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Mathematical Tripos Part IB Michaelmas 2024
Methods, Example Sheet 2 Dr A.C.L. Ashton

Comments and corrections to acla2@damtp.cam.ac.uk. Sheet with commentary available to supervisors.

1. The function ¢ = ¢(x,y, z) satisfies the Laplace equation Ay = 0 on the cuboid (z,y,2) € (0,a) x (0,b) x (0,¢),
such that ¢ =1 on the side z = 0 and ¢ = 0 on all other sides. Show that

16 =~ sinh[¢, 4(c — 2)]sin[(2p + 1)mz/a] sin[(2q + 1)7y/b]
e(e,9.2)= 3 2 (2p + 1)(2q + 1) sinh(ct, )

P,q=0
2 _ 2.2/.2 2.2/12 Ty - -
where £ . = (2p + 1)*7®/a® 4+ (2¢ + 1)?7%/b*. Discuss the behaviour of the solution as ¢ — oco.

2. The function ¢ = ¢(r, ) satisfies the Laplace equation Ay = 0 on the unit disc (r,0) € [0,1) x [0,27) such that
p(1,0) =7/20on0<0 <mand ¢(1,0) = —m/2 on w < 0 < 27. Show that

o(r,0) =2 Z M

n
n odd

Sum the series using the substitution z = rel’. Your solution can then be interpreted geometrically as the angle

between the linear to the two points on the boundary where the data jumps.

3. The function ¢ = ¢(r, 0) satisfies the Laplace equation Agp = 0 on the unit ball (r,0,¢) € [0,1) x [0, 7] x [0, 27)
such that ¢(1,0) =10on 0 <60 < 7/2 and ¢(1,0) = —1 on 7/2 < 6 < 7. Show that

o(r,0) = Z anr" Py (cos 6)
n=0

where «,, are constants you should determine in terms of the Legendre polynomials. It will be useful to note that
Pl 1 (2) =P, _1(2) = (2n 4+ 1)P,(2) and fil P, (2)Ppn(2)dz = 20imn/(2n + 1).

4. A uniform string of mass per unit length p and tension 7 undergoes small transverse vibrations of amplitude
y = y(z,t). The string is fixed at = 0 and 2 = L and satisfies the initial conditions

y 4V
E(JC,O) = ﬁm(L —1x) for0 <z < L.

y(x,0) =0,
Using the fact that y satisfies the wave equation with speed ¢ where ¢ = 7/pu, find the amplitudes of the normal
modes and deduce the kinetic and potential energies of the string at time ¢. Hence show that

n odd

5. The displacement y = y(z,t) of a uniform string stretched between x = 0 and x = L satisfies the wave equation
with the boundary conditions y(0,t) = y(L,t) = 0. For ¢ < 0 the string oscillates in the fundamental mode y(x,t) =
Asin(ma/L)sin(mwct/L). A musician strikes the midpoint of the string impulsively at time ¢ = 0 so that the change in
dy/ot at t =01is Ao(z — 1 L). Find y = y(x,t) for t > 0.

6. Consider a uniform stretched string of length L, mass per unit length p, tension 7 = uc? and ends fixed.
(i) The string undergoes transverse oscillations in a resistive medium that produces a resistive force per unit length of
—2kuy, where y = y(z,t) is the transverse displacement and k = we/L. Derive the equation of motion

1 0%y B 0%y 2k 0y

Ao a2 2ot
Find y = y(z,t) if y(z,0) = Asin(wa/L) and y:(z,0) = 0.
(i) If an extra transverse force Fsin(mwa/L)cos(wet/L) per unit length is applied to the string, find the associated
particular integral. Discuss the behaviour of the full solution as t — oo.
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7. A string of uniform density is stretched along the z-axis under tension 7. It undergoes small transverse oscillations
so that the displacement y = y(x,t) satisfies the wave equation.
(1) Show that if a mass M is fixed to the string at = 0 then its equation of motion can be written

-

(ii) A wave of the form (z,t) — expliw(t — z/c)] is incident from z — —oo giving rise to a solution of the form

Py
o2 | _

( t) eiw(tfz/c) 4»R6io.)(t+z/c)7 <0,
T = .
g Teiw(t=e/a), x>0,

Using (x) and an appropriate continuity condition at = 0, find expressions for T = T'(A) and R = R(\) where
A = Mwc/7. Discuss the limiting behaviour of R and T when A is large or small.

8. Here we solve the heat equation on an interval with non-zero boundary data. Let ¢ = p(z,t) satisfy

0t — Koz =0,  (x,t) € (0,1) x (0, 00),
o(x,0) = 22, x€(0,1),
0(0,1) =0, >0,
p(l,t) =1, t>0.

By considering a suitable function of the form ®(z,t) = ¢(x,t) — (Az + B) with A, B constant, reduce the problem to
one for ® with homogeneous boundary data. Hence find ¢(x,t) and discuss its behaviour as ¢t — oco.

Additional problems
These questions should not be attempted at the expense of earlier ones.

9. Let f = f(0) be 2m-periodic function and consider the periodic initial value problem for the heat equation ¢; = @gg
with ¢(6,0) = f(0) and p(0 4 27,t) = p(0,t) for each (,t). Using an appropriate Fourier series, solve for ¢ and write
it in the form ¢(0,t) = OZW 9¢(0 — @) f(p) do where 9,(0) is a function you should determine.

10. Let Q C R? be a bounded domain and (x,t) € 2x (0, 00). We will be concerned with the following initial-boundary
value problems for the heat and wave equations, respectively:

—c2Ap = in
wr — KkAp =0, in Qx (0,00) i — " Ap =0, in 2 (0,00)

(A) p=f, onQx{t=0} (B) =g, onQx{t=0}

B ot =h, onQx{t=0}
=0, ondQx][0,00) 5= 0, ondQx 0,00)

You may assume the following: there is a collection {(¢n, An)}52 of real eigenfunction-eigenvalue pairs such that (a)
—Ath, = My in Q; (b) ¢, = 0 on 09; (¢) each eigenvalue has finite multiplicity; (d) {¢,} are complete on . The
latter means for f: ) — R satisfying f = 0 on 92 we can write f = > a1, for some {a,}.

(i) Show that A, > 0 for each n and fQ Vpm AV =0 for A\, # A\,

(ii) Explain why we can assume, without loss of generality, that fQ VnWm dV = 0 for n # m.
(iil) Using separation of variables, show that the solution to (A) is given by

Jo fon dV

—)\,LH _
z:: bhn(x)  where a, = fQ AV

Explain why this might be formally interpreted as ¢(x,t) = e**“p(x,0) where "4 = > oo (“;,)p AP,

(iv) Solve (B), again using separation of variables. Relate your answer to the formal expression

o(x,t) = Smc(jg) ©¢(x,0) + cos (ct\/i) o(x,



