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Lecture 6: General Relativity

John D Barrow

‘Einstein’s theory of  relativity is probably the  greatest synthetic 

achievement of  the human intellect up to the present time’

Bertrand Russell (1955)



Newton’s Laws Are Un-Copernican

Newton’s laws only hold for special observers 

who don’t rotate or

Accelerate with respect to the distant fixed stars

There are special classes of observers for whom the laws of Nature look simpler!!

Einstein’s equations are the same for all observers



The idea of general relativity
Space and time are not fixed and absolute

Mass and energy determine the geometry

of  space and the rate of  flow of  time locally

Einstein’s eqns: {Geometry} = {mass energy content}

They have the same form under any coordinate transform

ds2 =  g(t, x)dxdx (sum over  , = 0,1,2,3)

‘Generalises’ the metric of  ‘special’ relativity in (t,x,y,z) coords:

ds2 = c2dt2 – dx2 – dy2 – dz2

Eqns of  motion determines the motions of  masses and light on this curved geometry 

given by stationary action principle

ds = 0

“Matter tells space how to curve. Space tells matter how to move”



Inertial and Gravitational Mass

mG mG=
mI

mI

accelerategravitational equilibrium



They are measured to be the same to at least 1 part in 1012



The Universality of Free-fall



Ficticious forces



Einstein’s Principle of Equivalence



Predicting the bending of light

Maximum 'bending' occurs closest to the centre of  a gravitational ‘lens’

Not like an optical lens



Gravitational Redshift



Gravity shifts light frequencies

Pound & Rebka, 1959



Spacetime Intervals



The metric of spacetime geometry

Sum over , = 0,1,2,3



Einstein’s equations of general relativity
 Aim to have 2nd order pdes describing gravity that are tensor eqns:

 {Spacetime geometry} = {mass-energy and motion}

 Tensors describe 4-d geometry of spacetime: Ricci R, R  trace of R, and g
 General linear combination of rank-2 tensors (2nd derivatives of g):

R + ARg + g = T  uu
A,  and  constants, u is the 4-velocity,  the density

 Tensor T chosen so T = 0  conservation of energy + momentum

 g = 0 always and (R + ARg) = 0 iff A = - ½ is a theorem of 
differential geometry

R - ½Rg + g = T  Einstein’s eqns

Weak gravity limit with  = 0: R00 = ½ 2g00 = ½ 2(1 + 2/c2) = ½ c2

2 = ½ c4

This is Poisson’s eqn for Newtonian gravity if  = 8G/c4

2 = 4G

 If   0 then 2 +  = 4G

What is this strange new constant  ? (see next lecture)



Karl Schwarzschild’s solution

Accurately describes the gravitational field of  the Sun. 

Equations of  motion give the orbits of  the planets

ds2 = c2dt2 (1 - 2GM/rc2) – dr2 (1 - 2GM/rc2)-1 – r2(d2 + sin2 d2)



Kerr’s rotating black hole solution (1963)

This is the spacetime metric around a black hole of  mass M 

and angular momentum per unit mass a = J/M in units where c = 1.

Ergosphere has E <0 orbits so can extract rotation energy. 

The coordinates are ‘Boyer-Lindquist’ coordinates (t, r, , )

Cartesians x = (r2 + a2)1/2sincos, y = (r2 + a2)1/2sinsin, z = rcos

When a  0 it becomes Schwarzschild’s metric



Urbain Le Verrier

1843 - identifies 

precession advance

and predicts planet 

Vulcan nside Mercury’s 

orbit

Perihelion precession of  the planets

43.08 sec of arc per century

Deviation from 1/r2 Newtonian 

Gravitational force law

Planet Newtonian Value Observed Value Difference Prediction GTR

Mercury mmm

m

mmmm 532.08 mmm

m

mmmm 575.19 mmm

m

mm 43.11 ±

0.45 mm

mmmm 43.03 mmm

m

Venus 13.2 21.6 8.4 ± 4.8 8.6

Earth 1165 1170 5 ± 1.2 3.8

Current confirmation of  general relativity to a few parts in 105

Urbain le Verrier

Perihelion advance

in seconds of

arc per century

1859

observations



Hulse-Taylor Binary Pulsar (1974)

Precession rate 4.2 deg per yr

Discovered 1974

Nobel Prize 1993
Perihelion advance is 4.2 degrees per year

21,000 light yrs away

in Aquila

Pulses tracked to 

15 mu sec



Binary Pulsar’s Orbital Decay 

Consistent with gravitational radiation emission predictions of  general relativity

Weisberg et al, 1981

PSR B1913+16

Hulse & Taylor, 1974

Observed decay rate

= 0.9970.002  Predicted



Detecting ‘dark matter’ by lensing

irfu.cea.fr



Gravitational lensing of  galaxies

Mdark  10  Mluminous

Galaxy Cluster Abell 1689



Gravitational Waves



Basic interferometer

Hanford, WA

LISDA/NGA

LIGO Gravitational wave interferometer

Now joined in June 2017 by the VIRGO interferometer near Pisa, Italy



Inspiralling of  two spinning black holes

14 Msun +   8 Msun  21 Msun + lost energy (including gravity waves)

Spinning black holes merge (2015)
LIGO/T. Pyle 



First Detection of  Gravitational Waves

26 Dec 2015

See https://arxiv.org/pdf/1609.09349

GW 150914



The signal profile



Black Holes

Black holes

Blue = by GWs 

Purple = by photons

Neutron stars

Yellow = by photons

Orange = by GWs



Images/animations were created by Prof. Andrea Ghez and her 

research team at UCLA and are from data sets obtained with the W. M. 

Keck Telescopes

Black Hole at the Centre of  the Milky Way

M = 4 million 

solar masses

Images from 1995-2013

Central 0.5 arc sec

Star S0-2

Completes a whole

Orbit in 16.17 yr

Mass = 4 x 106 solar masses

Speeds of  stars up to 3 million mph!



Black Hole at the centre of Galaxy M87

Mass = 6.5 x 109 solar masses

53.5 million light years away



Further reading
 A. Einstein The Meaning of General Relativity, Methuen, 1955, new pbk edn by Routledge 2003

 T-P. Cheng, Relativity, Gravitation and Cosmology: a basic introduction, Oxford UP (2008)

 L. Landau and E.M. Lifshitz, The Classical Theory of Fields, 4th rev. edn., Pergamon, (1974)

 C Will, Was Einstein Right?, 2nd edn, Basic Books, (1993)

 V.P. Frolov and A. Zelnikov, Introduction to Black Hole Physics, Oxford UP, (2011)

 LIGO and Virgo Collaborations (954 authors!), The basic physics of the binary black hole merger 

GW 150914, online at  https://arxiv.org/abs/1608.01940

 K. Thorne and R. Blandford, Modern Classical Physics, Princeton UP (2017), chapters 25-27 cover 

general relativity, black holes and gravitational waves.

https://arxiv.org/abs/1608.01940

