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MATHEMATICAL TRIPOS Part IB
ELECTROMAGNETISM

Corrections and comments by email to ajm@damtp.cam.ac.uk

VECTOR CALCULUS REVISION
1. Vector Algebra in R3

Suffiz notation. Use of §;; and €;,.  (a; represents a, etc.)

dija; = ai, Okk =3
€ijk€pgk = Oipliq — 0ig0jp, €ijkEpjk = 20ip

a-b= aiéijbj = ajbj, (a /\b)k = kaqapbq

2. Vector Calculus in R3

9.0 0 9
V—l%—i-‘]a—y—i-ka—zeza—n,

where x = r1, e; =i, etc.

A. J. Macfarlane
Lent 2004

Let r or r; denote the position vector, and » = |r|. Then r = r/r defines a unit vector in
the direction of r. We note a key result (1), and some consequences (for r # 0)

82 1 _ STiTj — TQ(SZ‘j : V2 1 _ O
orior; \r ro r

Let a(r), b(r) and ¢(r) denote vector, vector and scalar fields. Then

(Vo) = 0kp, V-a=0a;, (Vra)y = €ppeapby

Sometimes one writes grad ¢ = V¢, diva =V - a, and curla = Vaa.

3. Vector Calculus identities in R3

V:(pa)=a-Vo+¢V-a

Va(¢pa) =aarVe —odVra
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V-arb=b-Vaa—a-Vab (6)

There are similar but more complicated identities for Va(arb) and for V(a-b). The simple
examples of these which crop up, often when one of the vector fields involved is actually
constant, are best handled by direct suffix notation methods.

V2 = 000 (7)
VAV =0, V-(Vaa)=(VaV) -a=0 (8)
Va(Vaa) = V(V -a) — V3a (9)

A warning (that may not be needed in the context of the present course). In Cartesian
coordinates we have
(Va); = V*a,

using V2 = 9,0,. But the same does not hold in other coordinate systems because the unit
vectors in the explicit expression for a in terms of the corresponding unit vectors as basis,
are coordinate dependent. For all coordinate systems other than Cartesians, one uses (9)
in the form

V?a=V(V-a)— Va(ra).

Each step on the right-hand side here is well-defined in any system of curvilinear coordinates.
See Sec. 5 below.

4. Integral Theorems

Divergence Theorem in R3

F(r) is a vector field defined in V' C R3; V has surface S = 9V , and dS denotes a surface
element parallel to the outward unit normal n.  (n? = 1.)

/V-FdV:/F-dS:/n-FdS (10)
1% S S

Stokes’s Theorem in R3

S is an open orientable surface (no Mébius bands), bounded by a closed curve C = 95,
and lies entirely within a simply connected volume within which F(r) is defined and differ-
entiable. C' is traversed in an anticlockwise direction with respect to the unit normal n, to

S.

/n'VAFdS:jQ{F‘dr (11)
S C

Corollaries to these two theorems arise in various ways, e.g. by writing F = c¢ where c is
an arbitrary constant vector, or F = ¢ ra(r).

5. Expressions for Vi, V- A, VA A, and V2% in curvilinear coordinates

Cylindrical polars
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Coordinates (s,¢,z): x=rcosf, y=rsinf, z=z.

V-AZE%(SASH%%—?JF‘%% (13)
vAA:(%%@Z—ai‘f’,aais—8;:,%%(314@—%%15) (14)
v%:%% <sg—f>+8izg%f+%f (15)

Let e5, €4, and e, be the unit vectors respectively in the direction of increase of s (at
constant ¢, z), ¢ (at constant z,s), and z (at constant s, ). Then these are a right handed
orthonormal triad. Also

_e W G Lo
Vw—esas+e¢sa¢+ezaz. (16)

The unit vectors of cylindrical polars are related to the Cartesian unit vectors i, j, and k,
via

e, =cospi+singj, e, =—singi+cosgj, e,=k (17)
Spherical polars
Coordinates (r,0,¢) : x =rsinf cos¢, y=rsinfsing, z=rcos.
(o 10y 1 o\ O 109 1 oy
Ve = (87“ "1 90 rsinf 8¢>> = T 00 T sing 0¢ (18)
10 1 0, . 1 0Ay
VA= T_QE(T r)+ rsinf %(SIHHAQ) - rsind O¢ )
B 1 0, . 0Ag\ 1 ( 1 0A, 0
VA = (rsine (%“m“@ - a—¢> ' (Te 9 E(’"A“) : o0

(e 2))

2 _iﬁ 28_¢ 1 g i 8_1/1 ! a2—¢
vq’z)_rzﬁr " or +r281n0('3¢9 Sme@@ +r281n293¢2 21)

6. Integration over all space V'

Cartesians: fv dr = ffooo dx dydz.
Cylindrical polars : [, dr = [ sds 0277 do [, dz.
Spherical polars : [, dr = [ r2dr [ sin6df " d¢, and

/V drf(r) = 4 /0 ~ fryrar. (22)
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Revision examples

These questions cover mainly straightforward material from the IA Vector Calculus course.
Some of the questions contain reslts that will be used in the lecture course. The examples
are not intended to occupy supervision time.

1. Show that ar(bac) + ba(cra) 4+ ca(arb) = 0.

2. Let a be a constant vector. Use suffix notation methods to check these identities.

Va(arF)=aV - -F —(a-V)F, and hence Va(anar)=2a

1 (r—a)
Ve = Teap
1 3riry —r2dy;
0,0;~ = — L
Ty 7o
3. In the notation of (17), show that
des ey _

a¢—e¢, a¢——es.

4. Show (using an arbitrary constant vector a for (ii)) that:

i) Jgr'rdS = [,(n+3)r"dV, (i) [qr"dS = [, nr"*rdV

5. Let S7 be a closed surface entirely contained within a closed surface S;. Let V' be the
volume bounded by S; and Sy. If V-a = 0 throughout V, show that [; dS-a= [, dS-a.

6. Let a be an arbitrary constant vector. Use Stokes’s theorem and the fourth result from

2 to show that
%a-% r/\dr:a-/dS,
Cc=88 S

so that the area of plane C, with n the unit normal to the plane, is given by

1
Sn = 57{ r Adr.
c=88

7. If B = (0,0, B) in cartesians with B constant, verify that the following possible vector
potentials yield B = VAA:

(i) in cartesians, A = (0,2B,0)

(ii) in cylindrical polars, A = (0, +Bs,0)

(iii) in spherical polars, A = (0,0, + B rsinf)

[ For (iii), from a decent diagram of spherical polars, find k = e, cosf — eg sin6. |

8. For ¢ = —Fz = —Ercosf calculate E = —V¢ in Cartesian and spherical polar coordi-
nates, to which applies the hint to 7.



