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Example Sheet 1

[You may submit questions 2 and 4 to be marked.]

1. The four-dimensional 4 x 4 Dirac matrices are defined uniquely up to an equivalence
by {7*,7"} = 2¢"*1, with 1 the unit matrix. We may also require that if y* = (7°, )
then v#1 = (79, —v). If [X,v*] = 0 for all u then X o 1 and if 4*,+* both obey
the Dirac algebra then v'* = Sy#S~1 for some S. Define the charge conjugation
matrix C' by Cy#*TC~! = —~#, where T denotes the matrix transpose. Show that
[CTC~1 4#] = 0 and hence that CT = ¢C, ¢ = +1. Derive the results

(fy“C’)T = —"C, (75C)T =cy°C
T 14 T 14
("9°C)" = ey O, (*710)" = —ch*,7"]C
Hence, since there are 6 independent antisymmetric and 10 symmetric 4 x4 matrices,

show that we must take ¢ = —1. [Hint: the set of matrices {I,v*,~°,v*~¥°, [v*,7"]}
form a basis for 4 x 4 matrices.|

Using the assumed Hermiticity properties of the Dirac matrices, show [y*, CCT] = 0
so that we may take CCT = 1.

The matrix B is defined by B~'v**B = (7°, —v). Show that B~'y>*B = +°. With
the assumed form for v*! verify that we may take B~ = £~°C.

*Generalise the above argument for finding ¢ to 2n dimensions when the Dirac
matrices are 2" x 2" and we may take as a linearly independent basis 1 and y#1#r =
Al il where [ ] denotes antisymmetrisation of indices, for r = 1,...2n (1

has (*") independent components). Show that C/(y#t-#r)TC 1 = (—1)z7 T+ ypiopr

and hence ¢ = (—1)2""*D_ Generalise 7° by taking 4 = —i" 14091 .. 4?1 and

show that 4 is Hermitian and 4% = 1. Show that
Pr=CPT, Y =AY = = —cCPT, = —(—1) Ay
In what dimensions is it possible to have Majorana-Weyl spinors, so that ¢¢ =
+ =7
2. A Dirac quantum field transforms under parity so that
Py(x) P~ =1 "(zp), ap = (2", —x),
and has an interaction with a scalar field ¢(x)
Li(z) = gi(x)v(z)¢(z) + g'¥(2)iy’P(z)d(z) .

Obtain the necessary form for qu(x)jﬁ’l to ensure that the theory is invariant under
parity if ¢ = 0. What are the transformation properties of ¢(z) for parity invariance
when instead g = 07 Can parity be conserved in a theory if both g, ¢’ are non zero?

How does the axial current j'(x) = 1 (z)y"y°1)(x) transform under parity?
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3. For a free operator Dirac field ¢ (z) assume ¢ (z) = > arp(x) where {¢.(2)}
forms a basis for solutions of the Dirac equation and a, are operators. FExplain
why a basis may be chosen so that B~1¢*(x) = ¢ (zr) where z/ = (—2° x) and
B‘W’“‘*B = (7% —). Assume that the time-reversal operator is defined so that

Ta, 77" = a,.. What is Tt(z)T~'?
. Under charge conjugation and time reversal a Dirac field ¢ transforms as
Co@)C™ = CoT (), Te@)T™ = By(ur), of =(-2°x).

with C , T the unitary, anti-unitary operators implementing these operations (recall
that if T|¢) = |ér) then (¢'|¢) = (¢r|¢'r)). The matrices C, B are defined in
question 1 and note that CTC' = BfB = 1. Show that, if X is a matrix acting on
Dirac spinors,

Ch@)Xp(@)0" = (@) Xeu(x), To@) X T = () Xt (ag).,
where X, = CXTC™! (take ¢ and 9 to anti-commute) and X, = B~ X*B. Hence

determine the transformation properties under charge conjugation and time reversal

of
(@)(@),  d@)ie@), D) ().
If |7) is a boson with momentum p and (0[)(0)iy>y(0)|7(p)) # O show that, in a

theory in which parity and charge conjugation are conserved, then the boson must
have negative intrinsic parity and also positive charge-conjugation parity.

. From Maxwell’s equation 0,F* = eyy*), where F, = 0,A, — 0,A,, derive
the required transformation properties of A,(z) to ensure that Maxwell’s equa-
tion is invariant under parity, charge conjugation and time reversal. Show that
[d*x e"PF,, F,, is odd under both parity and time reversal.

. For a Dirac field ¢ define ¢, = %(1 + 4%)1p. Show that 117° = Foby. Let Uy =

(Clé/j;T) and show that then Wy = (4o, —¢pLC™"). [Hint: it is easier to keep the
:F

new 2-dimensional “super-spin” space separate from the 4-dimensional spinor space

of 1.] A generalized Lorentz-invariant mass term can be written as

1 1- -
ﬁm = 5\:[/10_1./\/{\1/4_ - §\I[+M*C\I/I
where M is a symmetric 2 x 2 matrix which commutes with C' and v*. [The notation
can be confusing but it is conventional. You can read the matrices more explicitly

as Iy ® M, C ® 1y and y* ® 1,]. Verify that LI = L,,.

0 show that by absorbing any phase into 1, we can take m

(i) It M = ’g

real and positive, and that this reduces to the conventional Dirac mass term L,, =
—ma)1). Show that the kinetic term Ly = ¥ighp) = U, i@V, . Regarding ¥, and ¥,
as independent and assuming £ = Lx + L,,, derive the equations
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Hence show that the mass-squared eigenvalues are found by solving

det (p°1 — M*M) =0.

(i) Requiring T4(z)T~" = Bip(zr) and Tl;(x)f_l = (2x7)B7, with B = +(7°C) ™! =
+C~'9” as in question 1, show that TV (z)T~' = BV, (zr). Hence demonstrate
that M should be real in order to have TL,,(x)T~! = L,,(z7).

0 m
(iii) f M = (m M
are approximately |M| and m?/|M].

) with m real and positive and | M| > m, show that the masses

Comments/corrections to C.E.Thomas@damtp.cam.ac.uk.
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