Mathematical Tripos Part IA Lent Term 2017 Vector Calculus Prof R Jozsa

Line, Area and Volume Elements in Cylindrical Polars

r(ρ, ϕ, z) = ρ cos ϕ i + ρ sin ϕ j + z k

Line element:

dr = h_ρ e_ρ dρ + h_ϕ e_ϕ dϕ + h_z e_z dz

h_ρ = 1 e_ρ = cos ϕ i + sin ϕ j h_ϕ = ρ e_ϕ = − sin ϕ i + cos ϕ j h_z = 1 e_z = k Area elements:

dS = e_ρ ρ dϕ dz (ρ const) e_ϕ dρ dz (ϕ const) e_z ρ dρ dϕ (z const) Volume element: dV = ρ dρ dϕ dz

Differential Operators in Cylindrical Polars

∇ = 1 h_ρ e_ρ ∂ ∂ρ + 1 h_ϕ e_ϕ ∂ ∂ϕ + 1 h_z e_z ∂ ∂z Gradient: ∇f = ∂f ∂ρ e_ρ + 1 ρ ∂f ∂ϕ e_ϕ + ∂f ∂z e_z

Curl:

∇ × F = 1 ρ | | | e_ρ ρ e_ϕ e_z ∂/∂ρ ∂/∂ϕ ∂/∂z F_ρ ρF_ϕ F_z

| | | Divergence:

∇ · F = 1 ρ ∂ ∂ρ (ρF_ρ) + 1 ρ ∂F_ϕ ∂ϕ + ∂F_z ∂z Laplacian:

∇^2f =

∂^2f ∂ρ^2 + 1 ρ ∂f ∂ρ + 1 ρ^2

∂^2f ∂ϕ^2 + ∂^2f ∂z^2

for a scalar field f(r) and a vector field F(r) = F_ρe_ρ + F_ϕe_ϕ + F_ze_z

Mathematical Tripos Part IA Lent Term 2017 Vector Calculus Prof R Jozsa

Line, Area and Volume Elements in Spherical Polars

r(r, θ, ϕ) = r sin θ cos ϕ i + r sin θ sin ϕ j + r cos θ k

Line element:

dr = h_r e_r dr + h_θ e_θ dθ + h_ϕ e_ϕ dϕ

h_r = 1 e_r = sin θ cos ϕ i + sin θ sin ϕ j + cos θ k h_θ = r e_θ = cos θ cos ϕ i + cos θ sin ϕ j − sin θ k h_ϕ = r sin θ e_ϕ = − sin ϕ i + cos ϕ j

Area elements:

dS = e_r r^2 sin θ dθ dϕ (r const) e_θ r sin θ dr dϕ (θ const) e_ϕ r dr dθ (ϕ const) Volume element: dV = r^2 sin θ dr dθ dϕ

Differential Operators in Spherical Polars ∇ = 1 h_r e_r ∂ ∂r + 1 h_θ e_θ ∂ ∂θ + 1 h_ϕ e_ϕ ∂ ∂ϕ Gradient: ∇f = ∂f ∂r e_r + 1 r ∂f ∂θ e_θ + 1 r sin θ ∂f ∂ϕ e_ϕ

Curl:

∇ × F = 1 r^2 sin θ | | | | e_r r e_θ r sin θ e_ϕ ∂/∂r ∂/∂θ ∂/∂ϕ F_r r F_θ r sin θF_ϕ

| | | | Divergence:

∇ · F = 1 r^2 ∂ ∂r (r^2F_r) + 1 r sin θ ∂ ∂θ (sin θF_θ) + 1 r sin θ

∂F_ϕ ∂ϕ Laplacian:

∇^2f =

∂^2f ∂r^2 + 2 r ∂f ∂r + 1 r^2 sin θ ∂ ∂θ ( sin θ ∂f ∂θ ) + 1 r^2 sin^2θ

∂^2f ∂ϕ^2

for a scalar field f(r) and a vector field F(r) = F_re_r + F_θe_θ + F_ϕe_ϕ