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Michaelmas Term 2011, Mathematical Tripos Part III Michael Green

Symmetry and Particle Physics, 1

1. Show that representations of the angular momentum algebra [J;, J;| = i€;;1Ji act on
finite-dimensional vector spaces, V;, of dimension 2j + 1, where j = 0,1/2,1,.... Show
how it is possible to define a set of orthonormal states, |j, m) satisfying

Jilj,m) = NI, [j,m=£1),
. . +
and derive the expression for IV m

2. Consider the tensor product space V;, ® V;,, for which the total angular momentum
is J = J; + Jo, which can be written in terms of components Ji, J3. Let Uy be the
subspace for which J3 has the eigenvalue M. Show that if M > |j; — j2| there is a
one-dimensional subspace of U, which is orthogonal to J_Up;+1. Hence show that there
is a single normalised state, unique up to an overall phase factor, |¢) € Up; such that
Ji|py = 0if M > |j; — jo| and that we may identify |J.J) = |¢) for J = M. What happens
if M < |j1—j2|?

3. Prove that the tensors d;; and €;;, (¢, j, k = 1,2, 3) are invariant under three-dimensional
rotations. If u and v are vectors in three dimensional Euclidean space, show that
Tij = UV = Tij + %eijkvk + %5”5

separates the components of T;; into subsets of 5,3, 1 that transform amongst themselves
under SO(3) rotations, where

Tij = 3 (uv; + ujv;) — 0ijukvy ., Vei=(uxv), , S=uv.

Explain the relation to the results that, if V; is the vector space for angular momentum j,
then V; @ V1 ~ Vo @& V1 & ).

4. Three 3 x 3 matrices T; are defined by (T;);x = —i€;ji . Prove the results (a = |a]),
(i) [T;, Ty] = i€ Ty

(i)  (aT)’=d’aT,

(iii) exp(—ia-T) = 1 —ja-T 8¢ 4 (a.T)? cos4=1

What are the possible eigenvalues of n-T if n is a unit vector?

5. Assuming that the Pauli matrices o; are traceless and satisfy tr(o;o,) = 26;; show that
for any 2 x 2 matrix C' can be written as C = o; 3tr(0;C) + 1 5tr(C).

Explain how three-dimensional rotations may be described either by a matrix A €
SU(2) or an orthogonal matrix, R, which are related by

AO'jA_l == O'Z'R

ij -
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Obtain an explicit formula for R;; in terms of A and show that
Rii = (tI‘(A))2 —1 Rijo'io'j = QtI(A) A—1.
Show that there are two SU(2) matrices associated with a rotation matrix.

If [Rij] describes a rotation about the z-axis through an angle 6 show that R;; =
2cos 6 + 1 and obtain the associated SU(2) matrices A.

6. Show that the spin-1/2 representation of the angular momentum operators is given by

52

.27 =0;/2 (1 =1,2,3), where o; are Pauli matrices.

A general three-dimensional rotation may be defined as a rotation around the 3 axis
by an angle v followed by a rotation around the 2 axis by an angle 6 followed by a further
rotation around the 3 axis by an angle ¢ (¢, 6, ¢ are Euler angles). This rotation is gener-
ated by the operator U(R) = e~ 1?/3¢=10/2=#¥Js  SQhow that the spin-1/2 representation
matrices for this rotation have the form

Db (R) = eiém=im’ alh) (9)

mm/’

and determine the matrix d(2)(6).

7. Show that in(s 1)0
—i0J sm(y + 5
try, (e77%) = x;(0) = T%;’

and that the characters x; () satisfy the orthogonality conditions
2m

8. Let Cj,. i, be a symmetrical traceless tensor of rank [. Let x = x/|x| be a three-
dimensional unit vector giving a point on the unit sphere. Define a tangential derivative
such that V;z; = §;; — 2,2;. For the spherical harmonic Y;(x) = C;,. i, %, ... Z;, show
that

V(%) = 11+ 1) Yi(%).

Show also §%Y;(x) = 0 is equivalent to the traceless condition on C;, ;. Verify that

0% (z;Yy(x) — ﬁ x20;Y;(x)) = 0 so this defines a symmetric traceless rank-(l + 1) tensor..
9. Explain the experimental results
29% oy — 704y = 97 (pp — 7 +a) 99 0d — 7+ Hy) = 297 (pd — 7° Hes)
— — = — — — — = 2— —

where d is the deuteron and Hgs, Hes are the tritium, helium-3 nuclei, repsectively.

10. Show that the six possible charge combinations for the decays A — 7w+ N separate into
pairs whose amplitudes A are equal because of symmetry under I3 — —I3 for all particles.
Show that the decay widths, proportional to |A|?, satisfy

2 A+t p = 3l A+ om0y = 6L a0y



