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Numerical Analysis — Lecture 2

2 Factorization of structured matrices

2.1 Symmetric positive definite matrices

Let A be an n x n symmetric positive definite matrix (i.e., Ay, = Apy and *TAz > 0 for all
@ # 0). An analogue of LU factorization takes advantage of symmetry: we express A in the form
of the product LDLT, where L is n x n lower triangular, with ones on its diagonal, whereas D
is a diagonal matrix (which, A being positive definite, has positive elements along its diagonal).
Subject to its existence, we can write this factorization as

Diy 0 - 0 i’
A=l 1y -1, ] . .2,2 | . : : :ZDk’klklg_
: 0 k=1
0 0 Dnn L,

(as before, 1y, is the kth column of L).

The analogy with the algorithm of Section 1.2 becomes obvious by letting U = DL, but the present
form lends itself better to exploitation of symmetry. Specifically, to compute this factorization,
we let Ag = A and for k = 1,2,...,n let l; be the multiple of the kth column of A;_; such that
Ly, =1. Set Dy = (Ak—l)k,k and form Ap = Ap_1 — thlklg.
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Example Let A = Ag = [ ] Hence 17 = { ; }, Dy =2and

Theorem Let A be a real n x n symmetric matrix. It has an LDLT factorization in which the
diagonal elements of D are all positive if and only if A is positive definite.

Proof. Suppose that A = LDLT and let z € R™ \ {0}. Since L is nonsingular, y := LTx # 0.
Then " Az = yTDy = 3"}, Dy ,y? > 0, hence A is positive definite.
Conversely, suppose that A is positive definite. We wish to demonstrate that an LDL™ factorization
exists. We denote by e, € R" the kth unit (a.k.a. coordinate) vector. Hence e] Ae; = A; 1 > 0
and U; & D;; are well defined. We now show that (Ap_1)kx > 0 for £ = 1,2,.... The result is
true for k£ = 1 and we continue by induction (hence may assume that Ay, = A — Zf;ll Dj,jljl;-F
has been computed successfully).

We define € R™ as follows. The bottom n — k components are zero, z, = 1 and x1,x2,...,Tp_1
are calculated in a reverse order, each x; being chosen so that l;rzc =0forj=k—-1,k—2,...,1
In other words, since 0 = lJTLU = Z?:l L jx; = E?:j L; jx;, we let T; = —Zf:jJrl L jx;, j =

k—1,k—2,...,1.
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Since the first k—1 rows & columns of A;_; vanish, our choice implies that (Ay_1)gr = T Ap_12.
Thus, from the definition of A;_; and the choice of «,

k—1 k—1
(Ak—l)k7k = IBTAk_liL' = a:T A— Z Dj)jljl;r r = iETACL' — ZDJ‘J'(IJT{L')Q = IETAQJ > 0,
j=1 j=1
as required. Hence (Ax_1)gr >0, k =1,2,...,n, and the factorization exists. ]

Conclusion It is possible to check if a symmetric matrix is positive definite by trying to form its
LDL" factorization.

Cholesky factorization Define D'/? as the diagonal matrix whose (k, k) element is Di/ ,f , hence
D'Y2D'/2 = D. Then, A being positive definite, we can write

A = (LDY?)(DY?L") = (LD"/?)(LD"/?)".

In other words, letting L := LD'?2 by L, we obtain the Cholesky factorization A = LLT.

2.2 Sparse matrices

Frequently it is required to solve very large systems Az = b (n = 10° is a modest example!) where
nearly all the elements of A are zero. Such a matrix is called sparse and efficient solution of Az = b
should exploit sparsity. In particular, we wish, if possible, to derive sparse L and U. The only tool
at our disposal is the freedom to exchange rows and columns to minimize fill-in. For example,

-3 1 1 2 0 1 0 0 0 0 -3 1 1 2 0
1 -3 0 0 1 -1 0 0 0 o -3 1+ 2 1
I S b3
1 0 20 0]= 7 1 0 0 o o ¥ = 5 |
2 0 030 3 > 1.0 0o 0 0 % 79
4
0 1 00 3 -2 5 & 1 0 0 0 0 22
with copious fill-in. However, reordering (symmetrically) rows and columns,
2 0 1 0 0 1 0 0 00 20 1 0 0
03 2 0 0 01 0 00 03 2 0 0
12 -30 1 |=|3 2 1 00 00 -2 0 1
00 0 3 1 00 0 10 00 0 3 1
00 1 1 -3 00 —5 3 1 00 0 0 —22

An important example of sparse matrices are band matrices, whereby all the nonzero elements
occur on or close to the diagonal.
Theorem Let A = LU be an LU factorization (without pivoting) of a sparse matrix. Then all
leading zeros in the rows of A to the left of the diagonal are inherited by L and all the leading
zeros in the columns of A above the diagonal are inherited by U.

Proof. Follows from Exercise 1. O



