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Degeneracy	


Take free fermions in d=2+1. Placed in a magnetic field, they sit in Landau levels	
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Motivation	


Energy	


Density of States	


Turning on interactions and/or disorder leads to widely degenerate perturbation theory…	


…resulting in the rich story of quantum Hall physics 	




Motivation	


What happens if electrons are strongly coupled to begin with?	




Holographic Setting: AdS	
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Our construction of electron stars in the lowest Landau level allows us to exhibit

a number of quantum phenomena using purely classical bulk physics. These include

discrete jumps in the charge density as the chemical potential is varied and de Haas

van Alphen oscillations as the magnetic field is varied.

The organisation of the paper is as follows. Section 2 is devoted to the bulk. We

study decomposition of fermions in a magnetic field and explain how one can bosonize

those fermions in the lowest Landau level. We further review some well known aspects

of bosonization, including the existence of kinks and their relationship to the anomaly,

both of which gain a slight twist in the present context. In Section 3, we solve our

bosonized equations to construct quantum electron stars in both hard wall and black

hole geometries. We subsequently use these solutions to explore various phenomena in

the d = 2+1 dimensional boundary theory, such as oscillations in the magnetic suscep-

tibility oscillations and the interplay between filling fractions and the fractionalisation

of charge due to the black hole horizon. A number of technical issues are relegated to

appendices.

2. Electron Stars in the Lowest Landau Level

Our starting point for constructing magnetised electron stars is the Einstein-Maxwell-

Dirac action with negative cosmological constant.

S =

�
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4e2
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(2.1)

Here the field strength is F = dA, while ψ is a four-component Dirac fermion1. Our

solutions will be asymptotically AdS4 with radius L. We choose radial coordinate, r,

such that the boundary lies at r = 0.

We impose standard boundary conditions on all fields. For the fermions, this means

(1− Γr)ψ = 0 at r = 0 (2.2)

while the gauge field has Dirichlet boundary conditions. Our interest lies in dual

boundary theories at finite density, with chemical potential µ, and in the presence of

1Our conventions: The covariant derivative contains both spin and gauge connections, Dµψ ≡
(∂µ − iAµ +

1
8ωµ,bc[Γa,Γb])ψ. The vierbein eµa translates between tangent space indices, a, b and

spacetime indices µ, ν. Our gamma matrices carry tangent space indices and obey the Clifford algebra

Clifford algebra {Γa,Γb} = 2ηab. We define the chiral gamma matrix as Γ5 = −iΓtΓrΓxΓy. The

gamma matrices have the hermiticity property Γt(Γa)†Γt = Γa and conjugate spinors are defined by

ψ̄ = ψ†Γt.
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Probe fermions 	
 Fermi surfaces	

Sung-Sik Lee, MIT group, 	

Leiden group	


Fermion backreaction in 	
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Electron Star	
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 Fermi Surface = Electron Star	


E	


•  The star is supported by fermionic degeneracy pressure. 	

•  e.g. white dwarfs or neutron stars	


•  It differs from stars in the night sky because	

•  It lives in AdS	

•  Constituents are charged	

•  It is a planar (infinite) star	


	


Hartnoll et al. 	




Building a Quantum Star	


E	


•  Standard astrophysical methods only useful in the regime 	

•  Large number of densely packed Fermi surfaces	


•  A quantum electron star has	


•  Pauli exclusion means that building a star from fermions is much harder than bosons 	

	


Hartnoll et al.	

Iqbal et al. 	
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Now Add a Magnetic Field	


Magnetic Field, B	


What is the true ground state now?	

	


E and B	




 Key Idea	


B	


•  In a strong magnetic field, the electrons are confined to their lowest Landau level in the x-y plane 	


•  They move only in the radial, r, direction	


•  But fermions that move in d=1+1 dimensions are equivalent to bosons!	




Bosonizing the Lowest Landau Level	


•  The states in the lowest Landau level are described by d=1+1 dimensional spinors,	


•  Each of these can be bosonized to a d=1+1 dimensional boson*	
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and the gauge fields dictated by a two-dimensional Maxwell action in curved space

which, for reasons that will become apparent later, we normalize as

SMaxwell = −BA

2π

�
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+

πΩ2

e2Σ2
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(2.17)

In both actions (2.16) and (2.17), µ and ν indices run over r̃ and t only and indices are

raised with the 2D Minkowski metric ηµν . Similarly the integral d2x ≡ dr̃dt. Notice

that, viewed as an action governing the 2d gauge field Aµ, only the first term is relevant.

The second term, involving the magnetic field, plays a role only when determining the

gravitational backreaction. We have introduced the effective two-dimensional coupling

constant

1

g2
=

1

e2B

2πΣ2

Ω2
(2.18)

From (2.9), we have Σ2/Ω2
= 1/f(r), the black hole emblackening factor. This means

that g2 is constant in an AdS spacetime, but approaches zero close to a horizon.

The action (2.15) captures only the interaction between fermions and gauge fields;

we will discuss the backreaction of these fields on the metric itself shortly. However,

(2.15) is very familiar: it is the Schwinger model in d = 1+ 1 curved spacetime, albeit

with a large degeneracy, BA/2π, of identical species of massive fermions. As observed

previously in [26], when written in flat space, with conformally rescaled fermions, the

effect of the spacetime curvature is captured by a position-dependent effective mass

mΩ and a position-dependent effective gauge coupling g2.

Bosonization in Curved Spacetime

Fermions in two dimensions have a magical property: they can be treated as bosons. In

flat space, a two-component Dirac fermion operator ξ maps into a real scalar operator

φ (see, for example, [27, 28] for pedagogical introductions). The kinetic terms of each

field are related by

iξ̄γµ∂µξ =
1

8π
∂µφ∂

µφ (2.19)

The vector current of the fermion maps onto a topological current of the scalar

ξ̄γµξ =
1

2π
�µν∂νφ (2.20)

Meanwhile, the axial symmetry of the fermion becomes a shift symmetry of the scalar,

φ → φ+ c, with the currents related by

ξ̄γ3γµξ =
1

2π
∂µφ (2.21)
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* All the subtleties sit in that m2 term	
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Bosonizing the Lowest Landau Level	


	

•  Importantly, we can do this bosonization in an arbitrary spacetime background. 	


•  The dynamics of the lowest Landau level fields for translationally invariant states is described by	

	


	


•  We then construct the four-dimensional stress tensor from the solutions and use this to  	

      solve the Einstein equations to determine the background self-consistently.	


•  Requiring a good stress tensor is the best argument for fixing the m2 term in bosonization 	


even when the Compton wavelength is comparable to the AdS radius, mL ∼ 1. In other

words, we construct a quantum electron star, albeit restricted to its lowest Landau level.

2.1 The Landau Levels of the Electron Star

Our goal is to construct the bulk electron star in the regime µ <
√
B. To proceed, we

decompose the bulk fermions into Landau levels in the x−y plane, each of which is still

free to move in the radial direction. Aspects of fermions in magnetic AdS geometries

have been previously discussed in [20, 21, 22, 23, 24].

With one eye to later bosonization, it will prove useful to first change coordinate

system. Although the metric (2.4) is more familiar, the ‘tortoise’ coordinate, r̃, defined

such that the (r̃ − t) plane is conformally flat, is calculationally simpler. We therefore

work with the metric

ds2 = Ω2(r̃)(−dt2 + dr̃2) + Σ2(r̃)(dx2 + dy2) (2.8)

where
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=
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f(r)
, Ω2(r̃) = f(r)
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It is a simple matter to write the action (2.1) for the Dirac fermion ψ propagating

in this background, together with a gauge potential At(r̃) and bulk magnetic field

B. However, when dealing with fermions in curved spacetime, it is often simplest to

perform a conformal transformation, which amounts to a simple rescaling of the fermion

ψ̃ =
√
ΩΣψ

In these variables, the Dirac action (2.1) takes the form
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Note that the kinetic terms in the r̃ and t directions are those of a fermion in a flat

space.

Because Ω and Σ depend on radial position only, the resulting Dirac equation for ψ̃

is separable: one can solve for the x and y parts of the separable solution and write

the general solution as a superposition of all such modes. This provides the familiar

Landau level decomposition of the bulk fermions,

ψ̃ =

�
dk

2π

∞�
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e−iky (Xn−1(x, k)P+ +Xn(x, k)P−) ψ̃n,k(r̃, t). (2.10)
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It is a simple matter to write the action (2.1) for the Dirac fermion ψ propagating

in this background, together with a gauge potential At(r̃) and bulk magnetic field

B. However, when dealing with fermions in curved spacetime, it is often simplest to

perform a conformal transformation, which amounts to a simple rescaling of the fermion

ψ̃ =
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In these variables, the Dirac action (2.1) takes the form

SDirac = −
�

d4x̃ i ¯̃ψ

�
Γr∂r̃ + Γt(∂t − iAt) +

Ω

Σ

�
Γx∂x + Γy(∂y − iBx)

�
−mΩ

�
ψ̃

Note that the kinetic terms in the r̃ and t directions are those of a fermion in a flat
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Because Ω and Σ depend on radial position only, the resulting Dirac equation for ψ̃

is separable: one can solve for the x and y parts of the separable solution and write

the general solution as a superposition of all such modes. This provides the familiar
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Degeneracy of lowest Landau level	


Meanwhile, the axial symmetry of the fermion becomes a shift symmetry of the scalar,

φ → φ+ c, with the currents related by

ξ̄γ3γµξ =
1

2π
∂µφ (2.21)

As we will see shortly, this has an interesting consequence for the 2d and, for us, the

4d anomaly. Finally, the fermion mass term becomes a sine-Gordon potential in the

scalar theory,

imξ̄ξ =
mΛ

π
cosφ (2.22)

which clearly breaks the shift symmetry, as it should. Here Λ is a regularization scale,

into which many subtleties of the bosonization map are swept. We shall discuss some of

these below. This regularization scale is needed in the definition of the massless φ field

since the propagator in two dimensions is a logarithm. It also appears in the definition

of normal ordered products of fields which we have implicitly used in the expressions

above. As we shall describe in more detail later, when computing physical quantities

using the semi-classical bosonized action, Λ should be identified with an appropriate

physical scale in the problem.

For our purposes, there are two further issues that arise in the bosonization procedure.

The first is because we are working in a curved spacetime. This means that all energy

scales – and this includes the regularization scale Λ – must be appropriately red-shifted

as we move in space. For this reason, we should replace Λ in (2.22) with
3 Λ → ΛΩ(r̃).

The second issue involves the fact that we have a large number, BA/2π, of fermions

that we wish to bosonize. These are labelled by the index k in (2.16). This results in

an equally large number of scalar fields φk. However, individually, each of these states

breaks translational invariance in the x − y plane. Translationally invariant solutions

only arise if each of these bosons moves as one. For this reason, we identify each φk ≡ φ.

The net result is that, when restricted to solutions which are translationally invariant

in the x− y plane, the action (2.16) is equivalent to

SLLL = −BA

2π

�
d2x

�
1

8π
∂µφ∂µφ+

m2Ω2

4π
(1− cosφ) +

1

4π
�µνφFµν

�
(2.23)

3This observation seems to have been missed in a number of earlier papers on bosonization in
curved spacetime. A correct discussion can be found in [29]. Failure to make the regulator position
dependent in this manner results in a number of pathologies including, as previously pointed out in
[30], a breakdown of diffeomorphism invariance and, relatedly, the inability to construct a 4d stress
tensor. Moreover, bosonization in AdS spacetime only respects the scaling symmetry if the red-shift
factor is correctly treated. (For us, this scaling symmetry is manifest in the equation of motion (3.6)
for the scalar).
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Electrons and Kinks	
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and the gauge fields dictated by a two-dimensional Maxwell action in curved space

which, for reasons that will become apparent later, we normalize as

SMaxwell = −BA

2π

�
d2x

�
1

4g2
FµνF

µν
+

πΩ2

e2Σ2
B

�
(2.17)

In both actions (2.16) and (2.17), µ and ν indices run over r̃ and t only and indices are

raised with the 2D Minkowski metric ηµν . Similarly the integral d2x ≡ dr̃dt. Notice

that, viewed as an action governing the 2d gauge field Aµ, only the first term is relevant.

The second term, involving the magnetic field, plays a role only when determining the

gravitational backreaction. We have introduced the effective two-dimensional coupling

constant

1

g2
=

1

e2B

2πΣ2

Ω2
(2.18)

From (2.9), we have Σ2/Ω2
= 1/f(r), the black hole emblackening factor. This means

that g2 is constant in an AdS spacetime, but approaches zero close to a horizon.

The action (2.15) captures only the interaction between fermions and gauge fields;

we will discuss the backreaction of these fields on the metric itself shortly. However,

(2.15) is very familiar: it is the Schwinger model in d = 1+ 1 curved spacetime, albeit

with a large degeneracy, BA/2π, of identical species of massive fermions. As observed

previously in [26], when written in flat space, with conformally rescaled fermions, the

effect of the spacetime curvature is captured by a position-dependent effective mass

mΩ and a position-dependent effective gauge coupling g2.

Bosonization in Curved Spacetime

Fermions in two dimensions have a magical property: they can be treated as bosons. In

flat space, a two-component Dirac fermion operator ξ maps into a real scalar operator

φ (see, for example, [27, 28] for pedagogical introductions). The kinetic terms of each

field are related by

iξ̄γµ∂µξ =
1

8π
∂µφ∂

µφ (2.19)

The vector current of the fermion maps onto a topological current of the scalar

ξ̄γµξ =
1

2π
�µν∂νφ (2.20)

Meanwhile, the axial symmetry of the fermion becomes a shift symmetry of the scalar,

φ → φ+ c, with the currents related by

ξ̄γ3γµξ =
1

2π
∂µφ (2.21)
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Bosonic kinks are original fermions	


Ignore the gauge field and background metric for now	




Bosonization and the Anomaly	
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•  The 2d axial current becomes:	


•  When coupled to a background gauge field, the classical equation of motion is	
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This captures 2d anomaly	


•  But, for us, this 2d anomaly is really the 4d anomaly	


Degeneracy of Landau level	
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Solve the Sine-Gordon model	

	


(coupled to a gauge field and gravity with a negative cosmological constant) 	


Our New Goal	




The Solution: Background Geometry	


•  Because we’re already in a region with B > E, the geometry is dominated by the magnetic field	

•  It is simply the magnetic Reissner-Nordstrom black hole + small corrections	




The Solution: Background Fields	
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Figure 2: Typical electron star configurations in the black hole. The solid lines show the

charge density, J̄t = frs∂rφ/2π as a function of radial position r̄ = r/rh. The dashed lines

show the normalised electric field, Ē = r2sFrt/π. The left-hand graph has filling fraction

φ0/2π = 2 and is plotted m2
RL

2 = 4 and r2h/r
2
s = 5. Note that only a single peak is visible;

this is typical for low values of the mass. The right-hand graph is plotted with m2
RL

2 = 16

with r2h/r
2
s = 10 with a fractional filling number φ0/2π = 3.25. Note that this results in a

residual electric field at the horizon of the black hole.

The first term is due to the mass of the fermion. The second term arises after integrating

out the gauge field and can be thought of as capturing the electrostatic energy between

fermions.

We again solve (3.10) numerically. Results for typical values of the parameters
14

are plotted in Figure 2: solid lines denote the local bulk charge density, dashed lines

the electric field. These plots look very similar to those in Figure 1 because most

of the kinking is taking place in the AdS4 region of the geometry. However, there

are differences. Most importantly, the allowed charge density is no longer restricted to

integer filling fraction. Solutions with fractionally filled Landau levels happily exist and

we have presented one in the right-hand graph. Such solutions are typically (but not

always) accompanied by a residual electric field at the horizon, showing the existence of

fractionalised charge. We will devote Section ?? to a deeper analysis of the relationship

between fractional filling and fractionalised charge. (Just because they’re both called

named after fractions doesn’t mean they’re the same thing!)

13A full analysis of the requirements in the near horizon AdS2 ×R2 regime is given in Appendix C.
14These plots are made in the regime rs � rh or, equivalently, e3L � κ. This ensures that the

screening, and hence kink formation, takes place before we hit the horizon. In the opposite regime,
rs � rh, the electric field is largely unscreened for much of its profile, although some screening does
take place near the horizon.
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Boundary of AdS	
 Black hole horizon	


Charge density = “fermion wavefunction” = profile of star	


Electric field	
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What does this mean for the boundary theory?	

	




“Density of States” Revisited (Roughly!)	


0 1 2 3 4

0 1 2 3 4

0
0.2

0.4
0.6

0.8
1

E 
J

t 

r 

F
ig
u
re

2
:
T
yp

ical
electron

star
con

fi
gu

ration
s
in

th
e
b
lack

h
ole.

T
h
e
solid

lin
es

sh
ow

th
e

ch
arge

d
en
sity,

J̄
t
=

f
r
s ∂

r φ
/2π

as
a
fu
n
ction

of
rad

ial
p
osition

r̄
=

r/r
h .

T
h
e
d
ash

ed
lin

es

sh
ow

th
e
n
orm

alised
electric

fi
eld

,
Ē
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Charge Density vs Chemical Potential	


•  For small masses, the total charge 
density is smooth	


	


•  As the mass is increased, the total 
charge density shows discrete 
jumps at low values. It is smooth 
for higher values.	
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•  But even when the total charge density is smooth, a closer look reveals otherwise…	




Charge Density vs Chemical Potential	
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Figure 6: When m2
RL

2 > r2h/r
2
s , both the fractionalised charge density (on the left) and

the cohesive charge density (on the right) are show discontinuities. Here we have taken

m2
RL

2
= 12 and r2h/r

2
s = 4. When combined the two discontinuities cancel out to form the

smooth total charge density that does not look qualitatively different from Figure 3.

The discontinuity also arises in the cohesive charge density. A plot is shown in the

right-hand side of Figure ?? and exhibits the characteristic step features expected of

Landau levels. (Although these are really different bands, all of which lie in the lowest

Landau level). These steps continue indefinitely for higher bands. Note, however, that

the plateaux are not precisely horizontal; the Landau levels in the strongly interacting

boundary theory are not precisely flat bands.

We stress that the step-like behaviour seen in the cohesive charge is not obviously

related to the discontinuities appearing in the total charge that we exhibited in the

previous section. In particular, the jumps in the fractionalised and cohesive charge

shown in Figure ?? occur both in the regime where the total charge is monotonic (as

shown in Figure 3) and also in the regime where the total charge itself exhibits a finite

number of jumps (as shown in Figure ??).

Of course, for free fermions the lowest Landau levels are the domain of quantum Hall

physics. In this paper, we have restricted attention to equilibrium properties of the

system and have not attempted to compute transport. Needless to say, it would be of

great interest to do so, although the techniques of bosonization do not obviously lend

themselves to the task. Nonetheless, plots such as Figure ?? show that one will find

oscillatory or step-like behaviour for any process in which the fractionalised and cohesive

charges contribute differently. In the next section, we present a simple example.
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Figure 6: When m2
RL

2 > r2h/r
2
s , both the fractionalised charge density (on the left) and

the cohesive charge density (on the right) are show discontinuities. Here we have taken

m2
RL

2
= 12 and r2h/r

2
s = 4. When combined the two discontinuities cancel out to form the

smooth total charge density that does not look qualitatively different from Figure 3.

The discontinuity also arises in the cohesive charge density. A plot is shown in the

right-hand side of Figure ?? and exhibits the characteristic step features expected of

Landau levels. (Although these are really different bands, all of which lie in the lowest

Landau level). These steps continue indefinitely for higher bands. Note, however, that

the plateaux are not precisely horizontal; the Landau levels in the strongly interacting

boundary theory are not precisely flat bands.

We stress that the step-like behaviour seen in the cohesive charge is not obviously

related to the discontinuities appearing in the total charge that we exhibited in the

previous section. In particular, the jumps in the fractionalised and cohesive charge

shown in Figure ?? occur both in the regime where the total charge is monotonic (as

shown in Figure 3) and also in the regime where the total charge itself exhibits a finite

number of jumps (as shown in Figure ??).

Of course, for free fermions the lowest Landau levels are the domain of quantum Hall

physics. In this paper, we have restricted attention to equilibrium properties of the

system and have not attempted to compute transport. Needless to say, it would be of

great interest to do so, although the techniques of bosonization do not obviously lend

themselves to the task. Nonetheless, plots such as Figure ?? show that one will find

oscillatory or step-like behaviour for any process in which the fractionalised and cohesive

charges contribute differently. In the next section, we present a simple example.
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Cohesive charge in the star	
 Fractionalized charge behind the horizon	


χ =
∂2F

∂B2

�ωc

m2L2 � e3L

κ

4

•  Note:  The systems sits in its lowest Landau level	

•  These jumps are due to different “carrier bands”	


•  The plateaux are not horizontal; the Landau levels are not flat bands 	




Magnetic Suscepibility	
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Figure 7: The dimensionless magnetic susceptibility, χ̄ = (6e2L2ρ2/κ2)1/4 χ plotted against

the filling fraction, φ0/2π. The parameters chosen for this plot are m2
RL

2 = 12, r2h/r
2
s = 20.

3.5 Quantum Oscillations

In this section, we wish to compute how the magnetic susceptibility varies as a function

of magnetic field B at fixed charge density ρ. As we increase B, the occupancy of each

Landau level increases and, correspondingly, the filling fraction decreases.. Each time

the number of filled bands changes, the magnetic susceptibility oscillates. These are

the famous de Haas van Alphen oscillations, although in our case we are filling the

lowest Landau levels of different bands as opposed to higher Landau levels of the same

band. From (3.5), the period of oscillation is

∆

�
1

B

�
=

1

2πρ
(3.16)

For three-dimensional metals, this is often written as ∆(1/B) = 2πe/AF where AF is

the extremum area of the Fermi surface.

To compute the magnetic susceptibility, we first need to evaluate the free energy

of the bulk fermions and electric field. Because we are working at zero temperature,

this simply means the energy. Integrating out the electric field from (2.23) yields an

effective Hamiltonian for φ,

Heff =
BA

2π

� rh

0

dr

�
1

8π
f(r)(∂rφ)

2
+

m
2
RL

2

4πr2
(1− cosφ) +

1

8πr2s
(φ− φ0)

2

�
(3.17)

Note that this is closely related to the effective potential defined in (??). The magnetic

susceptibility is then given by evaluating the on-shell Hamiltonian and taking the second

derivative,

χ ≡ − 1

A

∂2
Heff

∂B2
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•  Analog of de Haas van Alphen oscillations, but now at strong coupling	


•  Periodicity is again	


•  Amplitude appears to scale numerically as Kosovich-Lifshitz formula  	
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Figure 7: The dimensionless magnetic susceptibility, χ̄ = (6e2L2ρ2/κ2)1/4 χ plotted against

the filling fraction, φ0/2π. The parameters chosen for this plot are m2
RL

2 = 12, r2h/r
2
s = 20.

3.5 Quantum Oscillations

In this section, we wish to compute how the magnetic susceptibility varies as a function

of magnetic field B at fixed charge density ρ. As we increase B, the occupancy of each

Landau level increases and, correspondingly, the filling fraction decreases.. Each time

the number of filled bands changes, the magnetic susceptibility oscillates. These are

the famous de Haas van Alphen oscillations, although in our case we are filling the

lowest Landau levels of different bands as opposed to higher Landau levels of the same

band. From (3.5), the period of oscillation is
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For three-dimensional metals, this is often written as ∆(1/B) = 2πe/AF where AF is

the extremum area of the Fermi surface.

To compute the magnetic susceptibility, we first need to evaluate the free energy

of the bulk fermions and electric field. Because we are working at zero temperature,

this simply means the energy. Integrating out the electric field from (2.23) yields an

effective Hamiltonian for φ,

Heff =
BA
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Note that this is closely related to the effective potential defined in (3.12). The magnetic

susceptibility is then given by evaluating the on-shell Hamiltonian and taking the second

derivative,

χ ≡ − 1

A

∂2
Heff

∂B2
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The result is plotted in Figure 7 and clearly exhibits quantum oscillations. This particu-

lar plot was made in a regime where both the total charge density and the fractionalised

charge density vary smoothly (as in Figures 3 and 5). However, the figure looks qual-

itatively the same for the other regimes. Notice, in particular, that we did not need

to turn on a temperature to smooth out the oscillations; quantum effects have already

achieved this for us
16
.

The free energy computed above does not contain the contribution from the gravita-

tional background. This contains an overall contribution from the Reissner-Nordström

black hole which, at zero temperature scales as χ ∼ 1/
√
B, providing an overall enve-

lope for the contribution above. There will furthermore be an oscillatory component

due the horizon moving backwards and forwards as the fractionalised charge waxes and

wanes. However, this contribution depends on a new parameter, κ, and cannot remove

the oscillations from the electron star computed above.

Quantum oscillations were seen previously in the probe approximation [43, 44], where

they are a sub-leading 1/N effect, and also in electron stars computed in the fluid

approximation [8], where the standard Kosevich-Lifshitz formula for their amplitude

was reproduced. It would be interesting to understand the amplitude and temperature

dependence of the oscillations in the present case. While we have not made analytic

progress with this question, numerics suggest that the increase in the amplitude of

oscillations is fairly well approximated by the χ ∼ 1/B2
behaviour of the Kosevich-

Lifshitz formula.
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16There is a caveat to this statement. Our quantum oscillations were computed at fixed ρ rather

than fixed µ. If we chose to work in the grand canonical ensemble, then for suitably large masses we

find a first order phase transition as the total charge density jumps as shown in Figure 4. In this case,

it seems that finite T is necessary to smooth out the quantum oscillations. Finite temperature was

also found to be necessary to compute quantum oscillations in the original electron star story [8].
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What Next?	


•  We have constructed configurations in AdS that are dual to a strongly coupled 	

     field theory with its lowest Landau levels populated	

	

•  We can compute equilibrium (i.e. thermodynamic) properties such as susceptibilities.	


•  We really want to compute transport properties	

•  This is where quantum Hall physics is hiding (if it is there)	

•  This is hard using bosonization.....probably needs a clever idea	



