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Black	  Holes	  

A	  strongly	  correlated	  quantum	  system	  



Are	  black	  holes	  like	  metals?	  



The	  Context:	  Holography	  	  

Strongly	  interac;ng	  	  
quantum	  field	  theory	  

Gravity	  in	  (at	  least)	  one	  	  
dimension	  higher	  

also	  known	  as:	  gauge	  gravity	  duality,	  or	  AdS/CFT	  correspondence	  	  



The	  Vacuum	  State	  

Boundary	  field	  theory	  

My	  aOempt	  at	  drawing	  	  
an;	  de-‐SiOer	  space;me	  



Hea;ng	  up	  the	  Boundary	  Theory	  

Boundary	  field	  theory	  

•  Black	  hole	  
•  Hawking	  radia;on	  =	  finite	  temperature,	  T	  



Finite	  Density	  MaOer	  

Boundary	  field	  theory	  

•  Reissner-‐Nordstrom	  black	  hole	  
•  Hawking	  radia;on	  =	  finite	  temperature,	  T	  
•  Electric	  field	  =	  chemical	  poten;al,	  	  
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Ohm’s	  Law	  

E	  

D-BRANES ON ALF SPACES
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Boundary	  field	  theory	  



Op;cal	  Conduc;vity	  in	  d=2	  

c.f.	  graphene	  
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j(ω) = σ(ω)E(ω)

Reσ(ω) ∼ K δ(ω)
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Hi Bobby - hope you’re well. And welcome to the long-promised musings on the Alfy

project. Below I’ve concentrated on the hyper-kähler quotient construction of ALF spaces.

2

Op;cal	  Conduc;vity	  in	  d=2	  

c.f.	  graphene	  

Herzog,	  Kovtun,	  Sachdev,	  Son	  
	  Hartnoll,	  2007	  

Finite	  charge	  density	  +	  momentum	  conserva;on	  



Breaking	  Transla;onal	  Invariance	  

Horowitz,	  Santos,	  Tong,	  2012	  
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A	  rippled	  black	  hole	  

:	  spa;ally	  varying	  chemical	  poten;al	  with	  wavevector	  kL	  



Op;cal	  Conduc;vity	  
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Figure 5: The optical conductivity, both without the lattice (dashed line) and with the lattice
(solid line and data points) for µ = 1.4 and temperature T/µ = 0.115. Note that the lattice
(which has wavenumber k0 = 2 and amplitude A0 = 1.5) only changes the low frequency behavior.
The pole in Im σ without the lattice reflects the existence of a ω = 0 delta-function in Re σ.

There is nothing mysterious about the presence of this delta-function. It follows solely on the
grounds of momentum conservation in the boundary theory. If we have a translationally invariant
state with nonzero charge density, then one can always boost it to obtain a nonzero current with
zero applied electric field. This results in the infinite DC conductivity.

The introduction of a background spatial lattice, as described in the previous section, resolves
this issue. With no translational invariance, there is no momentum conservation and the ω = 0
delta-function spreads out, revealing its secrets. In this section we describe what was hiding in
that delta-function.

The optical conductivity, σ(ω), in the presence of the lattice is shown by the solid line in Fig. 5.
At high frequencies, ω � µ, the optical conductivity in the lattice background remains unchanged
from the translationally invariant black hole. The interesting physics lies at lower frequencies.
The dissipative part of the conductivity, Reσ, now rises at low ω. This is the redistribution of the
spectral weight of the delta-function. Moreover, the pole in the responsive part of the conductivity,
Im σ, has now disappeared, with Im σ(ω) → 0, as ω → 0, confirming that there is no longer a
delta-function at zero frequency3. We now describe the characteristics of the conductivity in more
detail.

3
The resolution of a delta-function into a Drude-like peak has been seen in a somewhat different context in

conformal fixed points with vanishing charge density [16]. Here the delta-function is resolved by interactions rather

than breaking of translational symmetry, either in an � expansion [16] or a 1/N expansion [17].
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Low	  Frequency	  Behaviour	  
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Figure 6: A blow up of the low frequency optical conductivity with lattice shown in Fig. 5. The

data points in both curves are fit by the simple two-parameter Drude form (3.2).

3.1 The Drude Peak

At low frequency, both the real and imaginary parts of the conductivity can be fit by the two-

parameter Drude form

σ(ω) =
Kτ

1− iωτ
(3.2)

with both the scattering time τ and the overall amplitude K constants, independent of ω. This is
shown in Fig. 6. It can be checked numerically that the overall amplitude K agrees (to about the

1% level) with the coefficient of the pole (3.1) in the translationally invariant case. All interesting

physics in this regime is therefore captured by the single parameter, τ . We have varied the

temperature and lattice spacing and found that this Drude form holds in all cases. Given the lack

of well-defined quasi-particles in our holographic system, it seems surprising that the low-frequency

behaviour of our system is governed so well by the exact Drude form.

3.2 DC Resistivity

The resolution of the ω = 0 delta-function leaves behind a well-defined DC resistivity, ρ = (Kτ)−1
.

The Drude amplitude K is essentially independent of temperature T and all temperature de-

pendence in the resistivity ρ(T ) is inherited from τ . The results depend strongly on the lattice

wavenumber k0 and are shown on the left hand side of Fig. 7.

To make sense of this complicated plot, we review some recent work in the literature. Since

the near horizon geometry of an extremal Reissner-Nordström AdS black hole is AdS2 × R2
, the

dual theory is said to be “locally critical” in the sense that it is invariant under rescalings of time,

with no rescaling of space. Hartnoll and Hofman [12] have recently studied the DC conductivity

in a locally critical theory. They showed that the DC conductivity can be extracted from the two
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Classical	  Drude	  model	  from	  general	  rela;vity!	  
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DC	  Conduc;vity	  

Blake,	  Tong	  
Blake,	  Tong	  and	  Vegh	  
Donos	  and	  GauntleO,	  2013	  
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DC	  Conduc;vity	  
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DC	  Conduc;vity	  

Damle	  and	  Sachdev,	  1997	  

Due	  to	  scaOering	  of	  charged	  stuff	  

Due	  to	  “pair	  crea;on”	  	  

holes	   par;cles	  
momentum	  

electric	  current	  

gives	  charge	  current	  with	  no	  heat	  current	  
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DC	  Conduc;vity	  

There	  are	  three	  surprising	  things	  about	  this	  formula!	  
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DC	  Conduc;vity:	  Surprise	  1	  

The	  two	  contribu;ons	  add	  
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DC	  Conduc;vity:	  Surprise	  2	  

The	  first	  term	  varies	  as	  a	  power-‐law	  in	  temperature.	  

There	  must	  be	  low-‐energy	  degrees	  of	  freedom	  at	  finite	  momentum	  k	  
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Faulkner,	  Liu,	  	  
McGreevy,	  Vegh,	  2009	  

This	  is	  known	  as	  	  
local	  cri+cality.	  

Si	  et	  al.	  2001	  
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The	  DC	  conduc;vity	  for	  such	  a	  system	  is	  

Hartnoll	  and	  Hofman,	  2012	  
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Friedel	  Oscilla;ons	  

In	  metals,	  you	  can	  see	  the	  Fermi	  surface	  

A	  charged	  impurity	  in	  a	  metal	  makes	  a	  rippling	  effect.	  The	  wavelength	  is	  2kF.	  

What	  about	  for	  black	  holes?...	  



Friedel	  Oscilla;ons	  for	  Black	  Holes	  

Place	  a	  charged	  impurity	  near	  a	  black	  hole.	  How	  does	  the	  horizon	  respond?	  

But	  the	  black	  hole	  has	  complex	  kF	  
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charge	  density	  	  
on	  horizon	  

distance	  from	  	  
impurity	  

Is	  this	  a	  lesson	  for	  strongly	  coupled	  electron	  systems?	  

Blake,	  Donos	  	  
and	  Tong,	  2014	  



DC	  Conduc;vity:	  Surprise	  3	  

The	  second	  term	  also	  varies	  as	  a	  power-‐law	  in	  temperature	  
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Pair	  Crea;on	  at	  Weak	  Coupling	  

c.f.	  graphene	  
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“Pair	  Crea;on”	  at	  Strong	  Coupling	  
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Intui;on	  behind	  this	  remains	  unclear.	  
	  

Is	  there	  also	  a	  lesson	  here	  for	  strongly	  coupled	  electron	  systems?	  	  
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Summary	  of	  Black	  Hole	  Conduc;vity	  

•  Low	  energy	  modes	  at	  finite	  momentum	  
•  But	  not	  a	  Fermi	  surface	  

•  Low	  energy	  pair	  crea;on	  even	  at	  finite	  Q	  	  

Two	  Processes	  



Are	  there	  any	  similari;es?	  



Strange	  Proper;es	  of	  Strange	  Metals	  

Mackenzie	  et	  al	  1997	  

Van	  der	  Marel	  et	  al	  2001	  

DC	  Conduc;vity	  

Hall	  Conduc;vity	  

AC	  Conduc;vity	  
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τ−1 ∼ kBT
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kBT
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σ(ω) ∼ 1/(iω)2/3

21



Lesson	  1:	  Hall	  Angle	  
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Drude	  model	  	  
(or	  Fermi	  liquid	  theory)	  

Experimental	  data	  	  
on	  strange	  metals	  	  

Suggests	  two	  ;me	  scales	  at	  play?	   Anderson,	  1991	  
Coleman,	  Schofield,	  Tsvelik,	  1996	  

“Over	  broad	  regions	  of	  doping,	  the	  two	  kinds	  of	  relaxa+on	  rates,	  the	  one	  for	  	  
the	  conduc+vity	  and	  the	  one	  for	  the	  Hall	  rota+on,	  seem	  to	  add	  as	  inverses:	  
	  conduc+vity	  is	  propor+onal	  to	  1/T	  +	  1/T2.	  That	  is,	  it	  obeys	  an	  an+-‐MaKhiessen	  law”	  

P.W.	  Anderson	  
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Drude	  model	  	  
(or	  Fermi	  liquid	  theory)	  

Experimental	  data	  	  
on	  strange	  metals	  	  

Black	  Holes	  
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Blake	  and	  Donos,	  2014	  
If	  this	  term	  dominates	  DC	  transport,	  	  
we	  get	  two	  ;me	  scales	  



Lesson	  2:	  (In)coherent	  Transport	  
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There	  is	  another	  interpreta;on	  of	  these	  two	  terms*	  

*actually	  it’s	  slightly	  more	  complicated	   Davison	  and	  Gouteraux	  (last	  week)	  
Blake	  (today)	  

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Coherent	  Transport	  
	  
due	  to	  (almost)	  conserved	  	  momentum	  

Incoherent	  Transport	  
	  
due	  to	  charge	  diffusion	  
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Hartnoll,	  2014	  

which	  of	  these	  processes	  describes	  actual	  materials?	  



Lesson	  2:	  Incoherent	  Transport	  

Hartnoll	  2014	  (see	  also	  Bruin	  et	  al;	  Sachdev,	  Zaanen)	  

• LSCO, Takenaka et al. ‘03

• BSCCO, Hwang et al. ‘07

• YBCO, Boris et al. ‘04

1

τ
∼ kBT

�

LSCO	  
Takenaka	  et	  al	  	  

τ−1 ∼ T

τ−1
eff ∼ T

τ−1 ∼ kBT

�

21

Conjecture:	  there	  is	  a	  quantum	  bound	  for	  diffusion	  	  

Suggests	  incoherent	  transport	  

τ−1 ∼ T

τ−1
eff ∼ T

τ−1 ∼ kBT

�

σ0 �
�

kBT

21

Does	  this	  explain	  linear	  rela;vity?	  Evidence	  far	  from	  conclusive	  



Summary	  

•  We’re	  understanding	  beOer	  the	  conduc;vity	  proper;es	  of	  black	  holes	  

•  Are	  there	  lessons	  here	  for	  strongly	  interac;ng	  electrons?	  



The	  End	  

Thank	  you	  for	  your	  aOen;on	  


