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Part III Maths Lent 2023

String Theory: Example Sheet 3

Corrections and comments should be emailed to d.b.skinner@damtp.cam.ac.uk

1. Show that an infinitesimal SL(2,C) transformation, acting as the Md&bius group on
z € CU oo, takes the form
2 2 = a+ Bz + 2P

where «, 5 and «y are constants. Hence show that the volume element of SL(2,C) may be
written as
d22’1 d222 d22’3

|Z1 - Z2| |22 - Z3| |Z3 - 21|2

dVsLec) =

in terms the coordinates zq, z9, z3 of any three distinct points on the Riemann sphere.

2. The ghost field ¢(z) has mode expansion ¢(z) = >, ., ¢,z """, Show that the ghost
vacuum |0) is defined by ¢,|0) = 0 for n > 1. Show that the bc CFT has correlation function

(c(z1)e(22)c(23))be = K (21 — 29) (22 — 23)(23 — 21)

for some constant K that you should find. [You may assume that (0|c_1 ¢y c1|0) = 1.] Hence

show that
H d*2; <H (2:)e(zi) >bcbc/ dVsLec) = H d?z;.

=1

What is the signiﬁcance of this result?

3. Show that the OPE between two plane wave operators :e* ¥ : takes the form

ikl-X |O(/k‘1-k2 ik1-X(

e 3(21,21) ZeikTXI(ZQ,EQ) ~ |Zl — 29 e 21,21) GikQ.X(ZQ,Eg) -
[You may find it useful to write the exponential operator as
i = o
et X Zn' D XH X (2, 2)
n=0

and first consider the OPE between X*(z1, %) and :e*X :(zy, %5).]

4a. The scattering amplitude for m closed string tachyons is given by

A Ry, k) = VolSLZ(C /Hdzz (z1,k1) .V (zZms k)

where V(z, k) = e*X(=2) and the correlation function is computed using the gauge fixed free
Polyakov action

1 _
SPoly - _271'0/ /&X“ aX!L dQZ
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By expressing the correlation function as a Gaussian integral, show that the amplitude is

A~ by (Z’“>/Hd%nm al .

i<l

b. Show that this integral is invariant under the worldsheet SL(2, C) transformation

az; +b
cz; +d

Zi

only when the momenta are on-shell, i.e. k? = 4/a’ for each i. Hence explain why the
4-tachyon amplitude can be reduced to the integral

Vg (Z k) JESERIEEEEE i

~—

c. By evaluating the remaining integral in terms of I'-functions, show that string theory
reproduces the Virasoro-Shapiro amplitude

)~ g 526<Zk> —1—a/s/4)T(— 1—0/75/4)1“(—1—o/u/zjl)7

24+ a/s/4) T2+ o't/4)T(2+ o't/4)

where s, t,u are the usual Mandelstam variables.

5. Explain why the limit s — oo, with t fixed corresponds to small angle scattering at
high energy. Show that in this limit the Virasoro-Shapiro amplitude exhibits so-called Regge
behaviour,

26 24+a't/2
_> gs 5 sz 2+C¥/t/4) S .

Show that this result agrees with the saddle point approximation to the integral () above.

6a. Write down the vertex operator for a massless closed string state with polarization
¢ and momentum k,. What are the restrictions on £, and (7

b. Consider the scattering of a massless closed string mode with momentum k; and two
tachyons with momenta ks and k3. Show that ky - ko = ki - k3 = 0, while ky - k3 = —4/d/.

c. Show that the 3-point scattering amplitude for these particles is given by

A® ~ 526 Zk /Hd% kﬂ+ﬁ LA 1
Vol(SL " zaslt \4 Z12 Z13) \Z12 713

where z;; = 2z, — z;.

d. Show that the residual SL(2;C) gauge redundancy allows us to simplify this to
AP~ g, 6120 <Zk‘> Cuv(ky — ki) (k3 — k%) . ()
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e. Consider the 26-dimensional theory

1

1 1
(R(G) +5G" 0,20, + §M2<I>2) V-G d*x

of gravity coupled to a real scalar field ® of mass M? = —4/a’. Show that the tree-level
amplitude for a single graviton of polarization (,, and momentum %; to be emitted from
a scalar of momentum ko agrees with the result (). Why does this amplitude not receive
stringy corrections?



