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Plan of the Talk

N = 8 supergravity, perturbative results.
Motivation of pure spinor approach.
Pure spinor particle.

Conjecture of amplitude prescription.
_ow energy matchingof L =1, 2, 3 and 4.
| > 5.




N =8 SUGRA, review of
perturbative results, |

The first non-trivial amplitudes are 4-point.
The results by explicit computation:

L Skeleton | 4-point | Low energy | Pages

1 1 1 R : Green, Schwarz, Brink 1982

2 1 2 | gRY ; Bern, Dixon, Dunbar, Perelstein, Rozowsky 1998

3 2 _ 9 R 1 Bern, Carrasco, Dixon, Johansson, Kosower, Roiban 2007
4 B S0 PR 208 Bern, Carrasco, Dixon, Johansson, Roiban 2009

D 16 439 T iy

The low energy limit is not manifest, 'surprising’
cancelations beyond two loops.

Need to calculate the whole amplitude to get the
low energy dependence (= UV-properties).



N =8 SUGRA, review of

perturbative results, li

 Matches the formula: D§L>:4+%

* |f true, yields that N = 8 is perturbatively finite.
Using the general formula for supergravity yields:

82aR4AL(D—2)—6—2{1

6+ 2a

D) =2
C _I_ L

iIsa=LforL=5?



Motivation — pure spinor
approach

« Compute loop amplitudes with manifest
Poincaré and Spacetime supersymmetry.

* Gives explicit low energy dependence (of 4-
pt functions) without explicit computations.



I Motivation — particle approach

* Get the low energy dependence of the

different skeletons.

 The distribution of external vertices:
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I Pure Spinor Particle
e Action (non_minimaL D=10) s 2050 (Gl e
I S = /dfr(XP+ép+)\w+«mi—s&—ﬁ§+mi+itﬁ+f?‘§—;P2)

» Hamiltonian and BRST-charge:

1 1
= §P2 Q = \d + wr da = Pa+ 5P (v™0),,

 All fields other then X are locally constants.

* Discuss the unhatted variables as the hatted
ones behaves in the same waly.



Pure spinors - basics

Q is not nilpotent:  [Q, Q] = P™ (AymA)

Pure spinor constraint: (AY"A) =0

Eleven independent components.

Introduces a gauge invariance: 0w, = € (YmA)a

Gauge invariant combinations:
1 —

Nipn =  =(WYmnA) J = w\—sr
2 _ 1 - 1
J = dw Nopn = §w7mnA_§57mnr
S = s\
1 _
Smn — _SF}Imn)\

2



I The b-ghost
* |In the non-minimal formalism one can
I construct a b-ghost: [Q,5)=H
1 { Gex, )_\a'rgH[am j\a'rgr,yK[aﬁﬂ )_\arﬁrqr(;L[a'B'Ya]
b = -— _
2((»0 O T o
G* = — PM(ymd)®,  HES = 8 ((dy™"Pd) — AN PP
K[a,@w] _ 1;_2,},551) (,},md)’}’] an’ L[aﬁﬁyé} _ ﬁ,},ﬁgp,},mqrwﬂj\ynphrqr

* Depends on fields in the denominator, will
pose a (interesting) problem later on.

* Observe that it depends on the momentum.



Vertex Operators

* N =2 case (lIA-SUGRA in 10 dimensions):

I % X 0, 9 = P™GunP™ + doW%sd® — dy E2 P™ — P"Eppod® + . ..
Fields involved are linearized superfields

* Observe the dependence of the momentum.

 The Riemann tensor arises in the
superfields as: Gmn ~ 9"1927?,

W% ~ 60R

ES ~ 06°R

E.., ~ 0%R
 How to define amplitudes?



I Pure spinor string

of 3 and is connected to N = 2 topological

* Yields a theory with ghost number anomaly
I string.

 Amplitudes defined as for the bosonic string.
* Try to get a particle approach of the above.



The scalar particle using first
quantised approach

« Action of a free particle:

S = /dT (PX— %Iﬂ)

* Vertex operator:

Vo (kr: Tr) = kX (™)

Formalism by: Dai,Siegel 2007



Amplitudes, |

» Definitions:
Moduli: Length of lines.
b-cycles: Internal loops.

one-forms:
wi(t) = ar'dr
ar® = =1

 Period matrix:

Qg = wa
br

A = detlly;

D D
il /N 2

A = T1T2 AR T1T3 e T2T3



Amplitudes, li

 The N-point and L-loop amplitude:

Ap, ({k/}) = fodel...dTngfF des (T}, {r}, {k+})

s=1
Where
I{Ti}, {1}, {kr}) = /dmO/deedel(fle/dT) S <o Brks G(rr,7s) gizo (3 k)
— AD/Q kkG(TT)a(Zk)
1 1 i
G(Tr,Ts) = — = ds| + = | wy (Q ) Wy Dai,Siegel 2007
2 /. 2 /. .

Observe the similarities with the bosonic
string.



I Amplitudes — a conjecture, |

bosonic and pure spinor string amplitude to
formulate the amplitudes using the scalar
particle:

A(s,t, u) :/UOO dT; ...dTs1—3 Hd’?}- (T}, {7}, {k.})

FL?" 1

I « Use the correspondence between the

3(L—

K({T:}, {}, {kr} fDXDPD(I)D(I) (NN H (/ / ) (k1,71) ... Viks,7a) € s)

* Not an exact correspondence for any
amplitudes, due to 0/0-singularities.



I Amplitudes — a conjecture, Il

* For four-point amplitudes with few loops the
I regulator needed is:

N = e(h IFL dT[Q,xl]—H}z IFL dT[Q,xz]
e—fh IFL dT()\)_\—Br)_qz IFL dT(NmnNmn—i-Jj—%(d’}’mn)\)Sm“—)\dS)

* Only source of zero modes for s.

* The functional integral yields integration over
zero modes in the end.



Measure of zero modes

* \WWe can separate the fields into world-line
scalars: (X™, 6% 2% Aa,7a)

vectors: (Pm;Pa; Wa, ©%, 5%)
these have 1 and L zero modes respectively.

» The measure can be derived to be of the
form:
D(I)U _ )\B(L—l) dlULN dlULN dLJ dLjdllLS dlﬁLd dllj\dll)\ dll,rdlﬁg

Berkovits, 2005




I Counting zero modes, |
N = e@'l IFL d’T[Q,Xl]—HH IFL dT[Q,Xg]
— e—fh IFL dT(Ai—Br)_qz IFL dT(NmnNanri—%(d’ymn)\)Sm”—/\dS)
DO, = A\3(L=1) J10L g7 410L A7 gL 7 4L 7 J11L g g16L g 4115 4113 411,. 4169

* The only source of zero modes of the field s
IS the reqgulator.

* |In the regulator s is multiplied with the field d.

» Therefore, the b-ghost insertions and
vertices has to contribute 5L zero modes of
d, 5 for each b-cycle in the diagram.



Counting zero modes, |l

 Observe also that the difference between the
number of @ and ris 5.

* Therefore, a special component is picked out in
the functional integral:

s~ DPDO Observe that due to
the form of the
Do = Ba + = (Y™8),. O regula_tor one can
2 trade insertions of r's
with D's.

<)\33\30>



Connection between period
matrix and b-insertions

* |If the fields in the b-ghosts only contributes
with zero modes yields:

3L—3
aﬂfljl GQISL BJBL—B

— B, = b1 pisnsdsios ——EL =
H / zero 0T 01373

b|ZE?‘O — bIJw CUJ/(d’TZ)
e Can only contribute the maximal number of d
insertions (= 6L - 6) if
3L—3
> Ciagj{,: 7 0

1=1

» Depends crucially on the skeleton.



I Low energy limit

* Only interested in leading low energy limit of
I the amplitude.

» Made by ¢”*~* — 1 and introducing a large
momentum cutoff (/small T cutoff).

« Can only be taken in dimensions larger then
the critical dimension where the amplitude
has a logarithmic UV-divergence

D > DY)

 Observe that this will determine the most UV-
divergent piece of the amplitude.



One-loop, four-point

 Here we have one unintegrated vertex, three
integrated vertex operators and one b-

Insertion.

« Maximal number of d-insertionsare2+ 3 =5
which is the needed number:

AD o <)\35\3DDAQW3>
e \Which shows t

) AD—S -~ D8D8 G4|9_é_0 AD_8 ~ R4 AD_8
G58° e

nat it is half BPS interaction

and logarithmic divergent in 8 dimensions.

R4 — tg tg RRRR

Mafra 2006 (String)



Two-loop, |

* Here all vertices are integrated and one has
three b-insertions.

« Maximal number of d-insertions from the b-
ghosts are 3 for each loop:

3

HinJZ- 35;;:% _ pll (b“ _opl2 4 622) p22 . pllpl2p22
i=1 g

* To get the appropriate number, the vertices
has to contribute with the maximal number of
d-terms and two vertices on each loop.



I Two-loop, I

~ A2AD-T) | pl2 1")1204‘ AP gARAAAD-T)

A®) ~ (BRDDPW)
656° 6=6=0

Berkovits, Mafra 2006 (String)

« Shows that it is a quarter
C) C‘) BPS interaction and is
logarithmic divergent in 7
dimensions.




Three-loop, |

T + T = 0 Ty +Ty+ T —T; 0
0k, = Ry I R AR I RO O oM = — I = T A5 00 TR
0 T Ts + Ty ~Ty T Ts + Ty + T;

 Number of independent components are 5
for the Ladder and 6 for the Mercedes.



I Three-loop, Il

» For the Ladder the b-ghost can only
I contribute with 3 + 5 + 3 d zero modes.

* The vertices has to be attached in pairs to
the first and last loop.

* For the Mercedes the b-ghost can contribute
with 4 + 4 + 4 d zero modes.

* One vertex has to be attached to each loop
thus one is 'free'.



Three-loop, llI

A;‘L}) - <)\35\3D6D6EEW2>‘9 g A3(D—6) D14I")14G4‘6 g A3(D—6) ., 56R4A3(D—6)
505 =6=0

» Shows that the interaction is an eight BPS
and logarithmic divergent in 6 dimensions.






I Four-loop, li

* The Ladder has to have two pairs of vertices
I at the first and fourth loop.

* The third diagram has to have one vertex
each for the first two loops and two vertices
at the last loop.

* The fourth diagram has to have one vertex at
the first and last loop and two 'free' vertices.

» The fifth diagram has to have two fixed
vertices In 'opposite pairs'.




I Four-loop, Il

A4D—22 ~ D16D16G4 A4D—22) ~ 68R4A4D_22)

95065 ‘6:@20

» Shows that this is a non-BPS
interaction and is logarithmic
divergent in 5.5 dimensions.

I AP ~ (XD D°E2E?)

« Same behaviour for the non-
planar skeleton.



I Summary so-far

 Matches the formula b{¥ =4 +6/L which if true

I * Match known results using pen and paper.
for all loops yields that N = 8 is finite.

* The leading order term at four loops is non-
BPS.

* As the leading term is non-BPS term for four
loops one would expect that it also have
contributions from higher orders in
perturbation theory.



13

Five-loop, |

10 11

1= The interesting
| skeletons are
number 15 and 16.

 Consider the 16'th
In more detalil.

12

16



Five-loop, Il @

* By using the no-triangle and no-bubble rule
of one-loop subdiagrams one get that one do
not need to insert any external vertices in the
diagram.

* Has 12 insertions of b-ghost which yields at
most 24 d terms from the second term, but
need 25. Where is the missing d?



Five-loop, llI

Has a 0/0-singularity: ( r )12
(AN)

Needs to be regularised. 2O [t

Aisaka, Berkovits 2009

Minimal use of the small-lambda regulator
shows that one r is traded to one d as:

r— A\d

This is the missing d term from the b-ghost
insertions.



Five-loop, IV

* The vertices all can contribute by the term:
V =P"GpnP"

* One can also show that one can integrate
over the positions of the external vertices
yielding that the leading low energy term is
proportional to the skeleton itself:

AB) <)\35\3D11D116‘4>‘  ABD-24 , D16 16

‘ ABD—24 , 84 )\BD—24
9505 9=0=0

* The term is equal to the term at four loops
and is logarithmic divergent in 24/5
dimensions.



Beyond five loops

» One can show by repeated use of r — AAd
and dd ~ P that the term from the b-ghost
leading to the leading low energy
dependance Is proportional to:

d5LJ5LP4(L—5)

* This yields that the vertices can contribute by
the term v = P@,,.P* and the leading low
energy dependance of the amplitude equals:

AL <)\33\3D11f)11(}’4>

~ 68R4 AL(D—Q)—14

AL(D=2)-14 , D16 16 4 A L(D-2)-14
9505




I Properties of the amplitudes

divergent in

14

I * Observe that the amplitudes are logarithmic
DWW =24 - L>4

Which is different from the formula:

DgL)=4+i 2<L<4

* The former formula predicts a logarithmic

divergence at 7 loops in 4 dimensions.

Vanhove 2010, Howe, Lindstrom 1981
Berkovits 2010 Bossard, Howe, Stelle 2009
Green, Russo, Vanhove 2010



Summary

Introduced a pure spinor particle approach to
computing amplitudes.

Yields manifest UV-dependence of different
skeletons.

Matches the low energy behaviour of the
computations by Bern et al.

Predict a d*8 R**4 contribution at five loops
and beyond.

Can also be done for SYM yielding a
difference between single and double trace
operators.



Open questions

Predicts a d*8 R**4 term, non-zero at five
loops?

88R4 aj@ ) ﬂ@

Small-lambda regulator?
Pure spinor < (RNS and GS)?
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