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1. Prove the following identities:
()% = OBABGH (]lg, —ot, —o?, —03)

s 5
(0")05 (6,07 = 28367
(ota” + oa")’ = 29gvsP
Tr[a“&”] = 29
Now use these identities to show that the definition
Vad = O'gdvu

can be inverted to give

1 .
VE = 2 (6" V.

Show also that the tensor product of left- and right-handed Weyl spinors can be
written:

(0")ae (YouX)
® (0,1/2) = (1/2,1/2) explicit.

lﬂaid =

N | —

~—

which makes the decomposition (1/2,0

2. Show that " = 1 (o#G” — o0”g") satisfy the Lorentz algebra in the same manner
as the Lorentz generators MH*”

|:Mp07 MTV:| — i(?]UTMpV o np‘rMaz/ 4 npuMaT . nUVMpT)

and can therefore be used as generators of the (fundamental) spinor representation of
the Lorentz group.

3. Prove that given N € SL(2,C') the expression
1
Ny(N) = 5T [&“ N o, NT]
provides an explicit map from SL(2,C') to SO(3,1).
4. Using the definition ¢ = ¢*1)5, and the SL(2, C) spinor transformation property
U = N g (1)
work through the following:

(a) Prove that under SL(2,C), ¥ transforms as ¢* = ¢#(N71)".
(b) Using the SL(2,C) invariance of €, find an expression for N~! in terms of N.
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(¢) Prove that:
YX = PXa = —VYax" =X
and check that ¥y as well as Y = 14Y® are SL(2,C) scalars.

5. Using that

(UW>§ (Jul’)i = Cay e’ + 52 55

Prove that the tensor product of two left-handed Weyl spinors can be decomposed as
(1/2,0) ® (1/2,0) = (0,0) & (1,0)

or, more explicitly:

1 1
YaXs = S€as (¥x) + 5(0“”€T)aﬁ (¥ o X)-

6. Prove the following Fierz identities:

(68) (x1) =~ 5(00"7) (x0,)

(00"0) (05°0) — %nw (00) (90)

7. The Pauli-Ljubanski vector W, = PYMP? satisfies

= 261“//70
W,,P,] =0 W, W, = i€uo,PTWP.
Prove that it also satisfies:
(WH, Qo] = —i(0™)5 QP

Thus show that W#W, is a Casimir operator of the Poincaré algebra but not of the
super Poincaré algebra. This tells us that irreducible representations of the super
Poincaré algebra (“supermultiplets”) contain particles of different spin.

8. Consider the superspin operator Cs:
1 - .
Cy = C,,C" where Cy, = B,P, — B,P, with B, =W, — 1 Qa(0,)"Qq

What does the index structure of C, tell you about its Lorentz transformation prop-
erties and therefore it’s commutator with M**? Assuming that [Cy, M*] takes such
a form, check that Cy commutes with P, and @, explicitly. Deduce that Cy is
Casimir of the super Poincaré algebra.

9. By applying a parity transformation to {Qa, @3}, where PQ. P! = T]p(0'0>aB‘QB and
PQP~ = —n3 (5°)%% Qp, show that PP,P~' = P* (note that |np| = 1).

with supersymmetry in terms of the number of

| =
Q)

10. Consider states in massive N = 1 supermultiplets, using the commutator [Jis

Lot Q;, calculate [J?, Q4] and then [J?, QQs]. What does the operator (
do to the total spin of some state?

Qi
Q;
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