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Nonlinear Continuum Mechanics
Problem Sheet 1

1. Given F = RU = VR and F'FN, = A\2N, (in the usual notation), show that

(a) UN, = \,N,, (b) If n, = RN,, Vn, = \n,,
(c) FN, = \;n,, (d) FT'n, = A\,N,.

(0 1)

find R, U and V by verifying the identity
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and then rearranging. Find the principal axes of U and the corresponding principal stretches.

2. For the simple shear

= ol

3. Under a uniform deformation X — x = FX, let
X1 — X1 = FXl, X2 — X9 = FX2

and assume that X;, X are orthogonal unit vectors. If X3 = X; A Xy, show that F7(x; A x2) =
JX3. Reconcile this with Nanson’s formula [let {X;, X5, X3} be a basis and use J = €51, Fj1 Fjo Fy3).

4. Show that the nominal stress

- X1 X2/ R? X9 X3/R3 0
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is in equilibrium without body-force, and find the components of nominal traction on the surface
R=a. [R=(X?+ X3+ X3)1/2].
5. Let e; = Fhe;, where F'y = 021/0X!. Show that
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where

with g;5 = F’IF]JgU, g% gy = 6% and g;; = 6;; [coordinates x? are Cartesian, g means 0/0X%].
Deduce the formula for 9V /0X 7, where the vector V is given as V = Vie; = Vie;.

6. Prove that 0J/0Fy; = leijpersrFjFirk. Use this result, in conjunction with o = J7IFP, to
obtain the equations of motion in Lagrangian form, from the corresponding Eulerian equations.
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7. A stress-rate (taken with the current state as reference) is called “objective” if, under a rotation
(Q(1))T of the frame of reference, so that o — o' = QoQ”, the considered stress-rate transforms
in the same way. Verify directly that the “contravariant Kirchhoff” rate do;;/6t, and the Jaumann
rate Do;;/Dt, are objective.

8. Adopting the polar decomposition F = RU, show that the spin W can be expressed
W =Q+ LR(UU ! - U 'U)RT,
where © = RR7. Prove that the stress-rate
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is objective.

9*. The orthonormal set of vectors {INgx}, defined so that

FT'FNg = A4 Nk
is called “the Lagrangian triad”. It is obtained from the reference triad {e% } by a rotation R

3 3
Rl = Z e) ® Ng = Z e @ RL &Y.
K=1 K=1
In matrix representation with {e%} as basis,
(R") = (N1,Ng,N3) = (Rf)); Rf;=ej-Ny

and

3
FTF = ) MiNgN%.
K=1

Assuming that the eigenvalues Mg are distinct, show that the spin Q¥ of the Lagrangian triad has
matrix representation with {N g} as basis,
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