String Theory: Example Sheet 4
Dr David Tong, March 2010
1. The low-energy effective action in string frame is given by
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Show that the equations of motions for G/, By, and ® are equivalent to the vanishing
of the beta functions
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2. Consider the string frame action (1) in D spacetime dimensions. Show that, when
written in terms of the Einstein frame metric

Go(X) = 10D G (X)

the low-energy effective action becomes
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where % = k3 €?*° and ® = d; + P,

3a. The string frame metric produced by N infinite static strings lying in the (X9, X1) =
(t,x) direction is

ds® = f(r) Y (—dt® + dz?) + dX - dX
where X = (Xa, ..., Xos5) labels the space transverse to the string and
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with 72 = X - X. Consider one further infinite probe string in this background, lying
parallel to the others. Write down the Nambu-Goto action describing the motion of
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this string. Show that in static gauge t = R7 and x = Ro, the low-energy excitations
of the string are governed by the effective action,

1 (dX dX dX dX
~ _ -1 — —_— e e
LNT/dtdx[ £(r) +2<dt T dx)—i—...]
Interpret this result.

3b. Now include the coupling of the probe string to background B-field, which is
given by

B()l = f(?")_l — 1

Show that the probe string, suitably oriented and lying parallel to the initial strings,
feels no static force.

4. Consider an open string whose ends are constrained to lie on a Dp-brane with
a background field strength F;, turned on. Show that the Neumann boundary condi-
tions for the string must be replaced by

O, X" — 21’ F*9,.X, =0

5a. Show that the Born-Infeld Lagrangian can be written in the form,
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where F},, = 0,A, — 0, A, is the field strength, 1 means the unit matrix, and we have
set 2mra’ = 1.

5b. Show that the equations of motion arising from the Born-Infeld action are equiv-
alent to the beta function condition for the open string,
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Note: To do this, it will prove very useful if you can first show the following results:
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which requires use of the Bianchi identity for F},, and
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6*. Consider open strings in D-dimensional Minkowski space with endpoints that
satisfy Dirichlet boundary conditions in the directions X?*!, XP+2 . X?° and Neu-

mann conditions in the remaining directions.

Write down the classical mode expansion for an open string suspended between two
separated, parallel Dp-branes.

Calculate the quantum ground state energy for this string. Find the critical seper-
ation at which this energy vanishes.

Show that the 1st excited state of the string contains a “W-boson”, a massive spin
1 particle charged under the two U(1) gauge fields living on the branes. Show that
this state becomes massless as the brane coincide in spacetime. Why does this mean
a non-Abelian U(2) gauge symmetry emerges? Now consider this system when the
direction X? is a circle of radius R. What is the dual description of this system that
is obtained by a T-duality transformation?

7* Consider a closed string on R"* x S!, where X? = X% 4+ 27rR. Show that for
general values of the radius R the massless states have level N = N = 1, with winding
m = 0 and Kaluza-Klein momentum n = 0. Show that, from the perspective of an

observer in R%?*, these states are a graviton, an anti-symmetric tensor, two scalars
and two U(1) vector fields.

Show that at the special radius R = v/o/, extra massless states emerge with N = N =0,
and N =1, N = 0. What is the interpretation of these states?



