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Intro

Introduction

» Common practice in renormalization and matching of HQET

» Wilson coefficients = matching coefficients from PT
Matrix elements non-perturbatively from
— experiment
— or lattice

> quantities such as

A=mg—m,, M = (B[,D*y|B)
depend on a scheme; but one specifies the scheme and ...

» Strictly speaking none of this is correct.

» Does it matter?

» It is not necessary!
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HQET Lagrangian

In the rest fram of a b-hadron (“velocity zero")

@{D;/Yu + m}"/} = f}ftat - i(okin + Ospin) + o%nti-quark

L =y Dopr, Pytn =tn, ¢uPy=1,, Pr= %
Okin(x) = ¥, (x) D* Pn(x), Ospin(x) = Pp(x) o - B(x) ¢n(x)
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Intro

Expanding correlation functions.

Wiger = exp(—a* D [Hignt(x) + - L(x)])

X {1 + 84 Z(wkin Okin(X) + Wspin Ospin(X))}

This yields
(0) = (O)stat + wiina® Y (OOkin(x))stat + wpina® D _(OOspin(x))stat
= (O)stat + wkin (O)kin + Wspin(O)spin ,
with
Ohsar =% [ Oep(=a" X ign(x) + 25 ()
fields

X
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Intro

Expanding correlation functions.

<O> = <O>stat + Wkin<o>kin + Wspin<o>spin 5

also fields in correlation functions need to be expanded:

Oqcp = ZAO(X)AS(O)

4
Ao(x) —  ATET(x) = ZIUT A5 (x) + 37 Al (),

‘ i=1
_ 1 — ~
A () = 910 5957(F = Tn(x) AP (x) = G AT
IV =o@/m) [AP(x)] =4
symmetric derivatives:
9 = %(6;+a’5, = %($f+$f ,

Af) , AéA) are here not needed
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Intro

Expanding correlation functions.

Example

P (0) =233 <A0(X)Ag(0)>QCD

its HQET expansion
CAQSD(XO) _ efmxo(ZHth)2 [Cbtat(xo) 4 C\) Cg‘lcfm[g( )

+ Wkin C}ilX(XO) + Wspin CZIXH(XO)]

efmxo(ZIIQET)2 Cstat(XO) [1 + CE\) Rstat(XO)

+ Wkin RKIX(XO) + Wspin Rzp;n(xo)]

with
i) = @D (A (AN (0) Natar + 2° D (AN (x)(A(0)) )sta ,
km(XO) _ a3 Z<A(s)tat (X)(A(s)tat(o))fhdn
ChM(xo0) = (AT (x)(AF(0)) ) spin -
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Intro

Expanding correlation functions.

CQCD(XO) _ —mxo(ZHQP 1)2 [Cstat(XO) + CA ngajz()(o)

pin

—+ Wkin Cklx(XO) + Wspin CZA (XO)]

» parameters in the effective theory

- 8} 0} 1
(w1~ . HW'S) = (mo =m-+om, In(Z‘EQI T)f C&) y Wkin » Wspin)

w; = wj(go,aMyp) bare parameters

» renormalization
keep My, fixed change go — 0, a — 0: all divergences (logarithmic and power)
absorbed in w;

» matching
finite parts of the w; by matching to QCD

MET ({w;}) = 02 (M)
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Intro

Expansion of energies...

mp = —Xolin 80|nCAA (x0) =

_ stat L kin . spin
= Mpare + E + WkinE + WspinE P )

Estat = — |im 80 In that(XO)
Xp— 00

Ekin [ — —§<B|Okin(0)|B>Stat

Espin _§<B|Ospin(0)|8>stat )
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Intro

and matrix elements

Favms = lim {2exp(max) COCP (x0) } 2
_ ZEQET pstat Xoliinoo {1 + %Xo [wkinEkin + uJ,Smespm]
+ VRS (x0) + wrin RER (%0) + 3wapin RAA (%0)}
P = Iim {2exp(E*™"x) Cztgt(xo)}l/z

X0— 00

= (BIAy™(0)[0)
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Intro

Issues

> power 2L .
Z. & n=172 need NP subtraction
ivergences 2" )
> power .
(F:)orrections L m—osAQep need NP leading terms
(a(m))™ > to define power corrections

m

» With a non-perturbative matching
A=mpg—my, A = (B[),D*p|B)
have ambiguities of order

Nacp
Aqcp E—

ambiguities = dependence on matching conditions
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Beyond the classical theory: Renormalization and Matching
at leading order in 1/m

a matrix element of Ap:

QCD HQET in static approx.
Za (FlAc()li)qep  ZR () (FIAG™(x)|i)stat
PP (m) (1)

» m: mass of heavy quark (b) in some definition
(all other masses zero for simplicity)

P u: arbitrary renormalization scale

» matching (equivalence):

(DQCD(m) = Ematch(’nr /'L) X ¢(lu‘) + O(l/m)
Ematch(mv M) = 1+ Cl(m/u)gz(u) +.

Physical observables, such as Fg_, are independent of renormalization scheme, scale.
= switch to Renormalization Group Invariants
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Better: Change to RGl's see e.g. [Rs. arxiv:1008.0710 |
"Z(1) 7(x)
dRrar = exp 7/ dx - d(u) = Zrci(go) x P(go) B : beta-fct
ﬂ(x) —— ~——
known,A%ﬂiﬁ bare ME
= = 27— 70/2bo _ (k) {7’(X) o }
= [2bog(u) } exp{ /o dx 300 box d(p)
dQCD = Cpg(M/A) x drar ~:AD in HQET
< (M/N) matc
Cos(M/A) = exp {/g dxw}
B(x)
with A : Lambda-para
A { /g*(M//\) q 1—7(x) } (M/A) M - RCl y
— =expq — X — — g« : quark mass
M B(x)

Ymatch: describes the mass dependence
8 pp=my = m(my), g« = &(my)
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Matching and RGl's

M o M 8CPS Yma Ch(g*)
D oM = = = j ) g*:g*(/\/l//\).
A Cps (9/\/’ A 1 T(g*)
and with
«—0 matc —\ 80 =
Ymatch (&) &~ — 082 — el + .., B(B) N — b+

we can give the leading large mass behaviour

Cos MR (2bog?) 70/2% ~ [log(M/N)] /200
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The present knowledge

For Ymatch at / loops need Crs(Aim/M) £
Yirs =7 : | loops; e
Cuaten(gx): | — 1 loops 13 f
Yo [smfmann& Voloshin; Politzer& Wise] 1.2 f
o Ry
VWS,Z [Chetyrkin&GroZin, 2003] F ) ) T

L
0.05 0.1  Ag/M

o

C * to 3 |OO S |S. Bekavac, A.G. Grozin, P. Marquard, J.H. Piclum, D. Seidel, M. Steinhauser,
match
2009 ]
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An application A |

quenched

T
E - 1-loop 7]

T
24 F 2 RO i ] . —— 2-loop ¥
—— 3-loop 7

221 3r 2 4
fo " FpsMpg | Cpg —2—

2L 4

18

16

14

12

1

0.8 1

0.6 L L L L
0 0.05 0.1 0.15 0.2 0.25 0.3

U(tg mps)

this looks good; one may interpolate to the physical point ... but
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What is the accuracy of perturbation theory?

Cuaten(8x)  to 3 loops [Bekavac et al, 2000 | also for various bilinears

“Ymatch
r notation
— Y075 Ao
Or = ¢ (x)n(x) - p
Yk Vi
Y T
QCD r g y(x) r
¢I’ = Cmatch(g*) X q)(p,) = Cmatch(g*) exp / dx—— ¢’R.GI
B(x)
r
&x Ve 1(X)
= exp {/ dx )L} drar
B(x)
”rrrﬂatchi 3-loops “/rrﬂ.dtch - 'yrrn/,dtch: 4-loops

Ty

[chiral symmetry of light quarks (Migne > 1): v, 2 ”/Emtch ]
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Ren match

Compare different orders

1.3 e 11 e We actually show
E ] E 1 Gy =
Le 7 e — — 1 r r
r CAH/V, standard 4 r 1 Cmatch(’n7 u)/cmatch(m"u‘)
L1 E A 0.9 - 1 B-physics: Nsis/ My = 0.04
E - = ] F 1 —1/log(Asrs/ M) = 0.3
P ——— 7 0.8 7 /oesis/ M)
oo d bbb d
PRt T e Yoy Perturbation theory is badly
A ] 1.04 T 3 behaved
a Loz b Cype standard 3 for charm quarks very badly
1 e ~c—— o
1 oeeb =
SOTIOTTPOTEION: Rl YOI
0 0.1 02 0.3 04 05 0 0.1 0.2 03 04 05
1/1og(Ags/M)
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Different orders of PT

the normal behavior for one-scale quantities is

O = ogtoatoa®+... o = g2 /(4r)
|O;‘,§1

(0o suitably normalized)

examples: pg—i =—g{ba+ b’ +...}

pom __ _ 2

o = doa — dha” + ...
o . 2

%@—v——%a—yla +...

(N = 3)
MS b; 0.71620 0.40529 0.32445 0.47367
d; 0.63662 0.76835 0.80114 0.90881
vi -0.31831 -0.26613 -0.25917

Perturbation theory is well behaved
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Different orders of PT

(N = 3, well behaved MS RG functions)

MS b;  0.71620  0.40529  0.32445 0.47367
di 063662 0.76835 0.80114 0.90881
~vi -0.31831 -0.26613 -0.25917

but mass-dependence (matching anomalous dimensions):

Ymatch (8x) = qﬂﬁ% = —ya—ya?+...
(Ni =3)
Ao, vi -0.31831 -0.57010 -0.94645
Vo, i -0.31831 -0.87406 -3.12585
Ao/V, i 0 030396 2.17939 14.803

Perturbation theory is ill behaved (applicable at very small «)
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Changing the scale

we had
P (m) = Cuaten(m, 1) x S(u)
» Chose a ‘“convenient” scale: p = m, = m(my), g« = g(my)
» may set more generally
p=s""tme=mm), g =g(m)

» note: in the effective theory
— one does NOT INTEGRATE OUT DOFs ABOVE p = my
— one matches the physics BELOW
— expect s > 1 is better
> the result is simply (2 = g(s~'my)))
’Ymatch(g*) = &match(é—) - _;7\/00‘ - ”7\/1042 + ...
Jo =", 1= +2bov0 ...

exp{/ dx vm;t(cj(X)} .

Cps(M/N)
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Changing the scale

'Ymatch(g*) = ’AYmatch(é) = —Hoa — 'AYla2 —+ ...
J =", =7 +2b7---

g .
Cps(M/N) = exp{/ dxggi;}

Ao, 4i -0.31831 -0.57010 -0.94645 1
-0.31831 0 0.39720 3.4916

Vo, 4 -0.31831 -0.87406 -3.12585 1
-0.31831 0 -0.231121 6.8007

Ao/V, Ai 0 0.30396 2.17939 14.803 1

0 0.30396 0.972221 4.733 4

0 0.30396 -0.05414  1.82678 13

0 0.30396 -0.23495  1.85344 16

The behavior can be improved significantly but s24 is required
a(myp/4) is not small!

[Very similar for Cuaten(mq, 1) with 1 = s71mgq expanded in o(p)]
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Conversion functions with and without scale optimization

w
Il

s=13

.

\

X~
T IR IRV AR

E—
P AR RN R AR

0.1 0.2 0.3 0.4

0 01020304050 01020304050 01020304
1/log(Aﬁ/M)

T T ARRNRARRNRM/ IR RARR YRR RRNRARRNRARRRRRRRNARRA: ARRNRARRNRRRAYAARARARRA:
E [ L i 4 4 L - 4

o
<)
o
o
o

L s=4 [/ - L s=13]
|

hY
.

A N

[ 10/ 1T y i
E / k| ! /
1oz boetdinnlninnd L] L] L,

0 01020304050 01020304050 01020304050 0102030405

1/1og(Ays/M)
The ratio Cpg /Gy, evaluated in the first column as described here. In columns two and three the expansion in g,
is generalized to an expansion in g(my /s), see App. ?7. The last column contains the conventionally used

ngtch(va mq, mQ)/€¥atch(mQ7 mq, mQ), see App. ??. For B-physics we have /\m/Mb =~ 0.04 and
—1/In(Agrs/Mp) A 0.3. The loop order changes from one-loop (long-dashes) up to 4-loop (full line) anomalous
dimension.
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A conclusion on perturbative matching

» is not easily drawn
» the effective scale seems well below © = m

» seems reliable only for masses beyond my,, where it is of limited use
for us

> a similar statement is found in [Bekavac et al, 2009 ]
» other ideas?
> in any case perturbative matching is only theoretically consistent at

leading order in 1/m,,

1 k m>Aqcp

af(m) ~ 2by log(m/Aqep)

1/m
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The problem

» originates from PT in QCD (in the limit of a large mass)
» has nothing to do with divergences of HQET

» is absent when matching non-perturbatively
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NP HQET

Non-perturbative determination of parameters [ Az 2001200 ]
static parameters
wstat — ( m;)t:rte . [In(ZA )]st,a(, )t , NHQET =2
parameters at first order

HQET _ HQET (1) . t _
w 2 - (mbare ’ In(ZA ) » €A Wkin Wspin) NHQET =5

w(l/m) _ wIIQET o wstat

matching: L; ~ 0.5fm
®;(Ly, M, a) = dR°P(L;,M,0), i=1... Nuqer -
Why L; = 0.5fm?

» a=0.012...0.025fm is accessible
b-quark can be simulated, continuum limit can be taken

» 0.5fm ~ 1/Aqcp is a low energy scale
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NP HQET

Non-perturbative determination of parameters [ Az 2001200 ]

L; = 0.5fm: a=0.012...0.025fm:

b-quark can be simulated, continuum limit can be taken

16
> >
LI e S SRR i 05t b+ T .
wf T ] B S S
8 10 — e > 8 : e,
b — _—
S | Ow o4 o T -
)eq 8 )eq » = »
—— s, .= .
6f 0.35
>
4 o8~ "
0.5 1 15 2 25 0 0.5 1 15 2 25
(a/Ly)? x10° (a/L1)? x10°
[Blossier, Della Morte, Fritzsch, Garron, Heitger, Simma, S., Tantalo ]
_ _ 3/2 ms( _
¢1 = LmB(Ll) = O(Z) ¢2 In Ll [FB mp Ll =
0(2°%)
different z
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NP HQET

Non-perturbative determination of parameters [ Az 2001200 ]

L; = 0.5fm: a=0.012...0.025fm:

b-quark can be simulated, continuum limit can be taken

0.12 I .
0.1
Z o008 o w0-225 ’/x/{ﬂ//ﬂ
\ S
= 40.06 . -
© 0.04 -
0.02 -
% 005 01 015 02 025 0 0005 0.0l 0015 0.02 0025
1/z (a/Ly)?

Py — s = Wi P = O(1/2)

Rainer Sommer
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NP HQET

Non-perturbative determination of parameters [ Az 2001200 ]

®;(L1, M, a) = ®3°P(L,M,0), i =1... NuqrT .

natural:
o1 = LT =—LdpIn(~fa(x0))=tp ~~° Lmp
_f .
O = In(Za—2) "X In(L?Fa/mg/2),
vh

HQET expansion

d>1 = L [mbam + rstat] + O(l/mb)
2 = In(Zi™)+ Ca +O(1/m,)
in general
(L, M,a) = n(La)+¢(L a)w(M,a)

[stat L o ...
n = a |, =0 1 ...
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Full strategy to determine w(M,, a), a = 0.05fm ... 0.1fm
(in

QCD HQET

L L Ly Ly Lo

€
€

match SSF
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Independence of matching condition

Alog(Z3') = log(Z3*) — 1og(Z3*)|(86,61,0,)=(0.5,0.5,1)
Alog(Z) Ty = log(Z/F T — Iog(Z};QET)\(90,01,92):(0.5,0.5,1)

A log(Z5#t) Alog(Z 9T
(61,65): (0,0.5) (0.5,1) (0,1)
6o =00  0.014(2)  —0.046(47) —0.001(6) —0.012(14)
fo =05 0 —0.048(49) 0 —0.012(12)
fo=1.0 —0.046(2) —0.055(60) 0.007(7) —0.008(18)

HYP2 discretization at § = 5.3 and z = 13.
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Parameters are now known for N = 2

! t
2
I I
, 7 I
¥
50 100 150 200 250 6 8 10 12 14 16
(T.1a)\2 Tala

=

54 56 58 6

[Blossier, Della Morte, Fritzsch, Garron, Heitger, Simma, S., Tantalo ]

Rainer Sommer Perturbative and non-perturbative matching in HQET



o Ren NPHQET Res Backwp [l
The end

Thank you for your attention.
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TeStS Of H Q ET [Fritzsch, Jiittner, Heitger, S., Wennekers ]

Example: SF boundary-to-boundary correlators

3
1 f1(01) k1 (61)
Ri = z1{In TTRYNTRE z=ILM

f1(62)ki(62)
5 Ry ,
d (®,] . o
i i 1
08f - 1
R o]
i g 1
06k S 1
| gz 0 (0,6)=01) |
t 0 (61,6)=(3,1) |]
04l A (61,00)=(0,1) |
N SIS DU -
07 T T T [ S T S S T T ST T [ TR N S | 1
0 0.05 0.10 0.15 0.20 0.25

1/z

spin averaged
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TeStS Of H Q ET [Fritzsch, Jiittner, Heitger, S., Wennekers ]

Example: SF boundary-to-boundary correlators

0.10 0.15 0.20 0.25
1/z

spin symmetry violating
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Full strategy (1-2a)

Qco HQET

L L L L L

(1) continuum limit in QCD a=0.025fm...0.012 fm
®QP (L, M,0) = lim ®RP(L;, M, a),
a/L1—0
(2a) HQET parameters a=0.05fm...0.025fm
“(M,a) = ¢7(L1,2) [*(L1,M,0) = (L1, )]

Ly 1 (L, M, 0) — Is%at(Ly, a)
= ®3(L1, M,0) —{a(L1,a)

Li/a > 1, aM, irrelevant
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Full strategy

(2b)

step scaling to L, = 2L; a = 0.05fm...0.025fm
Insert & into ®(Lz, M, a)

d(Ly, M, 0) = lim O{n(Lg,a)-i-d)(Lg,a)&(M,a)}

a/ly—

(Lzrsm(Lz,a) + 2 ®1(L1, M,0) — Lertat(L1,3)>

= lim Ca(La,a) + ®2(L1, M,0) — Ca(L1, a)
a/l,—0
L2[|—stat(L27 a) — rstat(L17 a)] ,%‘bl(Ll: M, 0)
= lim ¢a(L2,a) —¢a(L1,a) + (L1, M, 0)
a/ly—0 o
finite HQET SSF's QCD, mass dependence
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Full strategy

Qco HOET

(3.) Repeat (2a.) for Ly — Lo:
w(M,2) = ¢7* (L2, 2) [®(Lz, M, 0) = n(L2, a)] -

With same resolutions Ly/a = 10...20 now a=0.1fm...0.05fm

(4.) insert w into the expansion of large volume observables, e.g.
mp= w+ Estat

from above: mg = mp(M),) — determine M,
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Full strategy

mp = mp(Myp) — determine My,

explicitly in static approximation

mp =
|im0[Estat —rstat([, a)] a=0.1fm...0.05fm [S4, Ss]
Full

+ Iimo[FSt‘“(L2, a) — %Ly a)] a =0.05fm . ..0.025fm [S2, S3]
2

1
+ - Jim ®1(La, My, 2) 2=0.025fm...0.012 fm [S1] -
14—
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