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1 Vectors

1.1 Points and vectors
It is important to distinguish between a point and a vector. A point P is a set of
coordinates, e.g. (3,1,1). A vector is an arrow between two points.

A point has an associated position vector O—f;, which is a vector from the origin O
to the point P. This is important because, for example, if a plane contains the&oints
P =(3,1,2) and Q = (5,1, 3) it doesn’t necessarily contain the position vectors OP and
(72, but it does contain the vector ﬁ? =(2,0,1).

1.2 Magnitude and distance
The magnitude of a 3-d vector r = (ry,r9,73) is given by

lv| = /ri+7r3+7r3. (1.1)

If two points have position vectors a = (ay, as,a3) and b = (b, by, b3) then the vector
from a to b is b — a, and the distance between the points is

|b—a| = \/(bl —a1)2+(b2—a2)2+(b3—a3)2. (12)

1.3 Scalar product

The scalar product (or dot product) between two vectors a and b is given by
a-b = |a||b|cosf (1.3)
where 6 is the angle between a and b. Another useful form is
a-b=ab + axby + asbs. (1.4)

Some facts about the scalar product:
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(a) It is commutative: a-b =Db-a.

(b) It is distributive: a- (b+c)=a-b+a-c.

(c) The scalar product of a vector with itself is its magnitude squared: a-a = |a|*.

(d) Two vectors a and b are orthogonal (i.e. perpendicular) if and only if a-b = 0.
)

(e) If n is a unit vector, the component of a in the direction n is given by a - n.

1.4 Vector product

The vector product (or cross product) of two vectors a = (ay, as, az) and b = (by, be, b3)
is defined by

a x b = |a||b|sinfn (1.5)

where 0 is the angle between a and b, and n is the unit vector perpendicular to both, in
a way which makes a, b, n into a right-handed triad. Another useful form is

axb= (a2b3 — agbg)i + ((lgbl — a,lbg)j + (a1b2 — agbl)k. (16)

You can remember this using the determinant rule:

i j k
axb=|a a az]|. (1.7)
by by bs

Some properties of the vector product:

a) It is anticommutative: a X b = —b x a.

(
(b) It is distributive: a x (b+c)=axb+a xc.

)
)

(c) Tt is not associative: a x (b x ¢) # (a x b) x c.

(d) If a x b = 0 then either one of a or b is zero, or a and b are parallel.
)

(e) The vector product of a vector with itself is always zero: a x a = 0.

1.5 Lines
The equation of a line through the points a and b is
r=a+Ab—a). (1.8)

The equation of a line through the point with position vector a and parallel to the unit
vector t is

r=a-+\t. (1.9)



1.6 Planes

The equation of a plane with unit normal n passing through the point a is
(r—a)-n=0. (1.10)

An alternative expression, where d is the perpendicular distance of the plane from the
origin and n is the unit normal, is
r-n=d. (1.11)

Combining (1.10) and (1.11) we see that the perpendicular distance of a plane from the
origin is given by d = a - n.

To find the equation of a plane through the points with position vectors a, b, c: calculate
two vectors in the plane, say b — a and ¢ — a. The normal to the plane isn = (b — a) x
(c — a) (normalised if necessary), and you can write the equation of the plane as (r — a) -
n=0.

1.7 Other surfaces
The equation of a sphere with radius p centred at a is
r—al=p. (1.12)
The equation of a cylinder with radius R and axis parallel to the unit vector n is
r — (r-n)n| =R. (1.13)

The equation of a cone whose axis is parallel to the unit vector n and with semi-angle a
is
r-n=|rjcosa. (1.14)

1.8 Calculating distances

Let L be a line through points a and b (as in (1.8)) and let ) be a point with position
vector q. The shortest distance between L and () is

[(a—2a) x (b—a)

d =
|b — al

(1.15)

If L is the line through a and perpendicular to the unit normal t (as in (1.9)) then the
shortest distance between L and () is

d=|(q—a)xt|. (1.16)

Let P be the plane through a with unit normal n (as in (1.10)) and @ be a point with
position vector q. The shortest distance between P and () is

d=(q—a)-n. (1.17)



1.9 Scalar triple product
The scalar triple product of three vectors a, b, c is defined by
[a,b,c]=a-(bxc). (1.18)

You can remember the component form easily using the determinant rule:

a; ag as
[a, b, C] = bl bg bg . (119)
Ci C2 C3

The scalar triple product is unchanged if we make a cyclic permutation of a, b, ¢, but we
introduce a minus sign if we swap any two of a, b, c:

[a,b,c] = [b,c,a] = [c,a,b] = —[b,a,c] = —[c,b,a] = —[a,c, b]. (1.20)

The scalar triple product gives the volume of a parallelipiped whose sides are the vectors
a,b,c.

1.10 Vector triple product

The vector triple product of three vectors a, b, c is a x (b x ¢). The vector product is
not associative, so it matters where you put the brackets! A useful formula for the vector
triple product is

ax(bxc)=(a-c)b—(a-b)c. (1.21)

1.11 Vector area

The vector area of a planar (i.e. flat) shape with area A and unit normal n is defined
by be
S=An. (1.22)

The area A’ of the projection of the shape onto the plane with unit normal n’ is
A=S.1n. (1.23)

For a more complicated shape made up of planar faces, the total vector area is the sum
of the vector areas of each of the faces (remembering to make consistent choices for the
normals, i.e. all pointing in or all pointing out).

For any closed surface (i.e. one which has a separate inside and outside) the total vector
area 1S zero.

1.12 Basis vectors

Consider n-dimensional vectors a = (ay, as, ...,a,). A set of N vectors a;,as,...,ay is
linearly dependendent if you can find constants Aj, Ag,..., Ay (not all equal to zero)
such that

)\13.1 +)\23—2+"'+)\NaN =0. (124)
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The vectors are linearly independent if the only way to satisfy this equation is to have
A = -+ = Ay = 0. In three dimensions, three vectors are linearly independent if and
only if their triple scalar product is nonzero.

A basis is a set of vectors which satisfy the following two properties:

(a) They are linearly independent.

(b) The number of vectors is equal to the dimension of the space, i.e. N = n.

So you need three vectors to form a basis in three dimensions.

The scalar product in n dimensions is
a-b=> ab. (1.25)
i=1

Two n-dimensional vectors are orthogonal if their scalar product is zero.

1.13 Other coordinate systems

Cartesian coordinates r = (z,y) (in two dimensions) or r = (z,y, z) (in three dimensions)
are only one possible coordinate system.

1.13.1 Plane polar coordinates

Plane polar coordinates (r, ) are related to 2-d cartesian coordinates by
x=rcosf, y=rsinfd (1.26)

or

r? =2 +y*, 0 =arctan(y/z). (1.27)

1.13.2 Cylindrical polar coordinates

Cylindrical polar coordinates (r,#, z') are related to 3-d cartesian coordinates by
r=rcosf, y=rsinf, z=2 (1.28)

or

r? =2 +y*, 0=arctan(y/z), 2 =z. (1.29)

1.13.3 Spherical polar coordinates

Spherical polar coordinates (7,6, ¢) are related to 3-d cartesian coordinates by
x=rsinfcos¢, y=rsinfsing, z=rcosb (1.30)

or
r=a"+y*+2*, 0=arccos(z/r), ¢ = arccos(x/rsind). (1.31)

Remember that r, 6 in spherical coordinates are different to r, 6 in cylindrical coordinates!



2 Complex Numbers

2.1 Properties

A complex number is written
z=x+1y

where 2 = —1 and x and y are the real and imaginary parts, sometimes written:

R(z) ==

2.2 Modulus and argument

The modulus (or magnitude) of a complex number is given by
Pl = VA

and the argument (i.e. the angle that it makes with the real axis) is

0 = arg z = arctan(y/x) .

(2.4)

(2.5)

We often restrict the argument so that —m < 6 < w. This is called the principal

argument. Using the modulus and argument, we can write a complex number as

z=r(cosf +isinh).

2.3 Complex conjugate
The complex conjugate of z =z + iy is
= —1y.

Some properties of the complex conjugate:

(2.6)

(2.7)



2.4 Complex exponential

The exponential of a complex number can be found using Euler’s formula
exp(if) = cos @ + isin @ (2.8)

and the fact that exp(z +iy) = exp(x) exp(iy). We can therefore write complex numbers
in modulus-argument form as
z = rexp(if). (2.9)

If 2y = ryexp(if;) and z = ryexp(ify) are two complex numbers, then their product is
2129 = T2 expi(6h + 0) (2.10)

so we multiply moduli and add arguments (note the alliteration!) Their quotient is
21 3 .
— =— 0, —0 2.11
& T expi(th — 02) ( )
so we divide moduli and subtract arguments. The complex conjugate of z = r exp(if) is
2* = rexp(—if). (2.12)
We can use (2.8) to show that

cosd — exp(if) —i—QeXp(—zG)  sind = exp(if) —Qiexp(—zﬁ) . (2.13)

2.5 Roots of unity

The nth roots of unity (i.e. the numbers z which satisfy 2" = 1) are
z = exp(i2mm/n) (2.14)

form=0,1,2,...,n — 1. The nth roots of unity always add up to zero.

2.6 De Moivre’s theorem

De Moivre’s theorem is
(cos@ +isinf)" = cosnf + isinnd. (2.15)

Note that n does not have to be an integer.

2.7 Complex logarithm
The logarithm of z = rexp(if) is
Inz=Inr+1i6. (2.16)

where 6 is the principal argument. We can add multiples of 27 to the argument without
changing its meaning, so sometimes the complex logarithm is written as

Inz =1Inr +i(0 + 2mn) (2.17)
forn=0,4+1,42,....



2.8 Oescillations
The position of a particle is given as a function of time by
z(t) = acoswt + bsinwt . (2.18)
You can write this in modulus-argument form as
z(t) = R[Aexp(iwt)] (2.19)

where A = a —1ib is the complex amplitude of the oscillation. The real amplitude (i.e. the
distance of the endpoints of the oscillation from the centre) is given by |A|.

To find the velocity v of the particle as a function of time you multiply by iw:

v(t) = RliwA exp(iwt)] . (2.20)



3 Hyperbolic Functions

3.1 Definitions

The hyperbolic functions are defined by
exp(z) + exp(—x)

coshx = ) (3.1)
sinhz = exp() —Qexp(—x) (3.2)
tanh o — sinh x _ exp(z) — exp(—x) (3.3)

coshz  exp(z) +exp(—x)

We also have

AT oshzr N T gimhe T T tanha (34)
3.2 Identities
The relationships with the trigonometric functions are:
cos(iz) = cosh (3.5)
sin(iz) = isinhz (3.6)
tan(ix) = itanhx . (3.7)
Another useful identity is
cosh® z —sinh®z = 1. (3.8)

By dividing this identity by either cosh?® z or sinh® 2 you can get other useful identities.

3.3 Addition formulae

The addition formulae for cosh and sinh are

cosh(A + B) = cosh A cosh B + sinh Asinh B (3.9)
sinh(A + B) = sinh A cosh B + sinh B cosh A . (3.10)

You can find the addition formula for tanh by dividing (3.10) by (3.9).

The rule for finding hyperbolic identities is to take the corresponding trigonometric iden-
tity, replace ‘cos’ by ‘cosh’ etc, and change the sign anywhere there is a product of two
‘sin” functions.

3.4 Inverses

The inverses for hyperbolic functions are given by

arccoshz = +1n (:c +Va? — 1) (3.11)
arcsinhz = In (x + Va?+ 1) (3.12)

1 1
arctanh z = 5 In ( i x) . (3.13)

11—z



4 Differentiation

4.1 First principles
The derivative of the curve y = f(x) is defined to be

[t =]

dz h—o0 (4.1)

4.2 Product rule

The derivative of the product u(z)v(x) is

= —v+u—. (4.2)

4.3 Quotient rule

The derivative of the quotient u(x)/v(x) is

d /u v(du/dz) — u(dv/dx)
—(—) = . 4.3
dz (v) v? (4:3)
4.4 Chain rule
The derivative of a function of a function f(u(x)) is

dx  dudx’

You can think of this as ‘cancelling the du’s’.

4.5 Implicit differentiation

If you have an equation of the form g(y) = f(z) you can find dy/dx by differentiating

implicitly:
dgdy _ df
B e A 4.
dyder dx (45)
or, rearranging:
~1
dy _df (dg o)
dr dz \dy ' '
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4.6 Stationary points

The curve y = f(x) has a stationary point (or turning point) when dy/dx = 0. You
can find out what kind of stationary point it is by looking at the second derivative:

e If d?y/dz? > 0 at the stationary point then it is a minimum.
e If d%y/dz? < 0 at the stationary point the it is a maximum.

e If d?y/dz? = 0 at the turning point then you need to look at higher derivatives. If
d3y/daz? # 0 then the stationary point is a point of inflexion.

4.7 Curve sketching
When trying to sketch a curve of the form y = f(x), ask yourself the following questions:

e Where does the curve cross the axes, i.e. what happens when x = 0 or y = 07
e What happens as x — £00? Does the curve have any asymptotes?
e Are there any singularites, i.e. values of x where y is infinite?

e Are there any stationary points?

It is worth knowing the equation for an ellipse by heart:

22

P + = 1. (4.7)
This is an ellipse intercepting the z-axis at * = £a and the y-axis at y = 4+b. The special
case where a = b is a circle of radius a.

4.8 Common derivatives

Powers: q
ax" =na"! (4.8)
Exponential and logarithm:
. (4.9)
— exXpT = expz .
1z P P
d 1
—Ilnzr =— 4.1
T = (4.10)

Trigonometric and hyperbolic functions:

asinxzcosx asinhxzcoshx (4.11)
d

o CosE = sin x 1 coshx = sinh x (4.12)

i tanz = sec’ x o tanh x (4.13)
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5 Integration

5.1 Reverse of differentiation

Integration is the reverse of differentiation. If dF'/dx = f(z), then

/f(x)dx:F(x)+c (5.1)

where ¢ is an arbitrary constant. This leads to the list of commonly encountered integrals
at the end of this section(compare with the common derivatives).

5.2 Total derivatives

Integrands of the form f’(x)[f(x)]™ can be integrated easily:

iE) e
n+1

/&mMﬂ@wm= (5.2)

5.3 Powers of trigonometric functions

To integrate an even power of a trigonometric function use one of the following identities:

2

sin“x = 2

cos2z, cos’x =3+ 1cos2z (5.3)

N [
DO [

to remove all powers of trignometric functions. To integrate an odd power of a trigono-
metric function, use the identity

sin®z + cos®x = 1 (5.4)

to remove all but one of the powers.

5.4 Partial fractions

To integrate the reciprocal of a polynomial, first split the function into its partial fractions
and then integrate as usual.

5.5 Substitution

Often a clever substitution can make a hard integral easy. A good guess is to substitute
the hardest-looking part of the integral for another variable; for example in the integral

/tanx\/secxdx (5.5)

you should make the substitution y = y/secz. If you make the substitution y = f(x)
then
dy

ST

(5.6)
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5.6 Integration by parts

The integration by parts formula is

b du b b du
/a U dz = [uv], —/a @de' (5.7)

The trick is knowing how to choose u and dv/dz. A good rule is to choose dv/dx to be
something that gets simpler when integrated, and v to be a function that simplifies when
differentiated. Don’t forget that taking dv/dz = 1 is often a good choice. You might like
to look up the ‘ILATE rule’ on Wikipedia.

5.7 Reduction formulae

Finding a reduction formula can often enable you to do a whole family of integrals easily.
Reduction formula work best for definite integrals. Given a family of integrals I,, which
depend on n, the idea is to find I, in terms of I,,_; or I,,_», and then successively apply
the formula to the integration. This is often more of an art than a science, and the best
way to learn it is to do lots of examples.

5.8 Common integrals

Powers:
anrl
/x"dx:n+1+c(f0rn¢—1) (5.8)
/x_ldx =lnz+c (5.9)
Exponential:
1
/exp(a:p) dz = —exp(az) + ¢ (5.10)
a
Trigonometric functions:
. dx .
/smxdx:—cosx+c /7 = arcsin(x/a) + ¢ (5.11)
2 _ 2
. —dz
/cosxdx =sinz +x / ——— = arccos(x/a) + ¢ (5.12)
2 — 2
/se(:2 rxdr =tanz + ¢ / e 1 arctan(z/a) + ¢ (5.13)
B a2+12  a '
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6 Power Series

6.1 Taylor series

The Taylor series for f(x) about = = a is given by

h? h?

flath) = f(a) + f(@h+ f'(a) 5 + ["(@)5; + h

bt [O@) T R (61)

where R, is the remainder, or error term. Taylor’s theorem says that there is a point
x = (, in the range a < ( < a + h, such that

hn+1
(n+1)!

The worst-case error can be found by asking what the largest value of f"+1)(¢) is, for
a<(<a+h.

Rnp1 = FU(C) (6.2)

6.2 Maclaurin series

A Maclaurin series is a special case of a Taylor series, where a = 0:

£ = F0)+ FOR+ PO+ 708 4 /0 LR )

6.3 Power series

If a function is infinitely differentiable then you can carry on the Taylor series to an
infinite number of terms. This is called the power series for f. The power series about
r =01s:

72 23
f(@) = f(0) + ()$+f%) SO+ (6.4)
:§:f (6.5)
k=0
6.4 Common power series
Exponentials:
2l
exp T = 1+x+§+§+ (for all z) (6.6)
2 .3
exp(—z)=1—z+ o 3 +- (for all z) (6.7)
Trigonometric functions:
2 4
cosx—l—%+i——-~- (for all z) (6.8)
3 5
sinx:x—%+%—--- (for all z) (6.9)
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6.5 The binomial expansion

The power series (or binomial expansion) for (1 + x)" is

-1 —1)(n -2
(14+z)"=1+nx+ n(n2! ):c2 + n(n 3)!(n ):1:3 +-- (6.10)

Remember that n does not have to be an integer.

In the special case where n is an integer the series is finite, because all terms after the
nth are multiplied by (n — n), which is zero. We write it as

n

(I+a)" =) "Ca’ (6.11)

where
n!

nCr _

= T (6.12)

You can find binomial expansions for functions like (a + bz)™ by taking a factor of a
outside the bracket:
(a+bx)" =a"(1+bx/a)" (6.13)

and finding the binomial expansion for (1 + bz/a)™ as normal.
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7 Probability

7.1 Basics

The possible results of a random experiment are the outcomes wq,ws, ... and the set
of possible outcomes is the sample space Q@ = {wj,ws,...}. Each outcome has an
associated probability pi, ps,.... An event A is a subset of 2. The probability of event
A occuring is

PA) =Y pi. (7.1)

w;EA

Some basic properties of probability are:

e 0 < P(A) <1 for all events A,
e P(Q) =1, 1ie. we must get some outcome,

e If A and B are mutually exclusive then P(A or B) = P(A) + P(B).

The complement of A is the event that A does not occur, and is written A’. The event
that A or B occurs is AU B, and the event that A and B occur is AN B. Some facts
about these:

e P(A)=1-P(A),
e P(AUB)=P(A)+ P(B)— P(ANB)

e If A and B are mutually exclusive then P(AN B) = 0.

7.2 Conditional probability

The probability that event B occurs given that event A has already occured is called the
conditional probability and is denoted P(B|A). The formula for conditional proba-
bility is:

P(ANB)
P(B|A) = ———— 2
(BI4) = —5n (7.2)
The probability that A occurs given that B has occurred is
P(BNA)
P(A|B) = ———= :
(A1B) = ~5 (7.3)

If A and B are mutually exclusive then P(B|A) = P(A|B) = 0. If A and B are indepen-
dent then P(B|A) = P(B).

The most important result in conditional probability is Bayes’ theorem:

P(A|B) = %P(BM). (7.4)
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7.3 Combinatorics

The number of ways of choosing r objects from a collection of n objects, where order of
choosing matters, is the number of permutations:

n!

"p, — .
(n—r)!

(7.5)

The number of ways of choosing r objects from a collection of n objects, where order
does not matter, is the number of combinations:

"C, = (Z) - Mnniir)' (7.6)

7.4 Discrete random variables

A random variable X is a real-valued variable that depends on the outcome w. If A is
the event consisting of all outcomes where X takes the value x, then the probability that
X takes the value x is

P(X =x)=P(A). (7.7)
The mean or expectation of a random variable is
E(X)=> azP(X =x). (7.8)
The variance of a random variable is
Var(X) = E(X?) — E(X)?2. (7.9)

The binomial distribution B(n,p) has mean np and variance np(1 — p) and has prob-
abilities:

P(X=r)= <n)pr(1 —p)"" forr=0,1,2,...,n. (7.10)
r
The Poisson distribution has mean A and variance A\, and probability distribution:
2\ —A
P(X=r)=""— forr=012,.. (7.11)
7!

7.5 Continuous random variables

Continuous random variables X have a probability density f(x) which is normalised,
so that

/00 flz)dz =1. (7.12)

The probability that X is between a and b is

b
P(angb):/ f(z)dx. (7.13)
The mean and variance of X are
E(X) = / rf(r)dz, Var(X)= E(X?) - E(X)*. (7.14)
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The Gaussian distribution (or normal distribution) N(u,0?) has density function
fla) = ———=e 020" (7.15)

It has mean p and variance 0. The standard normal distribution N (0, 1) has mean
0 and variance 1, and density function

flz) = L = (7.16)

Note that by symmetry we have P(X > 0) = 1/2 for a standard normal distribution.
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