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Mathematical Tripos Part IB Michaelmas term 2011 Prof R. Jozsa
Course C10—No. B8

METHODS — EXAMPLES IIT

Green’s functions

1. Initial value problem. The reading 6(¢) of an ammeter satisfies

0 +2p0 + (0* +¢*)0 = f(t),

where p, g are constants with p > 0. The ammeter is set so that 6 and 0 are zero when ¢ = 0. Assuming g # 0, show
by constructing the Green’s function that

1 [t
o(t) = / &P sinfg(t — 7)) f (r)dr .
q.Jo
Derive the same result using Fourier transforms, showing that the transfer function for this system is
- 1 1 1
R(w) = 5. . N 7 .
2qi [(iw+p—qi) (iw+p+qi)

2. Boundary value problem. Obtain the Green’s function G(z, §) satisfying

dQ—G—A?G—a( —¢) 0<z<1l, 0<¢<1
e =0(x ) <z<l1, <<

where X is real, subject to the boundary conditions G(0,&) = G(1,&) = 0. Show that the solution to the equation

d2
d—:g — Ny = f(x), subject to the same boundary conditions is
x

1 v . _
Y7 7 Nsinh {Smh A”3/‘%, F(€) sinh A(1 — £)d€ + sinh A(1 — 93)/0 f(€) sinh Afdé} :

3. Finite asymptotics. A linear differential operator is defined by

14 o dy
Lay = x? dx (m d$>+y

By writing y = z/x or otherwise, find those solutions of L,y = 0 which are either (a) bounded as z — 0, or
(b) bounded as & — oco. Find the Green’s function G(z,a) satisfying

L,G(z,a) =6(x—a),
and both conditions (a) and (b). Use G(x,a) to solve (subject to conditions (a) and (b))

1, for0<z<R,
Lyy(z) = {07 forx > R.

Show that the solution has the form, for suitable constants A, B

(z) = 1+ Az~ lsinhz, for0<z <R,
v\ = Bx~le™® | forz > R.

*

4. Higher order initial value problem*. Show that the Green’s function for the initial value problem (' = %)

1111

y kY = ft),  y(0) =y (0) =y"(0) =y"(0) =0,

0, o<t<T,

is given by  G(t,7) = { k=2t —7)— k= 3sink(t—7), t> 7.

Hence write down the solution for f(¢) = e~* and verify that it satisfies the equation and the initial conditions.
[Hint: Make life easy by noting G(7,7) = 0 for an IVP Green’s function and so use the time invariance of the equation
to take G(t,7) = f(t — 1) for t > 7.
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The Dirac delta function

5. Delta function properties. The function ¢(x) is monotone increasing in [a,b] and has a (simple) zero at x = ¢
(i.e. ¢'(c) #0) where a < ¢ < b. Show that

£
()]

b
/ F(2)b[0(x))de

Show that the same formula applies if ¢(z) is monotone decreasing and hence derive a formula for general ¢(x)
provided the zeros are simple. Deduce that §(at) = d(t)/|a| for a # 0. Also establish that

+oo
/ 2|6 (22 — a®)dx =1

6. Delta function derivative*. Show using polar coordinates that

+oo +oo
/_ / F(@? + 528 (2 + 42 — 1)6(a? — y?)dady = F(1) — 1'(1).

Fourier transforms

7. Duality property of FTs. (a) Use the duality property of FT's (i.e. that FT(FT(f))(z) = 2rf(—x)) to derive
the frequency shift property from the translation property. (b) Starting with the convolution theorem (that FT' of
a convolution is the product of individual F'T's) show that FT(fg)(k) = f * g/2m.

8. Functions with discontinuities. Let f(z) = e~ for 0 < z < 0o, and f(z) = 0 for # < 0. Show that f(k) = 11;—,213

Show that the inverse Fourier transform of this Fourier transform f(k) takes the value of 1/2 at « = 0. (This is a
general property of Fourier transforms, analogously to Fourier series. Inversion for general x is really straightforward
with Complex Methods.)

9. Fourier transform of Gaussians. By using differentiation and the shift property, calculate the Fourier transform
of a Gaussian distribution with a peak at u # 0, i.e. f(z) = exp[—n?(z — p)?].

Now let p = 0, and consider &,(z) = (n//7)f(z). Sketch 6,(z) and 4,(k) for small and large n. What is
ffooo 0n(x)dx? What is happening as n — oco?

10. Fast Fourier transform for DF'T. Consider DFTy the discrete Fourier transform mod N with N = 2™ being
a power of 2.

(a) For @ = (ag,...,an_1) show that direct computation of DFTy(a) by matrix multiplication requires 2N? — N
basic multiplication and addition operations between the matrix elements of DFT and the components of a.

(b) Show that DFTx(a) can be expressed in terms of two applications of DFTy/,. (Hint: consider separately the
even and odd numbered components of a). Using this decomposition show that DFTy may be computed with T'(N)
basic additions and multiplications where T'(IV) has leading term N log, N i.e. exponentially faster as a function of
m than the direct method of (a). Find the exact formula for T(N).

11. Parseval’s relation. By considering the the Fourier transform of the function f(x) = cos(x) for |z| < 7/2 and
f(z) =0 for |z| > 7/2, and the Fourier transform of its derivative, show that

oo w2 2 0o 42 2
/ 42 Ccos t2dt=/ tzcos thtzz.
o (F-1) o (F-1) 4

4

12. Laplace’s equation. Show that the inverse Fourier transform of the function (for any real «)

5 ek —eka |k <1,
falk) = { 0 k| > 1,
is o;
falz) = W(Oﬂ—j_xz)(a cosh asinz — x cos z sinh ).

Determine, by using Fourier transforms, the solution of Laplace’s equation in the infinite strip 0 < y <1, i.e.
V2 =0; —co<z<oo, 0<y<l,

where ¥ (z,0) = f1(x) the function given above with a =1, and ¢ (x,1) = 0 for —oo < x < 0.



