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6 THE DIRAC DELTA FUNCTION

The Dirac delta function and an associated construction of a so-called Green’s function
will provide a powerful technique for solving inhomogeneous (forced) ODE and PDE
problems.

To motivate the introduction of the delta function consider the set F of (suitably well
behaved) real functions f : R — R. Any such function g may be viewed as a map G
from F to R viz. for any f we set

G(f) = / " g0 (@) de 1)

(e 9]

i.e. g appears as the kernel of an integral with variable f (and here we are just assuming
that the integrals exist). Such “functions of a function” are called functionals. These
functionals are clearly linear in their argument f and we ask: do we get all linear maps
from F to R in this way? Well, consider the following (clearly linear) functional

What should the kernel be? If we call it §(x) we would need

/OO O(z)f(x)dx = f(0) for all f. (2)

—00

If we're thinking of § as being a bonafide continuous function then if ¢ # 0, we should
have 6(c) = 0 — because if §(c) # 0 we could choose an f that is nonzero only very near to
¢ and eq. (2) could be made to fail. Next choosing f(2) = 1 we need [~ 0(z)dz = 1 yet
d(z) = 0 for all z # 0! Thus intuitively the graph of 6(z) must enclose unit area but over a
vanishingly small base i.e. we need an “infinite spike” at = 0. Such objects that are not
functions in the usual sense but have well defined properties such as eq. (2) are called
generalised functions or distributions. It is possible to develop a mathematically
rigorous theory of them and below we’ll outline how to do this. But for this “methods”
course we will use them only via a set of rules (cf below) motivated intuitively (but the
rules can be justified in the rigorous theory).

One possible approach to making sense of the delta function is to view it as the limit of
a sequence of (ordinary, integrable) functions P,(x) that should have the property

o0

lim [ Py(z)f(x)dz = f(0) (3)

n—oo [_ o

and we also normalise them to have [*° P,(z)dz = 1 for all n. Such sequences are
not unique — it can be shown (not obvious in all cases — we'll see eqgs. (5,6) in Fourier
transforms later!) that each of the following sequences has the required properties:
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Figure 1: P,(z) for the top-hat, the Gaussian, and sin(nx)/(7z), showing convergence
towards the delta function, for n = 2,4, 8,16, 32 (thin solid, dashed, dotted, dot-dashed,
thick solid).

P ={ % et e
Pu(z) = %e” (5)
Py (z) = T207) (6)

These are shown in the figure.

These examples also show that the limit in eq. (3) cannot be taken inside the integral
to form a “limit kernel” 6(x) = limy e P,(x) since P,(0) — oo in all cases! Note that
the sequence in eq. (6) does not even have P,(c) — 0 for ¢ # 0 e.g. P,(7/2) = %
which is +2/72 for all odd n. Indeed in eq. (3) contributions from f(c) for ¢ # 0 are
eliminated by P, oscillating faster and faster near x = ¢ and thus contributing zero effect
by increasingly exact cancellations of the oscillations with envelope f for any suitably
continuous f.
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Physical significance of delta functions

In physics the delta function models point sources in a continuum e.g. suppose we have
a unit point charge at x = 0 (in one dimension). Then its charge density p(z) should
satisfy p(x) =0 for # # 0 and [*°_p(x) dz = total charge = 1 i.e. p(x) = §(z) and the
physical intuition is well modelled by the sequence eq. (4). In mechanics delta functions
model impulses e.g. for a particle in one dimension with momentum p = mwv, Newton’s
law gives dp/dt = F so p(ts) — p(t1) = ttf Fdt. If a particle is struck impulsively (e.g.
hammer blow) at ¢ = 0 within interval (¢1,t), with force acting over a vanishingly small
time At, and resulting in a finite momentum change Ap = 1 say, then fttf Fdt=1and F
is nonzero only very near ¢t = 0. So in the limit of vanishing time interval At, F(t) = 0(¢)
models the impulsive force. The delta function was introduced by P. A. M. Dirac in the
1930s from considerations of position and momentum in quantum mechanics.

6.1 Properties of the delta function

e Note that in the basic defining property eq. (2) we can take the range of integration to
be any interval [a, b] that contains x = 0, because we can replace f by the function f that
agrees with f on [a,b] and is zero outside [a,b] (or alternatively we can use a sequence
such as eq. (4)). If [a, b] does not contain = 0 then the integral is zero.

Properties of the delta function can be intuitively obtained by manipulating the integral
in eq. (2) in standard ways, manipulating 0(x) as though it were a genuine function.
(You are asked to do some of these on exercise sheet 3). The validity of this procedure
can be justified in a rigorous theory of generalised functions.

e Substituting 2’ = x — ¢ in the integral below we get the so-called sampling property:

b .
/f(x)é(x—c)dx _ {fé@ a<c<h (1)

otherwise.
(i.e. d(x — ¢) has the spike at = = ¢).
e Substituting 2’ = ax in the integral with kernel §(az) we get the scaling property:

Fz(xaz)

if a # 0 then d(ax) =

By this equality (and those below) we mean that both sides behave in the same way if
used as the kernel of an integral viz. [ d(az)f(z)dz = [7 50(2) f(2) dz.

e If f(x) has simple zeroes at n isolated points z1,...,z, then §(f(z)) will have spikes
at these x values and
" 5w — xp,)
0(f(2) =D —mr—
2 )

e If g(z) is integrable and continuous around z = 0 then
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e Using the first bullet point above, we can see that the integral of the delta function
is the Heaviside step function H(z):

¢ 0 forxz<0
/_Ooé(g)dé—H(x)—{l for x >0
(and usually we set H(0) = 1/2).

More generally, delta functions characteristically appear in derivatives of functions with
jump discontinuities e.g. if f on [a,b] has a jump discontinuity of size K at a < ¢ < b
and is differentiable for x < ¢ and = > ¢, then f'(z) = g(x) + Kd(z — ¢) where g(z) for
x # c is the derivative of f(z) (and g(c) may be given any value). Indeed integrating
this f’ to a variable upper limit z, we regain f(z) with the delta function introducing
the jump as x crosses r = c.

e We can develop the notion of derivative of the delta function by formally applying
integration by parts to 0’ and then using the defining properties of § itself:

| de-arwas = Ba-arel - [ de-asw
= 0- 70

Similarly, provided f(x) is sufficiently differentiable, we can formally derive:

/ F(2)6® () dx = (~1)" £ (0).

Example. Compute I = [ 6 (2? — 1)2? du.

du

2v/u+1 and

Towards a rigorous mathematical theory of generalised functions
and their manipulation (optional section).

The substitution u = 22 — 1 gives dx =

1
1

A (complex valued) function ¢ on R is called a Schwartz function if ¢, ¢’,¢", ... are all
defined and
i mpM) (p) = =

mgrinoox o (x) =0 forallmn=0,1,2,.... (8)
(e.g. ¢(x) = p(z)e™® for any polynomial p(z)). These conditions requiring ¢ to be
extremely well behaved asymptotically, will be needed to guarantee the convergence
(existence) of integrals from —oo to oo involving modified versions of the ¢’s. Let S be
the set of all Schwartz functions.

Now let g be any continuous function on R that is “slowly growing” in the sense that

lim M:O for somen =0,1,2,.... 9)

z—+oco M
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(e.g. x4z, e sinz, xIn|z| but not e*, e * etc.) Then g defines a functional i.e.
linear map, from S to C via

o{0} = / T @)be)de  any e S (10)

(noting that the integral is guaranteed to converge by our restrictions on g and ¢). Next
note that the functional corresponding to ¢’ can be related to that of ¢ using integration
by parts:

[e.e]

giot= | " (@)ble) dr = (g% — | s@dta) e = gi-0).

o0 —00

The boundary terms are guaranteed to be zero by eqgs. (8,9). Thus
g{o}t =g{-¢'} (11)

which is derived (correctly) by standard manipulation of integrals of honest functions.
Note that now the action of ¢’ on any ¢ is defined wholly in terms of the action of the
original g on a suitable modified argument viz. —¢'.

Next recall that there are more functionals on § than those arising from g¢’s as above.

For example we argued intuitively that the functional 6{¢} oo ¢(0) does not arise from

any such g. Now suppose we have any given functional G{¢} and we want to establish
a notion of derivative G’ (or any other modified version of ) for it. The key new idea
here is the following procedure: we first consider G’s that arise from honest functions g
and then express the action of ¢ (or any other modified version of ¢g) on ¢, entirely in
terms of the action of g itself on a suitable modified argument (as we did above in eq.
(11) for the case of derivatives). We then use the latter formula with g replaced by any
G as the definition of G’ i.e. we define G'{¢} to be G{—¢'} for any G. For example we
get

§'{6} % 5{~¢'} = ~0'(0)
where the last equality used the (given) definition of ¢ itself.

The final result is the same as what we would get (non-rigorously) if we “pretended” that
6{¢} = 72 6(x)d(x) dz for some imagined (“generalised”) function 6(x) on R, and then
formally manipulated it the integral [*° &' (z)¢(x) dz.

Similarly the translation (z — = —a) and scaling (z — ax) and other rules that we listed
previously can all be rigorously justified using the above Schwartz function formalism.
This formalism also extends in a very natural way to make rigorous sense of Fourier
transforms of generalised functions that we’ll encounter in chapter 8. If you're interested
in learning more about generalised functions, I'd recommend looking at chapter 7 of D.
Kammler, “A first course in Fourier analysis” (CUP).

Example - warning. If we think of functionals G as generalised functions v via G{¢} =
ffooo v(z)p(z) de = G,{¢} then there is a temptation to add and multiply the 7’s just
like we do routinely for ordinary functions. For linear combinations this works fine i.e.
Geryytesrs = 1G4, + 2G,, but products are problematic: G, {¢}G,{¢} # Gpa{0}!
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This is because the v’s are being used as kernels in integrals and using 717y, as a kernel
is not the same as the product of using the two 7’s separately as kernels (even if they

are bonafide ¢’s!). A dramatic example is () = z and y(x) = §(x). We have

(x0){ o} o d{xz¢} but the latter is zero for all ¢! (as x¢(z) = 0 at © = 0) i.e. we have

(x9) being identically zero as a generalised function even though neither x nor § are zero
as generalised functions.

Fourier series of the delta function

For f(z) = §(z) on —L < x < L we can formally consider a Fourier series (in complex
form for convenience)

flx) = Z Cue T

n=—oo

1 L —inmTT
with ¢, = E/Lf(x)e L d.

Thus eq.(2) gives ¢, = 5= for all n and

oo

d(z) = % Z Pl

n=—oo

Indeed using the RHS expression in f_LL d(z) f(x) dx we regain f(0) as the sum of the
complex Fourier coefficients ¢, of f. Extending periodically to all R we get

oo
INTT

S d(w—2mL) = % ¢ (12)

m=—0oQ n=—oo

(which is an example of a more general result called Poisson’s summation formula for
Fourier transforms).

Eigenfunction expansion of the delta function

Revisiting SL theory, let Y,,(z) be an orthonormal family of eigenfunctions for a SL
problem on [a, b] with weight function w(x). For & € (a,b), 6(x —&) satisfies homogeneous
boundary conditions and we expect to be able to write

Sz—8& =) CYu(x)

with

SO
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Since %5(:{; — &) = 0(x — &) we can alternatively write

S =€) = i) D Vale)Val©). (13)

These expressions are consistent with the sampling property sinceif g(z) = Y °_, D,,,Y,,.(x)
is the eigenfunction expansion of g then

/ g(@)8(x —dr = D> DnY,(€) / Ww(2) Yy (2)Yyn(2)de,

by orthonormality.

The eigenfunction expansion of the delta function is also intimately related to the eigen-
function expansion of the Green’s function that we introduced in §2.7 (as we’ll see later)

and our next task is to develop a theory of Green’s functions for solving inhomogeneous
ODEs.
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7 GREEN’S FUNCTIONS FOR ODEs

Using the concept of a delta function we will now develop a systematic theory of Green’s
functions for ODEs. Consider a general linear second-order differential operator £ on
[a,b], i.e.

Lya) = ale) gyt A) ey + )y = (o), (1)

where «, 3, v are continuous, f(x) is bounded, and « is nonzero (except perhaps at a
finite number of isolated points), and a < z < b (which may be +00). For this operator
L, the Green’s function G(x;¢) is defined as the solution to the problem

LG =5z — &) (15)

satisfying homogeneous boundary conditions G(a; &) = G(b; &) = 0. (Other homogeneous
BCs may be entertained too, but for clarity will will treat only the given one here.)

The Green’s function has the following fundamental property (established below): the so-
lution to the inhomogeneous problem Ly = f(x) with homogeneous boundary conditions
y(a) = y(b) = 0 can be expressed as

y(z) = / G €) f(€)de. (16)

i.e. GG is a the kernel of an integral operator that acts as an inverse to the differential
operator L. Note that G depends on L, but not on the forcing function f, and once G is
determined, we are able to construct particular integral solutions for any f(x), directly
from the integral formula eq. (16).

We can easily establish the validity of eq. (16) as a simple consequence of (15) and the
sampling property of the delta function:

b b
c / Gl ) f(E)de = / (£G) () de,

_ / 5(x — €)f(€) de = f(x)

and
b b
y(a) = / Gla: ) f(€)dE =0 = / G(b:€)1(€) de = y(b)

since G(z;€) =0 at © = a, b.

7.1 Construction of the Green’s function

We now give a constructive means for determining the Green’s function (without recourse
to eigenfunctions, although the two approaches must provide equivalent answers). Our
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construction relies on the fact that for any z # £ away from &, LG = 0 so G can be
constructed in terms of solutions of the homogeneous equation suitably matched across
x =& (cf below). We proceed with the following steps:

(1) Solve the homogeneous equation Ly = 0 on [a,b] and find solutions y; and ys sat-
isfying respectively the two BCs viz. yi(a) = 0 and yo(b) = 0. Note that the general
homogeneous solution satisfying y(a) = 0 is y(z) = cyi(x) for arbitrary constant ¢ (and

similarly y(z) = cys(z) for y(b) = 0).

(2) Now consider the interval [a, b] divided at x = &. Since for each &, G(z;§) is required
to satisfy the BCs viz. G(a, &) = G(b;€) = 0, we set:

AlQn(z) a<z <
G(x;€) =
#O=1 Bome t<eh
Note that the coefficients A and B are independent of x but typically will depend on the
separation point &.

(3) We need two further conditions on G (for each &) to fix the coefficients A and B.
These conditions are (see justification later):
Continuity condition: G(z;¢) is continuous across = = & for each £ so

A(&) y1(§) = B(&) 12(8)- (17)
Jump condition: for each ¢
dG1"= 1
@] @
. lim ﬁ lim E = L
et dr az—e- dr a€)
ie.

B(€) y5(§) — A§) 1 (§) = —=- (18)
Note that egs. (17) and (18) are two linear equations for A(§) and B(§). The solution is
easily seen to be
y2(§) (&)

A= SowE (W)

B(£) =

where
W =415 — v
is the Wronskian of y; and y,, and it is evaluated at x = £. Thus finally

y1(®)y2(8) <
Gla:€) = { slgwig =" i f )
a(OW(E) 5 STS

and the solution to Ly =

y(z) = /G:cg

o - “ () " ’ y2(§)
— / S €+ (@ / S
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Note that the ¢ integral f; is separated at x into two parts (i) [ and (ii) ff In the
range of (i) we have £ < x so the second line of eq. (19) for G(x;&) applies here, even
though this expression incorporated the BC at = = b. For (ii) we have x > £ so we use
the G(x; &) expression from the first line of eq. (19), that incorporated the BC at = = a.

Note: often, but not always, the operator £ has a(z) = 1. Also everything here assumes
that the right hand side of eq. (15) is +1 X §(x — &) whereas some applications have
an extra factor Kd(x — &) which must first be scaled out before applying our formulae
above.

Remark: it is interesting to note that if £ is in Sturm-Liouville form i.e. § = da/dz,
then the Green’s function denominator a(&)W (&) is necessarily a (non-zero) constant.
(Exercise: show this by seeing that - (a(z)W (z)) is zero, using Ly; = Ly = 0 so
y1Lys — y2Ly; = 0). Thus in this case the Green’s function is symmetric in variables x
and ¢ i.e. G(x;&) = G(&;x) as previously seen in §2.7 in our expression for G(zx;&) in
terms of a series of eigenfunctions Y,, viz.

Glasg) = Y 2

n=1

The conditions on G(z;¢) at x =¢

We are constructing G(z;€) from pieces of homogeneous solutions (as required by eq.
(15) for all @ # &) which are restrictions of well behaved (differentiable) functions on
(a,b). At x = & eq. (15) imposes further conditions on how the two homogeneous pieces
must match up.

The continuity condition: first suppose there was a jump discontinuity at z = &.
Then LG « §(z — £) and %G x §'(x — ). However eq. (15) shows that %G cannot
involve a generalised function of the form ¢’ (but only 0). Hence G cannot have a jump
discontinuity at = ¢ and it must be continuous there. Note however that it is fine for
G’ to have a jump discontinuity at z = £, and indeed we have:

The jump condition: eq. (15) imposes a constraint on the size of any prospective jump
discontinuity in dG/dx at z = &, as follows — integrating eq. (15) over an arbitrarily small
interval about x = £ gives:

/;J”a(x) {dQ—G} d + o (7) [E] dm+/;+€7(x)de = /£+65(x — &) =1.

—€ dz? E—e dx —€ —€
Writing the three LHS integrals as
T+ T, + T =1.

we have

T3 — 0 as € — 0 (since G is continuous and ~y is bounded);
Ty — 0 as € = 0 (as dG/dx and § are bounded).

Also a is continuous and a(x) — a(&) as € — 0 so

E+te dZG dG r=¢+
) =0 |7

T — O‘(é) 11_{% e )

r=£~
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giving the jump condition.
Example of construction of a Green’s function

Consider the problem on the interval [0, 1]:

Ly=—y" —y=f(r) y(0)=y(1)=0.

We follow our procedure above. The general homogeneous solution is ¢ sin x + ¢o cos & so
we can take y;(x) = sinz and y,(z) = sin(1 — x) as our homogeneous solutions satisfying
the BCs respectively at © = 0 and z = 1.

Then we write

o A(&)sinx 0<x <
G(x;:6) = {B@ﬁmﬂ—x)§<x<L

Applying the continuity condition we get
Asin¢ = Bsin(1 — §)
and the jump condition gives (noting that a(z) = —1):
B(—cos(1—=¢)) — Acosé = —
Solving these two equations for A and B gives the Green’s function to be:

sin(1—¢&) sinx 0<z< 5
G(l’,f) = { sin(lsir;:%sinf
(Note the constant denominator sin1 — indeed £ is in SL form.) And so we are able to
write down the complete solution to —y” —y = f(z) with y(0) = y(1) = 0 (taking care
to use the second G formula in the first integral, and the first G formula in the second
integral!) as

sin x

o) = L) /f )i + /f )sin(1 — £)de. (20)

Green’s functions for inhomogeneous BCs

Homogeneous BCs were essential to the notion of a Green’s function (since in eq. (16)
the integral represents a kind of “continuous superposition” of solutions for individual &
values). However we can also treat problems with inhomogeneous BCs using a standard
trick to reduce them to homogeneous BC problems:

(1) First find a particular solution y, to the homogeneous equation Ly = 0 satisfying the
inhomogeneous BCs (usually easy).

(2) Then using the Green’s function we solve

Ly, = f with homogeneous BCs y(a) = y(b) = 0.
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(3) Then since L is linear the solution of Ly = f with the inhomogeneous BCs is given
by y = yp + vy

Example. Consider —y” —y = f(z) with inhomogeneous BCs y(0) = 0 and y(1) = 1.
The general solution of the homogeneous equation —y” —y = 0 is ¢; cos x + ¢ sinx and
the (inhomogeneous) BCs require ¢; = 0 and ¢o = 1/sin1 so y, = sinx/sin 1.

Using the Green’s function for this £ calculated in the previous example, we can write
down y, (solution of Ly = f with homogeneous BCs) as given in eq. (20) and so the
final solution is

_sinz  sin(1 — )

y(z) = 20T /0 " F(€) sinéde +

sin 1 sin 1

S

. 1
ot [ rsin - o)

Equivalence of eigenfunction expansion of G(x;¢)

For self adjoint L£s (with homogeneous BCs) we have two different expressions for the
Green’s function. Firstly we have eq. (19), which may be compactly written using the
Heaviside step function as

_ (@) HE — ) + pa()p(§H(z - §)

G AW () 2
and secondly we had
Glasg) = Y ) (22)

The first is in terms of homogeneous solutions y; and ys (Ly = 0) whereas the second
is in terms of eigenfunctions Y, and eigenvalues A, of the corresponding SL system

LY, =\ Yw(x).

In §2.7 we derived eq. (22) without any mention of delta functions, but it may also be
quickly derived using the eigenfunction expansion of §(z — &) given in eq. (13) viz.

S =€) = w(@) ) Yal@)Ya(d).

Indeed viewing ¢ as a parameter and writing the Green’s function as an eigenfunction
expansion

G(;6) = Bu(§)Ya(w) (23)
then LG = §(x — &) gives
LG = Y Bu(OLY,(x) =) B()Mw(z)Y,(z)

oo

= Sz =& =w(x) Y Yalx)Ya(6):

n=1
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Multiplying the two end terms by Y,,(x) and integrating from a to b we get (by the
weighted orthogonality of the Y,,’s)

and then eq. (23) gives the expression eq. (22).

Remark. Note that the formula eq. (22) requires that all eigenvalues A be nonzero i.e.
that the homogeneous equation Ly = 0 (also being the eigenfunction equation for A = 0)
should have no nontrivial solutions satisfying the BCs. Indeed the existence of such
solutions is problematic for the concept of a Green’s function, as providing an inverse
operator for L: if nontrivial yy with Lyg = 0 exist, then the inhomogeneous equation
Ly = f will not have a unique solution (since if y is any solution then so is y + o) and
then the operator £ is not invertible. This is just the infinite dimensional analogue of the
familiar situation of a system of linear equations Ax = b with non-invertible coefficient
matrix A (and indeed a matrix is non-invertible iff it has nontrivial eigenvectors belonging
to eigenvalue zero). [

Example. As an illustrative example of the equivalence, consider again Ly = —y" — y
on [a,b] = [0, 1] with BCs y(0) = y(1) = 0.

The normalised eigenfunctions and corresponding eigenvalues are easily calculated to be
Y, (z) = V2sinnmz A\, =n’r?—1

so by eq. (22) we have

o0
sinnmx sin mrf
G(z;€) = 22 o : (24)

On the other hand we had in a previous example the expression constructed from homo-
geneous solutions:

sin(l — ) sin§ H(z — &) +sinz sin(1 — &) H(§ — x)
sin 1

G(z;€) =
and using trigonometric addition formulae we get
G(z;€) =cosz sinE H(x — &) +sinx cos§ H(E —x) —cot 1 sinz sin€ . (25)

Now comparing eqs (24,25) and viewing ¢ as a parameter and x as the independent
variable, we see that the equivalence of the two expressions amounts to the Fourier sine
series in eq. (24) of the function (for each &) in eq. (25)

flz) = coswsing H(zx — &) +sinx cos H(§ —x) —cot 1 sinz sing
= Zif;l b, (&) sinnma.

The Fourier coefficients are given as usual by (noting that sin nmz has norm 1/v/2):

€)= 2/01 f(x)sinnrx dx
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and a direct (but rather tedious) calculation (exercise?...) gives

_ 2sinnmf

bn(£) =

n?r? —1

as expected. (In this calculation note that the Heaviside functions H(x —¢&) and H(§ —x)
merely alter the integral limits from fol to |, ; and fog respectively).

7.2 Physical interpretation of the Green’s function

We can think of the expression

y(z) = / Gla:€) f(¢) de

as a ‘summation’ (integral) of individual point source effects, of strength f(&) with G(z;¢)
characterising the elementary effect (as a function of x) of a unit point source placed at

€.

To illustrate with a physical example consider again the wave equation for a horizontal
elastic string with gravity and ends fixed at x = 0, L. If y(x,t) is the (small) transverse
displacement we had

0? 0?
ToS—ng=pgy 0<z<L y(0)=y(L)=0.

Here T is the (constant) tension in the string and p is the mass density per unit length
which may be a function of . We consider the steady state solution dy/0t = 0 i.e. y(x)
is the shape of a (non-uniform) string hanging under gravity, and

*y  p(x)g
a2 T f(x) (26)

is a forced self adjoint equation (albeit having a very simple Ly = y”).

Case 1 (massive uniform string): if u is constant eq. (26) is easily integrated and setting
y(0) = y(L) = 0 we get the parabolic shape

K9
Y= ﬁx(x —L).
Case 2 (light string with point mass at x = £): consider a point mass concentrated at
x = & i.e. the mass density is u(x) = md(x — §) with g = 0 for x # £. For = # £ the
string is massless so the only force acting is the (tangential) tension so the string must be
straight either side of the point mass. To find the location of the point mass let 6; and
0y be the angles either side. Then resolving forces vertically the equilibrium condition is

mg = T(sin 6, + sin ) ~ T(tan O; + tan 6s)
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where we have used the small angle approximation sinf ~ tan€ (and y hanging, is
negative). Thus

_mg&—-1L)
for the point mass at x = £. Hence from physical principles we have derived the shape
for a point mass at &:

z(§-L) )
my 0<z<¢;
y(r) = = X ¢ e6hi (27)

which is the solution of eq. (26) with forcing function f(z) = ZZo(x — ¢).
Next let’s calculate the Green’s function for eq. (26) i.e. solve

e
- da?

LG =d(x—¢) with G(0;¢) = G(L;§) = 0.
Summarising our algorithmic procedure we have successively:

(1) For0<x <¢, G= Az + B.
(2) Foré <ax<L,G=C(zx— L)+ D.
(3) BC at zero implies B = 0.

(4) BC at L implies D = 0.

(5) Continuity implies C' = A¢/(§ — L).
(6) _ (&=1)

6) The jump condition gives A = >7= so finally

z(¢-1) .
G - {E <<
Lol c<p<Iy

and we see that eq. (27) is precisely the Green’s function with a multiplicative scale for
a point source of strength mg/T.

Case 3 (continuum generalisation): if in case 2 we had several point masses my, at xy = &
we can sum the solutions to get

y(a) = Y TG, (28)

For the continuum limit we imagine (N — 1) masses my = u(&)AE placed at equal
intervals xy = & = kAL with Al = L/N and k= 1,..., N — 1. Then by the Riemann
sum definition of integrals, as N — 00, eq. (28) becomes

y@%=l @%QGu@wa

If i is constant this function reproduces the parabolic result of case 1 as you can check
by direct integration (exercise, taking care with the limits of integration).
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7.3 Application of Green’s functions to IVPs

Green’s functions can also be used to solve initial value problems. Consider the problem
(viewing now the independent variable as time ¢)

Ly=f(t), t >a, yla) =1y'(a) = 0. (29)

The method for construction of the Green’s function is similar to the previous BVP
method. As before, we want to find G such that LG = §(t — 7). so for each 7 G(¢;7)
will be a homogeneous solution away from ¢t = 7.

1. Construct G for a <t < 7 as a general solution of the homogeneous equation: G =
Ay, (t) + Bys(t). Here y; and y, are any chosen linearly independent homogeneous
solutions.

2. But now, apply both boundary (i.e. initial) conditions to this solution:

Ayi(a) + Byz(a) = 0,
Ayy(a) + Bys(a) =

Since y; and ys are linearly independent the determinant of the coefficient matrix
(being the Wronskian) is non-zero and we get A = B = 0, and so G(t;7) = 0 for
a<t<r!

3. Construct G for 7 < ¢, again as a general solution of the homogeneous equation:
G = Cy(t) + Dya(1).

4. Now apply the continuity and jump conditions at ¢ = 7 (noting that G = 0 for
t < 7). We thus get

Cyi(1) + Dyo(1) = 0,
Cyi(r) + Dyhy(r) = —

ofr)’

where «(t) is as usual the coefficient of the second derivative in the differential
operator £. This determines C'(7) and D(7) completing the construction of the
Green’s function G(t; 7).

For forcing function f(t) we thus have

b
ym:/fmmmwT

but since G = 0 for 7 > ¢ (by step 2 above) we get

ywszmmmwf
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i.e. the solution at time ¢ depends only on the input (forcing) for earlier times a < 7 < ¢t.
Physically this is a causality condition.

Example of an IVP Green’s function

Consider the problem

LYy = 5. w0 =y 0) =0, (30)

Following our procedure above we get (exercise)

0 0<t<T;
Gltir) = {C’cos(t—T)—l—Dsin(t—T) t> T

Note our judicious choice of independent solutions for ¢ > 7: continuity at t = 7 implies
simply that C' = 0, while the jump condition («a(7) = 1) implies that D = 1, and so

0 0<t<;
GtT) = { sin(t — 1) t>,

which gives the solution as

y(t) = /0 f(7)sin(t — 7)dr. (31)

7.4 Higher order differential operators

We mention that there is a natural generalization of Green’s functions to higher order
differential operators (and indeed PDEs, as we shall see in the last part of the course).
If Ly = f(z) is a n'M-order ODE (with the coefficient of the highest derivative being 1
for simplicity, and n > 2) with homogeneous boundary conditions on [a, b], then

b
y(z) = / F(6)G ;) de.

where

G satisfies the homogeneous boundary conditions;

LG =d(x—=8);

G and its first n — 2 derivatives continuous at x = &;

d(nfl)G/dx(nfl)(§+) _ d(nfl)G/d:E(nfl)(ff) = 1.

See example sheet III for an example.
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8 FOURIER TRANSFORMS

8.1 From Fourier series to Fourier transforms

Recall that Fourier series provide a very useful tool for working with periodic functions
(or functions on a finite domain [0,7] which may then be extended periodically) and
here we seek to generalise this facility to apply to non-periodic functions, on the infinite
domain R. We begin by imagining allowing the period to tend to infinity, in the Fourier
series formalism.

Suppose f has period T and Fourier series (in complex form)

o0

fy =Y cert (32)

T=—00

2mr

where w, = We can write w, = rAw with frequency gap Aw = 27/T. The
coefficients are given by

1 [T/ Aw [T/ A
C = — flu)e ™" du = e fu)e ™™ du. (33)
T —T/2 2 —T/2
For this integral to exist in the limit as 7 — oo we'll require that [~ _|f(z)|dz exists,

but then the 1/7 factor implies that for each r, ¢, — 0 too. Nevertheless for any finite
T we can substitute eq. (33) into eq. (32) to get

s /
foy=> 2 e v f(w)e ™" du (34)

r=—00 2m =T/2

Now recall the Riemann sum definition of the integral of a function g:

ZAwgwr —>/

r=—00
with w becoming a continuous variable. For eq. (34) we take

6iwrt T/2

g(wy) = flw)e™™ " du (35)

27 -T/2

(with t viewed as a parameter) and letting 7' — oo we get

F(t) = % / dw ™ [ / F(u _“”“du}. (36)

(Actually here the function g in eq. (35) changes too as T'— oo i.e. as Aw — 0 but it
has a well defined limit ga,(w,) = go(w,) = [ f(u)e™™" du so the limit of eq. (34) is
still eq. (36) as given).
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Introduce the Fourier transform (FT) of f, denoted f:

ﬂw»—/ff@w4mw (37)

and then eq. (36) becomes
1>
F0) =5 [ Fw)edu (38)

which is Fourier’s inversion theorem, recovering f from its FT f.

Thus (glossing over issues of when the integrals converge) the FT is a mapping from
functions f(¢) to functions g(w) = f(w) where we conventionally use variable names ¢
and w respectively.

Warning: different books give slightly different definitions of F'T. Generally we can have
flw)=A [ f(t)e*™" dt and then the inversion formula is

1 [
)= — w)eT™ dt
10 =55 [ Fw)
(pairing opposite + signs). Quite common is A = \/%, symmetrically giving the same
constant for the FT and inverse FT formulas, but in this course we will always use A = 1
as above. Some other books also use e*?™! in the integrals.

Remarks.

e The dual pair of variables ¢t and w above are referred to by different names in different
applications. If ¢ is time, w is frequency; if ¢ is space x then w is often written as k
(wavenumber) or p (momentum, especially in quantum mechanics) and k-space may be
called spectral space.

e the Fourier transform is an example of an integral transform with kernel e=***. There
are other important integral transforms such as the Laplace transform with kernel e~
(s real, and integration range 0 to oo) that you'll probably meet later.

e if f has a finite jump discontinuity at ¢ then (just as for Fourier series) the inversion
formula eq. (38) returns the average value %

8.2 Properties of the Fourier transform

A duality property of FT and inverse FT

Note that there is a close structural similarity between the FT formula and its inverse
viz. eqs. (37,38). Indeed if a function f(t) has the function f(w) as its FT then replacing
t by —t in eq. (38) we get

f-t) =5z [ Fw)eaw

Then from eq. (37) (with the variable names ¢ and w interchanged) we obtain the

Duality property: if g(z) = f(x) then g(w) = 27 f(—w). (39)
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This is a very useful observation for obtaining new FTs: we can immediately write down
the F'T of any function g if g is known to be the FT of some other function f.

Writing FT? for the FT of the FT we have (FT?f)(z) = 27 f(—x) or equivalently f(z) =

L (f)(=7), and then FT*(f) = 47°f i.e. iterating FT four times on a function is just

the identity operation up to a constant 472

Further properties of FT

Let f and ¢ have FTs f and § respectively. Then the following properties follow easily
from the integral expressions eqs (37,38). (Here A and u are real constants).

e (Linearity) \f + ug has FT Af + ug;

e (Translation) if g(z) = f(z — A) then §(k) = e~ f(k);

e (Frequency shift) if g(z) = ¢** f(z) then §(k) = f(k — \). Note: this also follows
from the translation property and the duality in eq. (39).

o (Scaling) if g(x) = () then §(k) = 7 (/):

e (Multiplication by z) if g(z) = zf(z) then §(k) = if (k) (applying integration by
parts in the FT integral for g).

e (FT of a derivative) dual to the multiplication rule (or applying integration by parts
to [* f'(z)e"™** dx) we have the derivative rule: if g(z) = f(z) then §(k) = ik f(k) i.c.
differentiation in physical space becomes multiplication in frequency space (as we had
for Fourier series previously).

The last property can be very useful for solving (linear) differential equations in physical
space — taking the F'T of the equation can lead to a simpler equation in k-space (algebraic
equation for an ODE, or an ODE from a PDE if we FT on one or more variables cf.
exercise sheet 3, question 12). Thus we solve the simpler problem and invert the answer
back to physical space. The last step can involve difficult inverse-F'T integrals, and in
some important applications techniques of complex methods/analysis are very effective.

Example. (Dirichlet’s discontinuous formula)

Consider the “top hat” (English) or “boxcar” (American) function

_ J 1l <a,
ro = {o s (40)
for a > 0. Its FT is easy to calculate:
- a a 2sin(k
f(k) = / ek dy = / cos(kx) dx = %@). (41)
so by the Fourier inversion theorem we get
1 [* gesinka . [ 1 |z|<a,
E/ T dk‘{o 2] > a. (42)

Now setting x = 0 (so the integrand is even, and rewriting the variable k as =) we get
Dirichlet’s discontinuous formula:

—00

* sin(ax) 5 >0
/ sinfaz) 0~ L5 a=o (43)
0 g -5 a<0,
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™

= Esgn(a), (44)

(To get the a < 0 case we’ve simply used the fact that sin(—ax) = — sin(az).)

The above integral (forming the basis of the inverse FT of f) is quite tricky to do
without the above FT inversion relations. It can be done easily using the elegant methods
of complex contour integration (Cauchy’s integral formula) but a direct “elementary”
method is the following: introduce the two parameter(!) integral

I\ a) = /000 Me‘” dx (45)

X

with o > 0 and X real. Then

I o0 00 '
8_ — / cos(Ax)e” *dr = R / o~ (atrie g, ’
O\ 0 ;

:mﬂm:% 1 I
a+ M |, o+ M\ a? 4+ \2

Now integration w.r.t. A gives

I()\, @) = arctan (3) +C(a)

«

with integration constant C'(«) for each . But from eq. (45) I(0,«) = 0 so C(«) =
Then considering I(A,0) = lim,_o [(\, @) we have I()\,0) = lim,_,oarctan(\/a) which
gives eq. (43).

8.3 Convolution and Parseval’s theorem for FTs

In applications it is often required to take the inverse F'T of a product of FTs i.e. we
want to find h(z) such that h(k) = f(k)g(k) where f and § are FTs of known functions
f and g respectively. Applying the definitions of the Fourier transform and its inverse,
we can write

hz) = / F(k)a(k)e™ =k,

— etk { / f(u _’k“du} dk.
o _

Now (assuming the f and g are absolutely integrable) we can change the order of inte-

gration to write
h(z) = / f(u { / g(k:)e““(”““)dk} du,

88

fw)g(x —u)du = f *g, (46)

8
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This integrated combination h = f*g is called the convolution of f and g. Convolution
is called faltung (or ‘folding’) in German, which picturesquely describes the way in which
the functions are combined — the graph of ¢ is flipped (“folded”) about the variable
vertical line u = x/2 and then integrated against f.

By exploiting the dual structure of eq. (39) of FT and inverse FT, the above result
readily shows (exercise) that a product of functions in physical (z) space has a FT that
is the convolution of the individual FTs (with a 27 factor):

ha) = F(@glo) b0 = o [ Fwatk - udu (47)

Parseval’s theorem for FTs

An important simple corollary of (46) is Parseval’s theorem for FTs. Let g(x) = f*(—x).
Then

i(k) = / E

- { | st d:c} T { |t dy] =),

Thus by eq. (46) the inverse FT of f(k)f*(k) is the convolution of f(z) and f*(—z) i.e.
| s o= 5 [ ifaEear

=5 .

Setting x = 0 gives the Parseval formula for FTs:

ORI IR (49

Thus the FT as a mapping from functions f(z) to functions f(k) preserves the squared
norm of the function (up to a constant 1/27 factor).

8.4 The delta function and FT's

There is a natural extension of the notion of FT to generalised functions. Here we
will indicate some basic features relating to the Dirac delta function, using intuitive
arguments based on formally manipulating integrals (without worrying too much about
whether they converge or not). The results can be rigorously justified using the Schwartz
function formalism for generalised functions that we outlined in chapter 7, and we will
indicate later how this formalism embraces FTs too (optional section below).

Writing f(x) as the inverse of its FT we have

flz) = % h ke [/OO f(u)e_ik"du} dk,

_ / Z f(u) [% / i ei’f@—“)dk] du.
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Comparing this with the sampling property of the delta function, we see that the term
in the square brackets must be a representation of the delta function:

™

S(u— 1) = 5z —u) = / e g (49)

—00

In particular setting u = 0 we have 0(—z) = §(z) = 5= [ 1e™* dk and we get the FT
pair

fl@) =68(z) & fk) = 1. (50)
Note that thls is also consistent with directly putting f(z) = d(z) into the basic FT
formula f f f(x)e~** dz and using the sampling property of ¢.

Eq. (50) can be used to obtain further FT pairs by formally applying basic F'T rules to
it. The dual relation eq. (39) gives

o0

flx)=1 <« f(k;)z/ e~k dy = 218 (k).

o0

From the translation property of FTs (or applying the sampling property of é(x —a)) we
get,

f(x) =06(x —a) f(k) = /OO 5(z — a)e "y = e~tka

o

and the dual relation
flx) =€ & f(k)=2m6(k—a).

Then et = cos + isin 6 gives
f(z) = cos(wx)
f(x) = sin(wa)

So, a highly localised signal in physical space (e.g. a delta function) has a very spread
out representation in spectral space. Conversely a highly spread out (yet periodic) signal
in physical space is highly localised in spectral space. This is illustrated too in exercise
sheet 3, in computing the FT of a Gaussian bell curve.

- f(k):w[d(k+w)+5(k—w)},
< f(k)=mi[6(k+ w) — d(k — w)] (51)

Towards a rigorous theory of FTs of generalised functions
(optional section)

Many of the FT integrals above actually don’t technically converge! (e.g. FT(1) which
we identified as 27 (k)). Here we outline how to make rigorous sense of the above results,
extending our previous discussion of generalied functions in terms of Schwartz functions.

If f is any suitably regular ordinary function on R and ¢ is any Schwartz function then
it is easy to see from the FT definition eq. (37) that

/Zf(x 7)di = fas
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Here as usual the tilde denotes F'T and we have written the independent variables as x
rather than ¢ or k. Hence if F' and F' denote the functionals on S (space of Schwartz
functions) associated to f and f then we have

F{¢} = F{¢}

and we now define(!) the FT of any generalised function by this formula. For example
for the delta function we get

oy ooy 2o @ [ rotar

(where (a) is by deﬁnition (b) is the action of the delta function and (c) is by setting
w = 01in ¢(w f d(t)e "™t dt). Thus comparing to the formal notation of generalised

function kernels -
o) = [ St

we have 5(:1:) = 1 as expected. Similarly all our formulas above may be rigorously
established.

Example (FT of the Heaviside function H).

1 >0
Hz)=¢ 1 z=0
0 <0

We begin by noting that H(z) = 3(sgn(z) + 1) and recalling Dirichlet’s discontinuous

formula o gink  sin &
/ ST gk = 2/ ST gk = msgn(z).
ek 0 k

Thus for the FT of sgn(z) we have

Fnlo) = / " sgn(s) B(s) ds

_ / / ¢ smus duds
- / / (s C ¢ duds
2mu

- / L [6(u) — 6(=w) du

mnu

_ / Z {%] 6(x) dx.

(In the second last line we have used the Fourier inversion formula, and to get the last
line we have substituted w = x and u = —z respectively in the two terms of the integral).
Thus comparing with

Fn{o} = / " Enk)o(k) dk
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we get
sgn(k) = %
Finally (using FT(1) = 27(k)) we get
H(k)=FT (%(sgn(m) + 1)) = % +m6(k).

It is interesting and instructive here to recall that H'(z) = 6(x) so from the differentiation

rule for FTs we get . R
ikH(k)=0(k)=1

even though H (k) is not = but equals - + md(k)! However this is not inconsistent since
using the correct formula for H(k), we have

ikH (k) = ik(% +7m8(k)) = 1 + irkd(k)

and as noted previously (top of page 67) xd(x) is actually the zero generalised function,
so we can correctly deduce that ikH (k) = 1!

8.5 FTs and linear systems, transfer functions

FTs are often used in the systematic analysis of linear systems which arise in many
engineering applications. Suppose we have a linear operator £ acting on input Z(¢) to
give output O(t) e.g. we may have an amplifier that can in general change the amplitude
and phase of a signal.

Using FTs we can express the physical input signal via an inverse F'T' as

Y e -
I(t)=— Z(w)e™ dw
0=5 ] Zw
which is called the synthesis of the input, expressing it as a combination of components
with various frequencies each having amplitude and phase given by the modulus and
argument respectively, of Z(w). The FT itself is known as the resolution of the pulse
(into its frequency components):

o0

f(w):/ T(t)e ™" dt.

oo

Now suppose that £ modifies the amplitudes and phases via a complex function }?(w) to
produce the output

O(t) ! /00 R(w)Z(w)e™* dw. (52)

T o

—00

R(w) is called the transfer function of the system and its inverse FT R(t) is called the
response function.
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Warning: in various texts both R(t) and R(w) are referred to as the response or transfer
function, in different contexts.

Thus
R(w) = / Ri)e™dt  R(t) = — / R(w)e™ duw

and looking at eq. (52) we see that R(t) is the output O(t) of the system when the input
has Z(w) = 1 i.e. when the input is §(¢) i.e. LR(t) = d(t). Hence R(t) is closely related
to the Green’s function when L is a differential operator.

Eq. (52) also shows that O(t) is the inverse FT of a product R(w)Z(w) so the convolution
theorem gives

o) = / Z(u)R(t — u) du. (53)
Next consider the important extra physical condition of causality. Assume that there
is no input signal before ¢ = 0 i.e. Z(t) = 0 for ¢ < 0, and suppose the system has
zero output for any ¢, if there was zero input for all ¢t < ¢y (e.g. “the amplifier does not
hum..”) so R(t) = 0 for t < 0 (as R(t) is output for input §(¢) which is zero for ¢ < 0).
Then in eq, (53) the lower limit can be set to zero (as Z(u) = 0 for u < 0) and the upper
limit to ¢ (as R(t —u) = 0 for u > t):

O(t) = /0 T(w)R(t — u) du (54)

which is formally the same as our previous expressions in chapter 7.3 with Green’s func-
tions for IVPs.

General form of transfer functions for ODEs

In many applications the relationship between input and output is given by a linear finite

order ODE:

£alZ()) = (Z 557> ()] = (Z j—t) 0] = Ljow).  (9)

For simplicity here we will consider the case m = 0 so the input acts directly as a forcing
term. Taking F'T's we get

T(w) = [ao + ariw + ... + a1 (i) + ap(iw)"] O(w)

R 1
Rlw) = [ao + ayiw + . .. + ap (iw)" " + @y (iw)"]

So the transfer function is a rational function with an n'" degree polynomial as the
denominator.

The denominator of R(w) can be factorized into a product of roots of the form (iw — ¢;)*
for j=1,...,J (allowing for repeated roots) where k; > 1 and E}I=1 k; =n). Thus

~ 1
R

(lw —c)k .. (lw —cy)ks
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and using partial fractions, this can be expressed as a simple sum of terms of the form

..
1 <m <k
(iw — ¢;)™

where I',,; are constants.

So we have
Z Z (tw — cj

and to find the response function R(t) we need to Fourier-invert a function of the form

~ 1

We give the answer and check (by Fourier-transforming it) that it works.

Consider the function hy(t) = e® for t > 0, and zero otherwise i.e. ho(t) = 0 for t < 0.

Then
/ oz W tdt

- o=,

W — o

provided R(a)) < 0. So ho(t) is identified.

Remark: If ®(a) > 0 then the above integral is divergent. Indeed recalling the theory of
linear constant coefficient ODEs, we see that the ¢;’s above are the roots of the auxiliary
equation and the equation has solutions with terms e%’ which grow exponentially if
R(cj) > 0. Such exponentially growing functions are problematic for FT and inverse
FT integrals so here we will consider only the case #(c;) < 0 for all j, corresponding to
‘stable’” ODEs whose solutions do not grow unboundedly as t — oo.

Next consider the function hy(t) = te® for t > 0 and zero otherwise, so hy(t) = tho(t).
Recalling the “multiplication by z” rule for FTs viz:

if f(z) — f(w) then zf(z) — if'(w),

we get

~ d 1 1
h = j— =
() " dw (iw—a) (1w — «)?
(which may also be derived directly by evaluating the FT integral fooo te®tewt dt).

Similarly (or proof by induction) we have (for Re(a) < 0)

tmeat . 5 1
hm(t):{ e 20 ) s m>0

0 t<0 (iw — a)mtl’
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and so it is possible to construct the output from the input using eq. (54) for such stable
systems easily. Physically, see that functions of the form h,,(t) always decay as t — oo,
but they can increase initially to some finite time maximum (at time ¢,, = m/|a| if a <0
and real for example). We also see that R(§) = 0 for £ < 0 so in eq. (53) the upper
integration limit can be replaced by ¢, so O(t) depends only on the input at earlier times,
as expected.

Example: the forced damped oscillator

The relationship between Green’s functions and response functions can be nicely illus-
trated by considering the linear operator for a damped oscillator:
d2

d
Y+ 2oy + P*+¢)y = ft), p>0. (56)

Since p > 0 the drag force —2py’ acts opposite to the direction of velocity so the motion
is damped. We assume that the forcing term f(t) is zero for t < 0. Also y(t) and /()
are also zero for t < 0 and we have initial conditions y(0) = ¢'(0) = 0. Taking FTs we
get
(iw)*g + 2ipwi + (0 + )5 = |
. j

R pu— pu— 7
o Rf=—5T 2ipw + (p* + ¢*) Y

and taking inverse FTs we get

y(t) = / R(t — ) f(r)dr.

' 1 0 eiw(t—T)
with R(t—7) = Gyl B — dw.

Now consider LR(t — 7), using this integral formulation, and assuming that formal dif-
ferentiation within the integral sign is valid

2

d d 9 . 9
@R(t —7)+ ZpER(t —7)+ @+ )Rt —71)

_ i /OO (iw)2 + 2pr + (p2 + q2) eiw(t,T)dw
2t J_ o | P? 4 2+ 2ipw — w?
1 [o.¢]

:§ N

e dy = §(t — 1),

using (49). Therefore, the Green’s function G(t;7) is the response function R(t — 7) by
(mutual) definition. On sheet 3, question 1 you are asked to fill in the details, computing
both R(t) and the Green’s function explicitly.

Example. FTs can also be used for ODE problems on the full line R so long as the
functions involved are required to have suitably good asymptotic properties for the F'T
integrals to exist. As an example consider

d*y 2

@—Ay = —f(x) —o0< T <00
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such that y — 0, ¥ — 0 as |z| — oo, and A is a positive real constant. Taking FTs we
have

- f
y= A2 4+ k27 (57)
and we seek to identify g(x) such that
. 1
I= et
Consider
h e—M|$| 0
(l’) - 2,LL y >0

Since h(x) is even, its FT can be written as

. 1 [
h(k) = R (E/ exp [—x(p + k)] dx)
0
1 1 1
oo\ p+ ik p? + k2
so we have identified g(z) = 6_2—2‘7' The convolution theorem then gives

o) = 57 [ fw)expl-Ale — ul)du. (53)

This solution is clearly in the form of a Green’s function expression. Indeed the same
expression may be derived using the Green’s function formalism of chapter 7, applied
to the infinite domain (—o0, 00) (and imposing suitable asymptotic BCs on the Green’s
function for |z| — 00).

8.6 FTs and discrete signal processing

Another hugely important application of FTs is to the theory and practice of discrete
signal processing i.e. the manipulation and analysis of data that is sampled at discrete
times, as occurring for example in any digital representation of music or images (CDs,
DVDs) and all computer graphics and sound files etc. Here we will give just a very brief
overview of a few fundamental ingredients of this subject, which could easily justify an
entire course on its own.

Consider a signal h(t) which is sampled at evenly spaced time intervals A apart:
hn = h(nA) n=..-2-1,012,...

The sampling rate or sampling frequency is f; = 1/A (samples per unit time) and
introduce the angular frequency ws = 27 fs (samples per 27 time). Consider two complex
exponential signals with pure frequencies

hy (t) — vt — e2m‘f11t hg(t) — glwat ezm'fgt_
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These will have precisely the same A samples when (w; — wy)A is an integer multiple
of 2 i.e. when (f; — f2)A is an integer. We can avoid this possibility by choosing A
so that |fi — fo] A < 1. A general signal h(t) is called wy.x-bandwidth limited if its
FT h(w) is zero for |w| > Wmay i.6. h is supported entirely in [—wmax, Winax). Writing
fmax = Wmax/27™ we see that we can distinguish different f,.x-bandwidth limited signals
with A-sampling if X

2fmax

which is called the Nyquist condition (with Nyquist frequency f = 1/2A for sampling
interval A). For a given sampling interval A violation of eq. (59) leads to the phenomenon
of aliasing i.e. an inability to distinguish properties of signals with frequencies exceeding
half the sampling rate. Via the relation (f; — fo)A = integer, such high frequencies f;
will be “aliased” onto lower frequencies fo within [— fiax, fmax)-

2fmaxA <1 ie. A< (59)

Reconstruction of a signal from its samples — the sampling theorem

Suppose ¢ is a Wpax-bandwidth limited signal and write fiax = Wmax/27. From the
definition of the Fourier transform we have

§(w) = / " g(tetat,

o0

and the inversion formula with the bandwidth limit gives

1 oo ) 1 Wmax .
g(t) = —/ g(w)e™tdw = — g(w)e™* dw.
2m 2m

— 00 —Wmax

Now let us set the sampling interval to be A = 1/(2 finax) = T/Wmax SO samples are taken
at t, = nA = nw/Wpax giving

1 Wmax

st =0 = g [ dtwew|

1TNW

| au.

—Wmax Wmax

Now recalling our formulas for complex Fourier series coefficients of a function on [a, b] =
[—Wmax, Wmax] (cf page 12 of lecture notes) we see that the g_,, are wy,, /7 times the com-
plex Fourier coefficients ¢, for a function g,(w) which coincides with §(w) on (—wmax, Wmax)
and is extended to all R as a periodic function with period 2way i.€.

) = 3 g (T2

Wmax Wmax
n=—0oo

Therefore the actual (bandwidth limited) Fourier transform of the original function is
the product of the periodically repeating g,(w) and a box-car function h(w) as defined
in (40):

7 . 1 |w| S Wmax
0  otherwise.

Y

gw) = gylw)h(w)

= [ . i gneXp<_Zme)]71(w>,

w
max max
aX p=—00 a




1B Methods 93

This is an ezact equality: the countably infinite discrete sequence of samples g(nA) = g,
of a bandwidth-limited function g(t), completely determines its Fourier transform g(w).

We can now apply the Fourier inversion formula to ezactly reconstruct the full signal g(t)
for all ¢, from its samples at ¢t = nA. Assuming that swapping the order of integration
and summation is fine, we have

1 [ ’
t - ~ zwtd
o) = o [ gtwrean,
= n exp | ww [T — w,
2Wmax e — oo g — Wmax P Wmax
B 1 - exp(t[wmaxt — mn)) — exp(—i[wWmaxt — 7N])
n 2wmax Z gn 2 <t __nm )

o .
SIN(Waxt — 7TN)
- E gn )
Wmaxt — TN
n=—o0
o

= ) g(nA)sincwya(t — nA)]

where sinc(t) = S2L.

In summary, the bandwidth-limited function can be represented (for continuous time)
exactly by this representation in terms of its discretely sampled values, with the contin-
uous values being filled in by this expression which is known as the Shannon-Whittaker
sampling formula. This result is called the (Shannon) sampling theorem. Such full
reconstruction of bandwidth-limited functions, by multiplying by the ‘Whittaker sinc’
function or cardinal function sinc(¢) centred on the sampling points and summing, is at
the heart of all digital music reproduction.

8.7 The discrete Fourier transform

For any natural number N the discrete Fourier transform (mod N) denoted DFT is
defined to be the N by N matrix with entries

[DF Ty =€ %™ myn=0,1,2,...,(N —1). (60)

Note that here we number rows and columns from 0 to N — 1 rather than the more
conventional 1 to N. Thus the first row and column are always all 1’s and DFT is a
symmetric matrix. Some books include a 1/v/N pre-factor (just like a 1/4/27 factor that
we did not use in our definition of FT).

In further pure mathematical theory (group representation theory) there is a general
notion of a Fourier transform on any group . It may be shown that the Fourier transform
of functions on R, the Fourier series of periodic finctions on R, and DFT, are all examples
of this single construction, just using different groups viz. respectively R with addition,



1B Methods 94

the circle group {e? : 0 < 6 < 27} with multiplication, and the group Zy of integers mod
N with addition. Correspondingly DFT enjoys a variety of nice properties analogous to
those we've seen for Fourier series and transforms. We now derive some of these from
the definition of DFT above. So far we have that DFT is a linear mapping from C¥ to
CN.

The inverse DFT

\/LNDFT is actually a unitary matrix i.e. the inverse is the adjoint (conjugate transpose):

L/LNDFT} B = [\/LNDFT]T SO [\/LNDFT}Jr L/LNDFT} =1

SO ]
DFT' = —DFT".
N
To see this write w = e~ >™/N and note that each row or column of DFT is a geometric
sequence 1,7, 7% ... rN=! with ratio r being a power of w (depending on the choice of
row or column). Now recall the basic property of such series of N*! roots of unity: if
r = w® for any a # 0 (or more generally a is not a multiple of N) then r # 1 but r¥ =1
SO
1—rN

=0
1—17r

L+r+r2+.. V1=

but if @ = 0 (or is a multiple of N) then r =1 so
l+r+r 4+ +7N P =14+1+...+1=N.

Using this, it is easy to see (exercise) that the set of rows (or set of columns) of DFT/v/N
is an orthonormal set of vectors in CV and hence that (£ DFTT)(DFT) = 1.

A Parseval equality (also known as Plancherel’s theorem)

For any a = (ag, ...,anx_1) € CN,if @ = (ag,...,an_1) = DFT a then

Q.

|

1
a-a=—
- - N
This follows immediately from the general relationship of adjoints to inner products viz.
(Au,v) = (u, ATv). Hence

(@,a) = (DFTa, DFTa) = (a, DFT'DFTa) = N(a, a).

Convolution property

For any a = (ag,...,an—1) and b = (by,...,by_1) introduce the convolution ¢ = a x b
defined by

N-1
ck:Zambk,m /{ZIO,...,N—l
m=0
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(where the subscript k£ —m is computed mod N to be in 0,..., N —1). Then DFT maps
convolutions into straightforward component-wise products:

Cr = g b for each k=0,...,N —1.

To see this, use the DFT and convolution definitions to write

N-1 N-1N-1
Cr, = E o = g g o Dy W™
=0 m=0 [=0

and then substitute for index ! introducing p = [ — m mod N to get dy by directly on
RHS (exercise).

Remark (FFT) (Optional).

DFT has a wide variety of applications in both pure and applied mathematics. One of
its most important properties is the existence of a so-called fast Fourier transform
(FFT) which refers to the following idea: suppose we want to compute DFT a for some
a € CY and N is large. Direct matrix multiplication will require O(N?) basic arithmetic
operations (additions and multiplications) — for each of the N components of DFT a we
need O(N) operations to compute the inner product of a row of DFT and the column
vector a. Now because of the very special structure of the DFT matrix entries (as a
pattern of roots of unity) it can be shown that if N = 2 is a power of 2, then there
is a faster algorithm to compute DFT a, requiring only O(N log N) basic arithmetic
operations! — a dramatic exponential (N — log N) saving in run time. This is the
so-called FFT algorithm (cf wikipedia for an explicit description, which we omit here),
often attributed to a paper by Cooley and Tukey from 1965, but it already appears in
the notebooks of Gauss from 1805 — he invented it on the side, as an aid to speed up his
by-hand calculations of trajectories of asteroids!

An important application of FF'T is to provide a “super-fast” algorithm for integer multi-
plication. If a = a,_1...ap and b = b,,_1 ...by are two n digit numbers (written as usual
in terms of decimal or binary digits) then the direct calculation of the product ¢ = ab
by long multiplication takes O(n?) elementary arithmetic steps (additions and multipli-
cations of single digits). However if we write a = .7\ a,,10™ and similarly for b, then
a simple calculation shows that ¢ = Zi?:_(f Cm10™ with C' = (¢g, ¢4, .. ., Cop—2) being the
convolution A x B of the (2n — 1)-dimensional vectors A = (ao,...,a,-1,0,...,0) and
B = (by,...,by1,0,...,0) of the digits extended by zeroes. With this observation we
can construct a fast multiplication algorithm along the following lines: represent a and b
as extended vectors A and B of their digits; take DFTs (O(nlogn) steps with FFT) to
get A and B; form the entry-wise product (O(n) steps); finally take inverse DFT to get
the components of A x B i.e. the desired result ¢ (O(nlogn) steps again). Thus we have
O(nlogn) steps in all compared to O(n?) for standard long multiplication. For example
(assuming all the big-O constants to be 1) if the numbers have 1000 digits, then we get
(only!) about nlogn = 3000 steps compared to about n? = 1 million steps!

Example (finite sampling)

The sampling theorem showed how in some circumstances (viz. bandwidth limited sig-
nals) we can reconstruct a signal h(t) and hence also its FT exactly, from a discrete
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but infinite set of samples h(nA). But realistically in practice we can obtain only a
finite number N of samples say h,, = h(t,,) for t,, = mA and m =0,1,...,N — 1, and
hence expect only an approximation to its F'T fL, at some points. The DFT arises in the
computation of such approximations.

Suppose h(t) is negligible outside [0, 7] and we sample N points as above with A = T'/N.
Now consider the FT h at w with frequency f = w/2w. By approximating the FT integral
as a Riemann sum using our sampled values h,, in [0, 7], we have

ﬁ(w) = / h(t)e_sztdt (61)
7N71

~ Athe_me(mA). (62)
m=0

Since FT is an invertible map, from our data of N samples of h(t) we'd like to estimate
N samples h(w,) of the FT at frequencies f, = w,/27. We know that if | f| exceeds the
Nyquist frequency f. = 1/2A associated to the sampling rate A, then features with such
frequencies become indistinguishably aliased into frequencies with |f| < f.. Hence we’ll
choose our N discrete frequency values f, to be equally spaced in [—f., f.] i.e.

n

fnzm

n=-N/2,...,0,...,N/2 — 1. (63)
Substituting these into the above approximation we get

27

~ N-1
h(fo) =AY hye 8
m=0

so if we introduce vectors E and h whose components are the discrete values of h and h,
then the above gives 3
h = —ADFT(h)

(the minus sign arising from the fact that in eq. (63) n runs from —N/2 to N/2 — 1
rather than from 0 to N — 1).

Remark (quantum computing) (optional)

DFT (or more precisely the unitary matrix QFT = DFT/+/N) has a fundamental signifi-
cance in quantum mechanics. In quantum theory, states of physical systems are described
by complex vectors (finite dimensional for many physical properties) and physical time
evolution is represented by a unitary operation on the vectors. Thus QFT represents
an allowable quantum physical state transformation and further to FFT (as a mathe-
matical transformation of a list of N complex numbers), it can be shown that QFT as
a quantum physical transformation on a physical quantum state can be physically im-
plemented in O((log N)?) elementary quantum steps i.e. exponentially faster than the
O(N log N)-time FFT on classical data. This is a very remarkable property with momen-
tous consequences: if we had a “quantum computer” that could implement elementary
quantum operations on quantum states as its computational steps (rather than the con-
ventional Boolean operations on classical bit values) then the superduper-fast QFT could
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be exploited (as a consequence of a little bit of number theory...) to provide an algorithm
for integer factorisation that can factorise any integer of n digits in O(n?) steps, whereas
the best known classical factoring algorithm has a profoundly slower run time of about
0(6”1/3) steps. Because of this time speed up, such a quantum computer would be able
to efficiently (i.e. realistically in actual practice) crack currently used cryptosystems (e.g.
RSA) whose security relies on the hardness of factoring, and decipher much encrypted
secret information that exists the public domain. Because all known classical factoring
algorithms are so profoundly slower, such decryption is in practice impossible on a regu-
lar computer - it can in principle be done but would typically need an estimated running
time well exceeding the age of the universe to finish the task. The tripos part III course
titled “Quantum computation” provides a detailed exposition of QFT and the amazing
quantum factoring algorithm.



