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Quantum Field Theory: Example Sheet 2
Prof. A.C. Davis, October 2011

1. A string has classical Hamiltonian given by

H = Zzpn+122) (1>

where w,, is the frequency of the nth mode. (Compare this Hamiltonian to the La-
grangian (3) in Example Sheet 1. We have set the mass per unit length in that
question to ¢ = 1 to simplify some of the formulae a little.) After quantization, g,
and p, become operators satisfying

[Gns @m) = [Pn-Pm) =0 and g, prm] = i6pm - (2)

Introduce creation and annihilation operators a, and al,

ay, = &q —l—Lp and aT:H&q —Lp (3)
n 9 1n /—an n n 9 1n /—2wn n -

Show that they satisfy the commutation relations
;rn] = Opm - (4)

Show that the Hamiltonian of the system can be written in the form

[an, am] = [aL, m] =0 and [a,,a

H= Z Lw, (anal + ala,) . (5)

n=1
Given the existence of a ground state |0) such that a,|0) = 0, explain how, after
removing the vacuum energy, the Hamiltonian can be expressed as

H = Z wnalan. (6)
n=1

Show further that [H,a]] = w, al and hence calculate the energy of the state

Uyl D) = (d)h (@)lz o (ajv)lN 10) . (7)

2. The Fourier decomposition of a real scalar field and its conjugate momentum
in the Schrodinger picture is given by

48 1 L .

o = [ g b o
PE E. . o
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Show that the commutation relations

[0(2), (7)) = [7(@),7(§)] =0 and [¢(Z), 7(7)] = i6® (T~ §) (10)
imply that
[az,aq = [a;, ag] =0 and [a a}] = (2m)35@(p—q). (11)

3. Consider a real scalar field with the Lagrangian density

L=10,00"¢— im°¢*. (12)

2

Show that, after normal ordering, the conserved four-momentum P* = [z T
takes the operator form

dgp +
P“—/Wp“aﬁaﬁ (13)

where p” = Ej in this expression. From this expression for P* verify that if ¢(z) is
now in the Heisenberg picture, then

[P*, p(x)] = —id"o(x) . (14)

4. Show that in the Heisenberg picture,
o) = ilH, ¢(a)] = 7(x) and (z) = i[H,7(2)] = V(a) = m?p(x). (1)

Hence show that the operator ¢(x) satisfies the Klein-Gordon equation.

5. Let ¢(z) be a real scalar field in the Heisenberg picture. Show that the rela-
tivistically normalized one-particle states |p) = /2Eﬁa; |0) satisfy

(0] p() p) = ™. (16)

6. The retarded propagator in Klein-Gordon theory is defined as

Dr(z —y) = (=" = y°){0l[¢(x), 6(1)]|0)
where ¢(x) and ¢(y) are Heisenberg fields. Show that

dp 1

= (p—tp(z—y) _ ip.(z—y)
(27)3 2, (e ‘ )

Dae —9) =0(a" 1) [

where p® = Ej; in the exponents.
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Show that Dgr(x — y) can be reexpressed as a 4-momentum integral

d* ' ;
Dz —y) = / ap v —ip(a—y)

(2m)* p* —m?

and find the appropriate contour for the p° integral.

Describe any similarity or difference between Dg(z — y) and the Feynman propa-
gator Dp(z — y).

7. The purpose of this question is to introduce you to non-relativistic quantum
field theory. This is the only place you will encounter such a thing in this course.
Consider the Lagrangian density for a complex scalar field ¢ given by

L = i¢* Ot — % Vo* V. (17)

Determine the equation of motion, the energy-momentum tensor and the conserved
current arising from the symmetry ¢ — e*“¢. Show that the momentum conjugate
to ¢ is 1¢* and compute the classical Hamiltonian.

We now wish to quantize this theory. We will work in the Schrodinger picture.
Explain why the correct commutation relations are

[6(2), ()] = [6"(2),¢' ()] = 0 and  [¢(2), ¢"(&)] = 67(F ~ 7). (18)

Expand the fields in a Fourier decomposition as

&3 -
o (Z) = / (275;3 ale 77, (19)

Determine the commutation relations obeyed by a; and a;,. Why do we have only
)
P
What is the physical significance of this fact? Show that one particle states have the

a single set of creation and annihilation operators a;, a;; even though ¢ is complex?

energy appropriate to a free non-relativistic particle of mass m.
8. Show that if {v#, v*} = 2¢"”, then

[V, 7] = 20M9 Y — 29 4 207 AR — 29 R

By expressing 5" = 1 [v*, 7] as $(7"7* — ¢"*) etc., evaluate [S*, S#].

9. Show using Q.8 that if S = %e;;777*, then [S%, S7] = ie;;S*. Show also that

0, 87 = [y, §% = 0, where 75 = i7%y'4%y?. Show that (S1)* = (5%)* = ($%)* = 1.
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Verify these results in the particular representation

0 _ ILb 0 i 0 of
7_( 0 _12 ) V= _Ui 0 )
1_1 0_7; 0 5 0 12
S‘i( 0 a) 7_( 1, o)

in this representation. What can you deduce about rotations and spin in the Dirac
field theory?

and show that

10. Using just the algebra {v#, v} = 2¢"” (i.e. without resorting to a particular
representation), and defining 7% = i7°y'4?y3, p = p,4* and S = 1 [y, 77|, prove
the following results:

—_

Ty =0

[\

- Tr(y#y”) = 49"

3. Tr(y#9"?) =0

4. () =1

5. Try® =0

6. pd=2p-q— ¢ p=p-q+25p.q,
T.Te(pd)=4p-q

8. Tr(py... p,) =0if nis odd

9. Tr( Py Py b3 Bs) = 4[(p1 - p2)(P3 - pa) + (p1 - Pa)(P2 - P3) — (P1 - p3)(p2 - pa)]
10. Tr(y° Py $o) =0

1. vy oyt = =29

12. 7 py Po7* = 4Ap1 - e

13. Y By Do P57 = =2 P3Py B

14. Te(y® Py Py s s) = 41 €uupo DY D 5 D2

[Useful tricks to use are Tr(ABC) = Tr(BCA) and inserting (v°)* = 14 into a trace.]
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