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Michaelmas Term 2011, Mathematical Tripos Part III Michael Green

Symmetry and Particle Physics, 2

1. Let Tα1...α2j be a symmetric SU(2) tensor for j = 1
2 , 1, 3

2 , . . .. Show that the action of
the spin operator is given by

Sα1...α2j
β1...β2j

T β1...β2j =

2j
∑

i=1

1
2 (σ)αi

βTα1...αi−1βαi+1...α2j ,

where σ are the Pauli matrices.

Define for m = −j,−j + 1, . . . , j

T (jm) =
[
(j + m)!(j − m)!

]− 1
2 T

1...1
︸︷︷︸

j+m

2...2
︸︷︷︸

j−m

.

Calculate S±T (jm) and S3T
(jm). Show that T̄α1...α2j

Tα1...α2j = (2j)!
∑

m T (jm)∗T (jm) for
T̄α1...α2j

the conjugate tensor.

2. A field φ(x) transforms under the action of a Poincaré transformation (Λ, a) such that
U [Λ, a]φ(x)U [Λ, a]−1 = φ(Λx + a). For an infinitesimal transformation, Λµ

ν = δµ
ν + ωµ

ν

and correspondingly U [Λ, a] = 1 − i 1
2ωµνMµν − iaµPµ show that

[Mµν , φ(x)] = −i(xµ∂ν − xν∂µ)φ(x) , [Pµ, φ(x)] = i∂µφ(x) .

Verify that Mµν → i(xµ∂ν − xν∂µ) and Pµ → −i∂µ satisfy the algebra for [Mµν ,Mσρ] and
[Mµν , Pσ] expected for the Poincaré group.

3. Define B(θ,n) ∈ Sl(2, C) by

B(θ,n) = cosh 1
2θ + σ · n sinh 1

2θ , n2 = 1 ,

Show that this corresponds to a Lorentz boost with velocity v = tanh θ n. Show that

(
1 + 1

2σ · δv
)
B(θ,n) = B(θ′,n′)R ,

where, to first order in δv,

θ′ = θ + δv · n , n′ = n + coth θ(δv − n n · δv) ,

and R is an infinitesimal rotation given by

R = 1 + tanh 1
2θ 1

2 i (δv × n) · σ = 1 + γ
γ+1

1
2 i (δv × v) · σ , γ = (1 − v2)−

1
2 .

Show that v′ = v + δv − v v · δv. [Note σ · a σ · b = a · b 1 + iσ · (a × b).]
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4. The group of four dimensional space-time symmetries may be generalised to conformal
transformations x → x′ defined by the requirement

dx′2 = Ω(x)2dx2 ,

where dx2 = gµνdxµdxν (recall that Lorentz invariance requires Ω = 1). For an infinitesi-
mal transformation x′µ = xµ + fµ(x), Ω(x)2 = 1 + 2σ(x). Show that

∂µfν + ∂νfµ = 2σ gµν ⇒ 4σ = ∂ · f .

Hence obtain
4 ∂σ∂µfν = gµν ∂σ∂ · f + gσν ∂µ∂ · f − gσµ ∂ν∂ · f .

From this obtain 2∂σ∂µ∂ · f = −gσµ ∂2∂ · f and hence show that ∂σ∂µ∂ · f = 0. Why
does it then follow that fµ(x) can only be quadratic in x? Show that fµ(x) must have the
general form

fµ(x) = aµ + ωµ
νxν + λxµ + bµx2 − 2b · xxµ , ωµν = −ωνµ .

Show also that an inversion x′µ = xµ/x2 is a conformal transformation. Calculate the
finite conformal transformation obtained by an inversion followed by a translation by bµ

followed by another inversion and show that it is compatible with the result for fµ(x).

5. A four-dimensional space is defined in terms of 6-vectors ηA = (ηµ, η+, η−), µ = 0, 1, 2, 3,
subject to the relations

η · η = gABηAηB = gµνηµην − η+η− = 0 , ηA ∼ CηA .

Using η± = η4 ± η5 show that this space is invariant under transformations ηA → GA
BηB

where [GA
B ] are matrices belonging to the group SO(4, 2). For an infinitesimal transfor-

mation, GA
B = δA

B + ωA
B , show that ωA

B may be decomposed in the form

[
ωA

B

]
=





ωµ
ν aµ bµ

2bν −λ 0
2aν 0 λ



 , ωµν = −ωνµ .

Suppose, for η+ 6= 0, ηA = η+(xµ, 1, x2). Using δηA = ωA
BηB determine the correspond-

ing δxµ. What transformation corresponds to η+ ↔ η−? For four points xi, i = 1, 2, 3, 4,
calculate η1 · η2 η3 · η4/(η1 · η3 η2 · η4). Why is this a conformal invariant?

6. Consider the subgroup of the Galilean group corresponding to translations and boosts
where

t′ = t + b , x′ = x + a + vt .

Denoting the corresponding group element by (b,a,v) work out the group multiplication
law and show that (b2,a2,v2)

−1(b1,a1,v1)
−1(b2,a2,v2)(b1,a1,v1) = (0, 0, b1v2 − b2v1).

Suppose, for infinitesimal b,a,v, the associated unitary operator has the form

U [b,a,v] = 1 + ibH − ia ·P + iv · K ,

and determine the corresponding commutators. Require U [0,a,v] = T [a]UB [v] for general
a,v and assume T [a]UB[v] = eim a·vUB [v]T [a] for some positive constant m. Show that
this leads to the modified commutation relation [Ki, Pj ] = im δij .

Suppose P|0〉 = 0 and define |mv〉 = UB [v]|0〉. Show that is an eigenvector of P and

that H|p〉 = (E0 + p
2

2m
)|p〉.


