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The Arrow: Why it Matters!

Time passes --- but why?
Answer: WHY NOT?
The Universe was born in an extremely 

NON-GENERIC STATE. 
How non-generic? Measured by the

PENROSE NUMBER:
The fact that it evolves towards more 
generic states --- which is what we call 
the

PASSING OF TIME --- is only to be 
expected; the thing that needs 
explaining is WHY the Universe was 
born in such a special state. 
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More Specifically:

Not all features of the Universe were non-generic 
at early times: the thing that was really special 
was the SPATIAL GEOMETRY, which was 
extremely regular instead of being generic. A truly 
GENERIC geometry would not be ANYWHERE 
NEAR being homogeneous or isotropic --- it would 
instead be something quite HORRIBLE , highly 
irregular even if not singular.
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CLASSIFICATION

All compact orientable three-dimensional 
manifolds M fall into one of the following 
three [“Kazdan-Warner”] classes:

[N]: Everything else.
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The problem is to find a PHYSICAL
PRINCIPLE which selects some 
EXTREMELY SMOOTH geometry
from the vast space of possible 
geometries and topologies.

It seems very natural to assume
that the special initial conditions
were set up by the same process
that leads to the “ emergence of 
time ” from some TIMELESS
[irreducibly stringy? Euclidean?
Both?] state.

And this principle should fit into 
some overall picture, such as the 
STRING LANDSCAPE. 

And this principle should fit into 
some overall picture, such as the 
STRING LANDSCAPE. 
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Assumptions:
� We assume that time emerged, in the sense familiar from the 

Wheeler-De Witt theory, along a minimal-volume spacelike
3-dimensional BOUNDARY with the topology of a TORUS
[or toral quotient]. This is motivated by string theory: by the 
STRING GAS of Brandenberger and Vafa, and also by 
recent work of Ooguri/Vafa/Verlinde. It is also motivated by 
the fact that alternatives don’t work!

� Let         be the field of unit timelike normals pointing 
inward from the boundary. Then we require the energy flux 
vector defined by this field should likewise point inwards; 
this should somehow express the idea that matter is being 
CREATEDalong this surface, not destroyed.

mN



77

These extremely mild 
assumptions turn out to 
constrain the geometry in a 
very drastic way!
The [classical version of] the 
WDW equation,

also known as the initial 
value constraint, requires 
now that
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“Homer, your theory of a 
donut-shaped universe is 

intriguing.”

“Homer, your theory of a 
donut-shaped universe is 

intriguing.”

0  R(h)³
everywhere on the initial torus. 
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THIS LOOKS VERY WEAK!

Recall that scalar curvature is just the AVERAGE
of the sectional curvatures. So to say that R is non-
negative means almost nothing! CASE IN POINT: 
Let f(x) be an arbitrary non-negative function on 
the three-sphere     . Is there a metric on       having 
f(x) as its scalar curvature? The answer is YES for 
every topology in our earlier class [P]. [This is one 
part of the KAZDAN-WARNER THEOREM.] So 
non-negative scalar curvature hardly constrains the 
geometry of the topological three-sphere at all.
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Conclusion

BUT THE TORUS IS UTTERLY DIFFERENT!
The Kazdan-Warner Theorem also says that R(h) can 
be everywhere non-negative on any manifold in class 
[Z] if and only if R(h) = 0 everywhere. That still looks 
very weak: the AVERAGE sectional curvature has to 
vanish. But then something amazing happens: due to 
the combined efforts of Schoen, Yau, Gromov, Lawson, 
and Bourguignon, one can show that

ON A TORUS, R(h) = 0 IMPLIES EXACT FLATNESS.
---that is, each and every sectional curvature = 0 !
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So in the TORAL case, the initial value 
constraint imposes ENORMOUSLY 
RESTRICTIVE CONDITIONS ON THE 
PERMITTED INITIAL GEOMETRY!

“Homer, your theory of a 
donut-shaped 

universe is intriguing.”

“Homer, your theory of a 
donut-shaped 

universe is intriguing .”

But this is exactly what we wanted: the theory 
demands low initial entropy [smooth spatial 
geometry] in order to be internally consistent. 

But this is exactly what we wanted: the theory 
demands low initial entropy [smooth spatial 
geometry] in order to be internally consistent. 

Note: Kazdan-Warner class [N] [“everything 
else”] consists of manifolds --- the vast majority 
--- on which there simply does not exist ANY 
metric of non-negative scalar curvature. So 
they are ruled out by our assumptions. In short, 
class [P] [the sphere etc etc] is bad because it 
is not restrictive at all, class [N] is bad because 
it is too restrictive; class [Z] is INTRIGUING 
because it just barely makes it --- it essentially 
allows ONE geometry per topology, exactly 
what we need!
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allows ONE geometry per topology, exactly 
what we need!
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How does all this fit into 
Eternal Inflation / the 
Landscape?

In the Landscape, baby universes 
are born, each one having spatial 
sections with the approximate 
geometry of hyperbolic space. 
Even if we compactify these, that 
will put them in KW class [N], 
which will not generate an Arrow. 
So the only way a baby can have 
an Arrow is to INHERIT one from 
the original spatially TORAL 
spacetime. Thus the multiverse has 
a tree-like structure, rooted in a 
torus.



1212


