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Mathematical Tripos Part III Dr O. Rinne
GENERAL RELATIVITY Michaelmas 2008
Problems 2: Geodesics, curvature, Finstein’s equations and variational principles

Please send comments/amendments etc. to o.rinne@damtp.cam.ac.uk

2.1 Parallel transport

A vector field Y is parallely propagated (with respect to the metric connection) along a
geodesic curve with tangent vector X in a (pseudo-)Riemannian space. Show that the mag-
nitudes of the vectors and the angle between them are constant along the geodesic.

On the unit sphere a unit vector Y is initially tangent to the meridian ¢ = 0 at a point
on the equator. It is then moved by parallel propagation first along the equator to the point
at longitude ¢q, from there along a meridian to the North pole, and thence along another
meridian to its original position. By how much has it changed, and why?

2.2 Geodesics as extremal curves

Consider a curve z%(s) and set #* = dz®/ds. Let

F= () = —guii,
ds
where g, is the spacetime metric. Show that the variational principle 0 =6 [ dr =6 [7ds =
§f V'F ds generates timelike geodesics of the metric connection. Show also that the principle
0 = ¢ [ F'ds generates all geodesics of the metric connection.
Obtain the equations of all of the geodesics of the spacetime with metric

ds® = t72(—dt? + dz?),

and the form of the general timelike geodesic.
[Hint: you should use the symmetries of the Lagrangian F', and you will probably find
the indefinite integrals

/ dt 1 <\/1+02t2—1> / ds
n , ——— = —coths,
sinh“ s

iz 2 \Vito+1

useful.]

2.3 Newtonian connection and tidal forces

A Newtonian particle experiencing gravity, and no other forces, is said to be freely falling,
and its path is taken to be a geodesic. Starting from X = —V¢ (where ¢ is the Newtonian
potential) introduce space-time coordinates = = (¢,x) and obtain the Newtonian connection

I'n%00 = ? . FNijk =0 otherwise
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(a, B range over 1,2,3). Compute the Newtonian curvature tensors

—RN“00s = BN 0p0 =0,058, RNijkl =0 otherwise.
Ryoo =V?¢, Rnij = 0 otherwise.

Suppose we choose coordinates with spatial origin attached to a particular freely falling
particle P, so that its path is 2' = (¢,0,0,0), and the tangent to the path has components
X"=(1,0,0,0). Let Z be a connecting vector. Show that

(VxVxZ)* = —posZ". (*)

Now work through the same calculation in the Newtonian theory of gravitation. Note
that for P, X = 0 = ¢4(0) = 0. Let @ be a neighbouring particle with position vector dx
where |0x/| is small. Then

0% = —0 o (0%) = —¢ap(0)0x" 4+ ... .

Note the similarity to (x). Recall from problem 1.4 that because ¢ o(0) = 0, ¢ ,3(0) are
the components of a (;) tensor. This is often called the tidal force tensor, because the
inhomogeneity in the terrestial potential caused by the moon produces ocean tides.

2.4 Newtonian metric and connection

Propose a definition of a metric tensor for Newtonian space-time. Is the Newtonian connection
metric?

2.5 The contracted Bianchi identities

Starting from the Bianchi identities R%j.q,) = 0, deduce the contracted Bianchi identities
G%.q = 0 where
Gap = Rap — %Rgab

is the Einstein tensor.

2.6 Component counting for the Riemann tensor

How many independent components does the Riemann tensor have in pseudo-Riemannian
manifolds of two, three and four dimensions? Show that in two dimensions

Rabed = 5R(9acGbd — Yadee)-

Discuss Einstein’s theory in two dimensions.
2.7 The Weyl tensor
In a space of n dimensions define a tensor

Cabcd = Rabcd + a(Racgbd + Rbdgac - Rad.gbc - Rbcgad) + ﬂR(gacgbd - gadgbc)

where a and (§ are constants. Show that Cgp.q has the same symmetries as Rgpeq-
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The coefficients o and 3 are chosen to set C%,q = 0. Determine them. With this extra
condition Clypeq is called the Weyl tensor. Show that it vanishes if n = 2, 3.

Setting n = 4, how many independent components do Ry, and Cypeq have? What does
the Weyl tensor represent physically? Show that in vacuo

vac'abcd = 0.

2.8 The weak energy condition

Physically reasonable matter with energy-momentum tensor 7% is expected to satisfy the
weak energy condition, i.e.
TpUU® > 0

for all timelike U%. As an observer with a fixed 4-velocity V' you can measure the components
of T,p in your rest frame. You note that T, regarded as a symmetric matrix, has one timelike
eigenvector W* with eigenvalue p and three spacelike eigenvectors X with eigenvalues p(q).
How would you test whether this matter satisfied the weak energy condition?

2.9 Variational principle for a perfect fluid

A perfect fluid with 4-velocity u® is described by a number density n, energy density p,
pressure p and specific entropy s all measured in its rest frame. The corresponding flux
densities

N¢ — nua, Tab — (,0 _|_p)uaub _|_pgab’ e — nsua,

satisfy the conservation laws

Another useful quantity is the specific enthalpy € = (p 4+ p)/n. Only two of the scalars p, p, €
and s are independent and it is customary to take these to be € and s. The functional form
of p is given by an equation of state p = p(e, s), and the remaining quantities are determined
by the first law of thermodynamics

dp = nde —nT ds,

where T is the temperature. You may assume (Pfaff’s theorem) that an arbitrary covector
field 2, may be written in the form

Q= X,a 1 a/B,a + 95,(1

where «, 3, x and 6 are scalar fields, three Clebsch potentials and the thermasy.
Consider the action

S = /\/—_g [p(e, s) i (g“anQb —|—€2)} dz.

€
Verify that the quantities which can be varied independently are n, €, x, «, 5, 0, s and gu

and obtain the equations of motion of the system.
[Hint: ug = Q4/€]
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2.10 Brans-Dicke theory
The action for the Brans-Dicke theory of gravity is given by

1

S = _—
167

,a
/ \/—g{Rqﬁ . w—¢’ib¢ + 167eratter] de,
where ¢ is a scalar field and w is a coupling constant. Ordinary matter is included in the
action Lyatter- How are the Einstein field equations modified, and what is the field equation
for ¢?
[For the background see [MTW] §39.2.]

2.11 The Palatini procedure for electrodynamics

Consider the following action for vacuum electrodynamics
1
S =4 / V=g [%FabF“b — (Apa — Aa,b)F“b} diz,

which is formally equivalent to the action given in the lectures if the usual relation between
A, and Fp, is assumed. Here though you should assume that A, and F_; are formally
independent fields which are also independent of g,,. Use the Palatini procedure to obtain
the field equations.



