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Deep bed filtration has been studied experimentally and numerically for small non-Brownian
particles flowing into a random packing of monosize glass spheres at low Reynolds number. It was
discovered that packets of particles penetrated further than the same number of particles released
one at a time. These collective effects are attributed to hydrodynamic phenomena, one plausible
explanation being the existence of relaunchable ‘‘hydrodynamic captures’’ in addition to ‘‘geometric
captures.’’ © 1996 American Institute of Physics.@S1070-6631~96!00701-5#

I. INTRODUCTION

Deep bed filtration is a long-established engineering pro-
cess in which small suspended particles in a fluid deposit at
various depths within the pores of a bed of granular material
~see, for instance, the full-length survey by Tien1 and the
more focused reviews by Herziget al.,2 Tien and Payatakes,3

Doddset al.,4 and Houi5!. It is generally used to clarify di-
lute suspensions of small particles~less than 10mm! in low
concentrations~less than 531024 g/cm3!. The flow rate of
the suspension in the filter is in the order of one mm/s, and
cleaning may be achieved by simply reversing the direction
of the flow.

During the filtration process, the transportation and cap-
ture of the solid particles in the filtering medium are due to
several forces and interactions. The relative importance of
these forces is determined by the size of the particle. When
the diameter of the suspended particles is larger than 10mm,
the dominant forces are the hydrodynamic and gravitational
forces, i.e., the drag force, the lubrication force, the gravita-
tional force, and the inertial force. When the particles are
smaller, the electrochemical forces such as the Van der Waals
and double-layer forces and the Brownian diffusion domi-
nate. Six common capture mechanisms are found in the
literature.1 One of the major mechanisms for aerosol collec-
tion for particles with diameter larger than 1mm and in the
absence of applied external forces is inertial impaction. Par-
ticle deposition by interception can occur because the par-
ticles are finite in size, while deposition by sedimentation
occurs when the particle density is different from that of the
fluid. Electrostatic forces and Brownian diffusion can also be

important factors for small particles. A final mechanism,
which plays a dominant role in our experiments, is known as
straining or sieving and is due to a steric effect. It arises
when the particles are retained in the pore constriction of the
granular media. In most situations of practical importance, a
number of these mechanisms are operating simultaneously.

Deep bed filtration is inherently an unsteady-state pro-
cess because the pore space is continuously modified by the
motion and deposition of the small particles and thereby the
flow pattern is continuously changing. In most of the experi-
mental studies,1 the process evolution has been followed by
measuring the pressure drop between the entrance and the
end of the filter~or the permeability of the filter! and the
efficiency of the filter~the ratio between the influent and
effluent particle concentration!. Visualization experiments
have also provided information regarding particle
deposition5,6 and the influence of the filter structure on the
flow pattern.7

Deep bed filtration has been modeled as a deterministic
process.1 Macroscopic equations based on the conservation
principle are then solved by assuming particular laws for the
filtration rate. It has been also described as a stochastic
process.1 It is then necessary to define a set of random vari-
ables describing the empirical process whose evolution is
governed by probability laws. Four types of numerical mod-
els related to these approaches have been classified in the
literature ~see, for instance, the reviews by Herziget al.,2

Tien and Payatakes,3 and Sahimiet al.8!. In empirical mod-
els, mass balance equations are solved without trying to
make explicit the physics of the deposition processes. Em-
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pirical correlations are used to describe rate laws for deposi-
tion and the evolution of the particle concentration. Although
they are mathematically simple, the stochastic models too do
not provide a precise description of the deposition mecha-
nism. They do not consider the effects of pore size and par-
ticle size distribution, or the deposition morphologies, on the
filtration processes. Trajectory analysis models represent the
filter as unit bed collectors. The trajectory of each particle
within the unit bed is calculated using streamline functions
combined with the forces acting on the particles. While these
approaches have been fairly successful in describing the phe-
nomenon at the pore size, they fail to predict the permeabil-
ity change during the filtration process. In network models,9

the pore space is modeled as a network of tubes and the
particle propagation is essentially governed by the flow field.
Network models can account for the effect of pore space
morphology in a realistic manner and therefore seem to be
most successful in providing fundamental insight into the
filtration process.8–12

The present work concerns the deep bed filtration of
non-Brownian particles carried inside a model porous me-
dium under laminar flow conditions. The porous medium
consisted of a random packing of monosize glass spheres.
Small marked particles were tracked inside the packing made
optically transparent by matching the index of refraction of
the fluid to that of the glass spheres of the packing.13 The
objective of this study is to characterize the particle penetra-
tion depths by considering only the hydrodynamic and gravi-
tational forces along with the important sieving from the
geometric structure of the packing. We should emphasize
here that in practical deep bed filters other mechanisms can
also be important. The penetration depth distributions are
examined for different particle injection methods, i.e., indi-
vidually or in packets. A Monte Carlo simulation that ap-
proximated the packing by a two-dimensional square net-
work of cylindrical tubes was developed jointly with the
experimental study. Direct comparison with experiments al-
lows one to test the validity of the various basic ingredients
introduced in the numerical model. The problem of the par-
ticle capture transition is examined in another study.14

The present paper is organized as follows. The experi-
mental techniques are presented in Sec. II. Experimental ob-
servations and statistical analyses of the particle penetration
depths are described in Sec. III. The numerical model is in-
troduced in Sec. IV. In Sec. V, the predictions of the model
are compared to the experimental observations and the ingre-
dients of the model are discussed. Conclusions are given in
Sec. VI.

II. EXPERIMENTAL TECHNIQUES

A. Filter, particles, and fluid

The conceptually simple experimental model used to
study deep bed filtration is based on a visual observation of
small marked particles in a random fixed bed of larger glass
spheres, made optically transparent by matching the refrac-
tive index of the suspending fluid to that of the larger glass
spheres.

The filter consisted of a fixed random packing of glass

spheres of equal size and density. Two batches of glass beads
were used with diametersD154.060.1 mm and
D255.060.1 mm. The first layer of the packing was
partially filled with larger glass spheres of diameter
10.060.1 mm, which induced a roughness at the entrance of
the bed. This local roughness induced disorder throughout
the bed and avoided the formation of a crystalline zone that
would alter the random structure of the packing.15A uniform
porosity of 0.3960.01 was measured along the cell. This
showed the homogeneity of the packing. This measured po-
rosity is equal to that of a random packing of spheres.

The small particles to be filtered were made from acrylic
resin with a densityrp51.1960.01 g/cm3. These particles
were coated with a uniformly smooth thin layer of gold using
a metal deposition device~Polaron High Resolution Sputter
Coater E5400! so they could be clearly tracked in the filter.
The thin coating has inconsequential effects on the particle
weight. The particle size distribution was analyzed using a
digital imaging system. From the measurements of the pro-
jected particle surfaces, the particle diameter distribution was
found to be approximately Gaussian and the mean diameter
and standard deviation were determined. Two batches
of marked beads were used. The first batch had a
diameter d15650640 mm and the second a diameter
d25830630 mm. The error in the diameter of the small
particles is one standard deviation of the size distribution.

Two combinations of particles and glass spheres were
chosen to study the particle capture inside the random pack-
ing. In the first combination, the particles of diameterd1
were injected into the random packing of glass beads with
diameterD1 . This combination corresponds to a value of the
ratio between the small particle diameter and the large sphere
diameteru15d1/D150.16260.009. Thesecond combina-
tion corresponded to particles with diameterd2 and glass
spheres with diameterD2 , i.e., a valueu250.16660.007,
close to the value ofu1. In both combinations, the dimen-
sionless parameteru5d/D is larger than the capture thresh-
old value, and thereby the particles were always captured
inside the filter. The error inu is based on consideration of
the errors in the diametersd andD of the particles and the
packing spheres, respectively.

The carrier fluid was an organic mixture of 60%
dibutyl phthalate and 40% butyl benzyl phthalate~Santi-
cizer 160 produced by Monsanto! with a density
r f51.0760.05 g/cm3, a kinematic viscosityn52961 cS
and a refractive index of 1.52060.005, equal to that of the
large glass spheres at 25 °C. The fluid viscosity was mea-
sured with a viscosimeter and its Newtonian behavior was
also checked. This fluid dissolves plastics, which led to the
choice of resistant materials such as stainless steel, glass, and
teflon in the construction of the cell~see the following sec-
tion!.

B. Experimental procedure

Experiments were performed in a cell of rectangular
cross section with an inside width of 125 mm, an inside
depth of 39 mm, and a height of 430 mm. A few earlier
experiments were also carried out in another cell having in-
ner dimensions of 100 mm by 39 mm by 550 mm. The width
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and depth of the vessel were uniform to within 0.05 cm. The
restriction on the depth of both cells comes from the diffi-
culty of seeing a long way inside the filter, despite the good
index matching. The front and back of both cells were made
of glass to allow visualization. The fluid was usually circu-
lated upward through the cell. A few experiments were also
undertaken using a downward flow circulation. At the en-
trance of the cell, the flow was made laminar by using dif-
ferent layers of porous materials. The flow rate was main-
tained constant by means of a pump and the interstitial
velocity wasU50.4360.01 cm/s. The Reynolds numbers
based on the length scale of the particles or that of the glass
spheres were then always kept at a value smaller than unity.
The particles Brownian Pe´clet number was always very
large.

The random packing was maintained by two grids inside
the cells. The small particles were injected with a syringe
into a layer of fluid of 50 mm below the packing and then
carried by the flow into the packing. Two kinds of particle
injection were used. In the first, the particles were injected
one by one. Each particle was injected as soon as the pre-
ceding particle was captured or left the filter and therefore
propagated alone in the filter. There was no interparticle in-
teraction in this type of injection. Conversely, in the second
kind of injection, the particles were injected in packets. This
type of injection was much trickier to perform since it was
difficult to inject the packets in such a way that all the par-
ticles would flow into the packing at the same time. There
was a spread of the order of 1–3 s between the entrance of
the different particles into the packing. It should also be
mentioned that the particles never came into very close con-
tact and were never found to aggregate as they propagated
inside the filter. In both injections, the particles remained
inside the packing after capture. It should be noted that it
seldom occurred that two particles were captured in the same
site.

The cell was lit from behind and the particles were then
easily tracked inside the packing. The initial position of a
particle as it entered the packing and the final position when
it was captured were recorded. Only the final capture posi-
tions were recorded when the particles were injected by
packets. The precision of the measurement of the position
was limited by parallax errors of the order of a millimeter
caused by the thickness of the cell wall and variations in the
glass sphere indices. The penetration depth was defined as
the difference between the initial and final vertical coordi-
nates,DZ, and the lateral dispersion as the difference be-
tween the initial and final horizontal coordinates,DX. From
these measurements, the particle penetration depth distribu-
tion was determined. In the case of the one by one injection,
it was also possible to measure the particle lateral dispersion
distribution. Particles flowing along the cell walls were not
taken into account in the statistical results because the pore
sizes along the wall were much larger than those inside the
packing. A number of 200 particles was injected for each
experiment to give good statistics. Dismantling the experi-
ment involved cleaning the cell, filtering the fluid, and wash-
ing and drying the glass spheres, in preparation for the next
experiment.

III. EXPERIMENTAL RESULTS

A. Particle propagation

When the particles were injected one by one, their tra-
jectories inside the filter were observed to be very straight.
This finding was confirmed by measuring the particle lateral
dispersion. The lateral dispersion distributions were found to
be centered on the zero value and to be very narrow with a
width smaller than a diameter of the large glass spheres.
When the particles were injected by packets, the packet was
also observed not to spread much along the cell width direc-
tion. These experimental findings suggest that the particles
were convected inside the packing and that steric effects and
hydrodynamic and gravity forces were dominant. Since the
cell depth was of the order of ten glass sphere diameters,
these findings also show that wall effects were negligible in
these experiments.

B. Particle capture

One of the objectives of this work was to analyze the
particle capture mechanism when steric effects and hydrody-
namic and gravity forces were dominant. It is, however, im-
portant to estimate the influence of other forces, such as in-
ertial, electrostatic, Brownian, and molecular forces in this
process. Since the particle Reynolds number and also the
Stokes number were small, the inertial force was negligible
compared to the viscous forces and the particles followed the
motion of the fluid. Electrostatic forces were also negligible
in the experiments because the particles were gilded and the
organic carrier fluid contained no charges. Brownian motion
was also negligible compared to convective motion since the
Brownian Pe´clet number was very large. The following con-
siderations provide an estimate of the relative importance of
the molecular forces. Since the sphere of the packing is
greater than the particle, then the former can be approxi-
mated by a plane and the Van der Waals force can be ex-
pressed asFVdW5pHd3/[12h2(d1h)2], where H is the
Hamaker constant~'10219 J! andh is the distance between
the particle and the large glass sphere. The gravity force is
Fg5pd3(rp2r f)g/6 and the drag force is
Fdrag53pnr fUd. It should be mentioned that the expres-
sions for these forces do not take into account the direction
of the forces that are, except for the gravity force, very dif-
ficult to determine. Taking the distance between the particle
and the glass sphere to be 1mm, which was typically the
particle roughness as measured from photos obtained by
electronic scanning microscopy, the gravity force was 8000
times the Van der Waals force and the drag force was 20 000
times the Van der Waals force. This calculation shows that
when particles flowed inside the filter the Van der Waals
force was negligible. Conversely, when the particles were
captured, the distance between the particle and the glass
sphere could become small enough to yield a Van der Waals
force of the same order as the drag force~or the gravity
force!. This last effect is supported by the fact that captured
particles were not observed to fall under gravity force when
the upward flow was stopped.

The main capture mechanism was sieving due to the
geometrical structure of the filter. Particles were indeed gen-
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erally captured in constriction sites. However, the following
discussion shows that additional capture sites were deter-
mined by the hydrodynamic and gravity forces at work in-
side the filtering medium. When a large sharp variation of the
upward flow rate was induced~by hitting the pump!, the flow
remaining laminar, 15%–20% of the captured particles left
the capture sites, propagated again in the medium until they
were captured once again at other sites. These relaunching of
particles were not observed when the flow rate was progres-
sively increased, although probably to more modest levels.
This ‘‘relaunching phenomenon’’ seems to be due to a sharp
pressure variation inducing hydrodynamic forces large
enough to dislodge the particles from their capture position.
This experimental observation also seems to suggest that the
lubrication forces did not have a significant action on the
particle since these relaunchings occurred at time scales~of
the order of one minute! much shorter than the time needed
for two surfaces to come into close contact under lubrication
forces. The surface roughness should also prevent the par-
ticles from getting very close to a sphere surface. The exist-
ence of this ‘‘relaunching’’ phenomenon shows the influence
of flow variations on the stability of the capture sites and
supports the existence of capture sites, which are partially
hydrodynamic in nature. These sites could be, for example,
stagnation points of the flow. A particle moving along the
flow line near a collector could also be intercepted by the
collector or could settle under gravity in a site, where it later
became bonded by Van der Waals forces. The direction of the
flow also had an influence on these relaunching. When the
flow direction was downward~parallel to gravity!, more than
50% of the particles were released under sudden flow rate
variations. This new observation demonstrates that the grav-
ity forces also played an important role in the particle cap-
ture mechanism and in the stability of the capture sites.
Moreover, the measured capture threshold value,
uc50.14060.005, wasfound14 to be slightly smaller than
the geometric capture value,ug50.15560.006, corre-
sponding to the smallest possible pore formed by three iden-
tical spheres in contact.16 This last finding also supports the
existence of ‘‘hydrodynamic’’ sites. Finally, it was noticed
that when packets of particles propagated inside the filter, a
particle captured in a site could be relaunched by another
particle passing nearby. This observation can be related to
the relaunching phenomenon mentioned above. The local ve-
locity variations induced by a moving particle could produce
local ‘‘relaunching’’ of particle captured in a ‘‘hydrody-
namic’’ site. In contrast, when the particles were injected one
at a time, we tentatively suggest that the slower injection
procedure allowed time for the particles in hydrodynamic
capture sites to become bonded by Van der Waals forces so
that they were not relaunched by later passing particles.

C. Penetration depth distributions in the case of an
upward flow

Figure 1 shows the penetration depth distribution of 200
particles injected one by one in the case of an upward flow
and foru150.16260.009. Since a simple probabilistic model
without flow predicts an exponential decay of the
histogram,13,17 the distribution was fitted to an exponential

decay law, exp~2l/j! with l5DZ/D. Here and in the re-
mainder of the paper, all the lengths have been made dimen-
sionless by scaling with the diameter of the large glass
spheres. This law did not fit the whole histogram. The first
three bars were eliminated, as they correspond to particles
captured at the entrance of the bed, where it is inhomoge-
neous due to the presence of a few larger spheres. In order to
quantify the agreement with an exponential decay, thex2 test
was used. The normalized indicatorx2, which measured the
difference between the actual values and the exponential dis-
tribution, was found to be 0.91. Although the propagation
laws and the capture mechanisms in the experiment were
more complex than a simple probabilistic model, the validity
of the exponential fit was then ensured. This test also pro-
vided a confidence interval for the characteristic lengthj. A
confidence level of 10% was chosen. The exponential fit was
judged reasonable if the value ofx2 calculated is less than
x2~10%!, knowing that 90 experiments out of 100 would
give an acceptable answer if the exponential law was true.
By varying the exponential decay coefficient, two values for
which x25x2~10%! were obtained, which gave the confi-
dence interval forj. The characteristic length was found to
be j55.560.9. The mean penetration depth^l& and the me-
dian value,lm , for which (l<lm

n(l) 5 1
2, wheren is the

number ~normalized by the total number of injected par-
ticles! of particles captured at a depthl were also measured.
The reason for considering both the mean and median is to
take into account particles that exit the bed, which is done
with our definition of the median, whereas the mean is de-
termined only for captured particles. In the present case, the
mean penetration waŝl&58.4 and the median value
lm56.0. It is important to notice that the median value is
close to the value of the decay length and provides a good
characterization of the penetration depth of the particles in-
side the medium. For a given value ofu, the experiments
were found to be perfectly reproducible.

Figure 2 displays the penetration depth distribution of
200 particles injected in three packets~each containing about
65 particles!. In this case, the distribution is not at all expo-
nential, as demonstrated by thex2 test, and presents a much
slower decrease. In the previous case where particles propa-
gate independently inside the filter, the penetration depth dis-

FIG. 1. Experimental results for the particle penetration depths for
u150.16260.009 when particles were injected one by one with an upward
flow.
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tribution presents a peak value of 0.17 and a very few par-
ticles penetrate farther than a distance of 20 beads~see Fig.
1!. Conversely, when packets of particles propagate, the
value of the peak is 0.11 and a significant number of particles
reaches distances larger than 20 beads~see Fig. 2!. In this
later case, the median value,lm59.3 is larger than that
~56.0! found in the case of the one by one injection. There-
fore, packets of particles penetrated further than the same
number of particles released one at a time. Although it was
very difficult to control precisely the number of particles
contained in a packet, the experiments were again found to
be perfectly reproducible.

Finally, although the particles remained inside the filter
after capture, their presence did not affect the penetration
depth distribution. The number of captured particles was so
small than they did not saturate the packing. Indeed, each of
the 60 layers of the packing contained 250 pores, and only
200 moving particles were injected in the whole bed. More-
over, in the case of the one by one injection, the penetration
depth distribution for the first 100 particles had the same
behavior and statistical characteristics~mean and median
values! as that obtained for the last 100 particles. In the case
of the injection by packets, the penetration depth distribu-
tions corresponding to each packet were also similar. These
last findings also confirm the absence of saturation of the
filter.

D. Penetration depth distributions in the case of no
flow

Experiments were also performed without flow. The par-
ticles were dropped~from the top of the packing! into the
filter and only propagated under gravity forces.

Figure 3 shows the penetration depth distribution of 200
particles injected one by one in the absence of flow. The
distribution can be fitted with an exponential law, as demon-
strated by thex2 test. The characteristic length of the expo-
nential decay isj53.460.6 and the median value of the
distribution islm54.0. Inabsence of flow the particles pen-
etrated slightly less deep in the medium than in the case of
particles convected by the flow~see Fig. 1!. Clearly, the flow
leads the particles toward the biggest pores and therefore the
probability for a particle to be captured is lower when it is
carried by the flow than when it just falls under gravity.

The penetration depth distribution of particles propagat-
ing by packets in the absence of flow has the same behavior
as that of particles injected one at a time without flow, as
displayed in Fig. 4. The distribution can be indeed fitted in
both cases by an exponential law and the particles penetrated
less deep into the packing when they are injected by packet
without flow than when they are injected by packets with a
flow. The characteristic length of the exponential decay is
j52.660.6 and the median value of the distribution is
lm52.8. These values are much smaller than those found
when packets of particles are flowing inside the filter.

These experiments show that the ‘‘packet effect,’’ i.e.,
the deeper penetration of packets of particles than that of
same number of particles released one at a time, found when
the particles are convected by an upward flow is not ob-
served without flow. This finding suggests that the collective
effect when the particles are injected by packets is due to
hydrodynamic phenomena.

E. Penetration depth distributions in the case of a
downward flow

A few experiments were also performed for particles
propagating with a downward flow~in the same direction as
that of the gravity force!. In that case, the penetration depths
were not easy to measure because relaunchings of particles
were very frequent and thereby the capture positions were

FIG. 2. Experimental results for the particle penetration depths for
u150.16260.009 when particles were injected by packets with an upward
flow.

FIG. 3. Experimental results for the particle penetration depths for
u150.16260.009 when particles were injected one by one with no flow.

FIG. 4. Experimental results for the particle penetration depths for
u150.16260.009 when particles were injected by packets with no flow.
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not found to be very stable~this phenomenon was also ob-
served when particles were dropped inside the packing with-
out flow!. Therefore the penetration depth distribution was
built from the recording of the first capture positions of the
particles. The ‘‘packet effect’’ was still observable, but it was
less perceptible than in the case of the upward flow, for
which the capture positions were clearly determined. In the
packet case with a downward flow, the penetration depth
distribution could again not be fitted by an exponential law
according to thex2 test, and the particles penetrated deeper
into the packing than in the case of the one by one injection.

F. Effect of the number of particles in a packet

The influence of the number of particles in a packet was
also examined. Experiments were undertaken where packets
of a given number of particles were injected in an upward
flow. The size of the packet was varied. It was not possible to
inject packets of larger size because the packet did not keep
together in the medium, and so it was equivalent to injecting
a packet of smaller size. The relative error in the number of
particles in a packet was 20%. For each experiment with
packets of a given size, a total 200 particles were injected
over several packets. Two close values ofu but with different
values ofd and D were examined,u150.16260.009 and
u250.16660.007. In both cases, the particles penetrated
deeper inside the filter when they were injected by packets
than when they were injected one by one. However, the
‘‘packet effect’’ was not found to be very sensitive to the size
of the packet. Indeed, the median value of the penetration
depth distribution did not vary much with the size of the
packet, as can be seen in Table I. It should also be noted that
although the values ofu1 andu2 are very close, the ‘‘packet
effect’’ was found to be more pronounced in the first case
where the injected particles were smaller. This finding sug-
gests that the parameteru may not be the only scaling pa-
rameter.

IV. NUMERICAL MODEL

A. Pore space

The porous medium was represented by a two-
dimensional network9 of cylindrical tubes of given radius,r ,
and length,l . A tube was assumed to represent a pore of the
filtering medium. The tubes intersected at points of mixing
called nodes. Since a random packing has been usually rep-
resented as an ensemble of tetrahedrical units with a connec-
tivity of 4, a square network was chosen.18,19 It was checked
by using a triangular network~with a connectivity of 6! that
the connectivity was not a relevant parameter for the present

study. The network was inclined at an angle of 45° and its
dimension was 40 wide by 120 in the direction of flow. The
unit length was chosen to be the characteristic length of the
experimental sphere packing, i.e., the diameter of the glass
bead. Since constriction sites were found to determine pri-
marily particle capture, the sizes of the tubes were deter-
mined by the sizes of the pore entrances instead of the sizes
of the cavity volume. The distribution of the tube radii was
chosen to be a power law, (r2ug)

20.5, with a cutoff at the
geometric threshold valueug , as suggested by the numerical
results of Mason.18 The cylinder length was made propor-
tional to the pore radius since a correlation was expected
between the width and the length of the pores.

B. Fluid velocity field

The flow rate,Q, of the viscous fluid was supposed to
obey Poiseuille’s law in each tube,Q5pr 4 DPp/8lnr f ,
whereDPp was the pressure drop along the tube. A perfect
mixing was also assumed at each node. The fluid velocity in
each tube was calculated as the mean velocity,Q/pr 2. The
fluid-flow problem was then analogous to current flow in a
network of random resistors, whose conductance was ex-
pressed in terms of the radius and length of the tube and
Ohm’s law could be substituted for Poiseuille’s law. Since in
the experiments the flow rate was maintained constant, the
current between the top and the bottom of the network was
also maintained constant. Periodic boundary conditions were
imposed in the other direction. Mass balance equations for
the fluid need to be solved simultaneously at each node. This
was done by solving a standard Kirchoff’s law formulation.
Both conjugate gradient and numerical relaxation methods
were used. After convergence~with a 10210 accuracy!, the
pressures at each node were calculated. Once the flow field
within the network was determined, particles, which were
supposed to be spherical and whose radii were selected from
the experimental particle size distribution, were injected into
the network.

C. Particle propagation mode and capture
mechanisms

1. Particle propagating alone in the network

A single particle was injected into the network on the
upstream plane of the network. An inlet tube among the 80
available tubes in the 40 by 120 network was selected. The
probability for a particle to select a tube at the entrance or
inside the network was chosen to be proportional to the flow
rate in that tube. Therefore, the motion of a particle was
biased by the flow field in favor of the tubes that carried a
larger flux of the fluid. This assumption, which is called
‘‘flow induced probability,’’ has been supported by experi-
mental observation20 and has been used in previous numeri-
cal network simulations~see, for instance, the review of Sa-
himi et al.8!. Another important assumption that has been
already mentioned in the last section was the perfect mixing
at each node. This assumption dictated that the choice for a
particle to enter a tube was independent of the previously

TABLE I. Median values of the penetration depth distribution,lm . The
values are made dimensionless by scaling with the diameter of the spheres
of the packing.

Number of particles in a packet 1a 10 20 35 50 65

u150.1626 0.009 6.0 10.0 11.5 9.3
u250.1666 0.007 3.6 5.0 5.6

aParticles injected one by one.
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selected tubes. This last hypothesis might not be entirely
realistic since particles might follow specific paths inside the
filter.

Using the conservation of the flow in a tube of radiusr ,
the particle velocity could be approximated asQ/pr 2 in that
tube. The particle velocity was determined by the pressure
forces acting on the particle in the tube, i.e., the pressure due
to Poiseuille flow,DPp58nr f( l2d)Q/pr 4 and the pressure
due to gravity,DPg564/3p(d/2)3(rp2r f)g/pr

2 ~with a
negative sign when flow and gravity were in the opposite
direction!. This last term needed to be multiplied by&/2 in
the case of a network inclined at an angle of 45°. Since the
inertial, electrostatic, Brownian, and molecular forces were
taken to be negligible in the experiments, they were not
taken into account in the numerical simulation.

Three capture mechanisms were implemented in the
model. Since ‘‘constriction sites’’ were found to determine
primarily particle capture, they were modeled by pores
whose radii were smaller than that of the particle. If the
radius of the tube was larger than the radius of the particle
(r2d/2>1029), the particle was not ‘‘geometrically’’ cap-
tured and the particle continued to propagate inside the filter.
Otherwise (r2d/2,1029), the particle was ‘‘geometri-
cally’’ captured and the entrance to the tube was blocked.
After capture, the conductance of the blocked tube was
modified and was multiplied by a factora. Since it was
shown experimentally that the filter was not saturated, this
factor was chosen to bea51. This means that each particle
was released from the network after capture. It was, how-
ever, shown that different values ofa gave the same results
and therefore thata was not a relevant parameter for the
present study. A particle could also be captured in a ‘‘levita-
tion site.’’ This very rare event occurred when the drag force
was smaller than the gravity force~in the opposite direction
of the flow!. Modeling the ‘‘hydrodynamic capture’’ found in
the experiments was far less obvious since it required the
knowledge of the complex flow structure inside the nodes.
The following simplest model was implemented. If a particle
reached a node such that the flow rates in the tubes had the
same value within a 1%, it had the probabilityph to be
captured at that node. Because of a lack of information, an
ad hoc probability was adopted,ph512exp~2u2!. This
probability increased with particle size, as suggested by ex-
perimental observations. It reproduces the experimental find-
ing that very small particles were never captured.14

2. Packets of particles propagating in the network

Since it was observed experimentally that packets of par-
ticles did not spread over the entire first layer of the packing,
packets of particles were injected numerically on the central
upstream plane of the network corresponding to a third of the
total plane. Moreover, since it was also observed that two
particles never penetrated in the same pore at the same time,
this finding was implemented in the numerical simulation: if
two particles selected the same tube, they could not enter it
at the same time, but one after the other. The second particle
had then to wait for the first to leave the tube before entering
it. If the first particle was captured, the second selected a new
tube and then continued to propagate into the network. Per-

fect mixing at each node was again assumed and the prob-
ability that a particle selected the next tube was again pro-
portional to the flow rate in that tube.

The hydrodynamic interactions between particles inside
a packet were also modeled. In addition to the pressure due
to Poiseuille flow,DPp , and the pressure due to gravity,
DPg , the extra pressure due to the presence of a particle in a
tube, DP1 , was also taken into account in modeling the
propagation of particles. By applying the lubrication theory
to the problem of the flow of a single particle in an isolated
tube whose radius is close to that of the particle, this
extra pressure was estimated asDP154nr f(Q/r

3)
3A@d/(r2d/2)#. The particle velocity was again approxi-
mated asQ/pr 2 in the tube. Therefore, every time a particle
entered a tube, the pressure drop in that tube was increased,
and thereby the velocity field was changed within the net-
work. When the particle left the tube, the tube recovered its
previous conductance~unless it had become blocked! and the
flow field was changed again within the network. When the
packet of particles moves inside the network, the continuous
entering of the particles in the tubes~or their plugging of the
tubes! necessitates the continuous updating of the flow field.
It should be mentioned that the relaxation time of the veloc-
ity field was assumed to be shorter than the time for particles
to move through a tube, and so the velocity field was updated
as soon as a particle left a tube. In addition to the three
capture mechanisms described in the last section, the possi-
bility of ‘‘relaunching’’ was also implemented. This phenom-
enon seemed indeed to play an important role in the propa-
gation of packets deeper into the filter. A simple model was
built to reproduce the ‘‘relaunching’’ of a captured particle
by another particle passing by. A length characterizing the
hydrodynamic interactions between particles,r * , was intro-
duced. Whenever a particle passed at a distance smaller than
r * from a captured particle, the captured particle could be
released and selected another tube. Again, the flow field had
to be continuously updated within the network.

V. NUMERICAL RESULTS AND COMPARISON WITH
EXPERIMENTS

A. Particles injected one by one

Figure 5 presents the penetration depth distribution for
2000 particles injected one by one in the network. This nu-

FIG. 5. Numerical results for the particle penetration depths foru50.160
60.01 when particles were injected one by one with an upward flow.
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merical result has been obtained for 250 network configura-
tions. Only a total number of eight particles were injected
inside each network in order to avoid saturation of the net-
work. The particle size distribution was chosen to be a
Gaussian distribution with a mean valueu50.160 and stan-
dard deviation 0.010 in order to model the experimental par-
ticle size distribution. The numerical distribution could be
fitted by an exponential law as demonstrated by thex2

test. The characteristic length of the exponential decay was
j54.760.4 and the median value of the distribution was
lm56.0. Thepredictions of the numerical simulation are
found to be in good agreement with the experimental find-
ings ~Fig. 1! in the case of particles injected one by one. It
should, however, be mentioned that the heterogeneity intro-
duced at the entrance of the experimental packing induced
smaller penetration depths at the entrance~see the first three
bars of the histogram of Fig. 1!. This was not observed in the
numerical distribution~Fig. 5! because the entrance of the
network did not have such an heterogeneity.

B. Particles injected by packets

In the numerical simulation, the ratio between the num-
ber of particles in a packet and the number of entrance tubes
was set equal to 10% in order to mimic the experimental
situation. The numerical results were obtained for 2000 par-
ticles injected by packets of 8 particles and for 250 network
configurations. The particle size distribution was again cho-
sen to be a Gaussian distribution with a mean valueu50.160
and standard deviation 0.010. Two main ingredients, i.e., the
extra pressure due to the flow of a particle in a tube and the
relaunching of a captured particle by another particle passing
nearby, were present in the numerical simulation.

The first ingredient was not found to create a deeper
penetration of packets of particles into the filter. Although
the extra pressure along a tube was found to diverge as
d/2r→1 for a tube in isolation, it remained of the order of
30% of the Poiseuille pressure drop~without a particle! for a
tube embedded inside the network, as can be seen in Fig. 6.
Indeed, when a particle entered a tube within the network,
there were several other tubes that could carry the fluid away
from this partially blocked tube.

Conversely, the second ingredient was found to be deter-
mining in giving the ‘‘packet effect.’’ An estimation of the
characteristic interaction lengthr * was needed. This length
was linked to the correlation length of the velocity fluctua-
tions in the network, and it was estimated to be of the same
order as the dispersion length of tracers in a porous
medium.21 This length has been experimentally estimated as
0.6 times the size of the grain of the packing.22 This disper-
sion length was also found to depend upon the disorder of
the medium.23 Figure 7 shows the penetration depth distribu-
tions for r *50, 0.3, 0.6, and 0.9. As mentioned above, for
r *50 the distribution was found to be similar to that of Fig.
5 and no significant change was observed. As soon as
r *50.3, theparticles penetrated deeper into the medium.
For r *50.6 andr *50.9, thedistributions were found to be
in good agreement with the experimental distribution of Fig.
2. It is worth noting that the present unit length is the sphere
diameter that corresponds to the size of the grain of the po-
rous medium.

VI. CONCLUSIONS

In this study, some aspects of deep bed filtration have
been visually and statistically studied for small non-
Brownian particles flowing into a random packing of mono-
size glass spheres at low Reynolds number. The particle
transport was found to be convective in nature and steric
effects and hydrodynamic and gravity forces were found to
be dominant. The penetration depth distributions were exam-
ined for different particle injection methods, i.e., individually
or in packets. It was discovered that packets of particles pen-
etrated further than the same number of particles released
one at a time. However, when the experiments were repeated
without any flow across the medium, the penetration depth

FIG. 6. Ratio between the extra-pressure in a tube due to a particle and the
Poiseuille pressure drop~without a particle! for a tube in isolation~solid
curve! and for a tube embedded in the network~empty circles!.

FIG. 7. Numerical results for the particle penetration depths foru50.160
60.01 when particles were injected by packets with an upward flow for four
different values of the interaction lengthr *50, 0.3, 0.6, and 0.9.
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distributions were found to be similar for both types of in-
jection methods. These findings suggested that the collective
effects observed when the particles were injected in packets
were due to hydrodynamic phenomena. Moreover, investiga-
tion of the mechanisms of the particle capture by examining
the stability of the capture sites revealed that the capture sites
were not only constriction sites but also ‘‘hydrodynamic’’
sites, where particles could be released by local flow varia-
tions. In particular, a particle captured in an ‘‘hydrodynamic’’
site could be relaunched by another particle passing nearby.

AMonte Carlo simulation that approximated the packing
by a two-dimensional square network of cylindrical tubes
was developed jointly with the experimental study. The flow
rate of the viscous fluid in the tubes was assumed to obey
Poiseuille’s law with perfect mixing at the junctions between
the tubes. Direct comparison with experiments allowed one
to test the validity of the various basic ingredients introduced
in the numerical model. The rules for junction motion were
that a particle selected a new tube with a probability propor-
tional to the fluid flux in the tube~‘‘flow induced probabil-
ity’’ !, that if it came across a tube smaller than its diameter
then its path was blocked, and that if it reached a junction
such that the flow rates in the tubes had the same value
within 1% it had a probabilityph of being captured. The first
rule assumes that the motion of a particle is biased by the
flow field in favor of the tubes that carry larger flux of the
fluid. The second rule models constriction sites while the
third rule is an attempt to take into account ‘‘hydrodynamic’’
capture sites. These ingredients were found to provide a re-
alistic description of particle penetration depths when the
particle propagated independently in the packing. Modeling
the propagation of packets of particles required the imple-
mentation of additional ingredients in the simulation. Taking
into account the additional pressure drop in a tube due to a
particle was found not to be sufficient to reproduce the
deeper penetration of packets of particles into the filter. A
simple model was then built to reproduce the ‘‘relaunching’’
of a captured particle by another particle by introducing a
length characterizing the hydrodynamic interactions between
particles inside the filter. This last ingredient was found to be
essential in predicting the collective effects when particles
were injected by packets.

The key findings of this study reveal the deepening com-
plexity of the phenomena that determine the penetration
depths of the particles when hydrodynamic and gravitational
forces are considered. The geometric structure is no longer
the only consideration. It is necessary to take into account
the interactions between the particles and the complex flow
structure within the packing as well as the particle–particle
interactions as soon as particles are not propagating alone
inside the filter.
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