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Outline

1) Basic tools and ideas.

2) Review of ultraviolet properties of supergravity and
standard arguments.

3) “Enhanced” UV cancellations. UV cancellation

beyond the ones understood from standard symmetry
or counterterm arguments.

4) Explicit calculations demonstrating enhanced
UV cancellations in V=4, 5 supergravity at 3, 4 loops.

5) Revisiting pure Einstein gravity at 2 loops.
More interesting than usual arguments suggest.



‘ Our Basic Tools

We have powerful tools for computing amplitudes and for

discovering new structures:
5 See Trnka’s talk
* Unitarity Method. L
ZB, Dixon, Dunbar, Kosower “== g
ZB, Carrasco, Johansson , Kosower -‘

* Duality between color and kinematics.
/B, Carrasco and Johansson

* Advanced loop integration technology.

Chetyrkin, Kataev and Tkachov; A.V. Smirnov; V. A. Smirnov, Vladimirov; Marcus,
Sagnotti; Cazkon; etc

Many other tools and advances that I won’t discuss here.



‘ Duality Between Color and Kinematics

ZB, Carrasco, Johansson (2010)

Conjecture: Kinematic numerators exist with same algebraic
properties as color factors
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If you have a set of duality satisfying kKinematic numerators.
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simply take

gauge theory —> gravity theory

color factor —» kinematic numerator

Gravity loop integrands are trivial to obtain once

we have gauge theory in a form where duality holds.



‘ Coni ecture: Duality Between Color and Kinematics ‘
,
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* Crucial part is to find numerators that satisfy duality.
* Unitarity method used to prove that whenever we have
such numerators gravity amplitudes correct.



‘ Gravity From Gauge TheorLI
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N=8sugra: (N=4sYM)X (N=4sYM)
N=35sugra: (N=4sYM)X (N=1sYM)
N=4sugra: (N=4sYM)X (N=0sYM)

BCJ

Spectrum controlled by simple tensor product of YM theories.
Recent papers show more sophisticated lower-susy cases.
Anastasiou, Bornsten, Duff; Duff, Hughs, Nagy; Johansson and Ochirov;

Carrasco, Chiodaroli, Giinaydin and Roiban; ZB, Davies, Dennen, Huang and Nohle;
Nohle; Chiodaroli, Glinaydin, Johansson, Roiban.



| Is a UV finite field theory of gravity possible? |

K = \/327TG ~ <+ Dimensionful coupling
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* Extra powers of loop momenta in numerator means integrals are
badly behaved in the UV.

* Much more sophisticated power counting in supersymmetric theories
but this is basic idea.

*  With more susy expect better UV properties.
* High symmetry implies simplicity.

See also comments in Vanhove’s talk.



UYV Finiteness of Supergravity?

Consensus opinion from the late 1970’s and early 1980’s:
All supergravity theories should diverge by three loops and
therefore are not viable as fundamental theories.

Green, Schwarz, Brink; Howe and Stelle; Marcus and Sagnotti; etc.

Is this true?



N = 8 Supergravity at Three LOOM

Analysis of unitarity cuts shows highly nontrivial all-loop
cancellations. ZB, Dixon and Roiban (2006); ZB, Carrasco, Forde, Ita, Johansson (2007)
To test completeness of cancellations, we decided to directly
calculate potential three-loop divergence.
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Three loops is not only
ultraviolet finite, it is
very finite— finite for
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Obtained via on-shell unitarity method. 9




Four-Loop N = 8 Supergravity Amplitude Construction

ZB, Carrasco, Dixon, Johansson, Roiban (2009)

Get 85 distinct diagrams or integrals.
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leg perms

UV finite for D < 11/2
It is very finite!
Same behavior as N =4 sYM

Duality between color and Kinematic discovered by doing this

R 10
calculation.



Current Status of V=8 Divergences

Consensus that in V= 8 supergravity trouble starts at 5 loops
and by 7 loops we have valid UV counterterm in D =4

under all known symmetries (suggesting divergences).

susy + E, ., duality symmetry.

Bossard, Howe, Stelle; Elvang, Freedman, Kiermaier; Green, Russo, Vanhove ; Green and Bjornsson ;
Bossard , Hillmann and Nicolai; Ramond and Kallosh; Broedel and Dixon; Elvang and Kiermaier;
Beisert, Elvang, Freedman, Kiermaier, Morales, Stieberger

For N=8 sugrain D =4:
* All counterterms ruled out until 7 loops.
e D3R* counterterm available at 7 loops under all known

symmetries.
* Oddly, it is not a full superspace integral.

Bossard, Howe, Stelle and Vanhove

Based on this, a reasonable person would conclude that N=8
supergravity almost certainly diverges at 7 loops in D = 4.

11



Predictions of Ultraviolet Cancellations

Bjornsson and Green developed a first quantized formulation of
Berkovits’ pure-spinor formalism.

Key point: all supersymmetry cancellations are exposed.

They identify contributions that are poorly behaved.

Poor UV behavior, unless new types of cancellations between
diagrams exist that are “not consequences of supersymmetry
in any conventional sense”: Bjornsson and Green

* N = 8 sugra should diverge at 7 loops in D = 4.
* N =8 sugra should diverge at 5 loops in D = 24/5.

12



Maximal Cut Power Counting

/B, Davies, Dennen

Maximal cuts of diagrams poorly behaved:

T

N=4 2
sugra |1

p ~——

q

already log divergent

N =4 sugra: pure YM X N=4sYM
3

4 niNSBtAZree<p'q)2€1°p€2'p€3'q54°q—|—...

This diagram is log divergent

N = 8 sugra should diverge at 5 loops in D = 24/5 Bet with Kelly Stelle

N = 8 sugra should diverge at 7 loops in D =4,  Bet with David Gross e

N = 4 sugra should diverge at 3 loops in D =4
N =3 sugra should diverge at 4 loops in D =4

]— Unfortunately no bets

This result equivalent to Bjornsson and Green’s approach:
Identify poorly behaved terms and count.

All other groups that looked at the question of symmetries
agree. Looked like a safe bet that these divergences are present.

13



Enhanced UV Cancellations

Suppose diagrams in any possible covariant diagrammatic
representation are UV divergent.

N=4
sugra

Diagram necessarily
is log divergent

Y

~——

If sum over diagrams is UV finite
by definition this is an “enhanced
cancellation”

* The Bjornsson and Green power counting does not include

enhanced cancellations.

* Through four loops in N = 8 sugra, UV cancellations are not
enhanced and can be understood from standard symmetries.

* Standard UV cancellations in susy gauge theory not enhanced.

14



Examples of Enhanced Cancellations

Four explicitly known examples in gravity:

1) N =4 supergravity in D =4 at 3 loops.

2) N =35 supergravity in D =4 at 4 loops.

3) Half-maximal supergravity in D =5 at 2 loops.

4) Pure Einstein gravity at 1 loop simplest example.

» First 3 not explained by standard symmetry arguments.
> Last one explained by Gauss-Bonnet theorem.

15



Three-Loop /N =4 Supergravity Construction

7B, Davies, Dennen, Huang

N=4sugra: (N=4sYM)X(N=0YM)

N=4sYM pure YM N = 4 sugra diagrams
linearly divergent
7 19
-k s2LALee e )4 Dp3 ke
4 (e 1) (d71)? 55
BCJ Feynman
representation representation
c; > n;

 Ultraviolet divergences are obtained by series expanding
small external momentum (or large loop momentum).

* Introduce mass regulator for IR divergences.

* In general, subdivergences must be subtracted.

Vladimirov; Marcus and Sagnotti 16



| N=4 Supergravity UV Cancellation |
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Spinor helicity used to clean up
table, but calculation for all states

All three-loop divergences and subdivergences cancel completely!

3-loop 4-point N =4 sugra UV finite contrary to predictions

A pity we did not bet on this theory

Tourkine and Vanhove understood this result by extrapolating from two-loop

heterotic string amplitudes.




| Explanations?

Key Question:
Is there an ordinary symmetry explanation for this?
Or is something extraordinary happening?

Bossard, Howe and Stelle (2013) showed that 3 loop finiteness of
N =4 sugra can be explained by ordinary superspace + duality
symmetries, assuming a 16 supercharge off-shell superspace exists.

If true, there is a perfectly good “ordinary” symmetry explanation.
Does this superspace existin D =5 or D =4?

Prediction of superspace: If you add V=4 vector multiplets,

amplitude should develop no new 2, 3 loop divergences.
Bossard, Howe and Stelle (2013)

Subsequent explicit calculation proves new divergences at 2, 3 loops.

Conclusion: currently no viable standard-symmetry understanding.
ZB, Davies, Dennen (2013) 18



‘ What iS IleW magiC? ‘ ZB, Davies, Dennen, Huang

To analyze we need a simpler example: Half-maximal supergravity
in D =35 at 2 loop.

Similar to N =4, D =4 sugra at 3 loops, except much simpler.
2 3 2 3

Quick summary:
— Finiteness in D =5 tied to double-copy structure.
— Sugra UV cancellation explained in terms of corresponding
cancellation of divergences in certain forbidden color structures
of pure non-susy YM theory.

Theory has more structure than just susy and duality symmetry

Not easy to prove UV link to YM beyond two loops.

19



| Four-loop N = 4 Supergravity Divergences

/B, Davies, Dennen, Smirnov, Smirnov

To make a deeper probe we calculated four-loop divergence in
N = 4 supergravity.
Industrial strength software needed: FIRES and C++

N=4sugra: (N=4sYM)X(N=0YM)

N =4 sugra diagrams
N=4sYM pure YM quadratically divergent

k8l12
@ (l . k)QSQtAEfee @ (5 ) l)4l6 /(le)4 (l2)13

D? R4 counterterm

BCJ Feynman
representation representation

82 nonvanishing diagram types using N =4 sYM BCJ form.

20



‘ 82 nonvanishing numerators in BCJ representation
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Y Need only consider pure YM diagrams with color

factors that match these.

ZB, Carrasco, Dixon, Johansson, Roiban (N =4 sYM)

21



| The 4 loop Divergence of N = 4 Supergravity |

7B, Davies, Dennen, Smirnov, Smirnov

Pure N = 4 supergravity is divergent at 4 loops with divergence

s dim. reg. UV pole

Result is T 07
for Siegel MAloop| S(E) (1 - 264G) T
dimensional div.  (47) € (2> 144 3)
reduction. T = stAYee, (01 — 280, — 60s) D=4-2
s = (k1+ko)?
O1 =Y (DaFiu) (D*F4") Fapo FL° EPPTRY
= t = (ko+ks)
Oy = ; (DaFipy) (DYFY?) Fagp F2¥ FIY = i(kle? — Kfel),
4

DYF!" = —k(K'eY — kY ely)
O3 = Z(DaFluu)(DaFﬁw)FB;’Fjﬁ J i\Mi=i MR
Sy

Valid for all nonvanishing 4-point amplitudes of pure NV =4 sugra

22



| Some Peculiar Properties | @

Linear combinations to expose D = 4 helicity structure
— Refers to helicities of pure YM component

——++ _ y e (12)*
© =10 R TP NCEICEIRCE TR
O——f——f——f— — _1282t2
O = O, [12](23) (34) [41]
The latter two configurations would vanish ~ OT+++ = 3s¢(s + ¢) <[11 22>] Ez Zﬂ} |

if the U(1) symmetry were not anomalous.
See Carrasco, Kallosh, Tseytlin and Roiban

All three independent configurations have similar divergence!
Very peculiar because the nonanomalous sector should

have a very different analytic structure. Not related by any
supersymmetry Ward identities.

For anomaly:
* D =4 generalized cuts decomposing into tree amplitudes vanish.

 Anomaly is € /€ (UV divergence suppressed by € ).

23



e unitarity cut

h5r+ Ta Ta hg_
Anomalous sector feeds @MO Figure from arXiv:1303.6219
_l’_

poor UV behavior into u Carrasco, Kallosh, Tseytlin and Roiban

hi hy~
non-anomalous sector «\lj

Anomalous 1-loop amplitudes
* As pointed out by Carrasco, Kallosh Roiban, Tseytlin the anomalous

amplitudes are poorly behaved and contribute to a 4-loop UV divergence
(unless somehow canceled).

* Via anomaly it is easy to understand why all three sectors can have similar
divergence structure.

* The dependence of the divergence on vector multiplets matches anomaly.

atter] ot (5) Lo
o faiy. (4m)8 \2 7 2 ny, is number

anomaly has (nv + 2)(3ny + 4) — 96(22 — nv) (s - vector multiplets
exactly this factor € ]

| Relation to U(1) Anomaly | @

Bottom line: The divergence looks specific to V=4 sugra and likely due
to an anomaly. Won’t be presentin V25 sugra.

If anything, this suggests /V =8 sugra UV finite at 8 loops. o4



| V = 5 Supergravity at Four Loops |

7B, Davies and Dennen
No anomaly in NV =5 sugra so expect no divergences

N=35sugra: (N=4sYM)X(N=1sYM) Again crucial
help from FIRES
N=4sYM N=1sYM and (Smirnov)?

Had we made susy
cancellation manifest
we would have
expected log divergence

Straightforward but nontrivial following what we did in /NV =4 sugra.

N = 5 supergravity has no D*R* divergence at four loops.

Another example of an enhanced cancellation analogous to 7
loops in /NV = 8 sugra.

A pity we did not bet on this theory as well!
25



IN=5 supergravity at Four Loopil

ZB, Davies and Dennen (2014)
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Adds up to zero: no divergence. Enhanced cancellations!




‘ Enhanced Cancellations ‘

Many of you are saying: “There has to be a better way”

* Yes, take it as a challenge.

 Enhanced cancellations, so standard arguments will not work.

Two approaches:
* Study the cancellations.

* Study divergences to understand why they occur.

N =4 sugra complicated because of high loop order.
Need simpler theory to analyze.

That simpler theory is Einstein gravity:
2 loop divergence has surprising similarities to 4 loop
divergence of N =4 sugra.

27



| One Loop Pure Gravity |
Standard finiteness argument for 1 loop finiteness or pure gravity:
’t Hooft and Veltman (1974)

X ﬁiy Counterterms vanish by equation of motion
and can be eliminated by field redefinition.

% In D = 4 flat space Gauss-Bonnet theorem eliminates
HRI Riemann-square term.

Pure gravity divergence with nontrivial topology:

1 53
ﬁGB — R2 — 4R2 + R2 Capper and Duff (1974)
(47’(’)2 90€ ( g ’UJVpU) Tsao (1977); Critchley (1978)
Gibbons, Hawking, Perry (1978)
/d4113 \/—_g(R2 _ 4R12W + R2 ) — 3272)( Goroff and Sagnotti (1986)

Ky po Bornsen and van de Ven (2009)

This divergence is behind conformal or trace anomaly.

Euler characteristic vanishes in flat space. 't Hooft and Veltman (1974)

Dimensional regularization makes it subtle.  capper and Kimber (1980)
08



| Two-Loop Pure Gravity |

Goroff and Sagnotti (1986); Van de Ven (1992)
Using standard MS-bar prescriptions Goroff and Sagnotti

showed Einstein gravity diverges at 2 loops. 777/\{,

s 209 1 1 i s oo
£ = 5% (AmracY 9" o R o s %}

D =4 — 2¢

Unclear in their calculation what role Gauss-Bonnet operator
plays in this. Subtractions done integral by integral.

30 years later we have more potent methods:

* Get complete amplitudes not just divergent part.

* Track the role of Gauss-Bonnet divergence.

* Demonstrate that topological Gauss-Bonnet term does

contribute in flat-space perturbation theory by two loops.
Evanescent operator.
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\ Two Loop Identical Helicity Amplitude ‘

ZB, Cheung, Chi, Davies, Dixon and Nohle (to appear)

Standard counterterm arguments might have you believe that
R? divergence is generic with no special properties. This is false.

+ +
Pure gravity identical helicity amplitude sensitive
R3 N to Goroff and Sagnotti divergence.

Curious felature: tree amplitude vanishes
+ o~ i+ T~ + N\ T

| : * Unitarity cut vanishes for four-
: | dimensional loop momenta.
+ T =t Tt T+ * Nonvanishing because of €-

dimensional loop momenta.
A surprise:

* Divergence is not generic but is tied to anomalous behavior.

* By anomalous behavior we mean that divergence would vanish,

if not for 0/0 behavior in dim. reg. Just like chiral anomaly.
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‘ Gauss-Bonnet ‘

L5 =a(R* - AR, + R2, )
Gauss-Bonnet / Hep

insertion: > total derivative in D =4
N » evanescent operator

The 2-loop 4-point identical helicity amplitude shifts by:

] 12][34]
(2) _ /1)6 1 5 26 T = [
AM, O‘(2 e ST (12)(34)
. : : 1 53
For one-loop Einstein gravity counterterm: Q= —3
UV di 4= 90€
1vergence

6 .
M Ell)GB — (f) T? [stu 68" 4+ 2968) Need evanescent
2) (4m)* 6759~ 4500 Gauss-Bonnet

689 (Sg In(—s) + perms)] counterterm to
2025 reproduce G&S divergence

* D =4 topological term contributes at two loops even in flat space!

* It plays an important role in UV structure.
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\ Two-Loop Identical-Helicity Amplitude ‘

ZB, Cheung, Chi, Davies, Dixon and Nohle (to appear)

. /
single GB
bare: counterterm:
AN
Subtract known IR singularity
double GB o | o
. Weinberg; Naculich, Nastase, Schnitzer;
counterterm: Akhoury, Saotome, Sterman

Full two-loop identical-helicity amplitude:
{ Goroff and Sagnotti divergence

2) (K 6 4 117617
My _(5) (47r)472[ 21600>8tu a4
12(|3

+ (%(32 +t2 4+ u?)sIn?(—s) (12)(34)

1
- @3(32 — 6tu) In(—s) + perms)]

This is pure Einstein gravity. No Gauss-Bonnet modification. 32



\ Key Points ‘

UV divergence of pure Einstein gravity surprising structure:

— One loop finiteness part of a pattern that we see in
N =4, 5sugra: “enhanced cancellations”.

— 2 loop divergence arises from (/0 effect. Reminiscent of
anomalies and structure of L =4, N =4 sugra divergence.

— Topological Gauss Bonnet has nontrivial contribution by
two loops even in flat space. Counterterm.

Surprise: Both known divergences in pure (super)gravity
are linked to 0/0 anomaly-like behavior.

Hope to have much more to say about these points in near future.
ZB, Cheung, Chi, Davies, Dixon and Nohle (to appear)

Question: Can we avoid divergences? /N > 5 supergravities should
not have this anomaly-like behavior.
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‘ Summary ‘

* At sufficiently high loop orders in any (super)gravity theory
covariant diagrams will be UV divergent:

— Bjornsson and Green world-line formalism.
— maximal cut power counting.

* Phenomenon of “enhanced cancellations”: Divergences cancel
between diagrams. Demonstrated in N =4, 5 sugra at 3, 4 loops.

* N =4 sugra diverges at 4 loops, but curious structure tied to duality
symmetry anomaly.

* Pure gravity:
— Well known 1 loop finiteness is enhanced cancellation.
— By two loops topological Gauss-Bonnet term becomes nontrivial.

* Both explicitly known pure (super) gravity divergences appear
as a 0/0 effect. Very much like an anomaly. Don’t expect N 2 5

sugra to have this.
We can expect many more surprises as we probe gravity theories

using modern perturbative tools. 34



