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Abstract

For a nonlinear Chern-Simons-Schroedinger system on a Riemann surface, we
prove a theorem describing its adiabatic approximation by a Hamiltonian system on
a finite dimensional space, the moduli space of self-dual Ginzburg-Landau vortices,
for values of the Higgs self-coupling constant A close to the self-dual (Bogomolny)
value of 1. The viability of the approximation scheme depends upon the fact that
self-dual vortices form a symplectic submanifold of the phase space (modulo gauge
invariance). The theorem provides a rigorous description of slow vortex dynamics
in the self-dual limit.

1 Introduction and statement of results

In this article we study vortex dynamics in the Chern-Simons-Schroedinger system (1.1)
introduced by Manton (1997). This is a gauge theoretic generalization of the two di-
mensional nonlinear Schroedinger equation whose static soliton solutions are Ginzburg-
Landau, (also known as abelian Higgs), vortices (Jaffe and Taubes 1982). The article
is organized as follows. We start by writing down the equations, and giving necessary
background including a discussion of the self-dual vortices in §1.4. We then state our
main result, theorem 1.5.2, which describes the adiabatic approximation of vortex mo-
tion in the self-dual limit. This is proved in §2 following a strategy explained in the
context of a simple model problem in §1.6. The proof uses some specialized identities
related to the self-dual (or Bogomolny) structure, presented in §3 (which may be read

separately). Various subsidiary facts and lemmas are given in the appendix.

1.1 The equations

The dependent variables are a complex field ®(¢,x), an electric field F = Ejda;j and

a magnetic field B(t,z), all defined for (t,z) € R x ¥ where ¥ is a two dimensional



spatial domain, taken to be a Riemann surface with metric gjkdxj dz® area form dpig
and complex structure J : T*¥ — T*X (where j, k, ... take values in {1,2} and we use

the summation convention). The equations are
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(2 iA)® = —Au - 21— [aP)e (1.1)
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The electric and magnetic field can be combined to give the space-time electromagnetic
field
Fda* A dx” = Ejdt A da? + Bdp,.

This two form is obtained as the commutator of the space-time covariant derivative

0 )
D = (D, D1,D») = (a — iAo, D1, D7)

which mediates the coupling in (1.1):
1 .
(D, D,]® = —iF,,®, where Fy, = Ej, and iijdx]dack = Bdjyg. (1.2)

(Greek indices run through 0, 1,2 and Latin indices through 1,2 only. Bold face is used
to indicate the spatial part of a vector or one-form etc., except in §3 where time does
not appear at all.)

We now describe this set-up briefly in geometrical terms. Assume given a one di-
mensional complex vector bundle L. — ¥, with a real inner product A locally of the form
{a,b) = hRab, and corresponding norm |a|? = (a,a); if we employ a unitary frame over
some chart then (a,b) = Rab. We are then solving for an S connection on the bundle
L =RxL — R x X, with associated covariant derivative D, and a section ® of L.
To be more explicit, fix a smooth connection on L determined by a covariant deriva-
tive operator V, so that the spatial part of D, which will be written D, takes the form
D; =V;—iA;j for areal 1-form A = A;dx? € Q%R(E); here V is independent of time. (It
is generally not possible to choose V to be flat, and it will have a curvature, determined
by a function b such that [V}, Vi ®@daidat = —ibdug®; it is always possible to choose

b = const., and we will do this throughout.) In any case, with this procedure the space



of connections on L can be identified with the space of real one-forms. Then at each
time t € R we are solving for a section ®(¢) of L, a 1-form A(t) = Ay (t)dz! + A (t)dz?

on ¥, and a real valued function Ag(t) on X. The electric field is given by

0A; 0Ag
E;, =" .
7ot Ol
and the magnetic field by

By, = bdp, + dA.

(Here, and elsewhere, we write d in bold face when it is necessary to indicate that only
the spatial part is taken.) The 2-form —iE;dt A dxd — 1Bdpu,g is the curvature associated
to the space-time covariant derivative D, as in (1.2). For the case ¥ = R?, the system
was proposed by Manton (1997), who derived it as the Euler-Lagrange equation for the
Lagrangian (1.8).

Notation 1.1.1 We shall always consider conformal co-ordinate systems on 3 in which
the metric is of the form g = e2p((dx1)2 + (da:2)2) and the volume element is then
e?Pdxt A dx?. On functions the Hodge operator acts as f = fdpg = fe*dz' A dx? and
x2 =1, so that xdw = 6_2"(% - %) for 1-forms w. On 1-forms *(widx! + wedz?) =
widx? — wodx', which is just the negative of the complex structure J, represented in

conformal co-ordinates by the anti-symmetric tensor Jij with J} = —1,J% = +1, the other

components being zero. Correspondingly we decompose a one-form as w = w(0dz +

wOVdz: in particular for the derivative df = dfdz + dfdz, with f = %(% + z%),

and

D® = D1O® + DOVG = 9 Pdz + G Pdz,

with OA® = %((Vl —iAy) +i(Va — iAg))CIJ ete.; see §3. For a 1-form A we write the

co-differential d*A = —div A, with divA = 6_2p(% + %), and the Laplacian on real

~2p_02f
oxtdx'’

functions is Af = e (with the summation convention), and on sections of L
the covariant Laplacian is —AA® = e=2°(D? + D3)® when a unitary frame is used. The
operators div,*d, A (resp. Aa) all depend on g (resp. g,h), but this is not indicated as
g, h are fized, and similarly dependence of constants in estimates on (3, g) and h will be

suppressed throughout the article.



Notation 1.1.2 We are dealing with sections of smooth vector bundles V' over 3 with
an inner product (-,-) induced from the Riemannian metric g and the metric h on L in
the standard way; since g,h are fixed throughout they will not be indicated. Thus, for

example,

ID®|? = e—2p((D1<I>,D1<I>) + (Dy®, D2<I>>>_

We write QV(V) for the smooth sections of V and QP(V') for the smooth p-forms taking
values in V. We will make use of the Sobolev spaces H*(V') of sections of V' whose
coefficient functions (in any frame over any open set Q C ) lie in the standard Sobolev
space H*(Q2); the corresponding Sobolev space of V -valued p-forms is denoted H*(QP(V')).
In §1 and §2 we shall generally omit explicit reference to the vector bundle, since this is
usually clear, and write H® in place of H*(V') etc. (and || - || gs for the corresponding
norms). However if it is necessary to emphasize that time is fized, and the norm is taken

over ¥, we shall write H(X).

Further notational conventions are given in the appendix and in §3, particularly in
relation to the complex structure (see also the textbook [12, §9.1] for a treatment of the

background material).

1.2 Existence theory for the Cauchy problem

Inherent to the system (1.1) is the property of gauge invariance: let x(t,z) be a smooth
real valued function, then (A4, ®) is a smooth solution if and only if (dy + A, ®e'X) is.
This introduces a large degeneracy to the solution space which may be removed by a
choice of gauge in various ways. We will adopt here the following gauge condition which

involves the time derivatives A, ®, of A, ®:
div A — (i®,®) = e 2P (01 A1 + Do Ay) — (i®, D) = 0. (1.3)

We make this choice because it allows a convenient description of the complex and
symplectic structures on the moduli space of vortices (see remark 1.4.3 and §3), and also
is useful in the derivation of energy estimates for the time derivatives (see §2.2 and §2.3).

In this gauge global existence can be stated as follows:



Theorem 1.2.1 (Global existence in gauge (1.3)) Consider the Cauchy problem for
(1.1) with initial data ®(0) € H*(X) and A(0) € H(X). There erists a global solution

satisfying (1.3) and the estimate
©(1) 123y < ce™” (14)

for some positive constants c, v, 3 depending only on (3, g), the equations, and the initial
data. The solution has regularity ® € C([0,00); H*(X)) N C*([0,00); L*(X)) and A €
C([0,00); H(X)). If the initial data are smooth, then the solution is also smooth.

It is explained in appendix A.3 how to derive this theorem from the global existence
result of [10], which is stated in another gauge. Bounds of the type (1.4) were derived

in [8] for the cubic nonlinear Schroedinger equation on R?, by means of the inequality
[u|pe < C[1 4 /In(1 + ||u||g2)], (1.5)

valid for u € H?(R?) and with C = C(|jul|g1). The proof of global regularity for
(1.1) depends on a covariant version of this inequality (given in lemma A.11), and a
careful treatment of various commutator terms [D,, D, ]| which indicates that they have
a comparable strength to the cubic nonlinear term.

In conclusion, theorem 1.2.1 provides a global solution which is a continuous curve

in the space Ho where for s € R we define
Hs = {(A,®) € H71(D) x H¥(D)}, (1.6)

with the corresponding norm || - ||5,. From now on we will consider only (A, ®) which

lie (at a given time) in the space Ho. The gauge group at fixed time is given by
G={gc H* ;")) (1.7)

and acts on Hs according to g- (A, ®) = (A + g~ 'dg, ®g). (Restricting to the set where
® is not identically zero the action is free and gives a principal G—bundle structure.
The gauge condition (1.3) can be then regarded as giving a connection - i.e. a family of

horizontal subspaces - on this bundle.)



1.3 Variational and Hamiltonian formulation

The equations (1.1) can be derived formally as the Euler-Lagrange equations associated

to the functional

1
S(A,®) = - / —ANF + ((i®, Do®) + Ao +20(A, ®))dtdpy,  (18)
RXX
where
1 A
uA(A, @) = 5 (B2 + DO + S (1 - [0]*)?) (1.9)

is the density of the Ginzburg-Landau static energy. (The parameter A is a positive real
numbers). Although S is not manifestly gauge invariant it changes by an exact form
under gauge transformation, and the Euler-Lagrange equations (1.1) are gauge invariant.
Vortices are critical points of the static energy

WA(A,®) = /EUA(A, Q)dpg,
as will be discussed further in the next section.

To see that the system (1.1) is Hamiltonian, observe that there is a complex structure
on the phase space Hy given by J : (A, ®) = (—=JA,i®) which allows the introduction
of a symplectic structure Q(v,w) = (Jv,w) where (-, -) is the L? inner product. Using
this symplectic form the system (1.1), in temporal gauge Ay = 0, is a Hamiltonian flow
generated by the Hamiltonian functional Vy(A, ®), which was just defined. (A short
calculation reveals that the third equation of (1.1) is preserved by the evolution, and as
such is really only a condition on the initial data. It will be referred to as the constraint

equation.)
1.4 Self-dual vortices and dynamics in the limit A\ — 1.

The system (1.1) admits soliton solutions, called abelian Higgs, or Ginzburg-Landau, vor-
tices, which are energy minimizing critical points of the static energy functional V) (A, ®).
We now discuss these solutions and their uses in understanding the dynamical system
(1.1) via the adiabatic approximation. There is a special case, A = 1, in which the
adiabatic approximation is particularly powerful because the space of vortices is then

unusually large - large enough that the motion on it can provide information on the



dynamical interaction of several vortices. We call this the self-dual, or Bogomolny, case,
and the corresponding solutions are called self-dual vortices. Now for such a solution,
(A, @), with a given value of the topological integer N, (the degree of L), the field ® will
have N zeros, counted with multiplicity. Each of these zeros can be thought of as the
centre of a vortex. Thus the static solitons can be thought of as a nonlinear superposition
of N vortices which do not interact. This was first fully understood in the case that X
is the upper half plane with canonical metric, when the equations were solved exactly
by Witten (1977) by reducing them to the Liouville equation. In general it is still possi-
ble to make a reduction to a nonlinear elliptic equation of Kazdan-Warner type, whose
solutions can be completely parametrized although not explicitly given. Following this,
Taubes proved an existence theorem when ¥ is the Euclidean plane (Jaffe and Taubes
1982), and Bradlow (1988) did likewise for ¥ a compact Riemann surface, proving the

following;:

Theorem 1.4.1 (Existence of vortices on a surface,[6]) If the area of a closed Rie-
mann surface |X| is such that |X| > 4w N the Bogomolny bound is saturated: in fact the

minimum value TN of V, where

V:Hy— R (1.10)

1 1
VA @) =Via.@) = 3 [ (B Do+ - joR?) du,
>

is achieved on a set Sy C Ha of pairs (A, ®) which solve the Bogomolny, or self-dual
vortex, equations:

- 1
OA® =0, B-5(1- |®]?) = 0.

These minimizers will be referred to as the self-dual vortices, or just vortices. The
quotient of Sy by the gauge group G can be identified with SymN(E), the symmetric
N-fold product of X3, via the mapping which takes ® to the set of its zeros.

Remark 1.4.2 (Interaction and stability of vortices) The physical interpretation
of theorem 1.4.1 is that for A = 1 the vortices do not interact; see [16] for a discussion

of this, and some related conjectures, and [25] for some stability theorems.



Remark 1.4.3 (Bogomolny structure and Bogomolny operator) The structural
feature of V which makes theorem 1.4.1 possible was identified by Bogomolny in [5]. In
this instance it amounts to the fact that if we introduce the Bogomolny operator B to

be the nonlinear operator which maps (A, ®) — (B — 3(1 — |®[?),0a®) then
1
V=g / IB(A, ®)|*du, + 7N

(see §3 for more information in this regard). Also see [6] for higher dimensional versions
of this decomposition, and [11] for generalizations to solutions with non-vanishing electric

field.

Remark 1.4.4 (Geometry of moduli space) Quotient spaces of the type arising in
theorem 1.4.1 are usually known as moduli spaces: in this case we define the moduli
space My to be the space of gauge equivalence classes of self-dual vortices, so that
My = SymN(E). We call the space Sy the vortex space and proj : Sy — My the
natural projection which takes (A, ®) to its gauge equivalence class [(A, ®)]. The space
My inherits both a metric (induced from the L? metric) and a symplectic structure
and is a Kaehler manifold (see [7]). Explicitly, we can identify the tangent space to
M with solutions (A, @) of the linearized Bogomolny equations which also satisfy the
condition (1.3). The complex structure and symplectic structure on My are then given
by restricting the formulas given in the previous section to such (A, <i>), and consequently
we will use the same notation, J and €2, for these objects. The existence of this complex
structure on M can be seen very clearly in the formulas in §3, in which complex notation
is used to combine the linearized Bogomolny equations with (1.3) into a manifestly
complex linear operator Dy, for ¢ = (A, ®) € Sy. This can all be summarized by saying

that we have an identification
TiyMny ~ Ker Dy = {(A,®) : DBy[A,®] =0, and (1.3) holds}. (1.11)
1.5 Statement of the adiabatic limit theorem

In order to define the adiabatic limit system, we now define a Hamiltonian function
My — R by restricting the energy V) to the space of vortices, and observing that by
gauge invariance this actually gives a smooth function on the quotient space Mpy. The

corresponding Hamiltonian flow determines the slow motion of vortices for A close to 1:



For e = |X — 1| sufficiently small, the system (1.1) can be approximated,
for times of order %, by the Hamiltonian flow on the phase space My =
Sym™(X) associated to the Hamiltonian function Vx|my via the symplectic

form Q.

We now move towards a precise formulation of this in theorem 1.5.2. Since we are

interested in the regime in which |A — 1| < 1 it is useful to introduce a large parameter

1.12
HE o] (1.12)
and let also, for A # 1,
A—1
= ==1 1.13

(also defining 0 = 0 for A = 1 where necessary). We rescale time by 7 = i, and Ap

similarly, leading to the following rescaled equations:

8141 . 6AO
W = N( — alB — (l(p,D2®>) + @7
8142 . aAO
5 = p(— 0B + (i®, D1®)) + L (1.14)

0 ) 1 o
(0~ i) = (A — L1~ o)) - T(1 - [0)0.

It is also natural to separate the energy V) into the (main) self-dual piece ¥V = V;, and

a perturbation term proportional A — 1. Under the rescaling just introduced, the energy

rescales by a factor p, leading us to consider the Hamiltonian H = pyV+U, where V =V,

is as in (1.10), and the energy correction away from the self-dual, or Bogomolny, regime
is given by

U@) =g |- 0 du, (1.15)

The rescaled equations (1.14) can be written as a Hamiltonian evolution for ¢ =

(A, ®) in the form

)
J% = V' + U + J(dAy,i40P) (1.16)

where J is the complex structure introduced at the end of §1.3,
J(Aldxl + Agdx2, (I)) = (—Agdl’l + A1d1:2, lfl)) (1.17)

: A _ OA 5 _ 0P



Remark 1.5.1 (Explicit formulation of adiabatic limit system) We now write the
equations for the adiabatic limit system in an explicit way which will be useful later. The
function U is clearly gauge invariant and defines by restriction a smooth function u on
M. Now recall (1.11): under this identification, the gradient of the function u on My
at [Ug] is identified with Py U’, where Py is the orthogonal projector onto Ker Dy,

(see lemma 3.3.2). The Hamiltonian differential equations for u are then equivalent to
J—= =Py, U". (1.18)

Given an initial value ¥g(0) = 19 € Sy, this equation has a unique solution 7 —

Ug(1) € Sy which satisfies the gauge condition (1.3).

Main Theorem 1.5.2 (Adiabatic limit) Let ¥, be the smooth solution of (1.16),

satisfying the gauge condition (1.3), with smooth initial data V,(0), such that
(1) limy ioo [[¥L(0) — 90|, =0, for some smooth 1y € Sy, and
(i) supysy 1€ (0) 3y + 2, (0)[|r, < K < oo

Then there exists T« > 0, independent of u > 1, such that for s < 2,

lim sup H\I/H(T) — \I/S(T)HHS =0 (1.19)

H—00 [_7—* 3T

where T +— WYg(T) € Sy is a curve in the vorter space Sy, also satisfying (1.3), which
is the unique solution of (1.18) with initial data Wg(0) = o. The projection onto the
moduli space My :

T [\IJS(T)] e My,

is the unique solution of the Hamiltonian system on (Sym™(X),Q) associated to the

Hamiltonian u defined in remark 1.5.1, with initial value [1g] € M.

This theorem in proved in §2, employing a strategy which is explained in §1.6, following
discussion of a very simple model problem. Some of the novel features which arise in the
implementation of this strategy for (1.14) are highlighted at the begininng of §2.

The approximation of the dynamical system (1.14) by a dynamical system through a

space of equilibria (in this case the self-dual vortices, which are the equilibria for A = 1)

10



is referred to as an adiabatic limit or approximation. It was suggested in [18], following
earlier conjectures of the same author on vortex and monopole dynamics in second order
Lorentz invariant systems discussed in [19]. Proofs of the validity of the approximation
in the case of second order dynamics were given in [26, 27]; the strategy for the proof
here, however, is different from that adopted in those references - see the discussion
in §1.6. A review of adiabatic limit problems is given in [29], mostly directed towards
infinite dimensional natural Lagrangian systems of the type appearing in classical field
theory. (Natural Lagrangian systems are those derivable from Lagrangians of the classical
“kinetic energy minus potential energy” form). For some physical consequences of the

approximation for vortex dynamics in the system (1.1), see also [15, 18, 22].
1.6 A simple model problem and discussion of methodology

We consider here a simple two-dimensional example in order to exhibit as clearly as
possible the phenomenon under study, and the strategy which will be employed in the
proof of theorem 1.5.2. (It is the basic strategy taken in [23] for finite dimensional
natural Lagrangian systems, here adapted to the case of infinite dimensions and to take
advantage of the Bogomolny structure.) For real numbers 5 and p>>1, we consider a

linear first order Hamiltonian system for z(7) = (2(7), 2%(7)) € C%

Theorem 1.6.1 For each pi>>1, let T — Z,(7) € C? be the solution of
=izt + p2?)
(1.20)
22 =i(B2' + p2?),
with initial data satisfying |(Z,(0), Z2( ) —(7,0)| = O(u™t) as p — +oo, for some fized
v € C. Then

lim max|Z,(r) — (v¢'",0)| = 0. (1.21)
p—+00 rcR

Remark 1.6.2 The system (1.20) is Hamiltonian with the standard symplectic struc-
ture on C? and with Hamiltonian function pV + U with V(z) = 2222 and

U(z) = =7tz + B(zt22 + 222Y).

2°

Thus V acts as a constraining potential for u — +o00, forcing the solution onto the set

S = C x {0} € C? where 22 = 0. Projecting the system to S gives, formally,
izt + 2t =0. (1.22)

11



The theorem asserts that (1.22) indeed governs the behaviour of the limit of appropriate

sequences of solutions to (1.20).

Proof The solution with initial data z(0) = (21(0), 22(0)) is given by:

A7) = ﬂ(}\f_)\_) [((1 S )eMT (1 )Ur)em,f) 20) + 8 (eiA+T B ez‘AJ> 22(0)}
20) = 5oy (1= A= AT =) 0)]
+ ﬁ(m_f - (=20 — (1= a)e=T) 22(0)].

Here the Ay are the characteristic values of the system:

which satisfy, by the binomial expansion,

A== (1+p)

DN |

Ar = pl=0(1), A= —1=0m).

as p — o0o. From this, and the fact that A+ € R for large p so that |¢+7| = 1, the

behaviour in (1.21) follows for the solutions Z,,(7) with initial data as described. O

Remark 1.6.3 In this example the exact solutions indicate that while Zfb — 0, the time

derivatives Zg are bounded, but cannot generally be expected to have limit zero.

In the absence of explicit formulae for Z,(7), it is still possible to prove results like

theorem 1.6.1, either

(i) by explicit perturbative construction of solutions to the full system, using solutions

of the restricted system as a starting point, or

(ii) by obtaining uniform bounds for the Z,(7) which allow the extraction of convergent
subsequences, and then identifying the unique limit of all such subsequences as the

corresponding solution of the restricted system with Hamiltonian U | s

In the present article we will adopt the second strategy in our proof of theorem 1.5.2
(although it would be possible to use the first strategy, as in [26]). To make the structure
of the proof transparent, it is useful to consider in some detail how to execute the second

strategy to prove a variant of theorem 1.6.1:

12



Theorem 1.6.4 (Weaker version of theorem 1.6.1) In the situation of 1.6.1
li Zu(1) — (7€'7,0)] =0 1.23
i max |Z,(7) — (e, 0)| =0, (1.23)

for every bounded interval [a,b] C R.

Remark 1.6.5 Although weaker than theorem 1.6.1, the proof of theorem 1.6.4 that we
give generalizes to the infinite dimensional problem (1.1), (1.14), in which the explicit
solutions corresponding to those used in the proof of theorem 1.6.1 are of course not

available.

Proof

e Differentiation of the equations (1.20) in time gives the identical system ¢ = Z2.

Use the energy identity:

uV(¢(7)) + U(C(7)) = wV(¢(0) + U((0)),

together with identical estimate for z(7), to deduce (using Cauchy-Schwarz) that
the solutions Z, of theorem 1.6.1 satisfy |Z,,(1)|+|Z,(7)| < C, with C independent
of u>1.

e By the previous item, deduce that the family of functions 7 +— Z,(7) is uniformly
(in p>1) bounded and equicontinuous, and so the Arzela-Ascoli theorem implies

subsequential convergence Z,,, — Z in C(I) for any bounded interval I C R.

e The energy estimate implies that, for large p there exists C' > 0, independent of p,
such that pZ2Z% < C. It follows that Zﬁ — 0 along any convergent subsequence.
Now consider the integrated form of the first equation of (1.20) (i.e. project the
system onto S = C x {0} C C? where 22 = 0). Taking the limit u; — oo,
it follows that the limit Z = (Z!,Z2) of any convergent subsequence satisfies
ZYr) =i [y Z'(7')dr" and Z'(0) = ~. This integral equation has unique solution
ZY(1) = v€'", and hence the Cj,.. limit of any convergent subsequence is (ye'™,0). It
follows that Z,, converges to this limit in Cj,. without restriction to subsequences.
This proves theorem 1.6.4. (In view of remark 1.6.3 we should not expect this

convergence to be in C} ) O

13



The general situation to which theorem (1.6.4), and its proof, potentially generalize is
the following: on a phase space H we consider the integral curves Z,(7) for a Hamiltonian
uwV+U for large p (“the full system”). Under the assumption that S = {z € H : minV =
V(z)} is a symplectic submanifold of H, we can consider the “restricted system” on S
determined by the Hamiltonian U | g+ and try to prove that this Hamiltonian system can
be used to describe the limiting behaviour of Z,(7) as  — 4o00. An infinite dimensional
example of this situation is provided by the Chern-Simons-Schroedinger system (1.14):
in the next section we will provide a proof of theorem 1.5.2 employing the same strategy

to that used in the proof of theorem 1.6.4 just given.
2 Uniform bounds and proof of the main theorem

In this section we prove our main result, theorem 1.5.2; along the lines suggested by
the discussion of the simple model problem in the last section. The crucial stage is the
proof of the main estimate, theorem 2.3.1, which asserts the existence of a time interval,
independent of u, on which the solution ¢» = (A, ®) is uniformly bounded in Hs, and
its time derivative is uniformly bounded in H'! as y — +o0. Given this bound, theorem
1.5.2 can be deduced using a variant of the Lions-Aubin lemma, and a careful analysis
of the u — +oo limit of (1.14). Before obtaining the uniform bound, we collect some
identities used in the proof. Some more specialized identities related to the self-dual
structure are collected separately in §3, and referred to as needed. Specifically, we draw

the reader’s attention to the following two uses made of these more specialized identities:

(i) Differentiation in time gives rise to an equation (2.27) for ¢ = ¢ in which the
dominant term (as p — —+00) involves Ly, the Hessian of V defined in (2.36). It is

shown in §3 that this operator takes the special form
Ly = DDy + O(|B]), (2.24)

with Dy, complex linear (see (3.58)), and B as in remark 1.4.3. Observing that the
L2 norm is exactly preserved for equations of the form J¢ = D}, Dy, it is easy to
believe that the stated structure of L, is useful in the derivation of y-independent
bounds for (2.27), (for initial data as in the theorem); this indeed turns out to be

the case - see the proof of theorem 2.3.1.

14



(ii) After obtaining a convergent subsequence of solutions of (1.16) it is necessary to
take the limit of the equation itself along the subsequence p = p1; — 400. For this
purpose it is very convenient to be able to eradicate the term 1)’ on the right hand
side, since this is clearly hard to control for large p: this can be done by applying
a projection operator P, whose existence close to the set of self-dual vortices is
assured by the Bogomolny structure: see lemmas 3.3.1 and 3.3.2. (In geometrical
terms there is a foliation of the phase space Hz, and the range of P, is the tangent
space to the leaves of this foliation, after dividing out by the action of the gauge

group using (1.3).)

Although our final conclusions are in terms of the standard Sobolev norms based on
the fixed connection V, it will be convenient to obtain bounds for the corresponding
Sobolev norms defined at each fixed time with respect to the connection D = V — {A,

see (A.2). These can be related to the standard norms by (A.3)-(A.5).

2.1 The evolution equations and associated identities
In addition to the rescaled equation (1.16) for ¢» = (A, ®):

ik

5 = pV' + U+ J(dAg, iAg®),

we will use the differentiated equation for { = 1/} = g—f. To write this down we need the

linearization of the operator V'(1), i.e. the second order linear differential operator L.,

obtained by differentiation of the map ¢ — V'(¢)):
Ly =DV'(y),
or equivalently, ({, Ly()r2 = %V(w + 5¢)|s=0. Explicitly, with ¢ = (A, ®), we have
(¢, LyC)re = /<|dA]2 + |D®? + |92|A|? — 2(D®D,iAD) — 2(DD, i AD) (2.25)
+(0.8)? = (1~ [P )y

Remark 2.1.1 There is a slightly simpler version of this formula, given in (2.36) below,
when ( is restricted by the gauge condition (1.3). Furthermore in §3 it is shown that the

self-dual structure provides a useful way of rewriting this formula as in (2.24), in terms
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of the complex structure defined in (1.17), and using the complex one-form &dz, where

& = %, in place of the real one-form Ajda! 4+ Aoda?, see (3.56). Since this is used
only at one point in the proof - in lemma 2.3.8 - this formulation is presented separately

in §3, and referred to only as needed.

The linearization of U’ is the linear operator Ky = DU’(1), given by
Ky = (A, &) (o, %(7 —1®22)® + o(®, <i>>q>) , (2.26)

with o defined in (1.13). Given these definitions, the chain rule implies that, if ¢ is a

smooth solution of (1.16), then {(7) = (1) solves

o¢ 0 .
J87 = pLyC+ Ky + Ja(dAo,zAmI)). (2.27)

We also need identities for the evolution of the Bogomolny operator B defined in
remark 1.4.3 and discussed in more detail in §3. The first component is preserved

D (p-Lta-jop) - @od -0y + @) —0,  (@2)

as a consequence of (1.14). We will require that the initial data are such that B — %(1 —
|®]2) = 0 initially, and hence for all times. The second component of the Bogomolny

operator B will be denoted
n:éyb:%um+ng¢, (2.29)
(see §3), and we have the following identity:
i(0r — iAo)n = pu(—49a (e *0an) + | @) — géA (1 —[o*)e). (2.30)

(To verify this identity: substitute Ax® = 4e 2P9p0oP — B into the third line of
(1.14) and then apply da to the resulting equation and use the identity (Ej + iF2)® =
—24|®|?0a ® which follows from the first two lines of (1.14).)

Of course, the energy
E(r) =V ((7)) + U(Y(7)) = & >0 (2.31)
is independent of time 7 for regular solutions, as is the L? norm

1@(7)| L2 = L > 0. (2.32)
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2.2 Choice of gauge condition and related estimates

The divergence of E can be calculated to be:

divE = 6_2p(81E1 + 82E2)
= u((—AB — e 72091 (i®, Da®) + e 2 Ds(i®, D1<I>>>

= e nf?) + (i, (5~ iA0)@) — o Bla

In the last line we have used B = £(1—|®|?), so that AB = —(®, Apx®) — e 2°(| D1 ®> +
|Dy®|?), the equation for ® and the definition of n in (2.29). Under the gauge condition

(1.3) we get the following equation for Ay:
(— A+ [B[2) Ao = due=2|yf? — o BlD[ (2.33)

Lemma 2.2.1 (Estimates for Ay) Assume 7 — (1) = (A(7),®(7)), is a smooth
solution, of (1.16) which satisfies the gauge condition (1.3), (2.31) and (2.32). Then for

all 7 < oo, there exists co(Ey, L, 1) > 0 such that,
[Ao(T)llzr < co(&o, L) (2.34)
and there exists co(Ey, L) > 0 such that

[ Ao(T)ll 2 < co(€0, L)(1 + pl|OAR(T) | ). (2.35)

Remark 2.2.2 This shows that in the original system (before rescaling) the time com-

ponent of the potential Ag is O(]A — 1|) in the gauge defined by (1.3).

Proof The crucial point here is the u independence of the bounds. The second inequality
follows from standard elliptic theory once the first is established. By (2.33) it is possible
to write Ag = AT + Ay where (=A 4 |®2) AT = 4pe=2|n)?, so that AT > 0 by the
maximum principle, and (—A+|®[2) Ay = —oB|®|2. The bounds stated in the lemma will
follow by the triangle inequality once they are proved for A7, since they are immediate
for Ag. Now integrating the equation for A implies that |||®|2AJ |1 = Js | @2 AG dpg <
C(&, L) since A§ > 0; this bound is independent of y > 1 on account of (2.31). The
standard elliptic theory for —Au = f € L' now gives the L" estimates for A and hence

the lemma. O
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Lemma 2.2.3 (Estimates for A) Let ¢ = (A, ®) satisfy the gauge condition (1.3), as
well as the linearized constraint equation (2.28). Then there exists a constant ¢; > 0
such that |Al|gr < c1]|®®|| 2, and more generally, for any 1 < p < oo, there exists a
constant ¢1(p) > 0 such that |Al|wrs < c1||®P||po. In particular these estimates hold
for a smooth solution, T +— (1) = (A(7),®(7)), of (1.16) which satisfies the gauge
condition (1.3).

Proof These are the standard estimates for the Hodge system, proved by using the
Hodge decomposition to reduce to the Calderon-Zygmund estimate for the Laplacian. O

On the subspace of ¢ = (A, ®) satisfying the gauge condition (1.3), the operator Ly
has a simpler form: L,( = ch , where Ep is the operator defined by

(¢ TyC) 12 = / (|dAr2 + |div A]? + [DS[ + [B2(|A2 + [) (2.36)
_ _1 _ N
DD, iAd) — (1 B8] ) du,.

Lemma 2.2.4 (The Hessian) Let ) = (A, ®) be smooth. Then the second order dif-
ferential operator f¢ is a self-adjoint operator with domain H?, and there exist numbers

ca, c3 such that

(¢ LyQ)rz = ealClip, — esliClze.

The numbers ca, c3 depend only on the numbers L and &, defined as in (2.31),(2.32).
Proof First of all, observe that
J (1442 + i AP + DI + [P IAR + 9P )i > e, L) (A, )]

This can be proved by a straightforward contradiction argument that is very similar to
the proof of lemma 3.2.2 given below, so the details will be omitted. Next, to deduce the
stated result, just bound the final two terms in (2.36) using the Holder inequality with

1= % + i + i, the interpolation inequality in lemma A.9 and Cauchy-Schwarz. O

Corollary 2.2.5 Assume given a smooth solution, T — (1) = (A(7),®(7)), of (1.16)
which satisfies the gauge condition (1.3), (2.31) and (2.32). Then the quantity

E0(r) = {0 (L + p K G(r) (237
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where ¥ = (1), satisfies for p >1
& > alldliz —esliClze
with ¢4, c5 depending only on &y, L.

2.3 The main estimate

We say that a smooth solution, 7 — (1) = (A(7), (7)), of (1.16) satisfies conditions
(AE) and (AI), if the following conditions hold:

(AE) There exists positive numbers &£y, L such that ||®(7)| 2 = L and (1) =
&o, for all times 7 € R, where £(7) is the energy (2.31). (Recall that

both these quantities are independent of 7.)

(AT) The initial data are such that ||1(0)||7¢, + [|¢(0)| ;1 < K < oo.

Theorem 2.3.1 For p > 1 let 7 — (1) be a smooth solution of (1.16) satisfying
conditions (AE) and (AI), for some fized numbers K, L,&. There exist numbers 1. > 0

and M, > 0, independent of i, such that

(1/1(7'), ;Tw(r)) < M,. (2.38)

Hox HY

max
|7| <7«

Beginning of proof of theorem 2.3.1. By time reversal invariance it is sufficient to prove

the bound for 0 < 7 < 7, for some 7, > 0 independent of u. Let
) .
(1) = 2(r) = ().
T
For any M > ||¢(0)]|z2 there exists a time T'(M, u) > 0 such that

sup  [|¢(7)[|z2 < M. (2.39)
0<7<T(M,p)

We will prove that there exist positive numbers M,, 7, independent of u, such that

T(My, pt) > 7s, and hence supy<, <., [|C(7)|[z2 < M.. The proof proceeds by obtaining
a series of p-independent bounds, predicated upon (2.39), which imply boundedness of
(1/1(7'),1&(7')) in the Hilbert space Hs defined in (1.6) for 0 < 7 < 7. These bounds are
now stated in a sequence of lemmas, all of which refer to a smooth solution of (1.16),(1.3)

which verifies (AE), (AI) and (2.39) for all 7 under consideration.
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Lemma 2.3.2 (Estimate for ® in H?) There exists C; = C1(&y, L) > 0, independent
of 1, such that
12(T)[gz < CL + [[C(T)[l2) < Cr(1+ M).

Proof Using the third equation of (1.14) for ®, we bound
. 1
1AA®] L2 < [[@] 12 + [Ao®@] 2 + 51— [@)]| 2.

Now, by lemma A.2.2, we can bound ||[VAVA®| 2 < |AA®|2 + c(&)||VAP| L4, and
hence, by lemma A.9 and Cauchy-Schwarz: [|[VAVA®| 12 < 2[[AA®||z2+¢(&o, L). There-
fore, using also lemma 2.2.1, we deduce the bound || ®(¢)||z2 < c(1 + [|C(7T)]|z2) <

¢(1+ M), for some ¢ = ¢(&y, L) > 0, and the result follows. O
Corollary 2.3.3 3C = C5(&, L) > 0 such that, [|®(7)| 1~ < C2(1 + y/In(1 + M)).
Proof This follows from lemma A.11 and the previous lemma. O

Lemma 2.3.4 (Energy estimate for ¢ = ¢) There is a constant C3(Ey, L) > 0 such

that,

&
| S O3+ 1@IE=) KN, + CslIClize + Calicliza- (2.40)

where &1 is the quantity defined in (2.37).

Proof Compute %51, substitute from (2.27), and use the observation that
(I (dAg, i@ Ag)) 2 = 0, (2.41)

by the constraint equation B = %(1 —|®?) in (1.1), to obtain

& .. 1 | _
o= (i®,iAg®) 2 + 5<g‘, [E,Lw + u K1) e

To handle the second term, we make use of the following bounds (written schematically,

i.e. suppressing indices and inner products which play no role):

12¢% |1 < 1 @llzeo ISl z2llCNTa < el @lroe ST 2 NC
. L 2o 3
[PAVAD| L1 < [[VAR| 2 [[Allpa]|®ll s < dl@\mllél!él!d!é

1°VA|| L < ICITalIVA] L2 < ell @]z 172 1CH iy -
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All of these bounds follow directly from Holder’s inequality, the interpolation inequality

in lemma A.2.1, lemma 2.2.3 and the bound
1AL+ + 1Al < cl| @] 2o ]| D] 2-

It then follows, by inspection of the formulae for L, Ky in (2.25) and (2.26), that the

second term in % can be bounded by a sum of terms of this type, and hence:

0 -
(6 T+ Lo+ H7 IO | < L+ @Il + eliClSs + el

Also, we can bound
[(i®,iA0®) 12| < cf| Aollzr @172 < cllAollzr @I,

where r > 1 and 1/r 4+ 1/7" = 1. Combining these with lemma 2.2.1, we obtain (2.40),

completing the proof of the lemma. O

Corollary 2.3.5 There is a constant Cy = Cy(Ey, K, L, M) > 0 such that, HC(T)HH}‘ <
Cy(1+7), for all times T € [0, T(M, u)].

Lemma 2.3.6 (Estimate for 1 = 9o ®) There exists Cs = C5(&y) > 0 such that, at
each time T,

plinllaz < CIR)y + A7 + 12]Z<). (2.42)

Proof From the equation (2.30) for 1, and using the interpolation inequality in lemma

A.9, the elliptic term
La,a)n = (—40a (e *P0an) + |©|*n)
satisfies, for some ¢ = ¢(&) > 0,
1/2

PILaeynllze < [l + @l |AllLz + el Aollpa (L + [0l 70) + el @7, (2.43)

We next see that (2.42) follows from the usual elliptic regularity estimate. Firstly,

observe that associated to the operator L4 ) is the quadratic form

Quae)(n) = (M, Las)mrex) = /E(4|3A77|26_4p+|¢|2|77|26’_2p) dpig,
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which is bounded below by cHnH%{}‘ where ¢ = ¢(&, L) > 0 by lemma 3.2.2. It follows
that HnHH}‘ < ¢||[L£(a,»)nllL2, a result which can be strengthened by the following
Claim: |[VaVanlrz <c|Lia,a)nllzz where ¢ = c(&, L) > 0.

By the Garding inequality

IVAV Az < 1£a0)nllrz + (o, L)V anllpa + 0]l a)-

Finally, using the interpolation inequality (A.9) and the Cauchy-Schwarz inequality, we
deduce the inequality claimed.

|

Corollary 2.3.7 There is a constant Cg = Cg(Eo, K, L, M) > 0 such that, pi||0a®(7)| =
06(1 + 7‘).

Lemma 2.3.8 (Closing the argument: estimate for ¢ in L?) There is a constant

C7(&, L, M) such that ( = g—f satisfies

1C()][2 < [IC0)]|22€C7 Jo (1u0a®(s)l| oo +[2(5)]17 00 )ds
Proof Compute, using (2.27), that

d
IO = 20¢ (L + Ky)C)

since (by the gauge condition) (¢, (dAg,i®Ag)) 2 = 0, and (¢, (0,iA9®)) 2 = 0 (using
(i®, ) = 0 pointwise). By corollary 3.2.1 and the formula for Ky, there exists C7 =
C7(&, L) > 0 such that

';ZTHC(T)Iliz < Cr(pll9a®(7)l|zoe + ()12l (T)]I72

and so the stated inequality follows by the Gronwall lemma. O
Completion of proof of theorem 2.3.1. The previous lemma allows us to validate the
claim that (2.39), and thus all the bounds in lemmas 2.3.2-2.3.8, in fact hold on a -
independent interval [0, 7], thus closing the argument. Indeed, by corollaries 2.3.3 and
2.3.7 we have p[|0a®(7)| Lz + |[|®(7)]|2 < Cs(1+ 7) for some Cg = Cs(Ey, L, M). Now
let 7, M, be such that

Tx T2
1C(0)[|32e“7Cs (7720 < g2,
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(This is always possible for M, > |[((0)||z2 and 7. small.) Then it follows that (2.39)
holds with T'(M,, u) > 7«, and that the bounds given in lemma 2.3.2 through corollary
2.3.7 hold on the interval [0,7,]. In particular, using (A.3),(A.4) we can deduce that
(1(7),4(7)) is bounded in the (7-independent) norm Hs x H' as claimed. O

2.4 Proof of theorem 1.5.2

There are three stages to the proof:

e Deduce, from the uniform bounds of theorem 2.3.1 and the compactness lemma
2.4.1, that for any sequence p; — +o00, there exists a subsequence along which the

v, converge.
e Identify the limit of these convergent subsequences.

e Deduce, from the uniqueness of the limit just identified, that the ¥, do in fact

converge as p — +o0o (without restriction to subsequences).

The first stage of the proof depends upon the following version of the Lions-Aubin
compactness lemma (see [17, lemma 10.4]), which is proved by a modification of the

standard proof of the usual Ascoli-Arzela theorem:

Lemma 2.4.1 Assume that (V,h) is a smooth vector bundle with inner product, over a
compact Riemannian manifold (X, g), which is endowed with a smooth unitary connection
V and corresponding Sobolev norms || - ||gs on the space of sections defined as in [20].
Assume that 1, s are positive numbers with | < s. Assume f,(T) is a sequence of smooth

time-dependent sections of V. which satisfy

maxx (|| fu ()|l + |l fu ()]l t) < C.

|7 <7e
Then there exists a subsequence {fnj }‘;‘;1 which converges to a limiting time-dependent
section f € C([~7«, T]; H*(V)), in the sense that, max - <, [|(fu(T, -)=f(7, -))l|ar — 0,

for every r < s.

Applying this we infer immediately the existence of a subsequence y; — +o00 along which

the solutions W, = (A#7, ®7) converge to a limit Wg(7) in the sense that

lim sup ||¥,, (1) — \IJS(T)HHT =0, (2.44)

1= [, 7]
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for r < 2. It follows from corollary (2.3.7), that

lim  sup |[0an®"|~ =0,

/JI_>+OO [77* 7T*]

and since the other Bogomolny equation B = %(1 — |®|?) is satisfied as a constraint, we
deduce by theorem 1.4.1, that Ug(7) € Sy, i.e. the limit Wg(7) is a self-dual vortex for

each 7 € [—7y, 7). In addition, by (2.38) we have

[Wu(m1) = Upu(m)llg < M|y — 7
so that, by (2.44), the limit ¥g will also satisfy

[Ws(r1) = Us(72)l| g < clm1 — 7o

for v’ < 1, i.e. the limit is Lipschitz, and in particular lies in W1 ([—7,, 7]; L?).

For the second stage, we need to identify the limiting curve 7 +— Wg(7) € Sy as
that described in remark 1.5.1. It is clear, from the conditions on the initial data in the
statement of theorem 1.5.2, that Wg(0) = ¢y € Sy, and so it remains to deduce the
ordinary differential equation (1.18) which then determines the curve completely. To do

this it is necessary to take the limit of (1.16):

o
JaaT’“‘ =pV' + U+ J(dAL, i A ®H) (2.45)

as 4 — 0o. The first term on the right hand side is the most evidently problematic.
However, since the limiting motion is constrained to the vortex space Sy, it is only
necessary to take a limit projected onto the tangent space Ty Sy. To this end, it is
actually most convenient to introduce P, (1) = Py, (r) the spectral projection operator
onto Ker Dy, () = Ker Di‘IJM (T)D\I’H(T)’ discussed in lemma 3.3.2. By the final statement of
lemma 3.3.2, and the convergence of ¥, in (2.44), we know that P, (7) converge, in the
L? — L? operator norm, to the operator Py s(r)» Which is the spectral projection operator
onto Ker Dy () = Ker DEs(T)D\I} () (This latter operator is also the orthogonal L?
projector onto the tangent space Ty Sy (subject to the gauge condition (1.3)). Apply
the operator P, (7) to the equation (1.16), to obtain:

Bu(r) It = B(r)U (¥, (7)), (2.46)
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since J(dAp,iAo®,) and V'(¥,) are both in the kernel of P, by lemma 3.3.2. We can now
identify the limit of the right hand side as Py ;(-)U'(¥s(7)) at each 7, and the convergence
is strong in L?(X), by (2.44) and the above mentioned convergence of P, (7). For the left
hand side it is necessary to consider the limit of the derivatives 2us . Noting that these
are bounded in e.g. L%([—7s,7]; L?(X)), we may assume (by restrlctlng to a further
subsequence if necessary), the weak in L? subsequential convergence to a limit which is

the weak time derivative of Wg:

- 0V, ow
<f7 8:] >L2([7T*,T*];L2 <f7 5

>L2 ([, ;L2 (2))»

for every f € L?([—7.,7.); L*(2)). Now to identify the limit along a convergent subse-
quence p1; — +00, consider the projection operator Py ;). Choosing f(T, ) =Py (f(7,0),
and using the symmetry of Py ;) this implies that

+Tx 8\:[/“7_ +Tx \Ij
/ (f, Pygin) 5 >L2(2)dT:/ Py fr >L2(2)d7'

—Tx —Tx

+Tx 8\1] +Tx aql
- (Pyg frJd S> 2(2)617':/ (fs Pyg(r JTS>L2(E)dT

for any f € L%([~7«, 7); L?(2£)). On the other hand, by the above mentioned convergence

of P,(7) to Py () and the bounded convergence theorem we have

/" [am- o

on account of the bound (2.38). Therefore, we have in the limit:

ov,,. ov,, .
6:] )r2(ydT — <]P’ms(T)f,Ja:J>L2(2)] dr — 0,

+7x aqjs +7x ,
(f, P\IIS(T)JW>L2(E)dT = (f; Py U (Vs(7))) r2(x)dT, (2.47)

for any f € L?([~7, 7]; L*(X)). But since the limit is known by the above to be in
Whee([—7y, 7]; L?), it is differentiable (with respect to 7, as a map into L?) almost
everywhere (the standard result extends to Hilbert space-valued functions, see, e.g., [2,
prop. 6.41]); the derivative lies in the tangent space Ty, Sn, which is the range of the
projector Py (). Consequently (2.47) implies that 7 — Wg(7) is a solution of (1.18),
with equality holding in L? for almost every 7. But this in turn implies that 7 — Wg(7)

is actually continuously differentiable into L?, and we have a classical solution of (1.18).
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Finally for the third stage: we have now identified the limit as a solution of the
limiting Hamiltonian system specified using remark 1.5.1. Choosing smooth co-ordinates
on My as in [28] we see that this is a smooth finite dimensional Hamiltonian system, and
as such its solutions (for given initial data) are unique. Therefore all subsequences have

the same limit, and so we can assert full convergence without resort to subsequences.

3 Equations and identities related to the self-dual struc-
ture

Notation change: In this section time does not appear at all, and so the boldface
A for the spatial component is not used: i.e. in this section only, A refers to the

spatial part of the connection, A = Ajda' + Axdz?.

Ginzburg-Landau vortices are critical points of the static Ginzburg Landau energy
functional Vy = [ vr(A, ®)dpg introduced following (1.9). The coupling constant X > 0
is central to the theory of critical points of the Ginzburg-Landau functional and the
value \ = 1 is special as in this case the functional admits the Bogomolny decomposition
introduced in remark 1.4.3. This allows for a detailed understanding of the critical points
not available for general values of A, and the theory of critical points for such general
values is incomplete. (There is, however, a substantial literature on the asymptotic
behaviour of critical points in the A — +oo limit, starting with [4]; see [24] and references
therein.) This decomposition of ¥V = V; has proved to be very useful not only for the
analysis of critical points, but also for the associated time-dependent equations of vortex
motion. For our purposes we need in particular to derive a special form for the operator

Ly, associated to the Hessian of V, see (3.57).

3.1 Complex structure

To discuss the Bogomolny structure in detail it is useful to use a complex formulation
so we introduce the complex co-ordinate z = 2! + iz? for the complex structure J on 3.
Using this, there is a decomposition of the complex 1-forms Q(lc = 0b0 @ Q%1 into the

+i eigenspaces of J, see notation 1.1.1. Let QP(L) be the space of p-forms taking values
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in the bundle L: then for p = 1 there is a similar decomposition,
oNL) = QY1) @ Q%(1).

Applying this decomposition to D® € Q'(L) we are led to introduce the operator D!
given by
1 _
Do =2 ((v1 Ay (Vs — z’Ag))@dz = §,0dz.

For real 1-forms Ajdx' + Asda? € Qﬁ% this decomposition reads

Adxt + Asdz® = adz + adz,

where o = %, and the map A — « (resp. A — &) is an R-linear isomorphism from
Q]i to Q0 (resp. Q%1), and ||A]|2, = 4 [ @ae ?Pdpy. With this o notation we can write

= P
0z

3.2 The Hessian

The Bogomolny decomposition amounts to the observation that, with A =1,

1 _ 1
V(A, D) = Vi (A, ) = 2/E<4]6A<I>|26_2p +(B-(1- @P))Q) dp, + 7N

where N = degL. If the following first order equations, called the Bogomolny equations,

0P =0,
3.48
B—%(l _1o) =0 (3.48)

have solutions in a given class, they will automatically minimize )V within that class.

We introduce the nonlinear Bogomolny operator associated to this decomposition,

B : QpeQ’(L) — Qp & Q"(L)

Loy, 5A¢> .

(A, ®) <B—2

Using the norm [|(3,7)|12. = [(|8> + 4e~?’|n|*)dp,y induced from the metric on the
target space, we see that V(A, ®) = 1[|B(A4, ®)||2, + 7N as in remark 1.4.3; see [6]. The
derivative of B at 1) = (A, ®) is the map DBy, : Q}i ®0(L) — Q?R @® QO%L(L) given by

(A, ®) > (xdA+ (B, D), Ds®d — iaD) (3.49)
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where o = % and & = %. Using this complex notation allows a simple unified
formulation, which takes account of the gauge condition (1.3): this condition is the real
part of

4e72Pdi — idd = 0, (3.50)

while the imaginary part of this expression is just the condition *dA + (®,®) = 0,

appearing in the linearized Bogomolny equations. This suggests the introduction of the

operators
Dy (0@ QL)) — (2 & Q"Y(L)) -
D;: (Qf @ Q"N(L)) — (20 (L))
given by
Dy, d) = (e~ — i®D, I4% — iaD)
(3.52)

Dz*p(ﬁ> 77) = (_aﬂ - Z@’F], —46_2paA7l - ZCI)B)
We use the real inner product associated to the L? norms induced from the metric as

above, i.e.:
<(a, ), (o, <I>’)>L2 - / (4 2°Raa’ + ROD) dpy,  on Q0 @ QO(L)
(8.0, (8, n’)> = / (RBO' +de 2 Rin’) dpg ~ on QG @ Q*H(L) .
Integrating by parts we deduce that
(Do ). (B.m) , = ((@.®).D8.m) ,
so that D;Z is the L? adjoint of Dy and

D;Dy(a, &) = ( — 9(4e%Di — iDD) — i®(IsD + iad) (3.53)
— 4629, (I4D — iaD) — iD(de PG + z'cixi)))

- ( — (4672 00) +i(04®)D + [B26 , —de 2P0 D4D + |B)2D + 1'46*2/)&8@).
We compare this expression with the operator defined in (2.36):

Ly : (@9 Q%L)) — ("0 Q1)) (3.54)
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which defines the Hessian of V on the subspace on which the gauge condition (1.3) is

satisfied, i.e.,
Lo . d? .
(, Ly} 2 = D2V () = —5le=o V(¥ + ), (3.55)
for i = (A, ®) satisfying (1.3). Using mixed real/complex notation for A/a, (2.36)

implies the following formula:
Ly= ( —49(e™Da) + |26 — (id, D1 ®) + i(id, Da®) |
.1 . .
—Aad - (1 —3\(1)]2)<I>+22’e_2”A-D<I>>. (3.56)

Calculate A - D® = 269,4® + 2604® and —(id, D1®) + i(id, Dy®) = idI4® — DI,
from which it follows that

— ; —i®LD

Ly —D:Dy)p=| ° : _ . 3.57

(Ly = DyDy)y ( (B—3(1—|®%) ® + die 20 ) (3:57)
(Incidentally, observing that

. . . 1 . L.
B(A+ A,®+ &) = B(A, &) + Dyt + <2|<1>\2,mq>) ,

with ¢ = (A, ®) satisfying (1.3), the identity (3.57) can also be read off from the
quadratic part of the Taylor expansion for V(A + A, ® + ®):

30Ttz = 3 Du0s + (B(0) (10, i ) )
1 12 1 1 211 (3 12 25 2
— 5 Puda [ (5B 50— PSP + 4620040, ~icb) ) dy
using the inner product on Q4% @ Q°(L) defined above.)

Corollary 3.2.1 Let J denote the complex structure defined in (1.17). There exists a
number ¢ > 0, independent of ¥ = (o, @) and ¢ = ¥ = (a, ®) € QM0 @ QO(L), such that

(IC, LyC) 2] < ¢ |B()|n=|C)2

Proof By (3.57) [{I¢, LyC) 2 —(Dyd¢, DyC) 12| < |B()|1|¢|72. Now the complex struc-
ture J written in complex notation, i.e. acting on Q40 @ Q?L), is given by J(d&, ®) =
(—ic, i®). Correspondingly, on Q?C@Qo’l (L) we introduce the complex structure J'(3,7n) =
(i, —in). Then, by observation

DyJ¢ = —I'DyC. (3.58)
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Therefore, writing w = Dy(, we have (DyJ(, Dy()r2 = (—Jw,w)r2 = 0 by skew-

symmetry, and the result follows. O

Lemma 3.2.2 Assume there are positive numbers L, Ey such that |®|r2 = L, and V\(A, ®) =
& and A > 0. Then the quadratic forms

Q<I>(ﬁ):/24|35262p+|‘1)|2]5\2dug on @Q%and
Quae)(n) = /E 4e”|0anf* + e 2|0 Pduy  on Q*(L)

are strictly positive, and in fact bounded below by (respectively) C||B||%: and C’||77||12Lp
A

where C is a positive number depending only upon the numbers L,&.

Proof We will present the proof for the quadratic form Q4 4)(7) as the other is similar
but easier. Clearly Q4,¢)(7) > 0 and in fact Q4,.4)(n) = 0 if and only if n = 0 on
Y (because if 04n = 0 then n has isolated zeros (as in [16], sec. 3.5); if &n = 0 then
n = 0 since ® = 0 a.e. contradicts [,|®*> = L > 0. Furthermore, we show that

Qa.4)(1) = c|n|3, for a constant ¢; to be precise there exists ¢ = ¢(L, &) such that
Qa,3)(n) > ¢, for all 1 such that |||, = 1. (3.59)

We will prove this by contradiction. First we obtain some bounds. By gauge invariance
we are free to assume that the Coulomb gauge condition div A = 0 holds. With this
gauge condition, we have the bound ||Alz1 < ¢(&) and so A is bounded in every LP

space. Now use ||On||zr < ||0an||re + [|An||zr to deduce that

1onll7e < C(1+ Q(am)(n))

for every p < 2, by Holder’s inequality. This in turn implies, by the LP estimate for
the inhomogeneous Cauchy-Riemann system, that 7 is bounded similarly in L%, and so
since A is also we can bound 97 in L? and hence n in H'. Finally, since A and 7 are
bounded similarly in L*, this imples that ”77”%;‘ < C(1+ Qa,a)(n)), with C' depending
only upon &, L. To conclude, in Coulomb gauge the A, ®,n are all bounded in H' in
terms of L, &y, Q(a,4)(n)-

The contradiction argument now starts: assume (3.59) fails. Then, by the bounds just

obtained and the Banach-Alaoglu and Rellich theorems, there is a sequence (A, ®,,7,)
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with
1A + [V |2 < K (&, L),

|®,]|2 = L and ||n,| 2 = 1, such that

Qa, 0,y (M) — 0
A, — A weakly in H!

®, — ® weakly in H! and strongly in LP for any p < co

n, — 1 weakly in H' and strongly in LP.

This implies that [®|;2 = L > 0, Q4,4)(n) = 0 which implies as above that & = 0 a.e.

and contradicts as above that |®|;2 is constant. This leads to

Qa,a)(n) = cl|17|%2 where ¢ = ¢1(L, &)).

Finally just apply the bound above for || Dn||;2 to improve this up to the H lower bound

claimed. O

3.3 The Bogomolny foliation

We introduce a foliation associated to the Bogomolny operator, which we regard as a

map between the following Hilbert spaces:
B H'(Qp © QL)) — L*(Qf © Q%Y(L)),
1 _
(4,8) - (B— a-jap). am) |

With this choice of norms B is a smooth function. The next result shows that it is a

submersion if the energy is close to the minimum value:

Lemma 3.3.1 There exists 0. > 0 such that |0a®| 2 < 0. implies that KerD%, = {0},
and KerDy is 2N dimensional (where N = degL ).

Proof D*(B8,nm) = 0 is equivalent to

— 98— PR =0

—4e %P9 m —i®F = 0.
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Apply the operations 40 to the first and 404 to the second of these equations to deduce
that

—4e72P006 4 |®|28 — die D1 ®7 = 0

—404(e*0an) + |®*n — i(04®)B =0

The first two terms of these two equations are respectively the Euler- Lagrange operators
associated to the quadratic forms Qg(08) and Qa.¢(n) studied in the previous lemma.

Then we get the estimates

Qo () < c|0a®| 2|8 a0l s

Qaa(n) < c|0a®|12|8]pa]n| 4

which implies the result, since Qq(3) > c|Bl?: and Qae(n) > c|77|§{}‘. O

The natural geometrical context for the results of this section will now be explained.
Define O, = {(A4,®) € Hl(Q%R@QO(L)) : [[04®]| 12 < 0.} which is an open set containing
{p =(A4,9): B(yp) =0} C Hl(QﬁQ @® QO(L)). Furthermore, the previous lemma implies
that Dy : (WY@ QO(L)) — (Q?C @ Q%(L)) is surjective for ¢ € O,. By the discussion
in the paragraph preceding (3.51), this implies that DBy, : Q%R eQ(L) — Q?R e Q%(L)
is also surjective for 1) € Oy, and hence the level sets of B form a foliation of O, whose
leaves have tangent space equal to Ker DBy, by [1, §3.5 and §4.4]. The intersection of
this tangent space with SLy; = {(A, ®) : (4, ®) satisfies (1.3)} is Ker Dy.

Lemma 3.3.2 Assume ) € (QLO@Q%(L))HO*. The operators Dy Dy, defined in (3.53)
are self-adjoint operators on L?, with domain H?, with 2N -dimensional kernel equal to

KerDy, and:

D3 Dyllrz + 1€l 22 = cllCl a2 (3.60)
Let Py be the orthogonal spectral projector onto Ker DDy, = KerDy,. ThenPy(V'(¢)) =
0 and Py(J(dx,ix®.)) = 0 for any smooth real valued function x. Finally, if also
YU € (0@ QY (L)) N Oy, and sup; [[$9)||3, < 00 and limj— o0 [V = 9|l = 0, for

all r < 2, the corresponding projectors P,y converge to Py, in L? — L? operator norm.

Proof The first assertion and the bound (3.60) follow from lemma 3.3.1 and standard

elliptic theory. The next statement follows by noting that if n € Ker Dy, then differen-
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tiation of V(¢) = 1 [ |B(¢)|?duy + 7N yields

d

(n, V()2 = o _OV(¢ +sn) = (B(v), DBy(n))r2 =0

since Ker Dy, C Ker DB, by the discussion preceding (3.51). Next, n € Ker Dy, implies
that Py, (J(dx, ix®,)) = 0 since integration by parts reduces this to the fact that n solves
the first component of DByn = 0 in (3.49).

The final statement follows by [13, §IV.3], if it can be established that T; = DZ)( Dy
converges to 7' = Dj Dy, in the generalized sense of Kato (see [13, §IV.2.6]), or equiva-

lently in the norm resolvent sense:

lim (i + 7)™ = (i + 7)) g2z = 0. (3.61)

j—00
To verify this convergence, it is convenient first of all to verify it in Coulomb gauge. So
let ) = (AW U)) = x5 . ¢pl) and ) = (A, ®) = X . 1) be gauge transforms (as
defined following (1.7)), such that div A¥) = 0 = div A. The assumed properties of ()
ensure that sup ||x;|| g2 < oo and that lim || x; — x|z = 0, V7 < 2 so that also @) — )
in H, for r < 2. Now observe that in Coulomb gauge the formula (3.53) does not involve
any derivatives of the connection one-form A at all. From this it is then immediate by

inspection that (writing T; = Dz(j)l)&w, and T' = DZZD&’)

(T —T5)¢|l 2 < 651I¢] 2 < e;(|[C 2 + I1TC]| 2) (3.62)

where §; — 0 as j — 4o00. But this last fact implies (by [13, Theorems IV.2.24-25]) that

T} converges to T' in the generalized sense, and hence in the resolvent sense:

lm [|(i4+T)™" = G4+ T5) Y 22 = 0. (3.63)

j—oo
This would establish the convergence of the corresponding spectral projectors in Coulomb
gauge. To go back to the original v; it is just necessary to make use of the following
gauge invariance property: on ( = (o'z,@) the induced action of the gauge group is

ge(a, <I>) = (o'a,gd)) for any S' valued function g, and
T(eixog) =X o (TC),

and similarly with T}, x; replaced by T',x. This gauge invariance property implies that
(i+T) ' =e™o(i+Tj)toe™ and (i +T)"' = e Xo (i +T) ' oeX, where by o
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we mean operator composition, and e’X is shorthand for the operator e’Xe etc. Finally,
using lim ||x; — x||ar = 0, V7 < 2 we see that (3.62) and (3.63) imply (3.61), completing
the proof. O

Appendix
A.1 Operators

To describe in detail the Laplacian operators which appear in the text, we assume X to be
covered by an atlas of charts U, on each of which is a local trivialisation of L determined
by a choice of a local unitary frame. (A smooth section ® of L then corresponds to a
family of smooth functions ®, : U, — C so that on U, NUg we have &, = efap &5 with
ees : Uy Ug — S! smooth.) We assume given a smooth connection D = V —4A on L
acting as a covariant derivative operator on sections of L. Working in such a chart, and
suppressing the index «, the Laplacian on sections ® of L is given by:

—ApD = fiDj (9 /gD;®) = —e™*(D; D;®). (A1)

N

This satisfies (—A4®, )2 = L1D(® + €@')|2, |—o.

Next we need the Laplacian on one-forms. Starting with A = Adz! 4+ Axdz? € Qf,,
the negative Laplacian is the Euler-Lagrange operator associated to the Dirichlet form
3 J(|div A* + |dA|*)dp, (with the norms inside the integral determined by g in the
standard way). Transferring to complex form o = %(Al —iA3) € QM0 this Dirichlet
form is just I(a) =8 [ e dada dg. The corresponding negative Laplacian —AY is
then defined by (—ACa, 8) 2 = %I(OH— €/3)|e=0 where we use the induced inner product
QM0 as in §3. This leads to the following formula for the negative Laplacian —AM? on
ac Qb

—AYq = —49(e7?1da),

which is precisely the operator appearing in §3. Similarly, on Q%!(L) the negative
Laplacian is

—A?Ll’ln = —45,4(6_2'03,417),

which is the operator in (2.30).

34



A.2 Norms and inequalities

We define the Sobolev norms defined with the covariant derivative D = Vp =V — iA.

(We write VA in place of D for emphasis here.) The first Sobolev norm is defined by

|@f7 = /E (12 + |VAD[*) dpsy. (A.2)

In the above integral the inner products are the standard ones induced from A and g.
The higher norms Hi, ... are defined similarly, as are the Wi’p norms for integral k
and any p € [1,00]. The LP norms of the higher covariant derivatives arising from the

connections V and V are related as expressed schematically in the following:

IVO[lr < (VAR + cl| A< |9 20, (A.3)
IVV®|r < [[VAVA®|Lr + c|AllLo|[VAD| Lr (A.4)

+e(1+ VA @10 + [|Al[f [ @] ),

VVV®| 1

IA

IVAVAVA®| e + c||A|l L= ||VAVADP| Lr (A.5)
+e(1+ VAl + A7) VAP

+e(1+ [IV2A ] Lol @] e + [|Allze @] r),

where ¢~ + 71 =p~ 1,

We now collect together some inequalities from [10].

The system of equations

B=f divA =g (A.6)

(where as above div : Q' — QO is minus the adjoint of d) is a first order elliptic system
which can be solved for A subject to the condition on [ fdu, dictated by an integer N,

the degree of L. It can be rewritten
dA = (f —b)dug divA =g (A.7)

and solved via Hodge decomposition as long as the right hand sides have zero integral.
There is a solution unique up to addition of harmonic 1-forms which satisfies || A ||y <

cp(L+ I fllze + llgllze) for p < oo.
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Lemma A.2.1 (Covariant Sobolev and Gagliardo-Nirenberg inequalities) For

(3, g) as above and for (A, ®) € (H' x H3)(X) then Va® € L4(X) and

IVA®[|zs < e[ VAR (A.8)

and also for all 1 < p < o0, Hi — Wj&’p — L continuously on X. Also

IVa®|zs < llVa®l L (IVADIE + [VaVA®|;) (A.9)

where ¢ depends only on (3, g).

Lemma A.2.2 (Covariant version of the Garding inequality) For ¥V = (A, ®) such

that the norms on % appearing below are finite we have

1/2 1/2 1/2 1/2
IVAVA®||2 < [Aa®||2 + | B2 | Va®| 2 + cl|@] 2| Va®| VB (A.10)

where ¢ is a number depending only on (X, g).

Lemma A.2.3 (Covariant version of the Brezis-Gallouet inequality) IfA € H'(Y)
and ® € H% (%) then

1@l oy < 1+ @1y /In(1+ 112 73)) (A11)

where ¢ depends only on (X, g).

A.3 Global existence results and different choices of gauge

In this section we will summarize the existence theory for (1.1) from [3] and [10], and
explain how theorem 1.2.1 can be deduced from it. Existence theory can be worked
out using various gauge conditions, and a choice of gauge is usually made to facilitate
the calculations. The simplest condition for the statement of the theorem, which also
is convenient if we wish to make the Hamiltonian structure manifest - see §1.3, is the
temporal gauge condition Ay = 0; however, the regularity is stronger in Coulomb gauge

div A = 0. We have the following statements.

Theorem A.3.1 (Global existence in temporal gauge) Given data ®(0) € H%(X)
and A(0) € HY(X), there exists a global solution for the Cauchy problem for (1.1) sat-
isfying Ao = 0, with regularity ® € C([0,00); H*(X)) N C'([0,00); L*(X)) and A €
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Cl([O,oo);Hl(Z)). Furthermore, it is the unique such solution satisfying Ag = 0 and
satisfies the estimate

D) 2y < ce®”,

for some positive constants c, v, 3 depending only on (X, g), the equations, and the initial

data.

This can be derived from theorem 1.1 in [10], by applying a gauge transformation to
put the solution obtained there into temporal gauge. To be precise the cited result gives
a global solution (ag, a, ¢) of the system (1.1) satisfying the parabolic gauge condition

ag = diva, and the gauge invariant growth estimate

1l]pr2 ) (t) < ce™. (A.12)

The solution satisfies ¢ € C([0,00); H*(X)) N C*([0,00); L*(%)), a € C([0,00); H'(X))
and a9 € C([0,00); L*(X)). Now define x € C*([0,00); L*(X)) by dx + ap = 0 and
x(0) = 0. Define (®,A) = (¢, a + dx): this gives a solution to (1.1) satisfying the
properties asserted in theorem A.3.1. (Most of this can be read off immediately, except
perhaps to verify that A € C'([0,00); H!(X)), but this follows from the first equation
in (1.1), using the fact that Ay = 0 and the right hand side is continuous into L?.)

An alternative approach to local existence is given in [3], where it is shown that,
in Coulomb gauge, systems of the type (1.1) can be put in the form of an abstract
evolution equation to which Kato’s theory ([14]) applies. This yields the existence of a
local solution denoted (A’,®') with @ continuous into H? on a time interval of length
determined by the H? norm of the initial data. But the estimate (A.12) above is gauge
invariant, and allows continuation of the local solution to provide a global solution in
Coulomb gauge with regularity ® € C([0,00); H*(X)) N C*([0,00); L*(X)) and A’ €
C([0,00); H3(3))NC* ([0, 00); H (X)) satisfying the Coulomb gauge condition div A’ = 0.

Finally, we explain how to obtain theorem 1.2.1 from these results. Given a solution

A’ ' in Coulomb gauge, as just described, define x(¢, ) to be the solution of
(A + 9" P)x = divA’ — (i@, ') = —(i®', D'),

with x(0,2) = 0. Then it is easy to verify that A = A’ + dx, ® = ®'e’X satisfies (1.3).

Under the condition ||®(¢)]|2, () = L > 0 the solution exists and is unique at time ¢; this
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condition is natural because [|®(t)||12(x) is independent of time for solutions of (1.1).

Now by the above mentioned Coulomb gauge regularity and the basic estimates for the

Laplacian we deduce that xy € C'(]0,00); H?). This gives the global existence theorem

in the gauge stated in theorem 1.2.1.
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