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Abstract
An analysis is given of particlelike nonlinear bound states in the Newtonian limit of the coupled
Einstein-Dirac system introduced by Finster, Smoller and Yau. A proof is given of existence of these

bound states in the almost Newtonianian regime, and it is proved that they may be approximated by
the energy minimizing solution of the Newton-Schrédinger system obtained by Lieb.

1 Introduction

Since the gravitational interaction is attractive, there is the possibility that theories involving fields coupled
to gravity will possess bound states held together by this force. At the level of Newtonian gravity an example
is provided by the Newton-Schroédinger system, in which there are bound states which can be obtained by
minimizing a nonlocal energy functional ([10]); see also more recent discussions in [8, 12, 5]. In general
relativity, it was first established that this phenomenon occurs for the Yang-Mills-Einstein equations (see
[2, 14] for the original work, and [4] for some more recent developments and further references) and then
for various other systems involving Dirac fields ([6, 7]). In this article we discuss the bound states in the
Einstein-Dirac system which were studied numerically in [6], and prove that in the almost Newtonian regime
they may be rigorously approximated by the bound states in the Newton-Schrodinger system, and as a
consequence give an existence proof.
The starting point is the action functional
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describing the interaction of two Dirac spinor fields ¥; and ¥, with a gravitational metric g, whose scalar
curvature is R and whose volume element is du,. We use I for the Dirac operator derived from g, with
associated « matrices, as explained in [6, Section II]. The Euler-Lagrange equations are
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where R, is the Ricci curvature and T, = % > Re [@ A(1740p +170,) ¥ A] is the energy-momentum tensor;
space-time indices a,b take values in {0,1,2,3}. The system (1.2) is precisely that studied in [6], except
that the dimensional constants G, h, ¢ have been reinstated. It is always to be understood that i, m,G are
fixed positive numbers, while the speed of light ¢ is a positive number taking large values, i.e. we will study
the Newtonian (or non-relativistic) limit in which ¢ — +o00. The reason there are two Dirac spinor fields
in the model is that this allows for spherical symmetry: indeed, in the article [6] a spherically symmetric
ansatz was introduced, and the corresponding system of ordinary differential equations (ODEs) for static
spherically symmetric solutions was derived. Numerical evidence was presented for the existence of solutions
to this system of ODEs, which give particlelike, or solitonic, solutions of (1.2) corresponding to nonlinear
bound states of two fermions; also the linear stability of these solutions was investigated. In this note we



will show that in the Newtonian limit ¢ — 400 these solutions of the system (1.2) can be approximated by
solutions of the Newton-Schrodinger system
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for kK = 8mG'm. In fact the rigorous analysis of the limit we provide yields a proof of existence for the bound
state solutions of (1.2) introduced in [6], which does not seem to have appeared previously in the literature.
The type of solution of (1.3) is one in which the time dependence is uniform phase rotation at frequency #:

explicitly 1) = e i tp(z), and ¢ solves

2
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The existence of such nonlinear bound state solutions to the Newton-Schrodinger system was proved in [10]
by variational methods. Pseudo-relativistic generalizations of Lieb’s solutions have been given in [9], and we
will make use of a result from this article on the non-degeneracy of the linearization of (1.4): see lemma 4
and the subsequent remark.

1.1 Spherical symmetry

Using the ansatz for bound states with spherical symmetry introduced in [6], we search for solutions with
metric

g = c2e®dt? — e dr? — r2d0? (1.5)
and spinor fields of the form
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where 0% are the Pauli matrices. In (1.6) v, \, @1, ®5 all depend on 7 only, and
wh=mc®+n
with n as in (1.4).

Remark 1 The angular dependence in (1.6) is taken over directly from that displayed by the ground state
Dirac wave functions for the relativistic hydrogen atom. Recall from [13, 16] that in problems involving the
Dirac equation with spherical symmetry there are three commuting operators: J2,J3 and K (respectively
the total angular momentum squared, the third component of the total angular momentum, and the spin-
orbit coupling operator defined in [13, Equation 3.275]) which also commute with the Hamiltonian. The
stmultaneous eigenspaces of these three operators (corresponding to eigenvalues conventionally written j(j +
1)h2, j3h, kh) are two dimensional and give the decomposition into irreducible subspaces. The possible values

of j are in the set {1,3,...}, those of js are in the set {—j,...,+j} and k = £(j + ). The ground state
corresponds to the choice j = %, and the wave functions ¥y (resp. Wy) correspond to jz = % (resp. js = —%
and k = —1. The value of Kk is not important, but what is crucial is that the states Wy, Wy have opposite

values of js, which ensures that the energy momentum tensor Ty, is consistent with the spherically symmetric
metric in (1.5): see [6, Setion IV].



Substitution of (1.5)-(1.6) into (1.2) leads, as in [6, Section IV], to the following system of equations:
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to be solved coupled to
2
e 2rN —1)+1= 87G 3, (1.9)
2
e +1) - 1= 87G—p, (1.10)
where p = p(v, @1, Po, 1, ¢) and p = p(v, D1, Po, 7, ¢) are given by
p = 2(m + c2n)e (@2 + 03) (1.11)
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1.2 Newtonian limit

We will solve the system (1.7)-(1.10) in the almost Newtonian regime. To be precise, we treat ¢ = ¢~! as
a small positive parameter, and show that the system (1.7)-(1.10) can be regarded as a perturbation of the
Newton-Schrédinger system (1.3):

The spherically symmetric Einstein-Dirac system (1.7)-(1.10) admits nonlinear bound state solu-
tions (A, Ve, S, ®S) for small positive €, which can be approzimated (in a strong weighted norm)
by the bound state solution ¢ of the Newton-Schrodinger system which minimizes the energy
(2.25): in particular, (®§, ®S) converges uniformly to (p,0) as € — 0.

To formulate more precisely and prove this we carry out a rescaling of the dependent variables, and also
make an adjustment to facilitate the handling of the ADM mass. The precise statement appears in theorem
9, and asserts the validity of the Newtonian approximation in norms stronger than C' with exponential
weights in the (massive) Dirac fields ®1, P2, and polynomial weights for the (massless) metric components
A, v: see (3.43). The bound state of the Newton-Schrodinger system determines space and time scales, and
the requirement that € be small (or, equivalently, that the speed of light ¢ be large) should be regarded as
being relative to the scale so determined.

1.3 Auxiliary conditions

We will work with boundary conditions corresponding to an asymptotically Minkowskian metric, i.e.

lim 2 =1= lim >,
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and also require finite ADM mass, so that

A 570 D =



exists and is finite (for each positive ¢ = ¢~1; the scaling factor €2 is introduced for later convenience in
analyzing the limit e — 0).

As 7 — 0 the solutions will satisfy e?* = 1 + O(r?) and ®; = O(r). The normalization condition
1WAl 2 ({¢=constant}) = 1, which ensures that the total probability equals one, can always be imposed on
solutions by rescaling, see [6, Section VI]. We will therefore not impose it throughout this paper, since a
simple rescaling ensures that the solutions we obtain in theorem 9 do satisfy it.

1.4 Rescaled variables

We now introduce new variables @, N, vy (in place, respectively, of A, v, ®5) which take into account both
the auxiliary conditions and the expected behaviour in the Newtonian limit:

e 21 —e ) =2f(r)+Q e ?v=N, (1.16)

with fo(r) =r2/(1 +r)3, and
CI)Q = 6’(/}2. (117)

Remark 2 The variable | determining the ADM mass is determined dynamically, as will become clear in
the implicit function theorem set-up following (3.36). It turns out to be convenient for the analysis, however,
to separate it off by introducing the function fo and requiring Q = O(r=2) as r — +o00. Other choices of fo
with the same asymptotic behaviour would be possible: the choice made here is just a simple function having
the right asymptotics as v — oo, and vanishing to O(r?) as r — 0 as is natural, see remark 7. Notice that |
is only uniquely determined by the requirement Q = O(r=2) as r — +o0, and this condition is built into the
function spaces used in the implicit function theorem.

1.5 Formal consideration of the Newtonian limit
Equations (1.9)-(1.10) become
(rQ) + 21(rfo) — 87Grp. = 0, (1.18)
20fo + Q B StGe2rp,
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Note that in the limit ¢ — 0, the inhomogeneous terms F; and Fy are formally O(€?), while
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so that (1.18)-(1.19) imply that N becomes the Newtonian potential (i.e. the function u in (1.4)), and
(eliminating 12 between (1.20)-(1.21)) the function ®; approaches ¢, a solution of the Newton-Schrédinger

system (1.4). So far this is completely formal, but it will be made into a rigorous statement in theorem 9 in
section 3. In order to achieve this it is necessary to recall some facts about (1.4).

2 The Newton-Schrodinger system
We briefly summarize the approach to (1.4) adopted in the article [10] so as to provide sufficient details for
our purposes.

Theorem 3 ([10]) The nonlocal energy associated to (1.4)

/|w )2dz — 2G//'“’ x'_"p dady (2.25)

admits a finite lower bound subject to the constraint of having [ |p(z)*dz =1 fized, and this lower bound
is attained on a function which is unique up to translation. Further this minimizer is positive, spherically
symmetric and a monotone non-increasing function of the radial coordinate satisfying |¢o(r)] < cre™2" for
some positive numbers c1, co.

We summarize the points of the proof from [10] which will be needed below.

1. The existence of a spherically symmetric minimizer of the nonlocal energy (2.25) is proved by means of
the Riesz rearrangement inequality, and a strict version of this inequality implies that any minimizer
is spherically symmetric. The corresponding Euler-Lagrange equation is

—TASO 2G/ [oly (z) = nep(z) (2.26)

where 1 < 0 is the Lagrange multiplier.

2. The relation between (1.4) and (2.26) follows quickly using the condition lim|g|—, o [u(2)| = 0 and the
formula for the solution of Poisson’s equation —Awu = f on R®, namely:

fy)
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3. For the case when f(x) = kp(r), where k > 0 is a constant and p is a function of the radial coordinate
r = |x| only, a result of Newton ([11]) implies that (2.27) can be rewritten:

1 1

(—A 1 kp)(r) = —ﬁ/or( - *)p(S)SQdS + H/OOO p(s)sds

S r

—Ii/or(i - %)p(s)sts + u(0).



Define K(r,s) = 8ms*(2 — 1); this kernel is non-negative for 0 < s < r. It is shown in [10] that any
energy minimizing solution to (1.4) is radially symmetric, and so solves the equation

Bo= T (E L 2dN L e /TK( Jo(s)|2d (2.98)
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where E = (n — mu(0)).

4. Tt is proved in [10] that all positive solutions of (2.28) can be obtained by a scaling of the unique

positive solution of ,
d 2d
<dr2 >¢+ (/ K(r,5)|o(s )|2d5)¢ ¢. (2.29)

(The proof of uniqueness of positive solutions of (2.29) is a crucial part of the article [10]). Conversely,
as long as E > 0, there is a positive solution of (2.28), which can be obtained by scaling the unique
positive solution of (2.29).

Lemma 4 ([9]) Let L be the linear operator obtained by linearizing (2.26):

Lx(z) = (—hQA n) (z) — 2m2G/|(p |2d y x(x 4m20/ QWX g o,

Then L is a linear homeomorphism from H? ,; to L?
and Lebesgue spaces).

2 od (where these are the radial parts of the usual Sobolev

Proof Recall that n < 0. It is proved in [9] that the operator L is self-adjoint on L%a 4 With domain Hfa d
and trivial kernel and a single negative eigenvalue with one dimensional eigenspace. (Going out of the radial
sector, L has a three dimensional kernel associated with translation invariance, but this does not concern us
in this article.) From this it follows that there exists ¢ > 0 such that ||Lx||z2 > ¢||x|/zz, and that L maps
H?2, , continuously onto L? ;. Furthermore the standard elliptic estimate gives |[L™1 f|| 2 < C||f||12 so that
L is a linear homeomorphism Hfad — Lzad. O

Remark 5 Curiously in the present general relativistic problem it is possible to use diffeomorphism invari-
ance to circumuvent the need for this lemma. Briefly, by rescaling time, it is possible to linearize the system
with the value of the gravitational potential fixed at the origin v = 0 rather than at infinity; for this lineariza-
tion the corresponding nondegeneracy result is rather easy to prove. This was the approach taken in the first
version of this article, and it has the advantage of not needing the more careful analysis of L given in [9]. On
the other hand it has the disadvantage of giving solutions which are not asymptotically Minkowskian (without
further co-ordinate changes), and this makes the physical picture less clear in various ways. Therefore it
seems preferable to make use of the results of [9] and obtain solutions which are immediately asymptotically
Minkowskian.

3 Theorem on the Newtonian limit

3.1  The analytic set-up

We now introduce the spaces of functions with which we will be working. Let BC? = BC5([0 o0)) be the
space of bounded continuous functions on the half line 0 < 7 < oo with || f||gcs = sup(1 + 7)°|f(r)| < oc;
notice that elements of BC? satisfy f = O(r=?) as r — oco. Let BCY, be the subspace of BC® consisting of
functions f vanishing to order ¢’ > 0 at the origin, in the sense that

IfllBes, = sup "' f(r)] +sup(1 +7)°|f(r)] < oc.

Further, let BC™? = BC%([0,00)) be the subspace of BC? consisting of functions f which are also contin-
uously differentiable with f’ € BC'*?, with the norm

1l Bers = sup(L+1)°[f(r)] +sup(L+ )" [ f'(r)] < o0,



and, for & > 1 let BC;,’é C BC' be the subset of those vanishing at the origin to order ¢, with norm
Hf||BC;;5 = ||fllgcrs + ||f||Bcg, + ||fl||BC§/+_11 < oo. Let HS , and L2, be the radial parts of the usual

Sobolev and Lebesgue spaces. We will use without comment the following inequalities: there exist positive
constants C1, Cy, C3, Cy, R, such that

sup [f(2)] < C|f | 2 e (3.30)
z€R3
1 fllerey < Coll fll a1 msy (3.31)
/12|l L2rsy < Csll fl| 1 (m2) (3.32)
sup  |zf(x)] < Cul[fll g1 w3y for radial functions f (3.33)
z€R3:|z|>R.

(see [15], or [3]), and also the fact that H2 ;(R®) functions are continuous and O(r~') as r — 4o0o. The
inequality (3.32) is Hardy’s inequality. The ;.4 suffix will be ommitted when writing a norm.
We also need the exponentially weighted Sobolev space H1*:%} defined, for s € {0,1,2,...} and § > 0 as

the subspace of L?(R?) with the norm

S
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finite; we write HT{:(’;} for the radial part of H%%}. Since f € H;{;f} immediately implies e’lIf € H! .
with a bound for the norm, we have by (3.33):

sup |z’ f ()] < Cs || fll sy for radial functions f. (3.34)
TzER3:|z|>R..

Introduce the Banach spaces

X =R x BCy? x BCY' x (H2M 0 BC') x (HIL n BO?) (3.35)
Y = BC? x BC" x (H': n BC) x (% n BO), (3.36)
where for an intersection of two normed spaces we use the norm ||f||ans = || flla + || fllz- Now notice

that (1.18)-(1.21) define a system of equations F(I,Q, N, ®1,19;¢) = 0, where F : X x R — Y maps
(I,Q,N,P1,15) € X and € € R (assumed small) to

/ r 9 r 20fo +Q B StGe2rp,
((’FQ) +2l(rfo) — 87Grep., 2rN 2@+ Q) 1-E@ft0)
2m 0P, n  mN 0y 2
Ft e P G F)

inY.
Remark 6 As promised in remark 2 the field Q is O(r=2) at infinity (since we are solving for Q € BC’QL2 C
BC?), so that the parameter | encoding the ADM mass is well defined, by integration of the first equation:

2l:/ 8rGr2 pedr.
0

Remark 7 Notice that Q € BC§’2, so that Q = O(r?) as r — 0. To see that this is natural, integrate the
first equation up to r, to deduce rQ + 2lr fo(r) = for 8rGs?p.ds = O(r3), and recall that we chose fy to be
O(r?) asr — 0.



Remark 8 The fact that F(-; €) maps X into Y (for small € > 0) can be read off from its definition and
the formulae (1.22)-(1.24), by means of the inequalities (3.30)-(3.34) above. For example consider the third
component of F: 1y and 8¢;1 are clearly in H{ld e BC, so it remains to consider Fy. Referring to (1.23),
it follows from the fact that both Q and fo(r) are O(r?), that the first term is continuous at r = 0, while
the same is obviously true for the second and third terms, since Yy € BC’ll’0 and N € BCY. Furthermore,
functions in HU0Y are continuous away from the origin and exponentially decreasing by (3.34), so that

altogether Fy € BC. Similarly Fy € Hr{id} the only term for which this is not immediately evident is <I>1,
but this is premultiplied by Q + 2lfy = O(r?) as r — 0. These observations show that F is continuous from

X xR =Y (locally, near e = 0); this will be strengthened to locally C* in lemma 11.

3.2 The Newtonian limit and statement of the main theorem

When € = 0 the formal Newtonian limit solution mentioned previously corresponds to the observation that

—h
¢;0) =0 (3.37)

f(QmG, 2ru’ — 4mG fo, u, p, =—
2m

where ¢ and u solve (1.4). To see this, observe that by (1.24) and the preceding remarks, the equation
F(l,Q, N, ®q,12;0) = 0 amounts to

(rQ)" +2l(rfo) — 16mnGr?|®|* = 0, (3.38)

2rN' — (2fo+ Q) =0, (3.39)
n mN 0

(ﬁ - T)‘I’l o *1/)2 =0, (3.40)
2m 8(131

- Yt 5= =0 (3.41)

The first two equations imply —AN = —87mG|®;|?, and substituting this into (3.40) and then substituting
for 1o from (3.41), implies that (®1,N) solves (1.4). We choose, for ¢ = 0, (@1, N)to be the energy
minimizing solution (¢, u) of (1.4) described in section 2. The multipole expansion for N = u and the
requirement that @ € BC? imply that | = 2mG, since [ |p(x)|?dx = 1. Collecting this together we write
En = (QmG7 2ru’ — 4mG fo, u, @, —%(p’) and call this the Newtonian limit point in X. We can now state
the main theorem:

Theorem 9 There exists an interval (—eq, +¢€1) on which is defined a C* curve e — Z¢ = (1, Q¢, N¢, ®5,5) €
X of solutions to the Einstein-Dirac system (1.18)-(1.21) such that |Z2¢ — En||x = O(¢). More explicitly,
¢ —2mG and

1Q° +4mG fo = 2ru/|| gorz + [N = ullporr + |27 = @l yem e (3.42)

h
+ lvs + 4,0 ”H“ SrApolo = O(e).
In terms of the original variables of the problem, we define a metric
g¢ = e 2 dt? — 2N dr? — r2d0?

where v¢ = ¢2N€ and (1 — e™2"") = €2(20fo(r) + Q°). Define also ®§ = €15, then for e = ¢~ small we have
a solution (A€, v¢, @5, ®5) to (1.7)-(1.10), and

672”(1 _ 6*2)‘6) — 262rulHBC21,2 + 672”1/6 — 627.LH301,1 (3.43)

_ h
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Remark 10 We briefly discuss regularity of the solutions just obtained, omitting the € index for clarity.
The definition of the last two factors in X ensures that ®1,1 are C* for r > 0, and ¥y = O(r) near r = 0;
notice that (1.21) implies that % = O(r) as v — 0 also. It follows that the corresponding Dirac spinor

given by (1.6) is also C' on R3. To see this, first oberve that the partial derivatives at r = 0 of the function
xiahy /1 exist and given by 0;(x'1h2)(0) = 6;;45(0). But also calculate

o, (F42) = Dy, ¢ T (g 2,

r r

and notice that this is continuous everywhere, including at r = 0 since

v4(0) = Jim 21

r—0

= lim ¥5(r).
2

Also the functions €2 and N are C' functions for r > 0, whose derivatives have limit zero as r — 0, and
hence define C* functions on R>. Thus overall we have a classical C* solution of the equations of motion.

3.3 Linearization and proof of main theorem

Our aim is to use the implicit function theorem to obtain solutions of F = 0 for small €, thus proving theorem
9. To achieve this it is sufficient to check that F is locally C'' and its partial derivative in the X direction,
Dy F, evaluated at the Newtonian limit is a bounded linear bijection (and hence a linear homeomorphism
by the open mapping theorem). Let B;(Z) be the ball of unit radius centered at = in the Banach space X.

Lemma 11 For e, sufficiently small the map F is C in the neighbourhood Bi(En) X (—€x,€x) of the
Newtonian limit point (En;0). The partial derivative D1F(Zn;0) is the linear map X — Y which takes
6 = (6l7q7naX1aX2) € X to

((rq)' +261(rfo) — 32emGr?(p,x1), 2rn’ — 20lfy — q,

mY.

Proof This can mostly be read off by inspection. Consider for example the first component: (rQ)’+2I(r fo)' —
87Gr?p.. This will define a smooth map from X x R to BC? if each of the three terms does so separately.
Clearly Q — (rQ)’ is a continuous linear map BCy® — BC?, while the function (rfo(r))’ lies in BC?, so
that | — I(rfy)’ is continuous and linear from R to BC?. Next, from the formula (1.24) it is clear (using
the inequalities (3.30)-(3.34)) that p. € BC?, and that the corresponding map is C! (in fact smooth) from
X x R to BC?. The second component of F is handled similarly, after choosing €, to be sufficiently small
that [1 — €2(20fo + Q)| > % on B1(En) X (—€x,€,). The third and fourth components can also be handled
in a straightforward way, noting that the coefficients in the expressions (1.22)-(1.23) (i.e. the quantities
multiplying ®1, 19 and their derivatives) are smooth functions on Bi(ZEx) X (—€x, €,) taking their values in
BCU ! see also remark 8. o

Lemma 12 Let ¢ be an energy minimizing solution of (1.4) as described in theorem 3, and let Zn be the
corresponding Newtonian limit point satisfying F(En;0) = 0 as just described. Then the partial derivative
in the X direction, D1F(2n;0), is a linear homeomorphism X — Y.



Proof To establish this we need to prove the unique solvability (with bounds for £ € X) of the equation
D1 F(En;0)(&) =y, for y = (o, B8, j1,J2) € Y. Thus we consider the system

(rq) + 281(rfo) — 32rmGri{p, x1) = a, (3.44)
2rn’ —26lfo —q =3, (3.45)
2m 0 .
e + % =J1, (3.46)
n o mu Jxz2 2 mn
n_mhy,, _2X2_ 2, _ - 4
(ﬁ A )Xl or 7”X2 7 — % = J2. (3.47)

To start with, multiply the second equation by r, differentiate, add the first equation and then divide by

272, leading to

a+ (rB)
272

Now use the representation (2.27) for n, and substitute the resulting formula for n into the equation obtained

by eliminating o between the third and fourth equations:

—An + 167mG{p, x1) + = 0. (3.48)

h? R o 2y .
——Ax1 —nx1 + mux +mn<p——hj2——(—+ )jl.
2m or

This yields
LXI = J

where L is the operator in lemma 4 and J is the function

J(r) = —hjs h—z(% + 27{1) + w[( A)l(th(Tﬂ),)]

2r2
In order to apply lemma 4 we need to check that J € L2 ;: the first two terms clearly are, so we just

need to show the same is true of the third term. Let H ! . be the homogeneous Sobolev space with norm
Hf|| = [|Vf]?d®z, and let H_}, be the dual Space Recall that H},, C LS, , with a continuous embedding,

rad

by Sobolev’s inequality. Now a/r € L?_,, so 7 2a € Hmd since, by Hardy’s inequality,

rad’
(67
| [ #5rar < lafrloolf/rlze < Clalaer |7l

(Here the L? norm is understood to be with respect to the measure 47r2dr since all functions are radial.)
Also r=2(rB)" € H;,, since

[ 155 2 =) [rssan <1610 s < ClBlscr I

Given this it follows from the Riesz representation theorem that (—A)~! (a+2(:2ﬁ ),) € Hﬁad C LS, is well-
defined, and the bound

-a)7 (2 G

22 ||H1mL6 < CH(O[ B)HBCleCl

holds. Therefore o(—=A)t (QHT’H ) ) € L2, (since ¢ is smooth and decays exponentially and so is in L?

272 rad’

and % = % + = ) As a consequence there ex1sts a unique x1 € Hmd such that Ly; = J satisfying the bound

Il < C (I Dllserser + allze + Ll )-

To derive the exponentially weighted bound, we apply lemma 13 below to the equation:
h2

(—A+ M+ V() f——[ hjs = 5~

"y
S (7t + Su) = mng]
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where M = —2mn/h? > 0 and V = 2m?u/h%. This implies

Iallzes < el +11f o )

< C(||(O¢7ﬂ)||Bcl xor + g2l greo.sy + [|J1l greesy + ||“HL6||€6TSD||L3)

for ¢ small (§ < VM and less than the decay rate of ¢ in theorem 3). The third equation above then

Hiif} uniquely: x2 = 5 (j1 — %)7 with the same bound for ||xz| g5 as for ||x1]l gez.o1-

determines x2 €
We show that also x2 € BC11 ¥ below. First we must discuss q and n. Since we are attempting to solve

for g = O(r‘z) as r — +o00, integration of the first equation gives

201 = / (32mrmGr? (o, x1) + a)dr
0
and

q(r) = 251(% - fo(r)) - %/00 (327rmG52<<p(s),X1(s)> + a(s))ds

- / OO [_25l(sfo(8))/ + (327mGs (p(s), xa (s)) + O‘(s))] "

=42 / [_2&(51‘0(8))/ + (327mGs (p(s), xa (s)) + O“”)l -

Since x; is bounded and continuous, the first line makes it clear that ¢ = O(r~2) as r — +oo, while the
third implies that lim, o7 2¢(r) exists (since a € BC3), and hence that ¢ € BCy”. Recalling that ¢
is exponentially decaying, and putting together the obvious estimates gives the bounds |6l| < ¢(||a||go2 +
[x1llz2) and [lg[gcz < c([6l] + [lall ez + X[l z2). The similar bound for [|¢[|pes then follows from (3.44),

yielding the bound for ||g||1.2:2 the norm on BCy*. Next for n which was defined to solve (3.48); we must
show it satisfies (3.45). So let H = 2rn’ — 26lfy — ¢ — 3, then (3.48) and (3.44) imply that (rH)" = 0 so
that H = ¢/r. But r—'H € L2, (since n’ € L2 ;) so ¢ = 0, and hence H = 0 i.e. (3.45) holds. This implies
immediately that n’ € BC? and n € BC! with a bound ||n||gci1 < (0] + |8l + gl zer)-

Next define x2 € HI by (3.46); it follows that (3.47) holds, and so xz is C* for r > 0. To establish

rad
X2 € BC’11 0 it is necessary to analyze the behaviour at the origin. To achieve this, integrate up the fourth

equation:
1 M mu .omn |,
== - = —)x1—J2— — ds.
x2(r) TQ/O {(h z )x1 — Jo o |sds

The quantity in square brackets is continuous by assumption, so that lim, .o r~!x2(r) exists and is finite; it
follows from (3.47) that lim,_o x4 (r) exists and is finite also, so that xo € BC;" as required. Finally (3.46)
then implies that y; € BO'C. O

Lemma 13 (Exponentially weighted bounds) Assume u € H2, (R?) solves

rad

(-A+M+V(r))u=f

where f € Hr{g(’f}(RB), for some 6 < VM. Assume further that V is continuous and lim,_ . V(r) = 0.
Then w also satisfies the bound ||ul| .51 < c(|[ull w2 + || fll grio.sr) for some ¢ = ¢(8) > 0.

Proof v = ru solves
'+ Mvo+Vo=rf (3.49)
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For any S > R+ 1 > R let b(r) be a smooth function with b(r) =0if r < Rorr > S+ 1, and b(r) = 1 if
S >r > R+ 1. Multiply by e?"b(r) and integrate, estimate | [ 25e*"bvv'dr| < [(e2"6%bv?/(1 —€) + (1 —
e)eg‘sTbv’Q)dr and integrate by parts all other terms involving vv’. This leads to

00 52
/ |:66267"bv/2 + (M _
0

1-0

For any e > 0 let R be such that sup,~ |V (r)| < ¢, and let §* < (M — 2¢)(1 — €), so that [M — (15—_26)+V| > €
for r > R. Now let S — +o0, to deduce

+ V)bez‘srvz}dr < c/ [5625r|b/|’l}2 + 270" 0% + r625T|bfv|} dr.
0

/ |:€25TU/2 + 62&’()2}(1’[' < c(e)(|ull7- +/ re®"| foldr). (3.50)
R+1 R

Using the fact that |lull?,.s < c(fullfpn + [ph, €7 (0v* +v)dr), (3.50) implies |[ull s < e([luflar +

| f|l 0.5 ). To improve this to H{29} it is only necessary to multiply the equation (3.49) by e9"bz, square
and integrate, to obtain

o0
/ ey dr < C(””H?{{OJ} + ||f||§{{o,6})
R+1

since [|f]12 0.5y = 47 [r2e®7 f2dr. But [|ull% s < c(lull? o + f;il e*"v"2dr) since for an arbitrary

second order derivative r?|V;V, u|? < er?(|u”|? + r=2|u/|?) so that in the region r > R+ 1 > 1 there holds
r?|V:Vul? < c(|v”]? 4+ r?|ul? + r?[u/|?). This completes the proof. O
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