ective curvatureK L given by

HL (tL ) = H (tL ) +
1

H (tL )a(tL )2

#
! (!0, tL ) + ζ(!0, tL )

$

,r Gr G

, (20)

K L = 2

*

! (!0, tL ) − H (tL )2

úH (tL )

+

! (!0, tL ) +
! (!0, tL ),tL

H (tL )

,'

,r Gr G

= −2
3
∇2

Gζ(!0, tG) ,

whereHL (tL ) = úaL (tL )/a L (tL ), the metric (18) takes the form of the curved unperturbed FRW
Universe in (11) with the simple replacementa → aL , K → K L

2. In this case, the local
curvature K L is equal to the double of the Laplacian of the curvature perturbation usually

2It might be useful to notice that the curvature perturbation K = − 2
3∇

2! can be expressed in terms of

the matter density perturbation in comoving gauge " (com )
l as

K =
-

! m, 0 +
2
3

f 0

.
H 2

0 " (com )
l, 0 , (21)

where H0 is the Hubble parameter at the present time, ! m, 0 is the fraction of energy in matter at present
time, and f = ! log D

! log a with D being the growth factor such that " (com ) (t) = D(t)" (com )
0 .The subscript 0 is used

for quantities evaluated at redshift zero.

8

The resulting metric is of the form

ds2 = −
!
1−

"
úH (tL ) + H (tL )2 − 2

#
H (tL )2 + úH (tL )

$
! (!0, tL ) − 3H (tL )! (!0, tL ),t L

−! (!0, tL ),t L tL −
#

2H (tL ) úH (tL ) + ¬H (tL )
$ %tL

0
! (!0, t!)dt! − ! (!0, tL ),r G r G

a(tL )2

&

r 2
L

'

dt2
L +

+
(
1−

)
H (tL )2

2
− H (tL )2! (!0, tL ) − H (tL )! (!0, tL ),t L

−H (tL ) úH (tL )
%tL

0
! (!0, t!)dt! +

! (!0, tL ),r G r G

a(tL )2

&

r 2
L

'

d!x2
L . (18)

which is valid without assuming that " is constant. If we use that" is indeed constant outside
of the sound horizon, the metric simpliÞes to

ds2 = −
*

1−
+

úH (tL ) + H (tL )2 − ! (!0, tL ),r G r G

a(tL )2

,

r 2
L

'

dt2
L (19)

+

*

1−
+

H (tL )2

2
+

! (!0, tL ),r G r G

a(tL )2

,

r 2
L

'

d!x2
L .

The above metric represents the description of a perturbed FRW Universe on scales much
smaller than the typical length scale of the perturbations. For this reason, in the presence
of adiabatic perturbations whose wavelength is longer than the sound horizon, it has to be
equivalent to the local version of an FRW metric, as represented in the local coordinates
of (11). This is indeed due to Birkho" theorem. This is in fact true: upon identiÞcation of
an e" ective local expansion rateHL (tL ) and of an e" ective curvatureK L given by

HL (tL ) = H (tL ) +
1

H (tL )a(tL )2

#
! (!0, tL ) + " (!0, tL )

$

,r G r G

, (20)

K L = 2

*

! (!0, tL ) − H (tL )2

úH (tL )

+

! (!0, tL ) +
! (!0, tL ),t L

H (tL )

,'

,r G r G

= −2
3
∇2

G" (!0, tG) ,

whereHL (tL ) = úaL (tL )/a L (tL ), the metric (18) takes the form of the curved unperturbed FRW
Universe in (11) with the simple replacementa → aL , K → K L

2. In this case, the local
curvature K L is equal to the double of the Laplacian of the curvature perturbation usually

2It might be useful to notice that the curvature perturbation K = − 2
3∇

2! can be expressed in terms of

the matter density perturbation in comoving gauge " (com )
l as

K =
-

! m, 0 +
2
3

f 0

.
H 2

0 " (com )
l, 0 , (21)

where H0 is the Hubble parameter at the present time, ! m, 0 is the fraction of energy in matter at present
time, and f = ! log D

! log a with D being the growth factor such that " (com )(t) = D(t)" (com )
0 .The subscript 0 is used

for quantities evaluated at redshift zero.

8

Then, we have expanded in perturbations by applying the Newtonian approximation:i.e. we
have counted the perturbations in powers ofδ! ∼ v2, where"v = ú"x(tL ), and taken the linear
equations in these perturbations. Notice that this amounts to taking the leading terms also
in r 2

L in the Einstein equations, while we have not expanded inδρ/ ρ. The fact that these
approximations are justiÞed can be checked a-posteriori, but will become clear in the next
paragraph.

In fact, equations (26) and (27) areexactly the same equations that are solved in N -
body numerical simulations. This tells us two important things. First, that the Newtonian
approximation is indeed justiÞed. Second, most importantly, wenow know how to interpret
the above equations in a General Relativistic setting: they are the equations for a local patch
described by the local frame. Thanks to the change of coordinates in (13), we can interpret
the results of theN -body simulations as points in the full manifold of the spacetime (let us
say for example as described in standard Newtonian gauge).

The presence of a long-wavelength mode a" ects the result of theN -body simulations in
two di" erent ways: Þrst it a" ects the mapping from the global to the local coordinates in
(13), second it a" ects the evolution of the short modes by adding a small curvature (20) to
the e" ective local FRW Universe.

In summary, what we found can be synthesized by stating the following simple procedure
for performing N -body simulations that include large scale ßuctuations. Simulations are to
be thought of as computing the gravitational structures in the local frame deÞned by the
change of coordinates (13). In the presence of a long-wavelentgth mode, simulations should
be performed in a curved (background) Universe where the curvature is given by (20)5. Any
scalar quantity measured in the simulations, let us say the proper number density of halos of
a given mass, should be intepreted as given at this time:

N−body Simulations → nL
p ("xL , tL ; # K (ζ)) , (29)

where the explicit dependence onζ comes from the curvature, and the superscriptL reminds
us that the output of the N -body simulations is to be interpreted as given in Local coordinates.
From the mapping (13), we then Þnally get the value in the set of coordinates that are globally
valid, for example in Newtonian gauge:

nG
p ("xG, tG; ζ) = nL

p ("xL ("xG, tG), tL ("xG, tG); # K (ζ)) , (30)

where the superscriptG reminds us that this quantity is deÞned in global coordinates valid
everywhere, and we have used that the proper number density is a scalar.

Finally, we should comment on the initial conditions for the patches corresponding to
the regions of space simulated in theN -body simulations. In the case of Gaussian initial
conditions (we will comment on non-Gaussian initial conditions in the next section), it will
turn out that to a very good approximation the initial power spectrum, expressed in terms of
the local coordinates, should be the same as it would be in the absence of the long-wavelength

5As we stressed, the same approach can be generalized to include perturbations at non-linear level and to
compute non-scalar quantities: in this case the local patch will not evolve as a curved FRW.
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What we can do, is count the number of galaxies in bins of angle and redshift. We will
refer to the observed number density of galaxies, i.e. the number of galaxies divided by the
observed volume, asnobs(z, ! , " ). Here z is the observed redshift of the bin, and the tuple
(! , " ) represents the observed angular position.
The observed position (z, ! , " ) corresponds to a set of global coordinates (tG, #xG). Here we
make use of the fact that a spacetime point can be described in in different coordinate systems
and that global, local and observed coordinates are just three choices of such a coordinate
frame that describe the same point. Thus the global coordinates are a function of the observed
coordinates

(tG, #xG) = ( tG(z, ! , " ), #xG(z, ! , " )) , (32)

and since the proper number densitynp is a scalar, i.e. a function of the point rather than its
coordinates, we have

np(z, ! , " ) = np

!
tG(z, ! , " ), #xG(z, ! , " )

"
. (33)

To compute the observed number densitynobs(z, ! , " ) we need to model both the proper
density of objectsnp and the mapping between proper and observed coordinates. Let us start
with the proper number density.

4.1.1 Proper and Observed Number Density

We have argued that in presence of long wavelength modes, the local inertial frame corre-
sponds to a homogeneous curved FRW Universe. As a result the proper number density of
galaxies at the spacetime point is given by the number density in the effective curved Uni-
verse. We will denote this numbernp(tL; ΩK). The time argument tL stresses the fact that
the proper time of the free falling observer is in general different from the global coordinate
time.

We have:
np(z, ! , " ) = np

!
tL

!
tG(z, ! , " ), #xG(z, ! , " )

"
; ΩK

"
, (34)

where tL(tG, #xG) denotes the time in the Fermi frame centered at (tG, #xG) and ΩK is the
curvature associated with the long wavelength mode. To evaluate this expression we need to
compute the relation between (z, ! , " ) and tL. We can split this relation in two parts.

First we can relate (z, ! , " ) to the global coordinates. As shown in [1] there is a lapse
between the coordinate redshift 1 +zG = 1/a G(tG) and the observed redshiftz

z ! zG = (1 + zG)$zG→z (35)

where$zG→z is given in App. F. We also need to relate the global time coordinate to the time
in the Fermi frame at the origin (see eq. 13),

tL(tG, #xG) = tG + $tG→L(tG, #xG). (36)

The time shift between the global and the local coordinates is the difference between the
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global coordinate-time and the proper-time. In Newtonian gauge we have

! tG! L (z, " , #) = tL
!
tG(z, " , #)

"
! tG(z, " , #) =

# tG (z,! ," )

0
Φ(t"

G(z, " , #), $xG(z, " , #))dt"
G , (37)

= !
1

H (z)

$
%
!
tG(z, " , #), $xG(z, " , #)

"
+ Φ

!
tG(z, " , #), $xG(z, " , #)

"%
.

We can now expand eq. (34) to Þrst order in the perturbations to obtain,

np(tL ; ΩK ) = np(tL , ΩK = 0)
&
1 +

1
ønp

&np

&ΩK
ΩK

'
, (38)

where ønp is the unperturbed number density at the redshift of observation. Doing so, we have
performed a split into background and perturbation such thatnp(tL , ΩK = 0) is not a scalar
but a function of its time argument. Thus

np(z, " , #) = np(tG, ΩK = 0)
&
1 +

1
ønp

&np

&ΩK
ΩK +

&log ønp

&t
! tG! L

'
(39)

= np(zG, ΩK = 0)
&
1 +

1
ønp

&np

&ΩK
ΩK +

&log ønp

&log(1 + z)
! zG! L

'
, (40)

where we have rewritten the prefactor and the time shift in terms of the global redshiftzG,
which is possible since there is a one-to-one relationship between redshift and time in the
auxiliary background Universe that can be translated into a relation between! tG! L and
! zG! L

! tG! L (z, " , #) = !
zG(tL ) ! zG(tG)

H (z)(1 + z)
= !

! zG! L

H (z)
. (41)

When calculating spherical averages, the observed redshiftz is Þxed while coordinate redshift
zG and global timetG vary. As we will see shortly, it is beneÞcial to evaluate the prefactor at
z = zG + ! zG! z

np(z, " , #) = np(z,ΩK = 0)
&
1 +

1
ønp

&np

&ΩK
ΩK +

&log ønp

&ln(1 + z)
(! zG! L ! ! zG! z)

'
. (42)

We can now deÞne the bias as

b! K (t) = !
1
ønp

&np

&ΩK
, (43)

and use that ΩK (t) = 2 " 2
G%/ (3a2H 2) in eq. (39). We discuss the relation between this

deÞnition of the bias and the standard one in the Newtonian approximation in the next
section.

4.1.2 Volume Distortion

Finally, to compute nobs(z, " , #) we need to take into account the distortions in the volume
induced by the mapping between (z, " , #) and the local frame. These geometric factors were
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recently derived at linear level in [1]. We denoteVp the proper volume corresponding to a bin
in (z, ! , " ) and deÞne

Vp = øVp(1 + J ), (44)

where øVp is the corresponding volume in an unperturbed universe and6

J = −! − (1 + z)
d

dz
#z − 2

1 + z

Hr
#z − #z − 2$ +

1 + z

H

dH

dz
#z + 2

#r
r

, (46)

gives the geometrical projection e" ects computed in [1]. Finally, we have

nobs(z, ! , " ) = np(z, # K = 0)
[
1− b! K # K +

%log ønp

%ln(1 + z)
(#zG! L − #zG! z) + J

]
. (47)

Note that all the terms in the bracket are Þrst order, i.e. they can be evaluated atz, zG or
tG equivalently, since these agree at zeroth order.

4.1.3 Observed Overdensity & Averaging

The observed overdensity is the fractional di" erence between the overdensity in a certain
direction and the angular average over the survey area

#obs(z, ! , " ) =
nobs(z, ! , " ) − ønobs(z)

ønobs(z)
. (48)

When evaluating the observed mean number density we can use that all the terms in the
bracket in Eq. (47) vanish, when averaged over a su$ ciently big survey area. Hence we
obtain for the angular average

ønobs(z) =
∫

! survey

sin! d! d"
# survey

nobs(z, ! , " ) = np(z; # K = 0) . (49)

Now, the beneÞt of evaluating prefactor in Eq. (47) at the observed redshift becomes obvious.
Since the observed redshift is Þxed,np(z, # K = 0) agrees with the survey average and we have
for the observed overdensity (we will ignore the additional e" ects on monopole and dipole,
which are inßuenced by the contributions at the observerÕs position),

#obs(z, ! , " ) = −b! K # K +
%log ønp

%ln(1 + z)
(#zG! L − #zG! z) + J . (50)

The volume distortion is in principle observable and thus has to be gauge invariant by itself.
The Þrst term −b! K # K is the number of collapsed objects in the inertial frame and thus

6Our expression forJ assumes that the survey is volume limited. If instead the survey is ßux limited, we
have to add the corrections due to the change in the apparent luminosity. In this case we have to replaceJ
with

J → J − 5p!DL . (45)

See App. F for details.
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Projection Effects

To consider now the generic perturbed FRW ßat space, let us generalize the change of
coordinates as

tG = tL −
1
2

H (tL )r 2
L −

∫ tL

0

Φ(!0, t!)dt! + g1(tL )r 2
L , (12)

xi
G =

xi
L

a(tL )

(
1 +

1
4

H (tL )2r 2
L + f 1(tL ) + f 2(tL )r 2

L

)
,

and let us determine the functionsf 1,2, g1, meant to be Þrst order in the metric ßuctuations,
by imposing that the metric in the local coordinates is of the Fermi form, with the additional
constraint that the spatial part be proportional to "ij . Notice that we have made the educated
guess that at the origin the Local time equals the proper time. We will verify shortly that
this is a good guess. After some straightforward algebra, we obtain

tG = tL −
∫ tL

0

Φ(!0, tL )dt!

−
(

1
2

H (tL ) − H (tL )Φ(!0, tL ) − 1
2
Φ(!0, tL ),tL −

úH (tL )
2

∫ tL

0

Φ(!0, t!)dt!

)
r 2

L ,

xi
G =

xi
L

a(tf )

[
1 + Φ(!0, tL ) + H (tL )

∫ tL

0

Φ(!0, t!)dt!+

1
4

(
H (tL )2 + H (tL )

(
H (tL )2 − 2 úH (tL )

) ∫ tL

0

Φ(!0, t!)dt! − H (tL )2Φ(!0, tL ) − 2H (tL )Φ(!0, tL ),tL

)
r 2

L

]
.

(13)

Let us recall the common deÞnition of the comoving-gauge curvature perturbation#

#(!xG, tG) = −Φ(!xG, tG) +
H (tG)2

úH (tG)

(
Φ(!xG, tG) +

úΦ(!xG, tG)
H (tG)

)
, (14)

and the fact that this is constant for adiabatic ßuctuations and for walengths longer than the
sound horizon:

ú#(!xG, tG) =
H (t)
úH (t)

[
¬Φ(t) +

(
H (t) −

¬H (t)
úH (t)

)
úΦ(t) +

(
2 úH (t) −

¬H (t)H (t)
úH (t)

)
Φ(t)

]
= 0 , (15)

where the dot stays for derivative with respect to the time variable. This implies that we can
write # as

#(t) = −Φ(t) − H (t)
∫ t

0

dt! Φ(t !) , ⇒ úΦ(t) + H (t)Φ(t) + úH (t)
∫ t

0

dt!Φ(t !) = 0 , (16)

and therefore we can simplify the former expressions to get

tG = tL −
∫ tL

0

Φ(!0, tL )dt! − 1
2

H (tL )
(

1− Φ(!0, tL )
)

r 2
L ,

xi
G =

xi
L

a(tf )

[
1 +

H (tL )2

4
r 2

L

] (
1− #(!0, tL )

)
. (17)
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a given mass, should be intepreted as given at this time:

N−body Simulations → nL
p ("xL , tL ; # K (ζ)) , (29)

where the explicit dependence onζ comes from the curvature, and the superscriptL reminds
us that the output of the N -body simulations is to be interpreted as given in Local coordinates.
From the mapping (13), we then Þnally get the value in the set of coordinates that are globally
valid, for example in Newtonian gauge:

nG
p ("xG, tG; ζ) = nL

p ("xL ("xG, tG), tL ("xG, tG); # K (ζ)) , (30)

where the superscriptG reminds us that this quantity is deÞned in global coordinates valid
everywhere, and we have used that the proper number density is a scalar.

Finally, we should comment on the initial conditions for the patches corresponding to
the regions of space simulated in theN -body simulations. In the case of Gaussian initial
conditions (we will comment on non-Gaussian initial conditions in the next section), it will
turn out that to a very good approximation the initial power spectrum, expressed in terms of
the local coordinates, should be the same as it would be in the absence of the long-wavelength

5As we stressed, the same approach can be generalized to include perturbations at non-linear level and to
compute non-scalar quantities: in this case the local patch will not evolve as a curved FRW.

12

Mapping of the coordinates:

Changes in the volume: 

global coordinate-time and the proper-time. In Newtonian gauge we have

δtG→L (z,θ, φ) =tL
!
tG(z,θ, φ)

"
! tG(z,θ, φ) =

# tG (z,! ," )

0

! (t ′G(z,θ, φ),$xG(z,θ, φ))dt′G , (37)

= !
1

H (z)

$
ζ
!
tG(z,θ, φ),$xG(z,θ, φ)

"
+ !

!
tG(z,θ, φ),$xG(z,θ, φ)

"%
.

We can now expand eq. (34) to first order in the perturbations to obtain,

np(tL ; " K ) =np(tL , " K = 0)

&
1 +

1

n̄p

∂np

∂" K
" K

'
, (38)

where n̄p is the unperturbed number density at the redshift of observation. Doing so, we have
performed a split into background and perturbation such that np(tL , " K = 0) is not a scalar
but a function of its time argument. Thus

np(z,θ, φ) =np(tG, " K = 0)

&
1 +

1

n̄p

∂np

∂" K
" K +

∂ log n̄p

∂t
δtG→L

'
(39)

=np(zG, " K = 0)

&
1 +

1

n̄p

∂np

∂" K
" K +

∂ log n̄p

∂ log(1 + z)
δzG→L

'
, (40)

where we have rewritten the prefactor and the time shift in terms of the global redshift zG,
which is possible since there is a one-to-one relationship between redshift and time in the
auxiliary background Universe that can be translated into a relation between δtG→L and
δzG→L

δtG→L (z,θ, φ) = !
zG(tL ) ! zG(tG)

H (z)(1 + z)
= !

δzG→L

H (z)
. (41)

When calculating spherical averages, the observed redshift z is fixed while coordinate redshift
zG and global time tG vary. As we will see shortly, it is beneficial to evaluate the prefactor at
z = zG + δzG→z

np(z,θ, φ) = np(z, " K = 0)

&
1 +

1

n̄p

∂np

∂" K
" K +

∂ log n̄p

∂ ln(1 + z)
(δzG→L ! δzG→z)

'
. (42)

We can now define the bias as

bΩK (t) = !
1

n̄p

∂np

∂" K
, (43)

and use that " K (t) = 2" 2
Gζ/ (3a2H 2) in eq. (39). We discuss the relation between this

definition of the bias and the standard one in the Newtonian approximation in the next
section.

4.1.2 Volume Distortion

Finally, to compute nobs(z,θ, φ) we need to take into account the distortions in the volume
induced by the mapping between (z,θ, φ) and the local frame. These geometric factors were
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Bias and the squeezed limit

In general the description of the statistical distribution of modes in the initial conditions
requires knowledge of all the moments of their distribution. For special cases a limited set of
parameters p is su! cient. For instance, if the initial conditions are Gaussian, they are fully
quantified by their variance. If the parameters p depend on the long wavelength amplitude,
then the proper number density of objects has an additional explicit dependence on the long
wavelength amplitude. Thus we can generalize equation (30) to:

np(!xG, tG; " ) = np
!
!xL (!xG, tG), tL (!xG, tG); " K , p(" )

"
. (57)

These parameters p represent all the relevant information needed to describe the initial con-
ditions on small scales. The abundance of objects of a given mass M is mainly sensitive to
the amplitude of fluctuations smoothed on a scale enclosing the mass, given in terms of the
variance #M . There is also a weak dependence on the slope of the power spectrum at the
scale M and possibly on parameters describing deviations from a Gaussian distribution of the
small scale modes, e.g. skewness. For definiteness we will consider only the dependence on
#M .

The so-called local kind of non-Gaussianities [19] that can be produced in multifield in-
flationary models [20, 21] or in the new bouncing cosmology [22] provides an example where
#M depends explicitly on the long wavelength amplitude " 7. In these models the initial
conditions are such that the curvature perturbation is a non-linear function (local-in-space)
of an auxiliary Gaussian random variable "g:

" (!xG) = "g(!xG)− 3

5
f loc.

NL

!
"g(!xG)2 − 〈" 2

g〉
"

. (58)

If we decompose " into long and a short modes as we did before, we can see that the short
mode takes the form

"s $
#

1− 6

5
f loc.

NL "g,l

$
"g,s , (59)

where we have neglected a term in " 2
s which is irrelevant for our discussion of the bias. From

this equation we see that the variance of the short scale power is modulated by the long mode.
This implies that in the case of local non-Gaussianities there is an additional source of bias. If
we set up the initial conditions for the simulation in the presence of non-Gaussianities of the
local kind, the resulting proper number density of halos np will depend on the long-mode not
only through its explicit dependence on the curvature of the local Universe, but also through
the dependence on the initial power spectrum of the modes 8. Eq. (47) is generalized to

nobs(z,$, %) $ np(z; " K = 0, øp)×
%
1− b! K

2∇2
G"

3a2H 2
+

1

n̄p

&np

&#2
M

&#2
M

&"
" +

&log n̄p

&log(1 + z)
(' zG! L − ' zG! z) + J

&

= n̄p(z)

%
1− b! K " K + b! " +

&log n̄p

&log(1 + z)
(' zG! L − ' zG! z) + J

&
, (60)

7The same is expected to be true for the new non-Gaussian shapes that have been found in the E! ective
Theory of MultiÞeld Inßation that have support both in the equilateral and in the squeezed limit [4].

8Though we are now talking about non-Gaussian e! ects, notice that we are consistently treating the long
mode at linear level.
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Figure 2: Observed galaxy power spectrum forz = 1, b! K = 1.5 (b= 2) and ∂ lognp/ ∂ log(1+
z) = 3. Left panel: We show the spectra parallel to the line of sight (red) and transverse to
the line of sight (blue). The solid line is for Gaussian initial conditions, whereas dot-dashed is
f loc.

NL = +1 and dashed isf loc.
NL = ! 1. The lower black line is just the power spectrum of density

in comoving gauge, the upper is multiplied with redshift space distortion factor (1 +f /b )2 to
give the power parellel to the line of sight. We see that the e! ects of non-Gaussianity and
GR-e! ects on the power spectrum di! er, because the latter depend also on the line of sight
parameterµ through the peculiar velocity e! ects. Right panel: Same as left, but green lines
show non -Gaussian power spectrum without the GR-e! ects (just redshift space distortions).

where ∂σ2
M / ∂ζ = ! 12f loc.

NL / 5 is independent ofM and øp describes the initial conditions in
absence of long perturbations. We see that in presence of non-Gaussianities of the local kind
the bias receives an additional contribution proportional toζ, while the standard Gaussian
contribution is proportional to " 2ζ. There is a relative scale dependence proportional tok2

between the two. But this does not imply the very unphysical result that the bias blows up as
k # 0. It is rather the fact that the bias for large scales should be interpreted as a di! erent
bias: as the coe" cient of proportionality between the local number density andζ and " 2ζ 9.
The Þnal expression for the observed overdensity in presence of local non-Gaussianities is thus

δobs(z,θ, φ) = ! b! K # K + b! ζ +
∂ log ønp

∂ ln(1 + z)
(δzG→L ! δzG→z) + J . (61)

The presence of$ terms in the redshift lapse terms and the volume distortion term mimicks
f loc.

NL of order unity. But this should not bias any measurement of non-Gaussianity since the
General Relativistic e! ects are calculable and can thus be removed from the measurement.

As in the case of Gaussian initial conditions our formula can be applied directly to the
results of N -body simulations, but for illustrative purposes we can also calculate the e! ect

9Our conclusions about the bias as due to local non-Gaussianities are in general agreement with the ones
of [9], though they di! er in the way the results are derived and in parts of their interpretation. We stress
that our derivation does not crucially rely on the assumption of spherical symmetry. It should allow for a
straightforward generalization to the non-linear case where spherical symmetry can not be used.
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Note that there is a difference of two powers of k between the regular bias and what can be 
induced by the initial conditions. If fact even terms that are subleading in the squeezed limit can 
be measured this way.   

Note that this formula also applies to the dependence on all the p components, for 
example other N-point functions. 
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z) = 3. Left panel: We show the spectra parallel to the line of sight (red) and transverse to
the line of sight (blue). The solid line is for Gaussian initial conditions, whereas dot-dashed is
f loc.

NL = +1 and dashed isf loc.
NL = ! 1. The lower black line is just the power spectrum of density

in comoving gauge, the upper is multiplied with redshift space distortion factor (1 +f /b )2 to
give the power parellel to the line of sight. We see that the e! ects of non-Gaussianity and
GR-e! ects on the power spectrum di! er, because the latter depend also on the line of sight
parameterµ through the peculiar velocity e! ects. Right panel: Same as left, but green lines
show non -Gaussian power spectrum without the GR-e! ects (just redshift space distortions).

where !" 2
M / !# = ! 12f loc.

NL / 5 is independent ofM and øp describes the initial conditions in
absence of long perturbations. We see that in presence of non-Gaussianities of the local kind
the bias receives an additional contribution proportional to#, while the standard Gaussian
contribution is proportional to " 2#. There is a relative scale dependence proportional tok2

between the two. But this does not imply the very unphysical result that the bias blows up as
k # 0. It is rather the fact that the bias for large scales should be interpreted as a di! erent
bias: as the coe" cient of proportionality between the local number density and# and " 2# 9.
The Þnal expression for the observed overdensity in presence of local non-Gaussianities is thus

$obs(z,%, &) = ! b! K # K + bζ# +
! log ønp

! ln(1 + z)
($zG! L ! $zG! z) + J . (61)

The presence of$ terms in the redshift lapse terms and the volume distortion term mimicks
f loc.

NL of order unity. But this should not bias any measurement of non-Gaussianity since the
General Relativistic e! ects are calculable and can thus be removed from the measurement.

As in the case of Gaussian initial conditions our formula can be applied directly to the
results of N -body simulations, but for illustrative purposes we can also calculate the e! ect

9Our conclusions about the bias as due to local non-Gaussianities are in general agreement with the ones
of [9], though they differ in the way the results are derived and in parts of their interpretation. We stress
that our derivation does not crucially rely on the assumption of spherical symmetry. It should allow for a
straightforward generalization to the non-linear case where spherical symmetry can not be used.
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Fermi frame

rL

timelike geodesic

Figure 1: Fermi Coordinates.

an unperturbed, curved FRW Universe, whose metric is of the form

ds2 = ! dt2
G + a(tG)2 d!x2

G!
1 + 1

4K !x2
G

"2 . (9)

We consider the curved case here because it will be useful for later purposes. It is easy to
check that upon the following change of coordinates, valid at small distances [38]:

tG = tL !
1
2

H (tL )r 2
L , (10)

xi
G =

xi
L

a(tL )

#
1 +

1
4

H (tL )2r 2
L

$
,

wherer 2
L = x2

L, 1 + x2
L, 2 + x2

L, 3 and the subscriptL reminds us that these are the Locally valid
coordinates, the metric takes the form

ds2 = !
%
1 !

&
úH (tL ) + H (tL )2

'
r 2

L

(
dt2

L +
)
1 !

1
2

#
H (tL )2 +

K
a(tL )2

$
r 2

L

*
d!xL . (11)

As we had anticipated, for an indeÞnite amount of time, the metric near the spatial origin
is approximately the Minkowski one, with corrections starting at orderr 2

L and suppressed by
powers ofH r L " 1. So for example this metric is valid for distances smaller than Hubble,
but it clearly can include cosmologically interesting length scales such as the non-linear scale
where structures form.
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Connection to IR divergencies in loops

Figure 1:

th.c., the modek of which we wish to compute the two-point function crosses the horizon. If
we consider the e! ect of a mode that had crossed the horizon before the mode we consider,
it induces ßuctuations in the position of the inßaton on its trajectory at the Þxed timeth.c.

at which the modek crossed the horizon. Because of this, the value ofH and úH at th.c. will
be di! erent, leading to an e! ect of the infrared modes on the modes we are considering: an
IR e! ect indeed. Notice that this is the only physical e! ect that the long modes have on
the short ones. In fact a mode longer than the horizon scale is locally unobservable, which
means that it has no e! ect on quantities once expressed in physical coordinates. Since we
can neglect the gradients of the long background! mode, ! B , whereB stays for background,
a background mode perturbs the metric simply as

ds2 = −dt2 + a(t)2e2ζB d"x2 , (39)

which means that a background! mode amounts just to an overall rescaling of the spatial
coordinates:

" xphysical = eζB " xcomoving . (40)

A ! ßuctuation longer than the horizon does nothing but a redeÞnition of the local coordinates.
To infer its e! ects we do not therefore need to perform loop calculation, we can just simply
notice that

〈! (x1)! (x2)〉ζB = 〈! (e! ζB x1)! (e! ζB x2)〉0 (41)

where the subscript ζB and 0 means that the correlation function is taken with a! B as
a background Þeld, or in the unperturbed vacuum. By Taylor expanding this correlation
function one Þnds that [3, 4, 5, 6]

〈! k ! k′〉ζB = 〈! k ! k′〉0+ #(3) ("k+"k")〈! B (x)2〉$
2 [k3Pk ]

$ logk2
= 〈! k ! k′〉0+ #(3) ("k+"k") log(kL)((ns−1)2+ %)P 2

k ,

(42)
!!!!!!!!! "#$ %&'()*+, -. ,"#*/)",!!!!!!!!!! where we have deÞned

〈! k ! k′〉0 = #(3) ("k + "k")Pk , ns − 1 =
$ [k3Pk ]
$ logk

, %=
$2 [k3Pk ]
$ logk2

− (ns − 1)2 . (43)

!!!!!!!!!! "#$ %"0)&'(1)*/!!!!!!!!!!!!! In the last passage we have used that

〈! B (x)2〉 = Pk log(kL) $ PkN
beginning
e , (44)

where log(kL) $ Nbeginning
e is the number ofe-foldings from the beginning of inßation to when

the modek crosses the horizon. Notice thatNbeginning
e can be an huge number, possibly even

without an upper bound as in eternal inßation. This result, if physical, would tell us that
perturbation theory is breaks and that mode that we observe today inside the horizon are
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at which the modek crossed the horizon. Because of this, the value ofH and úH at th.c. will
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which means that a backgroundζ mode amounts just to an overall rescaling of the spatial
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∆xphysical = e! B ∆xcomoving . (40)
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(42)
......... to Þx numerical factors etc.......... where we have deÞned

〈ζkζk! 〉0 = δ(3) ("k + "k")Pk , ns − 1 =
∂ [k3Pk]
∂ logk

, α =
∂2 [k3Pk]
∂ logk2

− (ns − 1)2 . (43)
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e , (44)
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without an upper bound as in eternal inßation. This result, if physical, would tell us that
perturbation theory is breaks and that mode that we observe today inside the horizon are
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without an upper bound as in eternal inßation. This result, if physical, would tell us that
perturbation theory is breaks and that mode that we observe today inside the horizon are
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The IR divergency is basically just like the (ns-1) in the squeezed limit is fake. 



Conclusions

¥ The squeezed limit is an excellent probe of the mechanisms that created the 
density ßuctuations
¥ The consistency condition basically states that in single Þeld inßation the limit is 
zero
¥ LSS is a new and very promising avenue to get at small values of fnl and requires 
understanding how galaxies trace mass on horizon scales. 
¥ The GR Òprojection-effectsÓ are not totally degenerate with fnl although this 
requires characterizing the galaxy populations being used.


