5 Perturbative Renormalization

In this chapter we’ll carry out renormalization of two of the most common theories: A¢?
and Quantum Electrodynamics, both working to 1-loop accuracy (i.e. order A in the
quantum effective action). We introduce renormalization schemes as a way of fixing the
finite parts of counterterms, and dimensional regularization as a convenient way to control
the asymptotic series expansion of a path integral in terms of Feynman graphs.

5.1 One-loop renormalization of \¢* theory

Consider the scalar theory
1 o 1 99 A4l
Snold] = [ |5(990)" + gm 6" + 10%| d'z (5.1)

with initial couplings m? and X\ at scale Ag. (The mass coupling is dimensionful here.)
From the analysis of the previous chapter, we expect that near the Gaussian fixed point,
the mass parameter is relevant, while the quartic coupling is marginally irrelevant. Let’s
see how these expectations are borne out in perturbative calculations.

Firstly, the quadratic terms in ¢ — both the kinetic term (9¢)? and the mass term —
receive corrections from graphs with precisely two external ¢ lines. These are computed
by the exact propagator, which in momentum space is the Fourier transform

AW = [t (9()o00) (5.2)

of the connected two-point function. If we let II(k?) denote the sum of all 1PI momentum
space Feynman graphs with two external ¢ lines, then we can express the exact propagator
as a geometric series
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where the leading term in this series
I p— (5.3)
k2 +m?

is just the propagator in the classical theory.

The corrections to this classical propagator involve II(k?), which is often called the
self—energy of the ¢ field. In perturbation theory, it receives contributions from the loop
diagrams
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as well as from counterterms that we’ll consider below. (The dotted lines are intended
to remind us that we amputate the final ¢ propagators in computing the 1PI self-energy
diagrams; the two powers of ¢ are being treated as an external source.) In particular, if
we’re content to work just to 1-loop accuracy, then we only need consider the first of these
Feynman graphs, corresponding to the integral

/\/ dp 1
2 Jipj<a, (2m)1 p? +m?

over the possible values of the momentum running around the loop. Here, we’ve regularised
our theory by only including modes with momenta |p| < Ag and (as always) are working in
Euclidean signature. The factor of 1/2 is the symmetry factor of the 1-loop graph, while
the factor of —\ comes from expanding e~° to first order in the coupling. Note also that
this particular integral is independent of the momentum &k brought in by the external ¢
fields. Using the fact that Vol(S®) = 272, we have

_A/ dp 1 Vol(s%) /Ao 2 dp
2 Jipl<a, (2m)* p? +m? 22m)* Jo p*+m?
= 7)\7m2 AS/m® oy du (5.4)
3272 Jo 14+u
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where we introduced the dimensionless variable u = p?/m?. As expected, this result shows
that the mass parameter is relevant: There’s a quadratic divergence as we try to take the
continuum limit Ag — oo (as well as a subleading logarithmic one).

If we wish to obtain finite results in the continuum limit, then we must tune the
coefficients of each term in our scale-Ag action so as to make (5.4) finite in the limit.
Achieving such a tuning by varying (m?, \) directly in (5.4) is complicated, but fortunately,
as discussed above, we don’t need to do this. Instead, we modify the original action by
including counterterms:

SAO [Qﬂ — SAO [Qﬂ + hSCT [¢a AO] (5.5)

where in this case the counterterm action is
1 1 1
ST, Ao] = / [252(&;5)2 + §5m2¢2 + FsA ot dia (5.6)

with (6Z,6m?,6)) representing our freedom to adjust the couplings in the original action
(including the coupling to the kinetic term — or wavefunction renormalization). These
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counterterm couplings will depend explicitly on Ag, as they represent the tuning that must
be performed starting from the Ay cut—off theory.

The fact that the counterterm action is proportional to A means that classical con-
tributions from ST contribute to the same order in A as 1-loop diagrams from Sy,[¢].
In particular, the two—point function A(k?) receives a correction at order A from both
the wavefunction renormalization and mass counterterms, contributing to the self-energy

(k%) as

We recall that since the counterterms are being treated as vertices, at first order they
contribute with a minus sign coming from the expansion e ¢/, We also note that in
momentum space the counterterm 67 (9¢)?/2 comes with a factor of k? since it couples
to the derivatives of the field. The full quantum contribution to the quadratic terms in ¢
arises from the self-energy terms

2
TP (k%) = —k*6Z — om? — 3212 [Ag —m’In <1 + :;;)] (5.7)
to 1-loop accuracy.

If we required higher accuracy, we should include 1PI graphs built from both higher
loops using the propagators and vertices of the original classical action, together with lower
loop graphs that also include one or more insertions of the counterterms as vertices. As
here, each counterterm vertex counts as a loop when considering the order of the graph.
For example, at two loops we have contributions from the 2-loop graphs shown above,
together with the graphs

—p2 VA —om?
________ _)\ _)\ _5)\

that include counterterms. Note that the wavefunction renormalization counterterm here
comes with coefficient p?, since the momentum carried by the propagator on which it is
inserted is p. The result of all these diagrams (which we will not compute) should then be
added to (5.7) to obtain II(k?) to order h? accuracy.

5.1.1 The on—shell renormalization scheme

The raison d’etre of counterterms is to ensure (5.7) has a finite continuum limit, so that
they must cancel the part of (5.4) that diverges as Ag — oo. This still leaves us a lot of
freedom in choosing how much of the finite part of the loop integral can also be absorbed
by the counterterms. There’s no preferred way to do this, and any such choice is called a
renormalization scheme. Ultimately, all physically measurable quantities (such as cross—
sections, branching ratios, particle lifetimes etc.) should be independent of the choice of
renormalization scheme.
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Our calculation above involved two independent counterterms, ém? and 67, so we’ll
need two independent renormalization conditions to fix them. One way to proceed is known
as the on—shell scheme. In this scheme, we fix (§m?,5Z) by asking that, once we take
the continuum limit, the exact ¢ propagator A(k?) in (5.2) has a simple pole at some

experimentally measured value —k?> = m and that the residue of this pole is unity.

2
phys>
These requirements are motivated by the fact that the classical propagator (k? + m?)~!

2 2 is a parameter in the action which would indeed

has a pole when —k? = m?2. Here, m
be interpreted as the mass of the particle according to the classical equations of motion.
However, we’ve seen that the value of this coupling (like all others) is shifted by quantum
corrections, so the true mass of ¢ could well be very different. Experimentally, we can
measure the true mass of a particle by looking for peaks (resonances) in scattering cross—
sections®® where this particle is exchanged. As you learnt when studying scattering theory
in Quantum Mechanics, these peaks correspond to poles of the S-matrix in the complex
momentum plane.

Since we want A(k?) to have a simple pole when k% = —mghys, the self-energy contri-
butions must obey

2

H(_mf)hys) =m- = m?)hys ) (58&)

and since we want this pole to have unit residue, we also require

ont
akQ k2=—m?2

phys

=0. (5.8b)

Most often, it’s convenient to set up our original action so that the parameter m? in the

action is indeed the experimentally measured value m so in this case we’d want

2
phys’
II(—m2pys) =0. (5.8¢)

Note that this condition doesn’t mean the counterterms are chosen to identically cancel
quantum corrections to the propagator, just that they cancel at the particular on—shell
value —k? = mghys of the external momentum.

To 1-loop accuracy, taking into account both the loop integral and the counterterm,

we found the self-energy (5.7)

A AS
HllOOp(kz) — k257 —sm2 — 3972 |:A(2) —m?ln (1 + 17’1,%>:| . (5.9)

Since the only k% dependence on the rhs is from the wavefunction renormalization coun-
terterm, condition (5.8b) on the residues gives simply

0Z =0 (5.10)
at this order. If we wish the Lagrangian parameter m to correspond to the experimentally
measured value of the mass, then condition (5.8c) on the location of the pole fixes

A

A2
2 2 2 0
om* = 392 [Ao m~In <1 + mQ)] (5.11)

“For short-lived particles, it’s not feasible to get out your kitchen scales.
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in the on—shell renormalization scheme.

Equation (5.10) shows that no wavefunction counterterm is necessary in A¢* theory
at 1 loop. This is easy to understand: Consider the Feynman diagram contributions to
I1(k?) displayed above. In the first two graphs, the momenta flowing around the loops is
independent of the external momentum k, so in space—time they will generate corrections
to the ¢? term in the effective action, but not to terms involving derivatives of ¢?, such
as the kinetic term (0¢)2. This is something of a coincidence in A¢* theory at 1-loop and
in a more generic theory, we would expect the two—point function [ d%ze*(¢(x)$(0)) to
be sensitive to wavefunction renormalization factors (even at 1-loop) as well as to mass
renormalization.

Indeed, even in A¢* theory, by the time we get to 2-loops there is non-trivial wave-
function renormalization. We can see this from the final Feynman graph shown above.
In this graph, the external momentum k carried by ¢ must flow through at least one of
the internal propagators. Expanding this propagator as an infinite power series in k2, we
see that the corresponding loop integral will contribute an infinite series of position space
derivative terms acting on two powers of ¢. The term o k? will correspond to a correc-
tion to the kinetic term (0¢)? and so generates a non-trivial wavefunction renormalization
factor. Subleading terms generate new, higher derivative operators in the effective action,
such as (0%¢)%. As we saw in our d = 1 QFT, the infinite series of such operators this
loop graph generates really shows that the effective theory is non-local. However, just as
in d = 1, all these higher derivative operators are irrelevant under RG flow of scalar field
theory in d = 4 and so will vanish when we take Ag — oco. The resulting theory will be
local.

Notice that we cannot sensibly take the limit Ay — oo in either the 1-loop correc-
tion (5.4) or the counterterm (5.11) separately. However, the combined contribution

2
IT1 _jo0p (k%) = —0m? — 3;2 [Ag —m?In (1 + ig)} =0 (5.12)
is perfectly well-behaved in the continuum limit. This reflects the fact that neither the
continuum action nor the path integral measure D¢ over all modes exists: It does not
make sense to take the limit Ag — oo before computing the path integral. However, if we
hold Ag fixed at some finite value and compute the path integral to any desired accuracy
in A, then we can make sense of the final result as Ag — oco. While our tuning (5.11) is
good to 1-loop accuracy, if we computed the path integral to higher order in perturbation
theory, including the contribution of higher—loop Feynman diagrams, we would have to
make further tunings in (§m?,§72), proportional to higher powers of the coupling A, so as
to still retain a finite limiting result. In particular, the fact that the combined contribution
to II(k?) vanishes identically (not just when —k? = m?) is again a 1-loop accident in A¢*
theory.

5.1.2 Renormalization of the quartic coupling

The 1-loop correction to the quartic vertex is given by the three Feynman graphs
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each with four external ¢ fields. In conventions where each external momentum k; is flowing
into the diagram, these correspond to the integrals

Ao dip 1 1
2 ) 2m)tp2+m? (p+ ki + k2)? +m?
2 4
X fdp 1 L (5.13)
2 ) @2m)*p2+m? (p+ ki + ka)2 +m?
\2oodd 1 1
+ X j%

2 ) @2n)tp?2+m? (p+ k1 + k3)? +m?

in momentum space, taken over the region |p| < Ag. If the loop momentum has magnitude
much greater than the physical mass m or the momenta k; carried in by the external fields,
then we see that each integral behaves as ~ [ Ao p3dp/p* and so diverges logarithmically if
we naively try to send Ay — oo.

Because the external momentum flows through the propagators that make up the loop,
the Feynman graphs above also generate non—local contributions to the effective action.
This is just a momentum space reflection of the fact that, in the position space Feynman
graphs, the two vertices in each graph are at different points z, 2’ € M. Expanding (5.13)
in powers of the external momenta generates an infinite series of derivative interactions
such as ~ 0F¢? 0%¢?, each containing an even number of derivatives acting in some way
on the four external ¢ fields. In the UV region, the appropriate expansion is in powers
of |ki|/|p|. Thus, for every addition power of the external momenta, the loop integral is
suppressed by a further power of 1/|p|. You should check that, just as we expected, all such
derivative terms are irrelevant — although turning on the coupling A in our initial scale
Ag theory generates such non—local terms, they all vanish in the continuum limit Ag — oo
as we are driven to focus on the renormalized trajectory.

The pure correction to the ¢* coupling comes just from the k;-independent part of
each of the three loop diagrams, all of which are equal. The ¢* coupling thus receives a
1-loop correction

Xordlp 1 3\2 /Ao pidp 3\2 /A‘é’/mz udu
o ( o

37 = = _—
2 ) @2n)*(p2+m?2)?2 1672 p?>+m?)?2  32m2 14 u)?

2 A2 A2
_ 3N (M) A
3272 m2 AG + m?

which is indeed logarithmically divergent. To obtain a finite continuum limit we tune our

(5.14)

initial coupling using the counterterm contribution
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Again, the counterterm must remove the logarithmic divergence in (5.21), and a choice of
renormalization scheme is a choice of how to fix the finite parts dA. A standard choice
would be to take

3\2 A3
o\ = 59,2 [ln i } (5.15)
in which case the pure ¢4 coupling in the quantum effective action is
3hA2 m? m?
Aeff =A— —— |In[ 1+ — —_— 5.16
e=r- g [0 (1) + ) (519)

which is again perfectly finite as Ag — oco. In particular, with this renormalization scheme,
in the continuum limit we find Aeg = A so that the pure ¢* coupling in the quantum
effective action again coincides with the parameter A in the classical action.

5.1.3 Irrelevant interactions and the quantum effective action

To uncover something more interesting, let’s reconsider the effect of the external momenta
in the previous calculation. As we said above, these will mean that the quantum effective
action contains an infinite number of quartic interactions including ever more derivatives
of the fields. To compute them, we must evaluate the loop integrals in (5.13) at k; # 0.
Let’s now do this, concentrating on the first integral.

We first note Feynman’s trick

! 1 1 S |
[ I— R
0o @A+(1—-=2)B? B-A|zA+(1-2)B|, AB
which allows us to combine the two propagators as e.g.

1 1 1 dz
(p+ ki12)? +m? p> +m? /o [2((p + F12)? +m?2) 4+ (1 — 2)(p? + m?)]?

/ 1 dz (5.18)
B 0 [P2+m2—2xp- ks + xk%Q]z ’

_/1 dz
Jo [(p— wk12)? +m? + x(1 — 2)k3,)?

in terms of k3, = (k1 + k2)?. Defining ¢ = p — xk12 we have the loop integral

A2 dYp 1 1 A2 a1t dx
2 ) n)rp2+m? (p+k+ko)2+m2 2/ (2m)4 /0 (02 +m2 + z(1 — 2)k3,]2 "
(5.19)
We're really supposed to integrate this over the region |p| < Ag. However, since our interest
is ultimately in the Ay — oo continuum limit, we can instead integrate over the region
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/] < Ag which differs from the original region by terms of order |k12|/A¢.*> Interchanging
the order of the integrals, which is allowed as they are both absolutely convergent whenever
Ao is finite, we have

dz Ao 3de
d*e = Vol(S?) / d /
/ / (02 + m? + (1 — x)ki,)? ol( ’ (02 +m? + z(1 — x)ki,)?

A3 2
= / da:/ d(ﬁ )
(02 +m? + z(1 — x)ki,)?

1 2 2 2 2 )k2
:ﬂz/ n Af +m? + (1 372)k12 n 27” + (1 — x)kyy - 1| dz.
0 m? + x(1 — z)ki, A+ m? + (1 —x)kiy
(5.20)

Including the contributions from the remaining two diagrams and keeping only terms which

do not vanish as Ay — oo (since these are the only parts we have reliably computed after
our change of integration region), these three loop diagrams actually yield

A2 1 A2 A2 A2
AN 1 0 ] 0 1 9 -3|d 5.21
327r2/o [nm2—x(1—x)s+nm2—w(1—fﬂ)t+nm2—$(1—x)u % G2

where we’ve written the external momenta in terms of the Mandelstam variables
—(kl + k2)2 , t = —(kl + k4)2 , u = —(kl + k3)2 . (5.22)

These terms are present in the quantum effective action, written in momentum space, with
the factors of s, ¢t and u indicating the presence of derivatives acting on the fields in the
position space quantum effective action.

Combined with the classical action and counterterm as before, the total coefficient of
¢* in the effective action is thus

ANz [t A3 Af A2
A+ hoN— , 1 y 1 ; —3|d
+ 322/ [ mQ—x(l—x)s+nm2—x(1—x)t+nm2—:x(1—:z:)u .
to order hA. With our earlier choice
3\ A3
_ In =2 _ 2
P 39,2 [n " } (5.23)
for the counterterm, this is
a2 [l m2 m2 m2
ki)=A—— 1 1 1 d
Aki) 327r2/0 [nm2—x(1—x)s+an—x(l—x)t+nm2—x(l—x)u] .
A 1 1- 1— 1-
= Aett + fg/ T R CInkL) BSNY SR Chut.) ) DRSOY PRI Chai )L | W)
3274 Jy Mhys Mo My
(5.24)
where we can replace (m?,\) — (mghys, Aeff) to this order in A. (For the second term

n (5.24), which has an explicit factor of & in front, at order A this is true no matter what

45Note that the two regions are certainly the same if the integral was over all of R* as the measure
d*p = d*¢ is translationally invariant. Thus the difference between the two regions vanishes as Ag — 0.
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renormalization scheme we use, since any scheme dependence would have to come with a
further factor of h.)

The first thing to notice about (5.24) is that it is completely finite in the continuum
limit. We only needed to tune the initial values of m? and A — the relevant and (classically)
marginal couplings — in order to obtain this result, even though this represents an infinite
series of higher—derivative interactions in the quantum action. Put differently, although
quantum effects do indeed turn on this infinite series of irrelevant higher derivative oper-
ators (together with others we’ll consider momentarily), the coefficients of these operators
are completely fixed in terms of (mghys, Aeff). We can understand this result in terms of

our previous picture*®

of RG flow as follows. In the continuum limit, we’ve focussed in on some renormalized
trajectory, but by tuning our initial couplings (m?, \) we're only finitely far along this
trajectory even in the continuum limit. There’s no claim that the trajectory always stays
‘perpendicular’ or ‘normal’ to the critical surface; travelling along the trajectory may well
turn on other, irrelevant operators. However, the presence of these operators is simply
a consequence of being on the renormalized trajectory, so they do not come with inde-
pendent coefficients. At least in principle, the relation between the coefficients of such
irrelevant operators and (mf)hyS7 Aeft) can indeed be understood as an equation describing
our renormalized trajectory in the space of all possible couplings.

The quantum effective action also contains further irrelevant operators with more
powers of the field (and again arbitrarily many derivatives), coming from 1PI loop diagrams
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of the general form

46Tt took me ages to construct this figure, so you can bet I'm going to use it as often as possible!
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These loop diagrams, containing e > 2 propagators, behave in the UV like [ Ao d*p/p?® and
so are finite in the continuum limit.*” Again, the coefficients of these operators in I'[¢] are
completely fixed in terms of our location along the renormalized trajectory, parametrized
by (mghys, )\ef—f).

The whole point of the 1PI quantum effective action I'[¢] is that its vertices incorporate
all possible quantum effects already. Thus, if we want to compute a scattering amplitude it
is sufficient to compute with tree—level diagrams built from the vertices and propagator of
the quantum effective action. Beginning with just a A¢? interaction in the classical action,
I'[¢] contains no interactions with fewer than four fields*®, so if in particular we wish to
compute a four—particle scattering amplitude, the only tree diagram we can consider is

’ 7 W(@\
5T |,y

where the vertex corresponds to all possible terms in I'[¢] with exactly four fields, including
all the irrelevant, higher derivative terms. We already know the answer: if the fields we’re
scattering correspond to momentum eigenstates with momenta (ky, ko, k3, k4), it’s

4
& (Z k:) A(ky)
i=1

where A(k;) is given in equation (5.24).

Of course, the work in computing all the quartic terms in the quantum effective action
is precisely the same work we have to do to compute this one—loop amplitude, and indeed
the calculation is usually presented without mentioning I'[¢] just as a way of getting a
result for this amplitude, correct to order h. Exactly as we saw earlier in low dimensions,
the virtue of knowing the effective action is that we can put the same result to work in
computing higher point scattering amplitudes. For example, the six particle amplitude is
given by the tree diagrams

using the vertex 0°T'[¢] /¢%| 5—o that incorporates the effect of the 1-loop diagram above, to-
gether with tree diagrams built from the vertex §I'[¢]/d¢*|s—0 and propagator (6°I'[¢]/6¢?) -

4"The expression f Ao d4p/p26 is only a good approximation to our integral in the UV region where
p®> > m?, k?. Thus, while both the integral and the actual loop integral receive vanishing contributions
from this UV region, the true loop integral has a finite contribution from the low energy region where the
masses and external momenta are non—negligible.

48This result is obvious at 1-loop, as there are no 1PI 1-loop diagrams with 3 external legs. We’ll prove
it more generally in the next chapter.
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It’s also interesting to consider what happens if we start from a more general clas-
sical action, including couplings to higher powers of ¢ and its derivatives to begin with.
According to our picture of RG flow, we expecting these higher couplings to be irrelevant
and thus have negligible effect at any finite energy if we start with fixed numerical values
for the dimensionless couplings g; and take the continuum limit. Let’s briefly see how this
works, choosing an action

1 1
Safel = [ 3007 + jre? + Vi) ate, (5.25)
where for simplicity we assume the potential
V()= gar Ay 26> (5.26)
E>2

includes only even powers of ¢ and no derivatives of ¢.

To compute the coupling to ¢?™ in the quantum effective action, we need to consider
all 1PI Feynman diagrams we can build using these vertices. To 1-loop accuracy, the only
such graphs are of the generic type

where each graph has a total of 2m (amputated) external legs. These graphs are of course
just a four dimensional version of the graphs we already considered in our effective theories
in zero and one dimension, and indeed they can be understood as the contribution to the
quantum effective action from the determinant det(—V? + m? + V" (¢))~'/? obtained by
integrating out quadratic fluctuations around a background value of ¢. We saw that the
order h contribution to the asymptotic series of the quantum effective action can always
be understood in terms of such determinants.
A 1-loop graph with a total of e propagators contributes an amount

dp & 1
* [ Hosmrm

to the ¢?™ coupling in the momentum space quantum effective action®, where p + K j is
the total momentum carried by the j*™ propagator. If the cut-—off Ag is much larger than
the mass or typical scale of the incoming momenta, then this behaves as

/AO p3de{A3 when e =1

(5.27)

p> InAg when e = 2

“9As is by now familiar, diagrams with more than one vertex are non-local and so also generate and
infinite series of derivative interactions. These terms are suppressed in the UV by powers of |K,|/Ao
compared to the non—derivative terms.
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in the UV region, and is UV finite if there are more than two propagators. On the other
hand, for every vertex ¢?**2 in V(¢) that is involved in such a graph, as well as the

ok 21—k . i
AgTH2 = Ao( ), which is a suppression

dimensionless coupling gor+2 we have a factor of
at large Ag if k£ > 1.

Since the above loop integrals with more than two propagators (e > 2) are all UV
finite, every such diagram that involves one or more ¢ or higher vertex is suppressed by
a positive power of Ay and so vanishes in the continuum limit. This also applies to the
logarithmically divergent loop integrals with e = 2, and any quadratically divergent loop
integral with e = 1 provided if its vertex is ¢® or higher.5"

The only divergent loop diagrams are thus the mass and quartic vertex diagrams

we’ve already considered. There is also a finite contribution to the quartic coupling coming
from the diagram

involving a single propagator and a ¢% vertex. However, since we in any case have to tune
the initial coupling of ¢* using a counterterm, we can always incorporate the effects of this
finite contribution in a choice of renormalisation scheme. These terms are thus nothing
beyond what we’ve already seen.

Thus, even starting from our generic potential V(¢), the only contributions to ¢?™
with m > 2 that do not vanish in the continuum limit come from 1-loop integrals that are
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built exclusively using the ¢* vertex

as before. There must be exactly m propagators in this loop, so these contributions to the
quantum effective action are finite. Thus, even allowing for arbitrary irrelevant operators
in the original classical action, when we take the continuum limit the strength of the in-
teractions in the quantum effective action I'[¢] is completely fized by our location along the
renormalized trajectory. The irrelevant couplings in the classical action play no role.

50T caution you that the extension of this argument to higher loops is much more involved. Nonetheless,
the Wllsonian picture of couplings evolving with scale assures us it must hold.
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5.1.4 Dimensional regularization and the MS scheme

While the idea of integrating out momenta only up to a cut—off Ag is very intuitive, in more
complicated examples it becomes very cumbersome to perform the loop integrals over |p|
with a finite upper limit. More seriously, in a gauge theory, simply imposing a cut—off in
momentum space is incompatible with gauge invariance

We saw that whether a coupling was relevant, marginal or irrelevant is largely deter-
mined just by dimensional analysis, and that the the dimension of an operator or coupling
depends on the dimension of the space on which the QFT lives. This suggests that we
can regularize our loop integrals by computing in some generic number of dimensions d.
Since couplings may be relevant or irrelevant as d changes, they can’t diverge if we keep
d arbitrary. Having computed our loop integrals in a generic number of dimensions, we
include counterterms to tune the initial couplings in our d-dimensional theory so as to
obtain a finite limit as we approach the physically relevant dimension (usually, d = 4).

Unlike a lattice regularization, or choosing to integrate only finitely many momentum
modes in the path integral, dimensional regularization is only a perturbative regularization
scheme: whilst it does allow us to regulate individual loop integrals over the full range
Ip| € [0,00) (as we shall see), it does not provide any definition of a finite-dimensional
path integral measure. Furthermore, in order to ‘approach’ the physical dimension, we
need to analytically continue the results of our generic d—dimensional theory through non—
integer values of d. I stress that this is purely a convenient device for regularizing loop
integrals — there is no suggestion that Nature ‘really’ lives in non-integer dimensions.
These conceptual shortcomings are compensated by its practical convenience: dimensional
regularization is very easy to implement, whilst integrating complicated integrals over a
finite range [p| € [0, Ag) is often prohibitively difficult.

To see how this works, let’s repeat our previous calculation of the 1-loop corrections to
I1(k2) in A¢* theory, now working in some generic space-time dimension d. In d dimensions,
the quartic coupling A\ has non—zero mass dimension [A] = 4 — d, so we write

() (5.28)

where the new coupling g(p) = \/p*~? is dimensionless. We see that p is an arbitrary
mass scale, such as a kilogram, and g(u) is the value of our quartic coupling in units of
this scale. I stress that p is not a cut—off; it’s just an arbitrary scale introduced so to allow
us to use dimensionless couplings. We will usually choose p to be of the typical scale of
the experiment we’re interested in performing: if you're working with subatomic particles,
it’s not likely that you’ll want to express your answers in terms of kilotonnes, or inverse
lightyears.
In terms of this scale, we obtain the 1-loop correction to the mass

1 sma [ A% L 4—a VOIS /OO p*tdp
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in dimensional regularization. To compute the area of a unit sphere in d dimensions, we
use the following trick. For any d € N, comparing Cartesian and polar coordinates gives us

(Vm)d = / ﬁew? dz; = Vol($971) / T gl - EVOl(Sd*I) r(d/2), (5.30)
 Jreit f 0 S 2 ’ ‘

where we recognize the radial integral as (half) a gamma function. Thus, when d € N we

have .
212
Vol(§471) = : 5.31
We now define this to be Vol(S?~1) for any d € C by analytic continuation.
The remaining integral in (5.29) is
i /°° Py L /°° (p*)* 1 d(p?)
o pP+m? 2 0 p? +m?
2 4—a 1
_m- (ﬁ) / (1—u)2u~%du (5.32)
2 m 0
_om? p\dD(§) (1 - 9)
2 (m) I'(1) ’

where u = m?/(p? + m?), and in the last line we recognized the integral form of the Euler

beta—function .
B(s,t) = / w1 —w) T du = 7F(S)F(t) ,
0 [(s+1)

again writing this in terms of gamma functions. We’ll see that the presence of such gamma

(5.33)

functions is a ubiquitous feature of dimensional regularization.
Combining the pieces, the 1-loop contribution to II(k?) is

glp)m? 2742 puNAd (DT =8)  g(p)m? [ p\4-d d
2(2m)d 1(9) (%) ; (1) o= 2(4m)d/? (%) F(l B 2)
(5.34)

in dimensional regularization. I'(z) has a pole whenever z is a non—positive integer, so our

IT; loop(kQ) = -

loop integral diverges in d = 4 as expected. More precisely, the '-function the asymptotic

expansion

1
(e) ~ el + O(e) as € =0, (5.35)

where v ~ 0.577 is known as the Euler-Mascheroni constant. Thus, if we set d = 4 — ¢,

our 1-loop diagram is asymptotic to

P () ]on o

as € — 07. The divergence we saw as Ay — oo in the cut—off regularization has become
a pole in d = 4 in dimensional regularization. (The logarithm of y2/m? is perfectly finite,
because p is not a cut—off so we have no wish to send p — o0.)
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We now use counterterms in the d-dimensional theory to tune our couplings so as
to obtain a finite limit as d — 4. This is the analogue of choosing the counterterms to
give a finite limit as Ag — oo in the cut—off regularization above. Once again, there’s a
lot of arbitrariness in how we accomplish this. It’s of course perfectly possible to use the
same, on—shell renormalization scheme as we did when regularizing our integrals with a
cut—off. However, in dimensional regularization other choices of scheme turn out to be
more convenient.

The simplest choice of renormalization scheme available in conjunction with dimen-
sional regularization is called minimal subtraction (MS). Here, one simply chooses the

counterterm )

om? = _gi/g);n (MS scheme) (5.37)
m2e

so as to remove the purely divergent part of the loop diagram (5.36). However, it’s often
even more convenient to use modified minimal subtraction (MS), where the countert-
erm is chosen to also remove the Euler—-Mascheroni constant and the log4m term,

2 2 _
Sm? — _9(?3;”‘ <6 — ln47r> (MS scheme) . (5.38)

In this scheme, we’d find

m2 2
Hlloop(k2) = g(;;)ﬂ |:1n'u - 1:| s (539)

which is perfectly finite in d = 4. Note also that in d = 4, the dimensionless coupling g
coincides with the original coupling .

Let’s also take a look at the renormalization of the quartic coupling in dimensional
regularization. Like X itself, the loop integrals (5.13) have mass dimension

2N + [d%p/pY =204 —d) +d—4=4—d

in d-dimensions. In dimensional regularization it’ll be more convenient to study instead the
correction to the dimensionless coupling g(x) = A=, which is given by the dimensionless
integrals

2, 4—d

9> dp 1 1
ther ch 1 A4
5 /(27T)dp2—|—m2 b+ T F)? +m? + other channels, (5.40)

corresponding to the 1-loop Feynman graphs we saw earlier. As before, setting k; = 0 to
extract the correction to the pure ¢* coupling in the quantum effective action, we have

00 d—1 4—d  poo (,2\(d—2)/2
_ p® - dp D
’u4d/ 2 22:# / (2) 22d(p2)

o (P*+m?) 2 Jo (@*+m?
_ Lpyad o 4y
(%) /0 W5 (1 w)f du (5.41)
1 pN\T(2-9) T (9)
T2 (E) r'(2)
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Thus, using our result (5.31) for Vol(S91), we have a total 1-loop contribution

52 Yols ) 1 <g>4*d re-9rE 3¢ <g>4*dr 5 d
2(2m)d 2 \m r'(2) 2(4m)4/2 \m 2 (5.42)
3g% (2 47 p® .
N32ﬂ_2<6—’}/+10g 2 +O(6),

as € =4 —d — 0. Just like the mass correction (5.36), we’ve found a pole when d = 4,
reflecting the divergence of the original d = 4 loop integral.

Yet again, to obtain a finite limit we tune our d—dimensional coupling using the coun-
terterm d\. In the MS scheme we choose this to be

3% (2
N = 3;;2 (e — v+ log 47r) (5.43)

removing both the pole as € — 0 and the v — log 47 terms. Altogether, restoring £, in the
MS scheme we’ve found that in the quantum effective action the scalar field has a quartic
coupling with strength

_3hg*(p)

29z 085+ O(h?). (5.44)

et (1) = g()

Here, the leading term is the classical coupling (which may be thought of as a 1PI tree
diagram with four amputated external legs), while the order % term is the result of our
1-loop calculation combined with the contribution of the MS counterterm. Once again,
this result is perfectly finite in d = 4.

In exactly four dimensions, the ¢* coupling is naturally dimensionless, i.e. it’s just a
number. The coupling we actually measure is geg in the quantum effective action, since
this is the one that incorporates all the quantum effects of the original theory, which are
certainly present in our experiment. The numerical value of g.g cannot depend on the
choice of scale u, which was nothing more than a choice of units in which to write the
d dimensional coupling ¢g(p) in the classical action. For this to be compatible with the
result (5.44), we must have

0 0 3hg*(p) ,
0=p— = pu— ————=log— +0O(h)| , 5.45
Naugeﬁ(ﬂ) "op 9(n) = =55 log 5 + O(h) (5.45)
at least to 1-loop accuracy. Consequently, the coupling g(u) in the original action must
vary with u, having g-function
dg 3hg?

Blg) = M% = 1672 +0(h?). (5.46)

Notice that this S—function is proportional to A: at the classical level we had

g(,U) Clas:sical )\,ud_4

I

so classically g(u) would have been independent of p in d = 4, which just says that the
quartic coupling was classically marginal in four dimensions. The fact that the S-function is
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positive even when d = 4 shows that the classical assessment of g as marginal was incorrect
and in fact the quartic coupling is actually marginally irrelevant in d = 4, at least in a
neighbourhood of the Gaussian critical point.
Solving (5.46) for the coupling gives
1 1 3h

= n 2
90) 9w T o2 7 T o), (5.47)

relating the coupling g(u) at scale u to the coupling g(p') at a different scale /. How

should we understand this running coupling? For example, since any real calculation using
the original action will inevitably have to be carried out using perturbation theory, should
we do perturbation theory in g(u) or in

g9(n) 3hg® () . p
gW) = — -~ gp) - ——5-m— - ?
1+ 28 2 1672 pf

If we were able to calculate the path integral exactly then, by definition, the result would
be independent of u. However, in real life we can only compute finitely many Feynman
diagrams and then perturbation theory in g(u) will certainly be different from perturbation
theory in g(u'). Can we choose the coupling g(u) to be arbitrarily small in the hope of
achieving excellent perturbative results?

Remarkably, the answer is no! In fact, we have no freedom at all to choose the coupling
because it is totally fixed in terms of an energy scale A4 that is inherently present in the
theory as the scale at which the coupling diverges. That is 1/g(y) = 0 at p' = Aga.
Using this in (5.47), at any scale p (such as the scale of our experiments) the coupling is
determined in terms of A by

(1) = 1672 1
T = T3h n(Aga /)

(5.48)

(at least as long as out one-loop result for the running may be considered accurate). Note
that the scale Ay can be given invariant meaning by measuring it in terms of the physical
mass Mphys Of the particle. We simply have to hope that g(1) < 1 at the scales we are
interested in so that perturbation theory can stand a chance of being reliable, and (5.48)
shows that this will be the case only for experimental energies far below Ays. The fact
that we've traded a dimensionless coupling g for an energy scale Ay is an example of
dimensional transmutation at work.

However, something is not quite right here. To define a continuum QFT with finite
values of relevant and marginal couplings at our experimental scale pu we tuned our initial
couplings to be closer and closer to the critical surface, so as to keep the scale at which the
RG trajectory passed closest to the (Gaussian) critical point finite. Our treatment of ¢*
theory — including a counterterm dA — was based on the classical picture that this quartic
coupling was marginal. We now realize that in fact it’s (marginally) irrelevant. Like the
irrelevant ¢® and higher couplings we considered earlier, from a Wilsonian point of view, it
is in principle possible to generate an irrelevant quartic coupling in the quantum effective
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action but it’s value should be fixed in terms of the genuinely relevant couplings which
give coordinates along the RG trajectory. However, in this scalar theory, the only such
relevant ‘couplings’ are the mass and kinetic terms. We can solve the theory of a massive
free scalar exactly, and we know that no non—trivial quartic coupling is generated. Thus
the only value of the quartic coupling that really exists in the continuum is A = 0 and we
say the theory is trivial.

Our perturbative treatment is not powerful enough to say what really occurs as we
head into the deep UV, where the coupling becomes large — perturbation theory certainly
breaks down in this region. More sophisticated treatments indeed show that A¢* does not
exist as a continuum QFT.

5.2 Omne-loop renormalization of QED

We next turn to Quantum Electrodynamics, the theory of a (massive) charged Dirac spinor
coupled to the electromagnetic field. The classical action for this theory is

Soeold o] = [ e | PR EL 4 6T +m) (5.49)
where the covariant derivative in the fermion kinetic term is Y¢ = (8, — i4,)v, and
the Dirac matrices v, obey {7, } = +26,,. I'm working in conventions where these
matrices are each anti-Hermitian (y#)" = —y#, and then the generators S* = L[y*,~"]
of the compact rotation group SO(d) are all Hermitian (unlike the boost generators for
the non—compact group SO(d — 1,1).) In Euclidean signature, it’s also natural to define
P = (w)T without the factor of 7°, which plays no distinguished role. You should check
that the action (5.49) is then real. In order for the covariant derivative V,, = 9, —i4,, to
make sense, the gauge field must have mass dimension 1 even in d dimensions. Thus, the
electric charge e has mass dimension (4 — d)/2, so at the classical level we expect that e is
relevant when d < 4, irrelevant in d > 4 and marginal in d = 4.

To do perturbation theory, we’d like the kinetic terms to be canonically normalized,
so we introduce a rescaled photon field A4} = e_lAzld. In terms of this rescaled field the
action becomes

SqED[A™Y, ] = / d% EFWFW + (P + m)p — iep Ay (5.50)

with e appearing only in the electron—photon vertex, as befits a coupling. Notice that the
rescaled photon field has mass dimension

[ARe] = [A%] — [e] = ——, (5.51)

just like a scalar field in d dimensions. To obtain the classical photon propagator, we write

the Maxwell term in this canonically normalized action as
1 1 ~ ~ - -
7 / P F, da = / . (k:“A”(—k) _ k”A“(—k:)) i(k:MA,,(k:) - k:VAM(k:)) ddk

) (5.52)
_ ;//ﬂ ((w _ ’“ij ) A (—k) A, (k) d% |
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in terms of an integral over momentum space. Therefore, as you learned last term, in
Lorenz (or Landau) gauge the tree-level photon propagator is

1 k.k,
Agu(k) = ﬁ <5uu - ij > (553)

in momentum space. The Lorenz gauge condition 0* A, (x) = 0 is reflected in the fact that
the propagator obeys k:“A?W(k:) = 0, a condition you’ll also meet when studying Ward
identities in the problem sheets. This condition ensures that only transverse polarizations
propagate.

5.2.1 Vacuum polarization: loop calculation

In quantum theory, the exact Lorenz gauge photon propagator

A (k) = / de (A (2) A, (0)) (5.54)
differs from the classical expression (5.53) because of the photon’s interaction with the
charged electron field; the exact propagator accounts for the effect quantum fluctuations of

the electron field have on the photon’s propagation. In exactly the same way as we did for
scalar field theory earlier (or even earlier in d = 0 and d = 1), to incorporate these effects

= A2V<k) + Agp(k)npa(k)Aoay(k) + A%p(k)l‘[ﬂg(k)AOUﬁ(k)HN/\(k)AO)\V(k) +oe

we write

where the photon self-energy I1”;(k) is the sum of all 1PI graphs with two external

photon lines. This is again similar to what we saw for the scalar, with the difference that

because the photon field A,, carries a target space index, the photon self-energy is a tensor.
Below, we’ll show that I1°, (k) takes the form

kPk,
1, (k) = k* (5@, -3 ) (k%) (5.55)
in terms of a dimensionless scalar function 7(k?). Accepting this for the moment, the factor

Py =g, - Mo

is the same factor as we saw in the tree-level photon propagator and projects onto polar-
ization states transverse to k?. As for any projection operator, this factor is idempotent:

PP P% = PP (5.56)

The fact that the self-energy diagrams and tree—level propagator both involve the same
projection operator allows us to simplify our expression for the exact photon propagator
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to
A (k) = Agy + Azp 1, AOUV I Azp 1, AOUH 1%, AOAV 4.
=AY, (14 7(k*) + 7 () + 7° (k%) - -)
0
ALK
1—m(k?)’

again summing the geometric series.

(5.57)

Just as the classical propagator A?W(k) was the inverse of the Maxwell kinetic term

1 y 1 L KRRV < .
4/F“ E,, d%z = 2/k2 (5# -0 )AH(—k)Al,(k) d?k (5.58)

in momentum space, so too the exact photon propagator A,, (k) can be thought of as
resulting from the term

1A = ;/[1 — m(k*)] k> (5#1/ _ k’;’;”) A, (—k)A, (k) A% (5.59)

in the momentum space quantum effective action that is quadratic in the photon field. We
interpret the factor of [1 — 7(k?)] as representing the effects of quantum fluctuations in the
electron and photon fields on the photon’s propagation. In particular, if we expand 7 (k?)
as a power series in k2, the part m(0) that is independent of k? just provides an overall
factor multiplying the classical Maxwell action. In other words, in position space this term
is

s =T [ m ) ate (5.60)
and so contributes to wavefunction renormalization for the photon. As always, the re-
maining, k2-dependent terms in 7(k?) correspond to an infinite series of higher derivative
interactions of the schematic form 0" F*” 9" F},,. This infinite series again means that the
effective theory is non-local, but the higher derivative couplings are irrelevant in d = 4 so
at low energies non—locality is strongly suppressed at length scales larger than the inverse
electron mass.

After these general considerations, let’s now compute the leading contribution to
1177 (k). We’ll make use of dimensional regularization, so it will be convenient to work
with a dimensionless coupling g(u), introduced into the classical action via

e* = g*(p) (5.61)

in terms of an arbitrary mass scale y. Thus the electron—photon vertex is written as
—ip2=d/ 2g(u) / Ay d%. At sub-leading order in %, the unique loop graph we need to

consider is
AP \/\/v@wxf A°
k

—

where a virtual eTe™ pair is formed and then reabsorbed. (There is no symmetry factor
here because, unlike the propagator for a real scalar field, the electron—positron propagator
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is oriented.) As always, in computing the self-energy contribution the external photon
propagators are amputated. The Feynman rules following from (5.50) give

o o —ds- ddp 1 P 1 -
tt) = =0 [ oo (i )
ucas [ dlp tr ((<ip A mnP (i - K) +m)n)
R / enl P+m)(p-kP+md)

(5.62)

Note the overall sign: we obtain a factor of (—)2(—ig)? expanding e~5QED/7 to second order
in the electron—photon vertex, and an additional factor of —1 from the fermionic loop. To
understand this additional sign, suppose the electron propagator is

S, y) = (W7 (2)Pa(y)) (5.63)

in position space, where «, 3 are Dirac spinor indices. Expanding e™QED [A4)/ 46 second
order in the electron—photon vertex, we meet a term

(—ig)? = < [otv@ats [idoe) ddy>
= (g2t [l dly A’y (o) A5(0) Gala)? (@) 6, ) w0 )) (560
> (-igut! [ dlaly (o) A5(w) (02 1) (0a(0)s* W),

where in the last line we’ve paired up the electron fields to give two propagators, being
careful to move an even number of fermions through one another. The term (¥”(x)1(y))
is precisely the propagator sP ~(z,y) representing the electron travelling from one vertex
to the next. However, the term (¢ (2)¢°(y)) = —(¥°(y)Ya(x)) is minus the propaga-
tor S‘Sa(y,x) representing propagation back to the first vertex, because the two fermions
naturally appeared in the opposite order.

More generally, in pairing a string of ¢1)’s from the action into propagators, we note

(Gaa ¥ (1) Yy ¥ (22) -+ - Va7 (20))
DS (M (@1) o (22)) (W72 (22)0as (3)) -+ W (@n—1)ar) (ay (@1)97" (20))
= —5601[2 (1, x2) Sﬁjs (rg,x3) - Sﬁggl(xn_l, Tn) Sﬁgl (zn,x1)

(5.65)
with all but one propagator naturally in the correct order. You should check as an exercise
that the same result holds no matter which order we choose to join up the fermions. Thus,
we always obtain an additional minus sign, beyond those in the individual propagators and
vertices, for every fermion loop. At one loop, this minus sign can equivalently be understood
as coming from the fact that the path integral over the Grassmann valued electron field gives
det(V +m) in the numerator of the remaining path integral, whereas had the electron been
a (complex) boson we would have obtained this factor in the denominator. Exponentiating

Al/h

this determinant into the effective action eIl also shows we get an extra minus sign

for the fermion loop. (We'll consider this determinant further below.)
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Having understood its constituents, we're now ready to evaluate H’l)'foop(k) in (5.62).
The loop integral is somewhat complicated, and we’ll need to work hard to evaluate it.?!
We begin by recalling the Feynman trick (5.17) that allows us to can combine the two

propagators in (5.62) as

1 dx 1 dz
/0 (2 +m2)(1— )+ (p— k)2 + m2)a]® /0 [p? +m? = 2xp - k + k2z]?

B ! dx
N /0 [(p— kx)?2 +m? + K2z(1 — 2)]? "
(5.66)
We change variables p — p’ = p + kx, whereupon (5.62) becomes (dropping the prime)

ey s [ U (i k) m)?(ip— KO- 2)) + )
) =70 [ 505 | 4 7+ AP o

where we've introduced A = m? 4+ k2x(1 — z) as shorthand.
The next step is to perform the traces over the Dirac matrices. We’ll do this treating
the Dirac spinors as having 4 components®® as appropriate for our final goal of d = 4. Thus

tr(37°) = 46”°

5.68
t(3yP7" A7) = 4(5#06Y7 — §HV 67 517 §VP) (569

in Euclidean signature, so that
b ((=i(p + Ka) + m)r (=i — K1~ 2) + m)r°)
= A4[-(p+kx)’(p—k(l—2x)) + (p+ k) - (p— k(1 —x))6* (5.69)
—(p+kx)’(p—Fk(1l—2))+ m2(5/"’] .

Using this in the above loop integral, we obtain

ddp 1 1
Hpo' k' :4 4—d 2/ / d
toop M) =450 | oy Jy 4 2+ AP

X [=(p+ k2)?(p — k(1 = 2))7 + (p + k) - (p — k(1 - 2))5*
—(p+ k)7 (p — k(1 — 2))” + m?6*] ,

(5.70)

which would be quadratically divergent in d = 4.

We’re now ready to perform the loop integral. Observing that whenever d € N, any
term involving an odd number of powers of momentum would vanish, we drop these terms.
For the same reason, we replace

1 2\2
pHp” — gé“”pz and pHp’pPp° — d((fl)—g %) [0V §P7 + GHP 5V 4 6H7 §VP]

5'Don’t worry: asking you to reproduce this laborious calculation is not the sort of thing I'm keen on for
exams.

®2In certain supersymmetric theories, it is often convenient to work instead with d-dimensional spinors,
which is known as dimensional reduction, rather than dimensional regularization. Here, we’ll stick with
the simpler idea of naively working with a spinor representation of SO(4), rather than SO(d).
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where the tensor structure is fixed by SO(d) invariance and permutation symmetry, and
the numerical factors are determined by contracting both sides with d-dimensional metrics.
After these replacements the integrand depends only on p?, so the angular integrals may
be performed trivially to obtain

d—1 dp 1 4

= Vol(st) B = (v?)?

(2m)d (471-)d/2 I(d/2) ! d(pz) (5.71)

po
1_[l loop

x /01 dz /Ooo d(p?) (PP~

2
a9
(k) = 4™ ——5

PP(1— 2) 677 4 (2kPk° — k2077 )z (1 — ) + m6P°

=
| B

(p? + A)?
(5.72)
To go further, we use the integrals
d _d
[Taon ZE - <1> G IINC)
2+ A2 \A I(2

o0 p?): (1) ET(+ T -9
/od(p)Q(puA)?‘(A) C)

that can be evaluated using the substitution v = A/(p? + A) and the definition of the
Euler B-function.

Putting everything together, one finds that the 1-loop contribution to vacuum polar-
ization is given by

492M4_d d
po _
Moo (®) = (g T\2 3
" /1 d [5’”(7712 — (1 — 2)k?) — 67 (m? + (1 — 2)k?) + 22(1 — x)kPk°
L d
0 A*2

=: (k}2 or7 — kpka) 1 loop(q2) s

(5.74a)
where in the last line we have defined m; 100p(k2) to be the dimensionless quantity
8w T(2—9) [ TN
oop(k?) = — 2 / drz(l —z) | 5 : 5.74b
T 1o0p(k?) e ), dee-a) (g (5.74b)

and we recall that A = m? + k%z(1 — z).

As promised, the loop integral has come out proportional to the operator §°7 —k*k® / k>
projecting onto polarizations transverse to k. Gauge invariance is also maintained in lattice
regularization, but would fail if one simply imposed a cut—off Ag, because the requirement
that fields only contain Fourier modes with |p| < Ag is not preserved under the gauge
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transformation ¢ — eX(*)¢), even if it is true of ¥ and y separately.”® The desire to
maintain manifest gauge invariance was one of the main motivation to use dimensional
regularization in the first place, and our result (5.74a) vindicates this decision: we see that

the 1-loop correction TI{7. (k?) is proportional to (k677 — kPk7), so

kl) H?TOOp(k) =0. (575)

This signifies that the quantum effective action is also gauge invariant (at least to order &
accuracy, but in fact it holds in general). We’ll explore this important point further in the
following chapters.

5.2.2 Counterterms in QED

The first thing to notice about our result (5.74a) is that it, if all couplings remain constant,
it will diverge in the physically interesting dimension d = 4 where I'(2 — %) has a pole. To
obtain a finite result in d = 4 we must tune the initial couplings in the action, which as
always we do by introducing counterterms. For QED the counterterms are

SCTIA, 4, e] = / dz [523411F“”FW + 825 UV + Smap| . (5.76)

Adding these to the classical action (5.50) allows us to tune the initial values of the pho-
ton and electron wavefunction kinetic terms, and the electron mass. The labels (6Z3,022)
for the photon and electron wavefunction renormalization counterterms are conventional
(and the wavefunction renormalization factors themselves are likewise called (Z3, Z2), re-
spectively). The fact that the entire kinetic term for the electron, including the gauge
covariant derivative operator ¥ = @ — ie, receives only one counterterm assumes that the
regularized path integral preserves gauge invariance: our dimensionally regularized loop
integral is indeed gauge invariant, so @i and ity cannot appear independently. We'll
study this further in section 6.3.1.

To fix the counterterm 673 we set d = 4 — € and find the asymptotic expression

2

2 1 -
Wlloop(kQ) ~ —927(:;)/0 dzz(1—x) (i —’y—l—anlA'u ) + O(e) (5.77)

as € — 0T, where again 7 is the Euler-Mascheroni constant. The contribution

S\NANN
—073

from the counterterm %5Z3 Fr?F,, must remove this pole, and in the MS scheme we’d set

2
_ oW (2
073 = 122 (e fy+1n47r> (5.78)

53In fact, the conceptually simple idea of integrating over modes only up to a cut—off can be done in
gauge theory, but requires the introduction of a fair amount of technology beyond the scope of this course;
see e.g. K. Costello’s book cited in the introduction.
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so as also to remove the contribution o< (—vy+1In4x). (To check that this counterterm does
indeed cancel the pole, note that fol drx(1 — z) = 5.) Thus the total contribution to the
effective photon self-energy at O(h) is

H?Toop(k) = (]{72(5'0(7 - kpka) 1 loop(kZ) (579)
where 2( ) , , ( | ,
2y 9 \p m” +x(l —x)k

T1loop(k”) = 5.2 /0 dzz(1—z) In [ 2 (5.80)

in the MS scheme.
Strikingly, the loop correction to the photon propagator has created the logarithm®*

In [m2 +z(1—2) k:2]

in momentum space. This is quite unlike anything you’ve seen at tree—level, where Feynman
diagrams are always rational functions of momenta, but it is very similar to the logarithms
we obtained from integrating out fields in lower dimensional examples. In the present case,
the logarithm has a branch cut in the region m? + z(1 — x)k? < 0. For z € [0, 1] we have
0 < z(1—=x) < 1/4, so the branch point is inaccessible for real Euclidean ¢q. However, in
Lorentz signature with kg = iF we have

z(1 —z) (B? — k%) >m?. (5.81)

in Lorentzian signature, so the smallest value energy at which the branch point can be
reached is
E% = (2m)?. (5.82)

This is precisely the threshold energy for the creation of a real (as opposed to virtual)
electron—positron pair.

5.2.3 The p-function of QED

Knowing the effective action allows us to read off the S-function for the electric charge. To
relate the photon kinetic term — involving wavefunction renormalization — to the 8 function
for the electromagnetic coupling e, we first undo our rescaling Al‘jld = eA}*" and work back
in terms of the original gauge field Af}d. Then (strictly in d = 4) the quadratic term (5.60)
in the effective action becomes

O 1 v
S 1AM = yren /F " dtz
1—7(0) y
492(M) / : 2l d4Z (583)

1] 1 h m?
=7 - ——5 Ih— + 00| [ F*F,,d".
4 {gz(u) 1202 42 + Ol )}/ p €2

54 Actually, it has produced a certain integral of a logarithm involving z(1 — z). This integral can be

explicitly computed in terms of dilogarithms, but we won’t need to know the result.
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where the final expression uses our 1-loop result (5.80). In this way, we can view the
vacuum polarization as a quantum correction to the value of the coupling 1/¢%(p) in front
of the classical kinetic term.

Arguing again that the numerical value of the dimensionless coupling geg in the quan-
tum effective action quantity cannot depend on our choice of scale u, we have

0 1 h m? 2 h

Pou la?(n) ~ 1202 2 g3(u)6(9) e (5:84)
so that the § function for g(u) is
h 3
Blg) = =5 W . o). (5.85)
T

Thus the coupling at scale y is related to that at scale u by

1 1 h I 9
= ——+—In—+0(h), 5.86
2w 2w e T (>:56)

to this order.

Just as for ¢* theory, the running coupling defines a natural scale inherent in our
theory. We define Aqep to be the scale at which the coupling diverges. Then at any other
scale p the value of the coupling cannot be chosen freely, but is fixed in terms of Aqrp by

672 1
h In(Aqep/m)
Since the positive S-function (5.85) shows that (like the quartic scalar coupling) the QED

9°(n) = (5.87)

coupling is in fact marginally irrelevant, we expect its value in the continuum theory should
be fixed by our location along the renormalized trajectory parametrized purely in terms
of the relevant and truly marginal couplings. But for QED the only such couplings are
the electron mass and electron and photon kinetic terms. Once again, for any value of
these masses and kinetic coefficients, we have a free theory and no interaction terms are
generated at any point along the RG trajectory. Consequently, it is believed that pure
QED does not exist as a continuum QFT in four dimensions!®?

In practical terms, as for the quartic scalar theory, this result is of no great importance.
We can treat QED as a low—energy effective theory, valid provided the energy scale p of
our experiments remains well below Aqep. Experimentalists tell us that at the scale u =
me =~ 511keV of the electron mass, the dimensionless coupling a = g%(me)/4m ~ 1/137.

From this data point, equation (5.87) gives
Aqep ~ 10%¢ GeV (1)

which is an extremely high energy, and certainly well beyond any point at which we claim
to even vaguely trust QFT as a description of Nature. In Nature, QED unifies with the
weak interactions at around ~ 100 GeV, where the physics of non—Abelian gauge theories
comes into play, modifying our conclusions here.

550Once again, to be sure one should really go further than this 1-loop calculation, but what we can be
sure of already is that any continuum version of interacting QED would necessarily be strongly coupled.
More sophisticated treatments support the view that in fact, no such continuum interacting theory exists.
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5.2.4 Decoupling: on-shell schemes vs MS

Before moving on, I wish to point out a small peculiarity inherent in the MS renormaliza-
tion scheme. If we perform experiments at low energies, we do not expect to have large
corrections coming from particles whose masses are much higher than the energy scale of
our experiments: for example, you did not worry about corrections from the muon or tau
particle when studying classical electrodynamics.

Indeed, this is just what we’d find if, instead of the MS scheme, we’d used a renormal-
ization scheme that fixes the value of the counterterm 673 in terms of m 100p(k:2) at some
definite scale. For example, in the on—shell scheme we fix the counterterm by requiring
that (just like the classical propagator) the exact photon propagator Agy(k’) /1 — 7(k?)]
has a simple pole with unit residue when the photon’s momentum obeys k% = 0. Thus, in
the on—shell scheme, we'd fix §Z3 by demanding 7(0) = 0 so that the quantum corrections
(including both the loop integral and counterm) vanish at the on-shell point k2 = 0.

For the purposes of extracting the S—function, it’s more convenient to ask instead that
the quantum corrections vanish at our arbitrary scale k* = p2. That is, we set

hg* (1) [ 2 4y’
073 = — drx(l — - — 1 .
3 52 /0 zx(l —x) ; v+ nm2—|—az(1—x)u2 (5.88)

cancelling the value of 71 100p(11?). The total contribution to 7(k?) in such a scheme is then

_ hg*(p) ! m? + x(1 — x)k?
a(2) = "1 [aset - m (IS0 Y ous. 6s)

As in equation (5.84), asking that the total contribution to the effective action is inde-
pendent of the scale p means that the coupling must run, and in this scheme we find the
B-function

g [t 21—
/0 a

Blg) =55 Y (5.90)

as you should check. This does indeed approach zero when p < m, so that the coupling
automatically stops running at scales far below the electron mass.

However, in the MS scheme, the S-function

3
Pris = 912(:2) + O(h?)
of (5.85) shows no suppression at any scale and the coupling (5.86) still runs even at scales
i < me much lower than the mass of the lightest (indeed the only) charged particle. There’s
nothing wrong with this in principle: as u — 0 there’s a balance in the effective action (5.83)
between g%(11) — 0 and the growing effect of the loop contribution oc In(1/u?) — oo so
that the actual observable physics does remain constant. Nonetheless, it’s strange to have
loop effects dominating the classical ones, so for some purposes it’s better to find a way to
mimic the decoupling of the electron in MS.

To do so, we consider two different theories. One includes the electron and is valid at
scales 1 > me, while the second contains no electron field and is valid at scales p < m.
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Physical quantities in the two theories are matched at u = m.. The effects of the electron
(or other heavy particle) are then manually frozen out as we continue on to our other
theory at lower scales. In particular, since pure Maxwell theory is free, for any pu < me
the fine structure constant o(u) = ¢g2(p) /47 will remain frozen at its value =~ 1/137 at the
electron mass.

This matching procedure, discarding the effects particles whose masses are > u by
hand, is certainly rather cumbersome. However, for most purposes (particularly in more
complicated theories such as Yang-Mills theory, or the full Standard Model) the MS scheme
is so convenient that most physicists view this as a price worth paying.

5.3 The Euler—Heisenberg effective action

The electron field appears purely quadratically in the QED action (5.50)%

1

SQED[AM:/ [4F‘“’FW+¢(Y7+m)¢ d*z, (5.91)

so we can perform its path integral exactly. The electron is fermionic, so its path integral
yields det(V +m) in the numerator. The remaining photon path integral thus involves the
effective action 1

Teg[A] = 1 /F“”FW d*z — hlndet(Y +m) (5.92)

for the photon that takes into account quantum effects due to the electron. (As always,
this expression is somewhat formal: if we don’t regulate the path integral measure then
the effective action will diverge. We’ll consider a convenient regularization below.)

The functional determinant is non-polynomial in the photon field A,. Expanding it
as an inifinite series around A, = 0 gives

Indet(Y +m) = Indet(d + m) + trIn(1 — ie(d + m) 1 4)

= Indet(d +m) + Z (Fle)” /H dtz; Tr(S(zn, 21)A(21)S(z1, 22) A(x2) - - S(Zn_1, 20) A(z2))
n=1 =1

n

(5.93)
where S(x;,;11) is the Dirac propagator (#+m)~! and Tr indicates a trace over the Dirac

gamma matrices. The terms on the rhs correspond to the 1PI Feynman diagrams®”

0 Qo K

in which the electron runs around a loop, radiating external photons as it goes. We
recognise the 1-loop vacuum polarization graph as a member of this infinite series, with
two external photons.

%Here, we've rescaled the photon to have canonically normalized kinetic terms, so Y4 = v* (9, —ieA, )t
and e is dimensionless as we’re in exactly four Euclidean dimensions.

57In the problem sheets, you’ll show that the terms involving an odd number of external photons neces-
sarily vanish, as a consequence of Furry’s theorem.
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Quite remarkably, in the case of a constant electromagnetic field, Euler and Heisenberg
were able to find a closed form expression for Indet(¥ 4 m) that sums up the effects of all
of these diagrams. They did this in 1936, well before QFT was on a firm footing and over a
decade before Feynman first presented his diagrams! To obtain their result, we first simplify
the effective action slightly using the following observation: Indet(¥ +m) = trIn(Y + m)
includes both a trace over the Dirac spinor indices as well as a functional trace. Since the
trace of any odd number of v matrices vanishes, we have

trIn(V +m) = trin(=Y + m) (5.94)
and therefore )
trIin(V + m) = = [Indet(¥ + m) + Indet(=V + m)]
i (5.95)
=5 Indet(—Y> + m?).
We also have
V¥ =4 V,uV, = (1{7“77”} + 1[%7”]) VuVy
2 2 (5.96)

— V'V, — eSME,,

where S# = 1[y# ~4"] are the (Hermitian) generators of SO(4) 2 SU(2) x SU(2)/Zs in
the (%, 0) @ (0, %) representation appropriate for a Dirac spinor. This final term involving
SH is the origin of the electron’s magnetic moment in the Dirac equation.

Our task is to understand the functional®®

1
§tr In(—V?2 + eS* E,,, +m?)

1 . 10 (B+iE) o 0
_itrln [(—(8—16A)2+m2)<0 1>+e< 0 (B—iE)-a)]’ (5.97)

where o are the usual Pauli matrices and the trace is a sum over the eigenvalues of the
operator, acting on spinor-valued functions on R?, as well as a Dirac trace. Since the trace
is basis independent, we're free to evaluate this in any basis, and we’ll choose to work
with the position basis. We’ll do this by making use of the connection between QFT and
worldline quantum mechanics that we saw in section 3.4, so

1 1
Teg[A] = / [4F“”FW +3 (x| In(=V?+eS* F,, +m?)|z) | d'z (5.98)

where {|z)} is a basis of position eigenstates (we temporarily suppress the spinor indices).
Next, we use the asymptotic relation

&0 d
/ X L X —In so + finite (5.99)
50

S

*80ur treatment here follows closely chapter 33 of M. Schwartz, Quantum Field Theory and the Standard
Model.
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as so — 07 to rewrite the logarithm of the operator as

1 1 [ v d
B (x } In(—V? + eS* F,, + mQ)‘ z)= lim - / e sm’/2 <$ ’e_s(_vgﬂsu Fiuv) x> & ,
sog—0t 2 50 S
(5.100)
up to a divergent term that is independent of A,. Noting that, in the position space

representation of Euclidean quantum mechanics, V2 = (9 — ieA(z))? = (p — ieA(2))? in
terms of the momentum operator p = —d/0z, our problem has reduced to evaluating the
quantum mechanical expectation value <x\e_5ﬁ]a:) with Hamiltonian H = (p + eA(#))? +
§SM Fl(2). Indeed, if {|1n)} form a basis of eigenstates of H, then the new term in the
effective action involves

[ dtatale™ o) = [ ate 3 falin) (nle ")
_ / dlz S [ipn (a)[2e=En

We'll be able to do this in the case of constant electromagnetic fields, so that 9, F,3 = 0.

(5.101)

Let’s begin with just a constant magnetic field B, and choose to align the z-axis with
the direction of B. Then we can pick the gauge A, = Bx with A, = 0 for p # y. In this
gauge the Hamiltonian becomes

H = p§ + p% + p2 + (py — eBx)* — eBo. (5.102)

where eBo, arises from the magnetic moment S#F),, and o is the usual Pauli matrix. You
should have met this system in undergraduate quantum mechanics: it’s just a harmonic
oscillator in the disguise of Landau levels for an electron in a constant magnetic field.
This should come as no surprise: the Feynman diagrams we’ve drawn show an electron
moving around a circle in the presence of a background magnetic field. The energy of the
nt level is

1

where p;, p, are the eigenvalues of the momenta and the choice of sign + corresponds to
the electron having its spin aligned or anti-aligned with the magnetic field. (Note that the
energy eigenvalues are independent of p,, so there is a large degeneracy in this system.)
The corresponding energy eigenstate is

(z]n) = xF (x - %) o i(pit+pyy+p=2) (5.104)

where xf is the n'"' excited state of a harmonic oscillator, tensored with a spin-up or
spin-down state.

FILL IN DETAILS OF DENSITY OF STATES CALCULATION

Thus we obtain

A BL4 ) 00
/d4x<$|e_H5|1’> = ?2 )3 g e:I:eB/ el(pf+p§)sdpt dp. E e—se(2n+1)B
™ 2
* : n=0 (5.105)

B 2L4eBlcosh(esB)
872 ssinh(esB)
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Had we started with a constant electric field, from (5.97) we would have the same result,
but with B — iE. The resulting effective Lagrangian for general constant Fj, can be

written as 9 - ( )
1 e ds 2 Recosh(esX) ~
—F"E,, — i — A ——————C 5 S 5.106
4 " sol—r>rol+ 3272 /80 s C Im cosh(esX) e ( )
where 1 1
X2 = §FWFW + §FWFW = (B +iE)? (5.107)

and Fr = %G“W’”Fpa.

This expression is singular as sg — 0, as we anticipated in (5.99). Physically, s repre-
sents worldline proper time — a Schwinger parameter — along the electron’s S worldline,
so the divergence at the lower limit corresponds to the UV region where the electron EX-
PLAIN.

We can regularize the answer by simply imposing a cut—off at sg, but then we need to
renormalize (tune our initial coupling) so as to obtain a finite effective action as sy — 0.
Expanding (5.106) as a series in the coupling e we have

Re cosh(esX) 4 2 e2s?

7
L PO Py = ZpmE g 2o Lpmp 2| ol
Im cosh(esX) ¢ s p ( )"+ 4( w) | +0(e”)

(5.108)
and the first two terms cause divergences in the s — 0 region of the integral ds/s. The

252 T3 ST

leading divergence is independent of the fields and can be removed by tuning the initial
vacuum energy density. In fact, this term comes from the field independent term In det (@ +
m) corresponding to the 1-loop vacuum Feynman graph. It can also be removed by dividing
by the partition function of a free (uncharged) electron. The subleading term leads to a
logarithmic divergence in the coefficient of the usual photon kinetic term F#'F),. It can
thus be removed by including a wavefunction renormalization — a counterterm for this
kinetic term. The simplest choice of renormalization scheme is just minimal subtraction,
where we just remove these divergent pieces by hand. Altogether, we’re left with the
effective action

1 e? [ __ 2 [Recosh(esX) ~ 4 2 ds) 4

T = [ {-FwE, - S sm? | WCOSNESA) pywpp - 2 Zpwp 10
4] /{4 H 327r2/0 ¢ [Imcosh(esX) K 2 ”] s } de
(5.109)

e2s? 3
as found by Euler & Heisenberg.

This effective action for the photon takes into account the quantum effects of the
electron. In our derivation, we needed to assume the electromagnetic field was constant.
We thus expect that the true effective action contains further terms such as (9F)? that
involve derivatives of the Maxwell fieldstrength. On dimensional grounds, every derivative
must be suppressed by some mass scale, and the only scale in the problem is the mass
of the electron. Thus we expect the Euler-Heisenberg action (5.109) to be an accurate
description of very high intensity light (where the non-linear F?* terms are significant) but
of frequency much lower than the electron mass. For example, expanding (5.109) we find

a term
a? 1
90 m4

T ~
(¥ Fy 2 (B F )
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which describes a four-photon interaction. This is the leading term in light-by-light scat-
tering, leading to an amplitude for this process oc a?(w/m)?*, valid in the regime where the
photon energy transfer w < m.

5.3.1 Physical interpretation of vacuum polarization

When light propagates through a region containing an insulating medium with no relevant
degrees of freedom, on general grounds we expect the low—energy effective field theory
to be governed by an action that modifies the coefficients of the electric and magnetic
fields in the usual Maxwell action by terms that respect the microscopic symmetries of the
medium. In the present case, the medium is simply the vacuum itself! Since the vacuum
is Lorentz invariant, these modifications must be proportional to the Lorentz invariant
combination F* F,,, = 2(E? — B?). In (5.83) we see explicitly that this is true. If we place
a medium such as water in the presence of an electric field, it will become polarized due to
the large dipole moment of the HoO molecules. Likewise, at distances 2 1/m the vacuum
itself becomes a dielectric medium in which virtual electron—positron pairs form dipoles,
polarizing the vacuum.

The first effect is that vacuum polarization leads to a measureable change in the
Coulomb potential. Recall that in the non-relativistic limit (in Lorentzian signature),
the Fourier transform of the (Feynman gauge) photon propagator §°° /k? is the Coulomb
potential V (r) = e2/4nr, as I hope is familiar from Rutherford scattering. Let’s compute
the 1-loop quantum corrections to this result. We consider a scattering process in which two
spin—% charged particles interact electromagnetically. Using the exact photon propagator,

we have
ere
S(lv 2= 1/7 2/) = —74171_22 (54<k1 + ko — k1 — kQ/) ﬁy’y“ul A#V(p) ’l]Q/’YVUQ
0 (5.110)
€1€2 4 _ Auy(p) _ v
=——206(k ko — kv — ko Yy —E o Uy
12 O kit ke =k 2)“1’YU11_7T(p2)u2’YU2

where p = ki + ko = ki + ko is the total incoming (or outgoing) momenta, ui 2 and @y o
are the momentum space on—shell Dirac wavefunctions for the incoming and outgoing
particles, respectively. Using the fact that these initial and final Dirac wavefunctions obey
(if1 2 +m)ur2 =0 and (=ify o +m)ay o = 0 we have

_ PuPv \ — _ 1 _
ay ug <5W — ;;) Ugryuug = yryHuy Z? Uy, U2 . (5.111)

The photon self-energy term m(p?) comes from quantum corrections and so is O(h). Thus,
to leading order in A, the scattering amplitude is given by

€1€9

S(1,2—-1,2)=——=
(7 ? ) 47[_2])2

54(]€1 + ko — k1 — le) ﬁy”y’%l [1 + 7T(p2)] U Yy U2 - (5.112)

Of course, we can think of these terms as coming from the Feynman diagrams
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o O

so the 1-loop diagram modifies the classical answer by the factor [1 + 7(p?)].
Let’s now take the non-relativistic limit, as appropriate for Rutherford scattering. In
this limit, the energy transfer p° < |p| and

_ _150170' /
upyug & ( 0 N

where ¢;, is the spin angular momentum quantum number of the i*" external particle. The
factor of d,, enforces that the spins of the two particles should be aligned. Thus, in the
non-relativistic limit we have

S(1,2 5 1/,2) o L2

~ 5 (k1 + ko — kv — ko) [L+7(P?)] Goroy) Gonioy - (5.113)

By comparison, in non-relativistic quantum mechanics, the Born approximation for scat-
tering two charged particles off a scalar potential V'(r) is given by

Sorn(1,2 = 1/,2) = % 54 (ky + ka — kv — k) 6oy 0 Ors o, / Brv(r)e kT, (5.114)

This shows that the 1-loop corrected amplitude (5.113) looks just like the amplitude we
would find from Born level scattering off a modified classical potential whose Fourier trans-
form is erea[1 + m(p)?]/p?, or in other words

Vi(r) = 6162/ ((2121)’3 oiPT [1 +;r2(p2)] '

In the region where p? < m? (momentum transfer is very small compared to the electron

(5.115)

mass), our result (5.80) for 7(p?) gives

2 1 2
7(p?) = w(0) + 927(:;) /0 drz(l —z) In [1 +x(1— x):ﬂ]
2 2

1
TULEL [ a2+ ol(ipl/m)) (5116)

=m(0) +

2

2
= 2(0) + L o(lpl/m)?).

The term 7(0) modifies the strength of the classical Coulomb interaction, while the sub-
leading term o p? cancels the p? coming from the photon propagator. Thus in this regime
we find

o (+m(0)  ereag’(B) (a3
Vi(r) = —ejez - 022 % (r). (5.117)

Treating the term proportional to (3 (r) as a perturbation, we see that the £ = 0 bound
states of Hydrogen (which are the only ones to have non—zero support at r = 0) receive a
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shift in their energy. For example, the |n, £, m) = |2,0,0) state is lowered by the measurable
amount of ~ 27 MHz by this Uehling contribution, splitting its degeneracy with the |2, 1, 0)
state. This is part of an effect known as the Lamb shift, measured shortly after the end
of the Second World War. It’s discovery posed a challenge to theoretical physicists to come
to terms with loop corrections, which had previously been found to diverge.

More accurately, in the on—shell renormalization scheme where 7(0) = 0, the 1-loop
correction yields a potential

2 00 D) 2 1
V(r)= -2 (1 + 2 er2mr 20 e 1dx> (5.118)

4dr 672 1 2z

known as the Uehling potential. The interpretation is that the external point charge of
strength e; sitting at r = 0 polarizes the vacuum, attracting virtual particles of opposite
charge towards it and repelling their antiparticles as they circulate around the loop.
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