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Motivation
Successes of QM,
2 Atomic structure ! Chemistry
2 Nuclear structure

2 Astrophysics, Cosmology: Nucleosynthesis

N

Condensed Matter: (semi-)conductors, insulators

N

Optics: Lasers

Conceptual/philosophical aspects,

2 Probabilistic not deterministic

2 Role of observer

Mathematical aspects,

2 States live in complex vector space

2 Observables A Operators

Non-commutative algebra

Outline

1) Introduction: the need for a quantum theory

2) Wave Mechanics I: SchrAdinger equation and solutions

Scattering and bound state problems in one dimension

3) Operators and expectation values
Postulates of QM

Heisenberg uncertainty

4) Wave Mechanics Il: Boundstate problems in three dimensis

The Hydrogen atom
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Figure 1: Incident light expels electron from metal.

1 Introduction
QM introduces a single new constant of fundamental naturd?lanck's constant
~ = 1:055 £ 10 * Joule s

We will also use Planck's original constanh = 2V
Dimensions: f]= ML2Ti2£ T = ML2Ti?

Photoelectric e®ect

2 To liberate electron from metal requires energ¥ , Eo > 0. Threshold energyky is

di®erent for di®erent metals.
2 Shine monochromatic light at a metal plate (see Fig 1),

{ Intensity |

{ Angular frequency! . Here! = 2%c=,where, is the wavelength of the light.

Find,

1. Liberation of electron required , !y where,

Independent of intensity, |

2. Number of electrons emitted |.
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Before After

Figure 2: Collision of photon and electron.
Ex

o

Figure 3: Plot of Ex against!

Explanation (Einstein 1905)

Electromagnetic radiation of angular frequency made up of discrete quanta of energy,
E = ~I

Quanta known asphotons(denoted®). Intensity of light corresponds to the total number of
photons emitted per second

Basic process: photon absorbed by electron (see Figure 2).

2 Conservation of energy implies,

where Ex is the kinetic energy of the ejected electron (See Figure 3Yhis relation

agrees well with experiment.

2 Number of electrons emitted» Number of collisions» Number of incident photons»

Intensity, 1.

Wave-particle duality

Light exhibits wave-like properties,
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2 Refraction

N

Interference

2 Di®raction (see Appendix)

N

Polarization

Beam of monochromatic light corresponds to plane wavefotm
E; B » < [exp(kexj it)]

describes light of wavelength = 2%3kj Here k is the wave-vector and! = ¢jkj is the
angular frequency.

However, light also some times acts like a beam pérticles (photons),
2 Photoelectric e®ect
2 Spectral lines

Corresponding particle has energfg = ~! and momentump = ~k.
Check: as we have = c¢kj, we nd that E = ¢jpj which is the correct dispersion relation
for a massless particle in Special Relativity.

The Hydrogen atom
Planetary model (see Fig 4),
2 Asme=m, ' 1=1837<< 1 treat proton as stationary.

2 Attractive force, F, between electron and proton given by Coulomb's law,

e

F = j-——
IVARE:

wherer is distance between the electron and proton. Minus sign deties attractive

force. Here" is the vacuum permittivity constant.

1The following equation indicates the x and t dependence of each of the components of the vector “elds

E and B. < denotes the real part of the expression in brackets.
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Figure 4: Planetary model of the Hydrogen atom.

2 Assume electron follows circular orbit of radiug at speedv. Thus have centipetal
accelerationa = j v2=r. (Negative sign corresponds to acceleration towards ceniaf

circle.) Newton's second law implies,
3 v2

F = Mefi —
Vayygrz T e

Can then express radius of orbit in terms of angular momentum,

J = megvr Q)
as,
AN
= 2
r — 2

2 Electron energy,

= _ ; 3
oMV ®)
eliminating v and r using Eqns (1) and (2), we obtain,
mee?
E = i 220z
32v%2"8J

In classical physics the angular mometurd can take any value which implies @ontinuous

spectrum of possible energies/orbits.

Problems

2 Hot Hydrogen gas radiates at aliscrete set of frequencies calledpectral lines

5
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Figure 5: Classical instability of the Hydrogen atom.

Empirical formula for emitted frequencie? ,, labelled by two positive integeram >

n,
° = R " 1, 2 ' 4
mn oC FI W ( )
whereRy' 1:097£ 10’ mi ! is known as the Rydberg constant.
2 Electron in circular orbit experiences centripetal accelation a = | v?=r. Classical

electrodynamics implies that accelerating electric chaeg radiate EM waves. Hence
the electron will lose energy and collapse into the nucleusae Fig 5). This would mean

that the atom was highly unstable which obviously disagreesith observation.

Bohr postulate

These two problems are solved by a simple but rather ad hoc polsite,
2 The angular momentum of the electron igjuantized according to the rule,
J = n~
wheren=1;2;3;::..
Check dimensions: the angular momenturd = megvr has dimensions,

D] = MELT''EL=ML*T '=[]
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Figure 6: Energy levels of the Hydrogen atom.

Consequences

2 Quantized energy levels Setting J = n~ in equation (3), we immediately nd a

discrete set of allowed energy levelg; < E , < E 3::: where,

mee’ 1
E, = | —— £ —
n | 321@||%~2 n2
2 Radii of orbit are quantized,
44"~ 2 2
rh = £ n“= n°r
n mee2 1
The radius of the lowest orbit,
4Y4'5~? -
r{ = "'0529£ 107 m 5
1 — (5)

is known as theBohr radius .

2 Spectral lines correspond to transitions between energy levels, electremits a pho-

ton ° of frequency®

R = ~twn =Emi En
thus we have,
o mee* H 1 1 1
™ T g nelome ©
we can check that,
mee*

§2hc " 1:097 £ 10 mil' Rg

Thus (6) agrees with the empirical formula (4).
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Figure 7: Transition between energy levels.

) Bohr postulates "explain®
2 stability of atoms

2 observed spectral lines

Problems

2 why/when do classical laws fail?
2 why only circular orbits? What about elliptical orbits, orbits in di®erent planes?

2 fails for multi-electron atoms.

In fact Bohr model is not correct (but energy levels are).

de Broglie waves

We saw that EM waves of wavelength sometimes behave like particles of momentum,
p = - (7)

L. de Broglie (1924) proposed that converselyarticles such ase , p* sometimes exhibit

the properties of waves of wavelength,

= ~kj= (8)

5

=Ri=a

wherep = jpj
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Figure 8: De Broglie argument

Figure 9: Electron di®raction from a crystal

This idea leads directly to Bohr's postulate.

2 electron orbits should correspond tanteger numbers of wavelengths (see Fig 8),

2% = n, = m= nh
P MgV
_nh
) rnmev - 2_]/4
) J = n~
Experimental con rmation Davisson-Germer experiment electrons of enerdy
leV =1:6 £ 10 '® J have de Broglie wavelength,
h h .
= —=p— » 10 °m
: p 2m.E

are di®racted by atoms in a crystal (atomic spacind » 10 ® m). See Figure 9
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Figure 10: A double-slit experiment for electrons

Figure 11: Double-slit di®raction pattern: plot ofN againstx

Double slit experiment

The optical double-slit di®raction experiment is revieweth the Appendix.

2 A source of electrons creates a beam which is di®racted thghutwo slits (see Figure
10)

2 The electrons are detected at a screen on the other side of tlés.

2 Detectors count number,N, of electrons detected as a function of the transverse co-
ordinate x. Resulting graph is shown in Figure 11. Identical to corregmding optical

di®raction pattern.

10
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Important points

2 Di®raction e®ects are observed even when strength of the thealn is reduced so that

there is only a single electron passing through the apparaat any one time.
2 We cannot predict with certainty where a given electron wilbe detected.

2 Qver a long time the total numberN detected as a function ofx gives aprobability

distribution for the position on the screen at which each electron is deted.

Suggests that the probability that the electron is detected at a particular point is given by

(amplitude)? of a wave.

2 Wave mechanics |

Describe particle by introducing a complex wave-function,

A R | C

such that the probability of nding a the particle in volume dV is,

JA(X)j? dV
Thus we should impose normalization condition,

Z
jAX)j2dv = 1
3

R

"The particle must be somewhere"

Then %x) = jA(x)j? is a probability density

11
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Slightly di®erent formulation: Consider possible wavefuations,
A : R® | C
which are not identically zero. If,

Z

jJA)j?dv = N < 1
R3

then we say that the wavefunctionA(x) is normalisable . The correspondingnormalised

wavefunction,
. 1 .
A(x) = pﬁA(X)

then obeys the normalisation condition,
z

AX)j?dv = 1
R3
Caveat For brevity we will not always denote a normalised wavefunin by A

Postulate Time evolution of wavefunctionA(x;t) governed by theSchrAdinger equa-

tion . For a non-relativistic particle of massm moving in a potential U(x) this reads,

@A _ 2 o 5
[ @t - .%r A + UXA 9
2 First order in t) A(x:t) uniquely determined by Egn (9) and initial valueA(x; 0)

2 Second order inx. Asymmetry betweenx andt ) Eqn (9) is non-relativistic.

Example Free particle) U(x)~ 0. SchrAdinger equation becomes,

i~%§ = %r 2A (10)
Look for plane-wave solution,
Ao(x;t) = Aexp(kex i ilt) (11)
solves Eqn (10) provided we set,
| = ggz (12)

12
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Interpretation:  use de Broglie relations for energy and momentum of the cosponding
particle,

E =~ X p=-k

then, from (12), we nd,

2m

which is the correct dispersion relation for a free non-rdiaistic particle.

However note that plane-wave solution isnon-normalizable

Aoj? = AAg = jAj?
Z Z

) iAoj2dV = jAZ  dv = 1
R3 R3

We will discuss the correct resolution of this problem belaw

Conservation of probability

Consider a wavefunction which is normalized at = 0,
Z

jA(X;0)2dV = 1: (13)
R3

Now allow A to evolve in time according to the SchrA&dinger equation (9)

We de ne,
x;t) = jJA(X;t)j?

Thus, from eqn (13),%4x; 0) is a correctly normalized probability density. We will nav show
that this remains true at all subsequent times, providedA(x;t)j ! 0 suzciently fast as
Xjrl

13
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Di®erentiating Y2wrt time we get,

@tx;t) _ @i, 2¢_@
at - et @fA * @t

Now use the SchrAdinger equation and its complex conjugate

(14)

. @A ~2 -
|~%t = 0ot A + UX)A

K 2
i i~%‘ = 0ot A" + U(x)A" (15)

to eliminate time derivatives in (14) to obtain,

@1/2 i~ E”‘n 2R A 2”00
— = — A7r “Aj Ar ‘A
@t Zm :

i~ c o~ o
= —r¢ [Ar Aj Ar A°
o [ i ]
This yields the "conservation equation”,
@Y

@t+r¢j =0 (16)

where we de ne theprobability current

) i~ n o~ s e
j(x;t) = iﬂ[ArAiArA]

2 Consider a closed regioV % R® with boundary S, se Figure (12) The probability of

‘nding the particle inside V is,

Z
P() = %x;t) dV
\Y
and we nd that,
Z Z Z
dP(t) @tx;t) : .
— = dVv = j re jdv = ¢ds
at y o1 | y J i . J

where the second and third equalities follow from Eqn (16)@nGauss' theorem (also

known as the divergence theorem) respectively.

14
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Figure 12: Gauss' Theorem

Interpretation:  "Rate of change of the probabilityP (t) of nding the particle in
V ~ total °ux of the probability current j(x;t) through the boundary S*

Integrating Eqn (16) over R3,
@s_ °
R3 @t - i
= j ¢dS
st
where the second equality follows from Gauss' theorem. He® is a sphere at in nity.

re jdv

More precisely, letS2 be a sphere inR® centered at the origin having radiusR. Then we

de ne,
Z Z

j¢dS = lim j ¢dS
Sf R!1 S,%

Provided that j(x;t) ! 0 suzciently fast asjxj!1 , this surface term vanishes and we
nd, . .
d @Y2
— “%x;t) dv = — dVv =0: 17
dt R3 é ) R3 @t ( )
If the initial wavefunctiozn is normalized at tiZmet =0,
%x;0)dV = jA(X;0)2dV = 1;
R3 R3
then (17) implies that it remains normalised at all subsequé times,

Z Z
%x;t) dv = JA(X; 1)j2 dV

R3 R3
Equivalently £x;1t) is a correctly normalized probability density at any timet.

15
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Postulates of wave mechanics

2 Any normalizable wavefunctionA(x 1),
z

JA(x;Dj2dv = N < 1; (18)
R3

(which is not identically zero), obeying the SchrAdingergeation (9),

. @A ~2 ~
|~%t = it A + U(X)A

corresponds to a possible state of the system.

2 As before, the probability distribution for the particle position in this state is deter-

mined by the corresponding normalized wavefunction,
~ 1 .
Ax) = P A(x)
as¥x:t) = jA(x;t)j?

2 Wave function Ag(x;t) = ®A(x;t) corresponds to thesamestate for all ® 2 C° =
Cif Og.

Check: Ag(x;t) obeys SchrAdinger equation &(x;t) does (by linearity of (9)) and

is also normalizable,
Z Z
Ao(X;1)j? dV = @7 JAGG? dV = j@PN < 1
3 3

R R

corresponding normalised wavefunction,

- Ae(X;t)  ® .
Ae(X;t) = p——= = —A(X;t 19
(x;1) S 6 (19)
only depends on® through the complex phase®5§®j and therefore yields the same
probability distribution,

V84X t) iBa(x; 1)) = jA(X; 1)j?

for all values of®

16



Copyright © 2008 University of Cambridge. Not to be quoted or reproduced without permission.

Principle of Superposition
2 If Aj(x;t) and Ay(x;t) correspond to allowed states of the system then so does,
Ag(x;t) = ®A(x;t)+ "Ay(x;t) 60

for arbitrary complex numbers® and .

Proof
{ A; satis es (9) if A; and A, do.
{ Also easy to check thatA; satis es normalizability condition (18) if A; and A, do.

... To see this let
Z

jAj?dv = N; < 1
R3

Z

jAzj? dv N, < 1
3

R
For any two complex numbersz; and z,. The triangle inequality states that,

jZ1+ 25 - ] 7+ |2z (A)

also,
(izidij zi)?, 0 ) 2izijizoj | zif* + jzo)? (B)
Apply these relations withz; = ®A andz, = A,

Z Z
jAgj? dv = j®A + A2 dV
3 R3
Z

R

(i®A] + jA)? dv
RB

z
i. ~ . ~ L — . - — . ¢
J®AG? + 2]®Ai AL + JA® dV

zZR
i~ ¢
2i®A %+ 2] AL% dV
RB

2j®°Ny +2j7°N, < 1 o

17
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2 Comments marked by *....* are beyond the scope of the courad Imight be useful.
*The superposition principle implies that the states of a gantum system naturally

live in a complex vector space

{ Usually in nite dimensional.

{ Extra structure: +ve de nite inner product (+completeness ) ) Hilbert space.

The relation between states and vectors has two subtletieszirst, the "zero vector”
A~ 0 does not correspond to a state of the system. Also the copesidence between
states and vectors is not one to one because, as explainedwebie vectorsA and ®A
represent the same state for any non-zero complex numls&r A more precise statement
is that states correspond taays in Hilbert space. Aray, [A], is an equivalence class of

a vector A under the equivalence relation*,

Al » A, i® A= ®A  for some®2 Cif Og

Stationary states

Time-dependent SchrAdinger equation,

-@A L 2

ot | o A + U(X)A

Seperation of variables,
A(x;t) = Ax)e ™

Eliminate angular frequency! using de Broglie relationE = ~! to write,

) A g

Ax;t) = Ax)exp i — (20)
Substituting for (20) for A in the SchrAdinger equation yields theime-independent
SchrAdinger equation

2
i —r %A + A = EA 21
| 2mr U(x) (21)

2This is a technical requirement for in nite sequences of veatrs in a Hilbert space which demands that

the limit of the sequence, if it exists, is contained in the space.

18



Copyright © 2008 University of Cambridge. Not to be quoted or reproduced without permission.

Remarks

2 Typically (for boundstate problems) Eqn (21) has normalidale solutions only for cer-
tain allowed values ofE.

2 States of the special form (20) are known astationary states . They are states of
de nite energy E. We will refer to A(x) as the stationary-state wavefunctionin the

following.
2 In a stationary state the position probability density,
Yx;t) = JAx1)}? = jAX)}?
is time-independent.

2 The general solution of the time-dependent SchrAdingeruagion is a linear superpo-
sition of stationary states,

X Mg
A(x;t) = anAn(X)exp i —

n=1

where A, (x) solve (21) with E = E,, and a, are complex constants. In general this is
not a stationary state and thus does not have de nite energynstead the probability
of measuring the particles energy a& = E,, is proportional to ja,j? (See Section 3).

Free particles

Free particle) U(x) ~ 0. Stationary state wave functionA(x) satis es time-independent
SchrAdinger equation,

2

i 2~—mr 2A = EA (22)

This equation has a plane-wave solution,
Ax) = A exp(ik ¢x)

This satis es (22) provided

~jkj?
2m

E =

19
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2 E only depends onjkj so there is a largedegeneracyof states at each value of the

energy.

2 Complete wave-function,

Mg T

Ac(x;1) Ax)exp i -

TR |
A exp(k¢x) £ exp ji Jzkr:]t

coincides with our earlier result (11,12).

As before the plane-wave solution ison-normalizable and thus does not give an accept-
able probability density. There are several ways to resolvis problem. We will consider

two of these,

2 The plane wave solutionA, is treated as a limiting case of aaussian wavepacket
describing a localized particle.

2 The plane wave solution is interpreted as describing laeam of particles rather than

a single particle

The Gaussian wave-packet

SchrAdinger equation foA(x;t) in one spatial dimension X 2 R)

. @A ~ @A -
|~@ = o= @ + UX)A
@t 2m @X
In one dimension we have a free particle stationary state,
H .~k2tﬂ

Adxit) = exp(ikx) £ exp i

In one dimension the wavevector reduces to a single compon&? R.

As in the previous section we can construct new solutions dig¢ SchrAdinger by taking a
linear superposition,

X -
A = an A, (xt)

20
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Ko K
Figure 13: Gaussian distribution of wave numbers.

However, ak is a continuous variable we can also make a linear superpasit by integration,

Z
A(x;t) = dk A (k) A,
z H ~k2tﬂ
= dk A(k) £ exp(kx) exp ji—— (23)
2m
where A (k) should go to zero suzciently fast that the integral exists.
The Gaussian wave packet corresponds to the choice,
h s, 2i
Alk) = exp i S(ki ko) (24)

where % >0 which looks like a Gaussian distribution of wave numbeits centered atk = kg
with width » 1=p Y. (See gure (13)) We will now evaluate the resulting wave-furtion by

substituting (24) for A in (23),
Z .,
A(x;t) = dk exp (F (k))
il
where the exponent in the integrand is,
H 1
7 . ~k?
[ {(ki ko)2+ i KX i ﬂt
H 1

1" it x)ki 2
E 3/“+IH K2+ (Kot DK T 5k

F (k)

21
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Completing the square gives,

H -
® 2
= iz i = + —=+=
F (k) i 5 Ki & *
where
- 3,
®= Yt T = Ko¥at ix i:igg
Hence,
u—z 1-[Z+1 A 1 U —ﬂZ!
A(x;t) = exp @+i X dkexp 1§® K i ®
IJ—Z TIZ+1i i° H 1 l
= — + i = 2
exp 2®+ S dRexp i 2®k

wherek = kj =® and® = =[ =®]. The integral can be related to
integral (Egn (119) in the Appendix) by a straightforward agplication

the standard Gaussian

of the Cauchy residue

theorem. An alternative, more elementary, approach to evaating the integral is described

in the Appendix. The result is,

2 This wavefunction decays exponentially ak ! 81
2 The resulting position probability density is,

wuxt) = JAX1)j? = A t)A(x;t)

and is therefore normalizable.

where & is the normalised wavefunction corresponding t&(x;t). After some algebra,

we obtain,
t ¢, #
C Y x| Kot
¥+ 28 i+ Tr
Exercise: The constantC is xed by the normalization condition,
Z +1 r 3_/4
dx “x;t) =1 ) c=
La

il

2 1£x;t) de nes aGaussian probability distribution
(see Figure (14)).

22

for the position of the particle
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Y

i 3
Figure 14: The probability distribution.

{ The centertxi of the distribution corresponds to the average value of pamin.

. ~k
hKi = —>t
m
which moves constant speed,
~k i
vV = _0 = E
m m
Here hpi = ~ko denotes the average value of the momentum.

{ The width of the distribution, ¢ x (also known as the standard deviation) corre-

sponds to the uncertainty in the measurement of position,
S

o i
P 1 ~2t2

¢tx = h2iih xi2= = 3+

' 2 Y m2y,

increases with time. (This is not a stationary state).

2 Physically, the Gaussian wavepacket corresponds to a staite which the particle is

localized near the pointrxi with an uncertainty ¢ x in the measurement of its position.

2 The plane wave-solutionA,(x;t) is a limiting case of the Gaussian wavepacket where
the uncertainty in position ¢ x becomes in nite. This an idealized state in which the
momentum takes the de nite valuep = ~k. The uncertainty in the momentum of the
particle, ¢ p, therefore vanishes. This is related to the Heisenberg umtanty principle

which we will discuss in Section 3.

23



Copyright © 2008 University of Cambridge. Not to be quoted or reproduced without permission.

The beam interpretation

Interpret free particle wave function,
) _ Mo ket
Ac(x;t) = A exp(kex) £ exp ji om

as describinga beam of particles of momentump = ~k and energy,

E = ~I - ~2jkj2 = Jp_Jz
) 2m 2m

2 Here¥%x:t) = jAc(x;t)j2 = jAj? is now interpreted as the constantverage density

of particles .

2 The probability current,

| i~

j(x;t) i o (AT A A AY)
i~ . .

=~ £ jAj®? £ 2k

o ~k p
= jJAj2E —=jAP £ =
1A m 1A m

average density £ velocity

average °ux of particles

Particle in an in nite potential well

Potential,

U(x)

0 0O<x<a

=1 otherwise (25)

as shown in Figure (15). Stationary states,

~2 d2A R N
| o e + U(X)A= EA (26)
2 Qutside well
Ux)=1 ) Ax)” 0

otherwiseE = 1 from (26). Thus, as in classical physics, there is zero prdiiaty of

“nding the particle outside the well.

24
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a X

Figure 15: The in nite square well.

2 Inside well
~2 oPA -
Uix)=0 i ———=EA 27
(x) I (27)
De ne k = P 2mE=~2 > 0. Equation (27) becomes,
PA .

General solution,
A(x) = Asin(kx)+ B coskx)
Boundary conditions from continuity of A at x = 0 and x = a,
A0) = A@=0
{ ) A0)=0) B=0
{ i) A@=0) Asinkka)=0) ka= n¥awheren=1;2;:::

Thus solutions are,

3 ,
~ . NnYax
An(X) = Apsin h O<x<a
=0 otherwise
2 Normalization condition,
Z ., Z, 3 g .
L o R 773 A.j%a
AnjZ dx = jAn2 siP —2 dx= Vol -
i1 0 a 2
Thus we nd,
"3
An = a
for all n.

25
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Figure 16: Lowest energy wavefunctions of the in nite squarwell.
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Figure 17: Wavefunction at largen.

2 The corresponding energy levels are,

~2k2 ~2]/gn2
2m  2ma?

E = E,
forn=1;2;:::
{ Like Bohr atom, energy levels arguantized

{ Lowest energy level or groundstate,

21
>

E =
! 2maz2

2 The resulting wavefunctions are illustrated in Figure 16

{ Wave functions alternate between even and odd under re°eoh,

X | i"x
.2|

Wavefunction A, (x) hasn + 1 zeros ornodeswhere¥4(x) = jA,j? vanishes.
{ JAn)

{ n!t1 Ilimit. Correspondence principle: probability density appoaches a con-

stant © classical result (see Figure 17).
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X; X+ X

Figure 18: A generic boundstate problem.

General remarks on one-dimensional bound state problems

Consider a particle moving in one spatial dimension in the geric potential U(x) plotted
in Figure 18 with asymptotic valuesU(x) ! U; asx!81 . Bound states correspond to

a particle trapped in the well with O<E <U ;

2 Classical mechanics The particle follows a periodic trajectory x(t) with turning
points x = Xg such that U(xs) = E. Thus the classical particle is always found in the

interval [X; ; X+ ].

2 Quantum mechanics Stationary states obey,
2 A2A

o~

{ 2nd order linear ODE) two linearly independent solutions;A;(x) and Ay(x)

{ For a bound state the particle must be localised near the welThus we demand
a normalizable wavefunction,
Z ., )
jAZdx < 1
il
) A must vanish suzciently fast asx ! §1
a How fast?

dx 1
—_»
Xi Xii 1

thus jA(x)j?2 must vanish faster than Ex asx ! §1
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Actual asymptotic behaviour of A(x) as x ! 1  determined by asymptotic form of

SchrAdinger equation (28)

~2 oA - -
i ——-— + UA ' EA
' 2m dx2 !
De ne,
r
TS

~2

Note that - is real by virtue of the bound state conditionE < U, .

written as,

A )
— = 4+ .°A
dx2

with general solution,
AX)= Aexp(+x) + Bexp( x):
Thus the general form of the asymptotic wavefunction is

Ax) ! Agexp(+x) + Bgexp( x)

(29)

Eqgn (29) can then be

asx ! 81 . For a normalizable wavefunction, we must choose a solutiomhich decays

(rather than grows) asx ! 81 . Thus we must setA, = B, =0.

2 1ts not hard to see why these conditions lead to a discrete sgaum of boundstates.

For each value of the energ§ , we have two linearly independent solutionsA; (x; E)

and A,(x; E). General solution,
Ax) = A [A(GE) + ®A(x;E))

for complex constantsA and ®.

Normalizability ) Two independent conditions A+ = B, = 0) for two unknowns:

®and E ) isolated solutions) Discrete spectrum.

28



Copyright © 2008 University of Cambridge. Not to be quoted or reproduced without permission.

Xoi 2Xo Xo+ 2

Figure 19: A discontinuous potential.

Further properties

Time-independent SchrAdinger equation in one dimension,
~2 d?A ~ -
i —— + UX)A = EA
' 2m dx2 ()

2 Continuity

(30)

{ If U(x) is smooth then so iSA(X).

{ If U(x) has a nite discontinuity the A(x) and dA=dxremain continuous, but (30)
) d?A=dx is discontinuous.

{ If U(x) has an innite discontinuity then A(x) remains continuous butdA=dx is

discontinuous. Also note thatU(x) " 1) A(x) ~ 0 ( cf in"nite square-well)

To understand the second case, consider the discontinuoustgntial shown in Figure

19, Integrating (30) over the interval ko i 2;Xq + 2],

Z Xo+2 . 2 dzA: Z Xo+2 )
oi? — 2m ae_ 9 = o (Ei UX)A(X) dx
dA- dA=
) el i — = 1 (2)
dX .o dx .
where
2m Z Xo+2 A
1) = = (E i UX)AX) dx

Xoi 2
Easy to see thatl (?)! 0as2! 0 (because integrand is bounded), dA(x)=dx, and
therefore A(x) is continuous atx = x,. Discontinuity of d?A=dx follows directly from

SchrAdinger equation (30)
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2 Parity Suppose spectrum of boundstates ron-degenerate
Ei1<E,<E;<

If U(j x) = U(x) we say that U is re°ection invariant . In this case all stationary
state wavefunctions must be either even or odd. In other wosdve must haveA(j x) =
8§ A(x)

Proof

{ Easy to see that time-independent SchrAdinger equation0|3is re°ection invari-
ant. Thus if A(x) is a solution of (30) with eigenvalueE then so isA(j x).

{ Non-degeneracy of the spectrum then implies thak(j x) = ®A(x) for some non-

zero complex constant®.

{ For consistency,
Ax) = Al (i x))= ®Aj x) = &A(X):

Thus® =1) ®= §1 as requireda .
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Uo

X=ja X=a X
Figure 20: The nite square well.
The nite potential well

Potential,

Region |I: Uuix) = 0 i a<x<a

Region I : = U otherwise (31)

as shown in Figure 20.

Stationary states obey,

2 dZA R R
. + =
el U(X)A= EA (32)
consider even parity boundstates
Al x) = Ax)

obeying 0- E - Uy De ne real constants
r

r -
K = 2mE 0 o 2m(Up i E) 0 (33)

~2 > 2 5

2 Region | The SchrAdinger equation becomes,
d?A
dx?

The general solution takes the form,

= | k?A

A(X) = Acoskx)+ B sin(kx)
even parity condition,
A x) = Ax) ) B=0 ) A(x) = A coskx)

31



Copyright © 2008 University of Cambridge. Not to be quoted or reproduced without permission.

2 Region Il

dx2

The general solution forx > +a,
Ax) = Cexp(+x)+ Dexp( x) (34)
Normalizability ) C =0 thus,
A(x) = Dexp(i x)

for x> +a.

Similarly for x < j a (by even parity) we have,

Ax) = Dexp(+x)

Imposing continuity of A(x) at x = + a gives,
Acoska) = Dexp( -a) (35)
and continuity of A{x) at x = + a gives,
i KAsin(ka) = D exp(j -a) (36)
Dividing Egn (36) by (35) yields,
ktan(ka) = - (37)

From the de nitions in Egn (33) we nd a second equation relahg k and -,

2muU
2 2 0
K+ - — (38)
Now de ne rescaled variables = kaand” = -a and the constantrg = P (2mUg)=2 ¢
a. Equations (37) and (38) become,
»tan» = (39)
»+ 2 = rg (40)

It is not possible to solve these transcendental equations closed form. Instead one
may easily establish some qualitative features of the solans via a graphical solution

as shown in Figure 21. Here the two equations are plotted in ¢h(»; ")-plane.
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ro———_

Y,2 Y, ro 3%=2 X 5

Figure 21:. Graphical Solution.

Figure 22: Groundstate probability density for the nite square well.
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2 Number of solutions increases with the depth of the well ag = P (2mUg)=2 ¢ a

grows.

Each solution determines an energy level via,

22

En - ))n
2ma?

Always have at least one solution fotJ, > 0. In fact it can be proved that attractive

potentials in one dimensiomalwayshave at least one bound state.

From the graph we see that,

(nj )% - » - ni = %

Limit of in nite square well Uy ! 1) ro!1) m ! (nj 1=2)% Resulting

energy levels,

E - ~2%2 _ ~*(2nj 1)24%
" T 2ma? 8maz2

Agrees with earlier result for even levels of in nite well, wdth 2a.
Still to do

{ Use boundary conditions (35) and (36) to eliminate constar®D in terms of A.

{ Find A by imposing the normalization condition,
Z .,
dx jA(x)j> = 1
il

Resulting groundstate probability distribution jA;(x)j? is plotted in Figure 22

Note that there is a non-zero probability of nding particlein the classically forbidden

regionjxj > a.

Exercise Check that wavefunction goes over to our previous results the limit of

in nite well Uy!1
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rrrrrrrrrrrrrrr l-Jmax

Figure 23: The potential barrier.

Scattering and Tunneling

2 Consider particle scattering on the potential barrier show in Figure 23,

{ Maximum barrier height U = Upa.

{ Barrier localised nearx =0. U(x)! O rapidly asx!81

Particle of massm and total energyE incident on the barrier from left. What happens?

Classical mechanics Two cases,

2 E>Upax ) particle gets over barrier and proceeds tg =+ 1 .

2 E<Upnax ) particle re°ected back towardsx = j1

Quantum mechanics Ideally consider localised Gaussian wavepacket with normalised

wavefunction, A(x; t),
+1 N
JAX; D)2 dx = 1
il
2 Wavepacket centered ak = Xg(t) << 0 atinitial time t << 0 with average momentum

hpi > 0 as shown in Figure 24.

2 Evolve with SchrAdinger equation, to get nal state wave fiction for t >> 0. Resulting

probability distribution shown in Figure 25,

De ne re°ection and transmission coezcients,
Z 0
R = Iim JA(X; 1)j? dx

T = lim jA(x;1)j% dx
0
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AP
U

/\/\
VRN
Y

T %o(D) 0 X

Figure 24: Initial state of wavepacket.

AP
- u
\ 0 X

Figure 25: Final state of wavepacket.

which measure the probabilities of the particle being re°éed or transmitted respectively.

As total probability is conserved we have,

R+T = JA(X; 1)j? dx =1
il
In practice this is too complicated so will work with non-normalizablestationary states
instead using the "beam interpretation” (see discussion go24). Both approaches yield the

same answers.

Beam interpretation in one dimension

Plane-wave solution,

TR |

~ A . ~K“t
Ac(xt) = A(X) exp ilﬁ

where,

Ax) = A exp(kx)

interpreted as a beam of particles with momentunp = ~k. Avererage density of particles is

jAj?. Particle °ux/probability current,

i~ dA dA
b= iom Aaxl Aax
~k
— a2 R
= JA] £ m
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Figure 26: A potential step.

A potential step

Consider a beam of particles of mass scattering on the potential step shown in Figure
26,

Region I : ux) = 0 X< 0
Region I : = U x>0

Stationary states have form, q
u

A(x;t) = A(X)exp ii%t

where A(x) obeys,
~2 d2A
' 2m dx?

We will start by considering the case wher& > U, and comment on the other case at the

+ U(x)A= EA (41)

end.

Region | The SchrAdinger equation becomes,

A 2;
e T KA
where,
r

2mE
k = —

For E > 0, the general solution takes the form,

A(x) = Aexp(kx)+ Bexp(j ikx) (42)

Particular solutions,
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2 A, (x) = Aexp(ikx) corresponds to a beam of particles incident on the step from
x = j1 with momentum p = ~k. The corresponding particle °ux is given by the

probability current,
~k
J+ = JAI° £ m

2 A (x) = Bexp(j ikx) corresponds to a beam of re°ected particles moving to thefle

(ie towards fromx = j1 ) with momentum p= j ~k. The corresponding particle °ux
is,
~k
. ) - . BZ £ o
J i i) J m

In our scattering problem we have incident particles from ta left and also expect some

particles to be re°ected o® the barrier. Thus we retain the geral solution,
A(x) = Aexp(kx)+ Bexp(j ikx) for x< 0 (43)

as our wavefunction forx < 0.

The resulting expression corresponds to a superposition ibfe two beamsA. and A, .

Total °ux,
i~ .dA L dAT
b= ion A Mo
~ JA]“i] Bj
= j+ + ji

Cross-terms vanish.

Region Il Here we are considering the cage> U,. The SchrAdinger equation becomes,

% = i k®A
where,
KO = r 2m(E~25 Uo) 0
The general solution is
Ax) = Cexpik%)+ Dexp(j ik%) (44)

Particular solutions,
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2 A, (x) = Cexp(ik%) corresponds to a beam of particles in region> 0 moving towards

X =+ 1 . This corresponds to aransmitted wavein the scattering problem.

2 A (x) = Dexp(i ik%) corresponds to a beam of particles incident on the barrierdm
the right (ie from x = + 1 ). This solution is not relevant for our scattering problem

and thus we setD = 0 and choose the solution,

Ax) = C exp(k%) for x> 0 (45)

It remains to enforce the continuity of the stationary-stae wavefunction and its derivative

at x = 0. Comparing the solutions (43) and (45) we nd,

2 Continuity of A(x) at x =0 )

A+B = C (46)
2 Continuity of AYx) at x =0)
ikA | ikB = ik®C (47)
Solving (46) and (47) we get,
ki Kk %k
~ k+ kO ~ k+ kO

Interpretation  Identify the particle °ux corresponding to each component fothe wave

function,

2 Incoming °ux

) ~k ..
jine = J+:HJAJ2
2 Re‘ected °ux
M [P
. o~k ., ~k T ki kO )
Jref = i =+ —BIT= — g A
2 Transmitted °ux
~k0_ 10 42
Jo = — 2:—72] 2
m m (k + k9
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Determine the portion of the incident beam which is re°ectedfansmitted. Corresponding

probabilities,
. 1
R = Jr_ef = " kl ko i
j inc K+ kO
e e
Jinc (k + k()Z

Note that the undetermined constantA cancels out. Can check that,

(ki K)2+akk® _
(k + k92 -

R+ T

Unlike the classical case, there is still a nite probabilit of re°ection for E > U . However
asE!1 we haveki k°! O whichimplesR! 0, T! 1.

Finally we consider the cas& < U where the classical particle is always re°ected. In
this case the Region | solution (43) remains unchanged. In &en Il the time-independent

SchrAdinger equation becomes,

PA .
- = . A
dx?
where
r
- i BE) _

~2

The general solution of this equation is then written
AX) = Eexp(+x)+ Fexp( x) (48)

. The growing exponential is unphysical (non-normalizabjehence we must seE = 0. The

Region Il solution is therefore

AX) = Fexp( x) for x> 0 (49)
. Particle °ux,
. i~ . dA  _dA”
Juo = i m A ax | AdX =0

Now impose boundary conditions on the solutions (43) and (#at x =0,
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2 Continuity of A(x) at x=0)

A+B = F (50)
2 Continuity of Aqx) at x=0)
ikA j kB = j-F (51)
Solving (50) and (51) we get,
M. ,
ik + 2ik
B = v A F = T A
Particle °ux,
. i~ ~,dA ~dAP
Jtr i 5m A ax | AdX =0

Interpretation  Identify the particle °ux corresponding to each component fothe wave

function,

2 |ncoming °ux

) ~k ..

jinc j+ = EJAJZ
2 Re‘ected °ux

fe = 00 =+ SjBP= Xjap=,
ref 1 Ji m m inc
2 Transmitted °ux
Jur = 0
Thus the whole beam is re°ected,
R = lef_g
J.inc
T = Ji =0

inc

—

As in the classical case, the particle is certain to be re°ead. Wave function decays in the

classically forbidden region as shown in Figure 27.
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Figure 28: A square batrrier.

Tunneling

Particle scattering on a square barrier

Consider incident particle with energyE < U,. Look for stationary state wave function

obeying,
2 dZA . .
e vwe + UX)A= EA
De ne real constants :
K = ZTzE 0 L 2m(U~02i E) 0
Solution,
A(x) = exp(ikx)+ A exp(j ikx) x< 0
= B exp(j x) + C exp(+-x) O<x<a
= D exp(+ikx) X>a

2 A and D are coezxcients of re°ected and transmitted waves respecély.

2 Coezcient of incident wave exp(+ikx) normalised to unity.

Boundary conditions
2 Continuity of A(x) at x =0
1+A = B+C
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2 Continuity of A(x) at x =0
ikjikA = j-B +-C
2 Continuity of A(x) at x = a
B exp(j -a)+ C exp(+-a) = D exp(ka)
2 Continuity of AYx) at x = a

i ‘B exp(j -a)t -C exp(+-a) = IikD exp(ika)

Thus we have four equations for the four unknown constani, B, C and D. Solution,

i 4i-k
(- i ik)?exp[(- + ik)ali (- +ik)2expfi (- i ik)a]

D =

Transmitted °ux,

. ~k . .
jv = —IDJ?
Incident °ux,
.~k
Jtr - E
Thus the transmission probability is given as,
v oo
T=— = |Dj
Jinc
4k?. 2

) (k2 + - 2)2sink?(-a) + 4 k2 2 (52)

Hints for getting (52)

i 4i-k
exp(ika)L

where

—
|

(- k)% (- +ik)%e

G+ iH
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Figure 29: A generic barrier.

with
G=2(-%i k®sinh(-a) H = j 4k cosh(a)
and,
: i ,,. . .¢ 1i ... . a
sinh(-a) = > e e ;  cosh(a) = 5 e’ +e
Thus
16k?- 2 4k2. 2
jDj? = .
G2+ H2  (k2+ -2)2sinh"(-a) +4k?2- 2
as claimed.

Low energy particle scattering on very tall barrieldyj E >> ~?=2maZ. These conditions
imply -a>> 1. In this case (52) simpli es to give,
M M l

2 C2abh—
T ' f — exp(i2a)=f xp i — 2m(Ugi E) (53)
. UO i E ~

Egn (53) is a particular case of of a general approximate fourda for a barrier of maximum
height Uy >> E and width L,

5

2LP
T ' expi— 2m¢U

where ¢U = Uy E. See Figure 29.

Application: Radioactive decay
Consider radioactive decay of an isotophs. Here A and Z are the atomic weight and
atomic number respectively (see Appendix). The decay prosgs through emission of an
®-patrticle (ie a Helium nucleus),
NZ ! N2IJ + Hej
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Figure 30: Radioactive decay.

Figure 31: The nuclear potential.

In a simple model of this process due to Gammow tl@ particle feels a potential due to the
other particles in the nucleus which has the form shown in Fige (31). Potential has a short-
range attractive component due to the strong nuclear forcend a long-range component due

to the electrostatic repulsion between the protons in th@-particle and those in the nucleus.

2 Decay occurs wher®-particle "tunnels" through potential barrier.

1
Half j lif =
alf i life » =

2 Half-life therefore exponentially dependent on the heighand width of the barrier.

2 This model accounts for the huge range of half-lives of radictive isotopes found in

nature (and created in the lab). These range from £ 10 " sto 2 £ 10Y years!
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Figure 32: Harmonic oscillator potential.

The Harmonic Oscillator
The Harmonic oscillator potential (see Figure 32),

Ux) = %m! 2x2

Classical mechanics Newton's second law impliex A j ! 2x. The general solution,
x(t) = A sin(lt + )

Particle oscillates around minimum atx = 0, with period T = 2¥%=1.

Quantum mechanics Stationary states described by time-independent Schriadier equa-

tion,
i ——-— + —m'>x?A = EA (54)

subject to the normalizability condition,
dx jA(x)j? < 1
il
De ne rescaled variables
>, _ ml 2E

»= — X2 2= __

~ ~!
In terms of these variables Eqn (54) becomes,

®A
gz T A= A (55)

For the special casé = 1 nd normalizable solution by inspection,
H 1

" 1
A(x) = exp i§»2
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Check

dA _ » ex “' 1»2ﬂ
a P i éu :
d?A 1
o7 = (»j 1) exp | 5»2
FA L.
) i d7 + ))A - A o}

Corresponding wavefunction is,

As(x) = A exp j LI

2...
with energy E = ~I=2.
Now look for general solution of the form,
H 1 1
Ax) = f(» exp | =»
A Mg SR
) — = — i »f exp j=»
d» d» 2 q q
dZA_“de_2d+ T o,
) a2 - a2z ' o (i 1) eXp i 5
Then (55) becomes,
2
S v =0 (56)

d>? d»

Can check thatf =1 is a solution whenz = 1.

Apply standard power series method»= 0 is a regular point). Set,

hs
f() = a (57)

n=0

Plugging the series (57) into (56) gives the recurrence rélan,
(N+1)(n+2) a2 i 2na, +(2j 1)a, = 0

(2nj 2+1)
(n+1)(n+2)

) An+2 (58)
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NB Potential is re°ection invariant ) A(j x) = §A(X) ) f(j » = §f (»). Hence, with

m=1;2;3:::, can set,

2 either a, =0forn=2mj 1, f(j») = "f(»).

i f(»).

2 0ora,=0forn=2m, f(j»)

Derivation of (58)

A
f(») = a, »  (57)
n=0
E = nan »ni 1
d» n=0
»E = na, »
d» n=0
Then
d2f X L, R
o2 n(ni Da, ™ 2= (n+1)(n+2) aye »
g n=0 n=0
Finally,
df o R
- _ 2 - -
o 2% + (2 f . [(n+1)(n+2)an:
i 2nan, + (2§ L)ay] »
Thus
et 2»d + (27 )f =0 (56)
a2 ' Ta» ! -
implies,

(N+1)(n+2) a2 i 2na, +(2j 1)a, = 0

There are two possibilities
2 The series (57) terminates. In other word® N > O such thata, =0 8 n>N .
2 The series (57) does not terminate. In other word®@N > O such thata, =0 8n>N .
In fact the second possibility does not yield normalizable ave functions.
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Why? Suppose series (57) does not terminate. The consider theges behaviour of the

function,
X
f(» = a, »:
n=0
This is determined by the asymptotic behaviour of the coetentsa, asn! 1 . If the

series does not terminate then (58) determines the asympiotbehaviour of the coexcients

as,
an+2 | g
a  n
This is identical to the asymptotic behaviour of the coezxciats of the Taylor series for the
function,
R em
exp(+»?) = — (59)
m!
m=0
Indeed if we write the series as,
X
exp(+»?) = b, »"
n=0
with coezcients,
1
h, = -~ for n=2m
=0 for n=2m+1

we immediately nd (for n =2m)

h1+2 _ (n=2)' _ 2 | 2

by =~ (n=2+1)!  n+2 n

asn! 1l . The fact that the coetcients of the two series (57) and (59) &e the same

behaviour asn!1 means that the respective sums have the same asymptotics»aisl

Thus, if the series does not terminate, we must have,
f(» » exp(+ »2)

or equivalently,
TR TR
~ > >
AX) = f(») exp i > > exp + -

as»!1 , which corresponds to a non-normalizable wavefunctiom. .
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Figure 33: Harmonic oscillator wavefunctions.

Therefore the series must terminate an® an integer N 0 such that ay+> = 0 with

ay 6 0. Thus, from (58) we nd,

5

(2N 2+1) = 0

Recalling that 2 = 2E=~! we immediately obtain the energy spectrum of the quantum

harmonic oscillator,

M 1‘H
E = EN = N + é ~I
2 Zero-point energyE = ~I=2.
2 Energy levels are equally spaced witkn+1 | Ey = ~!'. System can absorb or emit

photons whose angular frequency is an integer multiple bf) equally-spaced spectral

lines

The corresponding wave-function is,
TR |

M) = Tn0) exp i

2 fn(») is an even/odd function of» = P m!x 2=~ for N even/odd,
Avix) = (i DY Av()
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2 fn(») is an N'th order polynomial (known as theN 'th Hermite polynomial) in » and

therefore the wavefunction has\ nodes or zeros.

2 First few levels (see Figure 33),

N Ey Ay (x) .
0 3~ exp j 72 )
1 3~ » exp j % ,
2 51 (1i 2 expi%.
3 1 i b e i
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3 Operators and Observables

Some features of Classical mechanics:

2 The trajectory of a particle is described by measurable quaities or observables .

Examples,
{ Position: x = ( X1;X2; X3).
{ Momentum: p = ( py; P2; Ps)-
{ Energy:
ipj?

om + U(x)

{ Angular momentum:L = x £ p

All observables take de nite real values at each moment ofntie which can, in principle,
be measured with arbitary accuracy.

2 The state of the system is speci ed by givingk and p at initial time t = t,.

2 Subsequent time evolution is deterministic (uniquely detenined by equations of mo-
tion).

Quantum mechanics Contrasting features,

2 State of the system at any given time is described by a compleavefunction A(x; t).

2 Time evolution of the wave function is determined by the timedependent SchrAdinger

equation.

2 Observables correspond tmperators . An operator O, acts on a complex valued
function f : R® ! C and produces a new such functiong = Of : R3! C. ltis
therefore a map from the space of such functions to itself. lQuantum Mechanics we

will only be interested inlinear operators’ such that the corresponding map is linear,
O[®f,+ ®&f;] = ®O0f; + ®&0f,

for any complex-valued functiond ; and f, and complex numbers®, and ®.

3From now we will use the term operator to mean linear operator.
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In general, the two functionsf (x) and g(x) = Of (x) are linearly independent. However
an important special case occurs wheg(x) = Of (x) = JF (x) for some complex number
(8 x 2 R3). In this case we say that the functionf (x) is an eigenfunction of the operator

O with eigenvalue |

Example : Energy

2 Not all states have de nite energy.

2 States which do are called stationary states. Wavefunction
H 1
~ - Et
Ax;t) = A(x) exp ji—

where A obeys,
2
i —r %A+ UX)A = EA
[ r (x)
It is instructive to rewrite this time-independent SchrAéhger equation as,
RA(X) = EA(x) (60)

where we de ne theHamiltonian operator

2
- . 2 .
B = |5 T2+ U):
Explicitly, the function g= Hf is

2
9x) = i 5T T (x) + U (x)

The time-independent SchrAdinger equation then statesét)

2 The stationary-state wave-functionA(x) is an eigenfunction of the Hamiltonian oper-
ator ¥ with eigenvalueE.

General feature of QM
Each observableD corresponds to an operato®. States where the observable takes a de -

nite value , (at some xed time) correspond to wavefunctionﬁ\’ (x) which are eigenfunctions
of O with eigenvalue, ,

OA (x) = A (x) 8 x2 R%:
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Examples

2 Momentum inthree dimensions is represented by the vector of operasgy = (P1; P2; Ps3)

where

or more conciselyp = j i~r .

Check In classical mechanics the energy and momentum of a free pele of mass
m are related as,

2m

In QM the corresponding operators obey the same relation,

Loep = UVrer o Zreon
2m 2m ' om free

where Hee denotes the Hamiltonian for the case of a free particle (ig(x) = 0).

Eigenfunctions ~ States A,(x) of de nite momentum p are eigenfunctions of the

operator p,

) i i Ay(x) = pA(X)
Integrating this relation we obtain,

3
Ay(x) = A exp i&

where A is an undetermined complex constant. Using the de Broglielagion p = ~k

we obtain
Ay(x) = A exp(ik ¢x)

which is just the plane-wave solution of the time-indepenaé SchrAdinger equation for

a feee particle discussed earlier.
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{ Plane wave solution of wave vectok corresponds to a state of de nite momentum
p = ~k.

{ Momentum eigenstates are thereforeon-normalisable

{ Notice that eigenvaluep of p is a continuous variable. We say thap) has acon-
tinuous spectrum In contrast, the Hamiltonian operator relevant for boundsate

problems always has aliscrete spectrum We veri ed this directly by solving the

time-independent SchrAdinger equation in the previous Gen.

2 Position in three dimensions,x = (Xj;Xz;X3), corresponds to the operatorR =

(R1;R,;R3). The action of the operator X is simply multiplication by the number

X1,
R f(X) = x1f(X)

for all x 2 R® and for any functionf (x) and similarly for the other components«s and

R3. Functions of the operator® behave in the same way. In particular,
UR) f(x) = U(x)f(x)
Eigenfunctions In one dimension, we have a single position operatgrstich that
Rf (x) = xf (x) for all x and for any function f. To construct a state where the

particle has de nite positionx = xq we must solve the eigenvalue problem and nd a

wavefunction A, (x) obeying,
RA(X) = XA, (X) = XoAg,(X) (61)

for all x 2 R.

Equation (61) cannot be satis ed for any ordinary function &x (exceptA,,(x)~ 0
which is unphysical). However, it can be satis ed by théirac +function (see IB

Methods) which formally obeys the equation,

Xt(X | Xo) = XoHX | Xo)
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Aside: We can verify this relation by multiplying both sides by an abitrary function
f (x) and integrating over X,
VA Z

dx x£(Xj Xo) f(x) = dx Xox(X j Xo) f(X)
il il

Now evaluate the integrals on both sides to nd that both side are equal toxof (Xo)

Thus the wavefunction A, (X) = X | Xo) represents a state of de nite position

X = Xo. The norm of this state,

Ap()i® »  #(xi Xo) (62)
has an innite spike atx = X, in accord with this interpretation but the integral of +
does not exist, so the wavefunction is non-normalizable.

State of de nite position x = X = (X; X,; X3) in three dimensions corresponds to
the wavefunction,
Ay (x) = #(xj X)= Hx1i X)HX2i X2)HXzi X3)
As before this is non-normalizable.
Angular momentum is represented by the operator,
[ = R£p=jix £

In components we have,

U 1
C:ii"‘Xz— @ @ @ @ @

@s' “Cax “Cex ey “ex “ex

We will discuss the eigenvalues and eigenfunctions Dfin Section 4.
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Hermitian operators

This Section has strong overlaps with the discussion of \3to-Liouville Theory" in IB
Methods (see Chapter 5 of Methods Notes)

Given an observableD, the eigenvalues of the corresponding operatof determine the
possible values the observable can take. An obvious requairent is that these should be real
numbers. A suzcient condition for this is that O should be aself-adjoint or Hermitian

operator*

De nition A linear operator is said to beHermitian if, for any pair of normalizable

functionsf, g: R®*! C we have,

z Z 3 .
f2(x) Og(x) dv = Of (x) g(x) dv (63)
R3 R3
Recall that, for f and g to be normalizable, we require the existence of the integsal
Z Z
f)jrdv < 1 jgx)j2dv < 1
R3 R3

This in turn requires that f, g! 0 asjxj!1  which will be important in the following.

2 1f & = h(x)f wheref is the unit operator (iefA(x) = A(x) for all functions A(x)) then,

O Hermitian , h(x) real

2 @, O, Hermitian) O;+ &, and eg®?2 Hermitian but ©;O, not necessarily Hermitian.
Matrix analogy ConsiderN component complex vectors 2 CN
2 linear map? : CN 1 CN

@i+ ®vy) = @ (vy)+ ®(vy)

4The term \self-adjoint" is favored by mathematicians who sometimes mean something slightly di®erent

when they talk about an Hermitian operator. However, the term "Hermitian" is universally used by physicists
as synonym for "self-adjoint" and we will adopt this convention here.
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corresponds to arN £ N matrix M:

If vO= 1(v) then, in components,

0 —
Vi = Mijvj

2 *Roughly operators are the generalisation of matrices relevant fané (usually) in nite-

dimensional vector spaces of (wave)functions which appearquantum mechanics.*

In general the eigenvalues of al £ N complex matrix, M are complex numbers. To
obtain real eigenvalues we need to restrict télermitian Matrices  see IA Algebra and

Geometry

2 For any complex matrix de ne Hermitian conjugate MY = (M 7). In components,

2 De nition A matrix is Hermitian if MY = M. In components,
Mji = M;

2 If M is Hermitian, then, for any two complex vectorsy and w,

Miviwg = Mjviw,
or,

ViMjw = Miviw,

2 Thus for a Hermitian matrix we have, Equivalently
vV eMw = (Mv) ¢w

for any two complex vectorsv and w (wherevY = (vT)®). Compare with (63).
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Examples of Hermitian operators:

2 The momentum operator,p = i i~r . Verify Eqn (63) for O =, = | i~@=@x
z
LHS of (63) = f%(x) pg(x) dV
%, 2., 2,
= ' ' ' i i~f7(x) @g dx; dx, dxs
il il il @X
Integrating by parts we get,
Zi1 2124 H @fﬂu 5
LHS of (63) = i~ = g(x)  dx;dx,dxs
Zil il il @X
= (p.f (x))" g(x) dV = RHS of (63) o:
R3

Here we used the fact thaf and g both vanish asjxj!1 to drop the surface term
arising after integration by parts. The other components off are Hermitian by an

identical argument.

2 The position operator® = (X1; R2; R3) is obviously Hermitian, as is any real function
U(R)

2 The Hamiltonian,

B = '~—2r2+ u&—jp—j2+u5z
= i 5m ()—2Irn (R)

is also manifestly Hermitian when written in terms of the Hemitian operators p and

2. Alternatively we can check the Hermitian property for the knetic piece of the

Hamiltonian, Hn = i (~2=2m)r 2 as follows,
z , Z
f2(x) Rang(x) dV = j -— fo(x) r 2g(x) dV
R3 2m ZRS
2 ; ¢,
= | — 'r2%(x) " g(x) dV By Greerfs identity
22m3 R3 ,

Aaf(x)  o(x) dV @

R3

Again the vanishing off andgasjxj!1 was essential for neglecting surface terms.
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Properties of Hermitian matrices

See Part IA Algebra and Geometry
2 The eigenvalues of a Hermitian matrix areeal

2 Eigenvectorsu, of a Hermitian matrix corresponding to distinct eigenvalus are or-

thogonal with respect to the usual scalar product,

uf ¢up, = 0 for n6 m

Consequence The eigenvectorsu,, n = 1;2;:::;N, of an N £ N Hermitian matrix span

CN. This is equivalent to completeness :

2 Any vector v can be expanded as,

for some chice of complex coetcientlsa,g.

Properties of Hermitian operators

SupposeO is an Hermitian operator with a discrete spectrum. It has einvaluesf . ,g

and corresponding normalized eigenfunctiorfa,(x)g forn=1;2;3;:::. Thus,
Z
Oun(x) =, nUn(Xx) jun(¥)j? dv = 1
R3

For convenience we will assume that the spectrum @ is non-degenerate In other words

we assume that,

n6 .m 8ném

5

Now consider two eigenfunctionsi,, and u, and de ne,
Z
u2 (x) Oup(x) dV
R3 7
. n Up (X) Un(X) dV (64)

R3

Imn
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on the other hand, as® is Hermitian we also have,

Z
— uz (x) Ou,(x) dv
ZR3 3 ,
= Oum(x)  un(x) dV
R3 7
= . m Un(X) Un(X) dV (65)
R3
Now subtracting Equation (65) from Equation (64) we obtain,
Z
(i Lh) URG) () dV = 0 (66)
R
There are two cases
I: m= n Then (66) reads,
Z
(mi .m) Up(X) Um(X)dV = (m i .n) = O

R3

and hence, , = , ;, for all m. Thus we have established that,
2 The eigenvalues of an Hermitian operator areeal

The proof of this statement can be extended to include the casvhere the spectrum of the
operator is degenerate and even the case of operators witmtiauous spectra but this is

beyond the scope of the course.

I[I: m 6 n Then (66) reads,
Z

Gni wm) un(X) Up(x) dV = 0

R3
Now as the spectrum is non-degenerate we know that, 6 , , and, as, , is real this imples

that , o, 6 , ,. Therefore we must have,
Z

up(X) uy(x) dv. = 0

R3

for m 6 n and we have established that,

2 The eigenfunctions belonging to distinct eigenvalues of dtermitian operator areor-

thogonal with respect to the scalar product,
z

(FO)igx) = f7(x) g(x) dv

R
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As the eigenfunctions are normalised and orthogonal we have
Z
U (X) Un(x) dV = g (67)

R3

wheret,, is the Kronecker delta.

Another important property of Hermitian operators analogais to the completeness prop-
erty for Hermitian matrices described above is,

2 Completeness Any normalizable wavefunctionA(x) can be expanded as,

) X
A(x) = 8 U (X)

n=1

for some choice of complex constants,g.

This is hard to prove in general. A one-dimensional examplehere we can make contact

with results from the Methods course is,

In nite square well Normalised stationary wavefunctions (see p25),

r 3 .
. NnYax
sin

An =

=0 otherwise

for O<x<a

@ | N

Completeness for the eigenfunctions of the Hamiltonian ogzor is the statement that any
wave function A(x) can be expanded (for & x < a ) as,

A(X)

1
x &
?)
=

Completeness is therefore equivalent to the existence ofsing) Fourier series® for A(x).

SMore precisely A(x) as dened on the interval 0 < x < a can be extended to an odd function on
i a<x<a and then to a periodic function on the line which has a Fouriersine series. See IB Methods
notes 1.5.1.
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Momentum eigenstates in one-dimension In one dimension the momentum operator

P = j i~d=dx has eigenstates (with a convenient choice of overall constp
AX) = iex (ikx)
P = g, OXP

with continuous eigenvaluep = ~k. The analog of completeness is,

1Zl

A(X) = 2—]/4 .
I

f (k) exp(ikx) dk (68)

which is equivalent to the existence of thd=ourier transform f (k) of A(x). The analog of

the orthogonality relation is,

Zl Z+1
) Aso(x) Ap(x) dx = 2 exp((ki kYx) dx
1
= 2—1/4i(k| k9 (69)

The last equality is the integral representation of the Diraa-function discussed in IB Meth-

ods.

Some consequences of completeness and orthogonality.

2 Given a wavefunctionA(x) expanded in terms of the normalised eigenfunctions of the

operator O as,

A(x) = anUn (X)

n=1

The coezcient a, is given by the formula,

Z
a, = us A(x) dv
RS
Proof
ZA R
RHS = up amUn(X) dV
R3 m=1
% £
= an  U(X) Un(x) dV
_ R3
m=1



Copyright © 2008 University of Cambridge. Not to be quoted or reproduced without permission.

2 \We can calculate the normalization integral of the wavefurtion A(x) as,
A I, A
z ) ) z X 3
A%(x) A(x) dV an Uy, (x) am Unm(x) dv
R3 R3 n=1 m=1
x o f
= a, am Uy (X) Um(x) dV

janj? = 1 (70)

The Postulates of Quantum Mechanics

| Every state of the system at a given time is described by a (noalizable) wavefunction
A(X).

2 A contains all physical information about the system.

2 Any (normalizable) wavefunction corresponds to a possibktate of the system.

Il Each observable quantityO corresponds to an Hermitian operatof). The outcome of

a measurement oD is always one of theeigenvalueof O.

Supposed has a (discrete) spectrum of eigenvaluds g and corresponding normalized
eigenfunctionsf u,(x)g. Using completeness, we can expand the normalized wavedtion
of any state as,

) %
A(x) = 8 Un(X) (71)

n=1
If a measurement ofO is carried out in this state of the system, the outcome is, with

probability ja,j?.
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1l Immediately after such a measurement, the system is in the state with normalise

wavefunction u, (x).

IV Subsequent time evolution of the wave function is governedylihe time-dependent
SchrAdinger equation.

. @A ~2 -
|~%t = 0ot A+ UX)A

Remarks

2 Ppostulate Il states that the squared coexcientsja,j?, in the expansion of the nor-
malised wavefunction are interpreted as probabilities. Tén sum over all outcomes of

these probabilities is equal to one by virtue of Eqn (70).

2 |If the wavefunction of the system is proportional to an eigdanction of the operator

o}
A(X) = anUn(x)

If A(x) is normalized thenja,j? = 1. The outcome of a measurment of the correspond-

ing observableO will yield the value , , with probability one.

2 Postulate Il states that measurement ofO has an instantaneous e®ect on the wave-
function A(x) replacing it by one of the eigenfunctions of). This instantaneous change
is known as \collapse of the wave-function" and leads to theegeral apparant paradoxes

such as that ofSchrAdinger 's catand also the measurement problem.

The measurement problem In the absence of measurement time evolution governed by
time-dependent SchrAdinger equation (Postulat®/ ). When a measurement takes place we
have \collapse of the wavefunction" where the wavefunctionhanges in a di®erent way not
governed by the SchrAdinger equation (Postulad). Measurement is, roughly speaking, an

interaction between the experimental equipment and the p#cle or system being measured.

2 When does \collapse occur" and what causes it? The experimahequipment is also
made of atoms which should obey the rules of quantum mechasiso how can we

consistently de ne what constitutes \a measurement".
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Expectation values

From Postulate IIl , the measurement of an observabl® in some stateA yields the value
. n With probability ja,j2. The expectation value of O in this state is the average value,

oIz = .n JAn
n=1
We can also express this in terms of the wavefunction as,
z
iz = A°(x) OA(x) dV (72)
3

R

Proof Using the series (71) fo, the RHS of Egn (72) becomes,

Z w x Z
A®(x) OA(x) dV

aZodn USo(x) Oun(x) dV

R R3

=}
1l
AN
=}
v
N

= . n @nodn Uno(X) Un(x) dV

5
1l
AN
=}
i
AN
Py
w

= . njanj? = Oz o
Note that the expectation value of an observable takes de t& value and therefore taking

a further expectation value has no e®ect,

htDiziz = hOix

Examples

2 Expectation value of position,
Z

hxi & Ao(x) RA(X) dV
zr
x jA(X)j? dV

R3

Agrees with interpretation of jA(x)j? as probability distribution.

2 Expectation value of momentum,
z

tpiz = i~ A%(x) r A(x) dV

R3
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in one-dimension this becomes,

z d
ix = i~ A%(x) —A(x) dV
hpi & b= ) A
Exercise Show using (68) and (69) that,
Z .,
in = k ~k jf (K)j?
pia = o, , dk ~k jf (k)]

wheref (k) is the Fourier transform of the wavefunctionA(x). Thus jf (k)j2 can be interpreted
as the probability distribution for the momentum p = ~k.

3.1 Commutation relations

ObservablesO; and O, only have de nite values in a state if the wavefunctiodA(x) of the

state is an eigenfunction oboth &, and &,. This means that,

OlA = A

For some real constants and!. Thus we have,
OlozA = OzolA = 1 A (73)

5

De ne the commutator of operatorsO; and O, as,
[0:;0,] = 6,0, 6,0,
. Note that, from this de nition,
[0,;0:] = i[01:0]
Equation (73) is the statement,
[01;0,)A = 0 (74)

If all eigenfunctions ofd; are also eigenfunctions of), then Egn (74) holds for all wave-
functions A. More simply,

[61; 62] =0
In words, \the operators O; and O, commute".
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Exercise If [O1;8,] = 0, prove that any eigenfunction of®, is also an eigenfunction of

&, assuming the spectra of these operators are non-degener@eall eigenvalues distinct).

Proof Let A be and eigenfunction ofd; with eigenvalue, ,

OA = A
Acting with O,
6,0,A = GA
Then, as®; and ®, commute we have,
4,.0,A =  OA

Thus Q,A is an eigenfunction of®; with eigenvalue, . Non-degeneracy then implies,

for some constant . Thus A is an eigenfunction ofOz o,

An important example of non-commuting observables are the position and momentum

operators,

R
p

(X1; R2; R3)
(‘b1; P2; P3)

These obey thecanonical commutation relations

Ri;%] = 0 (75)
B:B] = 0 (76)
Ri;p] = +i-xf

wheref is the unit operator.
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Proof Prove these relations by acting on a general functioin(x),

Ri;&/IF(X) = (xix; i x%) f(x) =0

while
. _ (i @@ @@ . .
B:plfx) = (iiv) @x@x | @x@x f(x) =0
using the symmetry of mixed partial derivatives. Finally,
M @‘H M @‘H .
Ri;plf(x) = i ii“‘@—?( i |i~@—?( Xi f(x)
L et @
= ji |@?(| @?((le)
- L e ox . Of
| |@?( | @?( | |@?(
= +i~ ff o (77)

The Heisenberg uncertainty principle

The uncertainty , ¢ 30, in the measurement of an observabl® in state A is the standard

deviation of the corresponding probability distribution,

2 - . 2®
(¢20)" = (O i hOizx)" 4
— A2 . . -2®
= 0O°j 20h0ijx+ hOij A
= IﬁziAihOii

Using (72), we can also express the uncertainty in a given gan terms of the wavefunction

as,

Z Z 2
(¢ 20)° = A%(x) O%A(x) dV j A%(x) OA(x) dV

R3 R

Examples
2 If A(x) is a normalized eigenfunction o with eigenvalue, 2 R,

OA = A
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easy to check that,
Z - Z , 2
A%(x) O?A(x) dV j A%(x) OA(x) dV
R3 3
Z ' % 5 2
2 A%(x) A(x) dV | . A%(x) A(x) dV
- 2. ® 2 — 0 A

5 | 5

(¢ s0)°

5

In this case the uncertainty vanishes an® takes the value, with probability one.

2 Particle in ground-state of the one-dimensional in nite sgare well,
r

J— 3 4
~ 2 . Y
Ax) = asm %X O<x<a
=0 otherwise
Uncertainty in postion,
Z 3 ’ Z 3 .2
2 @ ., YaX 2 @ L, Yax o
(¢ ax)° = = dx x? si? — | < dx x si?
a o a 0 a
o Mgl 4 Ml
T2t e @t 7
a2
T 12

Suppose we measure two observabl@s and O,,
2 1f &, and O, commute then we can nd (see exercise) simultaneous eigamdtion A,
4,A= A G,A = 1A
) ¢z01 = ¢i0, =0
Thus O; and O, can be measured simultaneously to arbitrary accuracy.
2 If &, and &, do not commute, then ¢O; and ¢ O, cannot both be arbitarily small.

Important case Position and momentum operators in one dimension,

_d
dx

2= xf p= i
As we saw above, these do not commute,
e = if
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This implies the Heisenberg uncertainty relation , which asserts that, in any state 2 of

the system,

Cax CCap | % (78)

Proof Consider the system in a state with wavefunction 2k). For simplicity we will
focus on states wherdxi= = hpia = 0. The extension of the proof to the general case is

given in the Appendix.

Consider one-parameter family of states with wave-functis,

2s(x) = (pi 1sR)A( x)

with s 2 R. The identity,
Z,,

2 s(x)j? dx 0

5

il
implies,
Z .,
0 - [(pi isR)2( X)]"(Pi isR)?( x) dx
il
z°,
= AIx)(p+isR)(Pi isR)( x) dx
il
using the fact that X and p* are Hermitian. Thus,
Z ., _
* ¢
0 - ac(x) P+ is[R; o]+ s2R2 a( x) dx
il
— ‘ i o} [ 2 . 2 2¢
= a%(x) p°i ~s+ sR 3 x)dx
il

using the commutation relation § p] = i~f. Which gives,
0 - hplia | ~s + s’MR?. 8s2R (79)

As, by assumptionhpi= = Ri.= =0 we have,

(¢x)?> = MR%.
(¢.p* = i
and Eqgn (79) can be rewritten as,
¢-p?i ~s+ s2(¢.x)> ., 0 8s2R (80)
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Figure 34: The quadratic equation (81) has no real roots.
y

Figure 35: The quadratic equation (81) has one real root.

Lemma Let A, B and C be real numbers. If we have,
As> + Bs+ C , 0 8s2R

then,

B2 . 4AC

Proof The fact that
As> + Bs+ C ., O
8 s 2 R is equivalent to the statement that the quadratic equation,
y=As?+ Bs+ C =0 (81)

either has no real roots if the strict inequalityy > O for all s (see Figure 34) or has exactiy

one real root ify = 0 for some value ofs (see Figure 35). This immediately implies that,
B2 . 4AC «©
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Now apply Lemma with A = (¢ a x)2,

2

as ¢x and ¢ p are positive we may take the square root of the above inequglto get,

Cax ¢¢ap

as requireds .

= i ~and C = (¢ = p)? to deduce,

4(6 + X)2(6 » p)?

©2

Example Consider a state with a normalized Gaussian wavefunction,

3 a' 1 3 a
A(x) = 7, fexp i Exz
Work out expectation values,
r a Z +1
iz =  — dx x exp(j ax?) =0
1/4 i1
by symmetry.
r 7 .
tpizg = a " dX'i~ex3'ax2 OIexs'ax2
A Ve . ' PisX &P i3
r a Z +1
= _i-a dx x exp(j ax®) =0
1/4 i1
also by symmetry.
r E Z +1
X%z = U dx x2 exp(j ax?)
P
. 2 gl %1
Y, 2 a8 2a
using Eqn (120) from the appendix.
r— 7z, 3 ’ 3
2 _ a .2 . a , d .8 o
ia = — dx | ~° ex —X° —eX =X
hpti & Ve . i p|2 X2 IOI2
"a, fr ¢
= _-~%a dx 1 ax® exp(j ax?)
A rit r
T N
Vi 2 & 2
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Finally have,

4—— 1
¢aix = MX2zihxiz = p=
2
49— , a
¢ap = WPiaihpif = ~ 5
Thus we have,
Cax GCap = 5

The Gaussian wavefunctiorsaturatesthe inequality (78) and therefore represents the state

of minimum uncertainty.

Physical explanation of uncertainty
2 To resolve particle position to accuracy &, need to use light of wavelength » ¢ x.

2 De Broglie relation) corresponding photons have momentum of magnituge= h=, »
h=¢ x.

2 Recoll of measured particle introduces uncertainty in its @mmentum of order ¢p »
p» h=Cx.

2 Thus the estimated uncertainties obey,

¢x¢etp » h:

4 Wave Mechanics Il
Time-independent SchrAdinger equation in three spatialrdensions,
2

. r2A +UX)A = EA
'2mr (x)

In Cartesian coordinates,
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Figure 36: Spherical polars.

Spherical polars See Fig (36),

X = rcos@)sin(y)
y = rsin(A) sin(y)
Zz = rcosf)

where,
O-r<1; 0- p- ¥ 0- A<2vs

In spherical polars (see IA Vector Calculus),

r? = 1@

= F@r + m sin(p)@@usin(u)@@ui

Special case: Spherically symmetric potential,

unm A ~ u(r)
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Now look for spherically symmetric stationary state

A A~ Ar)

for which,
- 106 , - 1d> , .
2 - - = - -7
r <A = @7 (rA) e (rA)
and thus time-independent SchrAdinger equation becomes,
2 d2 R R R
N (rA) + U(r)A = EA
or,
o H oA Nl
: A L2 LA = EA (82)

2m dr2 r dr
Boundary conditions
2 Wavefunction A(r) must be Tnite at r =0

2 Recall that,
Z Z 2Ya Z +1 vA 1
dav = dA d(cos(y)) r2 dr

R3 0 il 0

Therefore normalizability of the wavefunction requires,
Z Z,
jAj2dv < 1) JADjPr2dr < 1
R3 0

which requires thatA(r) ! 0 suzciently fast asr ! 1

Useful Trick Let ¥r) = rA(r). Eqn (82) becomes,

2 dZ%
| o a2 U(r)¥%r) = E¥r) (83)
This is one-dimensional SchrAdinger equation on the héife r | 0.
Now solve SchrAdinger equation on whole liné < r < +1 with symmetric potential
U(j r) = U(r). See Fig (37) Boundstate wavefunctions of odd parity4j r) = j ¥4r) solve

(83) with boundary conditions,
Z 1

¥0)=0 and jHUr)j2dr < 1
0

which yields a solution to the original problem because,
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r) u(r)

Figure 37: One-dimensional problem.
2 Wavefunction A(r) = %r)=r "nite at r =0 This follows from %{0) = 0 provided ¥40)
is nite (use L' Hopital's rule)
2 Normalizability condition,
Z 1

jA(Nj2r2dr < 1
0

follows for A(r) = ¥{r)=r.
Examples
2 Spherically-symmetric harmonic oscillator,
1
= Zm! ?r2
u(r) 2m. r
Energy levels,

E = oo I, i,

27 2 7 2
Odd parity boundstates of one-dimensional harmonic osaitbr.

2 Spherically-symmetric square well,

uU(r)

0 for r<a

= U for r>a
Find odd-parity boundstates states of one-dimensional sgte well (see p31)

De ne constants,

r r
2mE 2m(Up i E)
> . O B N
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Uo

Figure 38: The nite square well.

lro +——

lo ‘
1,2 Yy V42 2Ya

»

Figure 39: Graphical Solution: odd-parity levels
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and select solutions of time-independent SchrAdinger agjon of form,

¥r) = Asin(kr) jri<a
= Bexp(j ) r>a
= jBexp(+r) r<ija

Boundary conditions

2 Continuity of %and 3 atr = a,

Asin(ka) = Bexp(j -a)
and kAcoska) = | -B exp(j -a)
) i kcot(ka) =
2 Rescaled variables,
r
» = ka; ':.a; ro= @
2 Two equations relating unknowns» and .
»+ 2 = rcz)
i »cot(» = °

2 Graphical solution shown in Figure (39)

2 Finite number of boundstates determined by number of inteestions.

2 No boundstate ifro < ¥%=2 or equivalently,

%_,,2

Yo 8ma?

unlike one-dimensional case where we always nd at least obeundstate.
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Figure 40: The Coulomb potential
The Hydrogen Atom: Part |

H-atom consists of a single protop® and an electrone . As before treat the proton as
stationary at the origin of spherical polar coordinates. Qdomb attraction,

S @u_ @ ¢
Var T are

Corresponds to potential (see Figure 40),

e

U(r i ——
(r) e

(84)

2 The potential is in nitely deep.
2 Energy de ned so that particle at rest atr = 1 hask = 0.

Look for stationary states of electron with (stationary-sate) wave functionA(r; u; A). Focus
on wavefunctions with spherical symmetry,

A A = Ar)
These obey the SchrAdinger equation (82) with the Coulommtential (84)

tea el @
''2m  dr2 rdr : AY4"or

A = EA
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To simplify this equation de ned rescaled variables,

02 — l 2mE > 0 - - ezme
~2 ' 2Y4"y~2
in terms of which SchrAdinger equation becomes,
?’A  2dA T -
—— + -— + -Aj°*A =0 85
dr? r dr ro ! (85)

2 Large+ asymptotics of the wavefunction determined by rst and lasterms in (85). In
the limit r'1  we have,

dzA . 2A 1

arz b TA

which implies that the solutions of (85) have behaviour,

0

A(r) » exp(§°r) asr!il (86)
We must choose an exponentially decaying solution for a noatizable wavefunction.
2 Wavefunction should be nite atr = 0.

2 As in analysis of harmonic oscillator, it is convenient to geerate out the exponential

dependence of the wave-function and look for a solution ofdHorm,

A(r) = f(r)exp( °r)

The SchrAdinger equation (85) now becomes,

2 dF 1
az © GG o

= (i ) =0 (87)

Equation (87) is a homogeneous, linear ODE with segular singular pointat r = 0. Apply

standard method and look for a solution in the form of a poweresies aroundr = 0,

b3
f(r) = r¢ anr" (88)

n=0

Substitute series (88) forf (r) in (87).

2 The lowest power off which occurs on the LHS isir© 2 with coexcient o(cj 1)+2c=

c(c+ 1). Equating this to zero yields theindicial equation,
c(c+1l) =0
with rootsc=0and c=j 1.
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2 Root c=-1) A(r) » 1=r nearr = 0. This yields a singular wavefunction which
violates the boundary condition at the origin. Thus we cho@sroot c = 0 and our

series solution simpli es to,

f(r) = anr" (89)

n=0

2 Now collect all terms of orden™ 2 on the LHS of (87) and equate them to zero to get,
n(ni Ll)a,+2na,i 2°(nj L)ay1+( i 2°)a,;1 = 0

or more simply,

(2°nj )

m an; 1 (90)

an

This recurrence relation determines all the coetcents, in the series (89) in terms of the

“rst coexcent ag. As in our analysis of the harmonic oscillator, there are twpossibilities,
2 The series (57) terminates. In other word® N > 0 such thata, =0 8 n, N.
2 The series (57) does not terminate. In other word@N > O such thata, =08n, N.

As before, the second possibility does not yield normalizigbwave functions. To see this
note that Eqn (90) determines the largex behaviour of the coe+cientsa, as,

an

20
— = asn'l (91)
ani 1 n

We can now compare this with the power series for the function
X‘ n . (20)”
g(r)=exp(+2°r) = onr with b, = i

n=0

whose coezcients obey,
b _ ()" (i 1t _ 2

b1 (2°)"1  nl n

We deduce that (91) is consistent with the asymptotics,

f(r)» gr)=exp(+2°) ) A(r)= f(r)exp(j °r) » exp(+°r)

asr 'l which is consistent with the expected exponential growth @ of generic solutions

of (85). This corresponds to a hon-normalizable wavefunoti which we reject.
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Figure 41: The energy levels of the Hydrogen atom

To give a normalisable wave-function therefore, the seri¢89) must therefore terminate.
There must be an integerN > 0 such thatay = 0 with ay, ; 6 0. From the recurrence

relation (90) we can see that this happens if and only if,

2°N i T = 0 ) 0= m
Recalling the de nitions,
022 2mE o = &?Me
~2 ’ 2Y4'5~2
This yields the spectrum of energy levels,
B . éme 1
E=En = j 4321/2254 N2 (92)

for N =1;2;::..

2 The resulting spectrum is identical to that of the Bohr atom. Thus the SchrAdinger
equation predicts the same set of spectral lines for Hydragevhich are in good agree-
ment with experiment, although the degeneracies (ie numberf states with the same
energy) are still wrong. An important di®erence is that Bols spectrum was based
on quantization of angular momentum correponding tal = N~. In contrast the
wave functions we have constructed are spherically symmietand therefore have zero

angular momentum.
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zZz Z2 Z
1
w NP

Figure 42: Spherically symmetric wavefunctions for the Hydgen atom

Wavefunctions On setting ® = =2N, the recurrence relation (90) becomes,
& _ 2nj
anj 1 n(n +1)
_ . "N i n !
- n(n + 1)

This formula can be used to give explict results for the rstdw levels (see Figure 42),

Ai(r) = exp(i°r)
Ay(r) = (&i °r)exp(; °r) q
Ag(r) = 1j 2°r + é(or )> exp(i °r)

The wavefunction for theN 'th level can be written as,
Au(r) = Ln(r) exp(i °r)

wherelLy is a polynomial of orderN j 1 known as theN 'th Laguerre polynomial . The

wavefunction Ay (r) thus hasN j 1 nodes or zeros.

Normalized groundstate wavefunction Ai(r) = A1A(r) = Aiexp( °r). Constant

A; xed by normalisation condition,
Z
A(n)jfdv =1
3

R
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(6]

Evaluating the integral we nd,
Z 2Ys Z +1 z 1

jALj? dA d(cosp) drr2exp(j 2°r) = 1

0 il 0
Thus jA4j? = 1=l , where,

Z 1 Y,

l, = 4Y rPexp( 2°r) = 3
0

Finally we can choose,

1 H €me Lk

AL = PY o

Exercise Prove that in the spherically-symmetric groundstate,

3

bri = é I
wherer, = 2=" = 4Y,",~?=me€? is the Bohr radius as de ned in Section 1 (see p7)
Angular momentum
Classical angular momentum,
L = X£p

(93)

The vectorL is a conserved quantity for systems with spherical symmet(gg for a spherically

symmetric potential U(r; pi; A) ~ U(r)
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In Quantum Mechanics, orbital angular momentum is an obseable which corresponds to

the operator,

—
1

RED

i I~XETr

In index notation for Cartesian coordinatesx = ( X1; X»; X3)

Cio= i~ X @x
where " is the Levi-Civita alternating tensor (see Appendix). Expicitly,
U 1
C:'i~x@'x@;x@'x@;x@'xg
! ‘@' C@x Cex' ey Tex' Tex

2 QOperators(; are Hermitian.

2 Di®erent components of the angular momentum operator do nobmmute with each
other: [I'_‘i;C,-] 6 0 for i 6 j. Thus di®erent components of angular momentum cannot

be measured simultaneously.

Check commutator,
[C1; Co] f (X1;X2;X3) =

| 211 @ @'HH @ @'ﬂ H @ @‘HH @ @'ﬂ, o
i~ Xo—— i X3 = f (X1;X2; X3)

Xz— Xz— i X1—— | Xz—1i X1— Xo——
@' Ce@x “Cex' 'es ' Cex' Tes @' Cex
Check that many term cancels leaving,

ZM @ @‘ﬂ

XZ@—Xi Xl@
+ i~ [f (94)

[Cl; Cz] f

1
l

A similar calculation for the other components con rms the eammutation relations,
[['-\2;[’-\3] = i~ and [C1;C3] =ji~l, (95)
The three independent commutation relations can be combideusing index notation as,
L0 = i~"i Ck
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In classical physics, magnitude of the angular momentum is= jLj. Thus,
L = LZ+ L5+ L3
In guantum mechanics we de ne thaotal angular momentum operator

(2 = (2 + (2 + (2

Important result ~ Total angular momentum ['2 commutes with each of the components

of angular momentumC;, i =1;2;3.

Proof For any operatorsA and B,

[A; BB + BIA; B]

ABi BA B+B AB; BA
AB?; BAB + BAB; B2A

= AB2; B2A
Thus we have the identity,
A, B4 = [A BB + BIA B] (96)
Now evaluate the commutators,
[C.;C3 = 0 97)

and,
[C4; 03] = [Cy;05005 + CoCy; ]
using the identity (96). Then using (94) we obtain,
[C4; 03 = i~hﬁgﬁz+ CZC; (98)
and,
0102 = [C4; 0505+ o[l (]
using the identity (96). Then using (95) we obtain,
IC,;03 = i~hﬁgﬁz+ CZC; (99)
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Finally adding equations (97), (98) and (99) we obtain,
[C1; 07 = [Cy; 0+ [C; L5+ [C1; 03] = 0
An identical calculation of ['5; 2] and [C5; 2] conrms that,
[Ci;0% =0 (100)

fori=1;2;3a.

Exercise Verify the following commutation relations,

[r—\i;kj] = 0~ "k R

Cop] = i~ "
From these obtain,

[Ci2f+ x5 +43] = 0

[Cipi+p2+p3] = 0

The Hamiltonian for a particle on massm moving in a spherically symmetric potential has
the form,

R = i%r2+ u(r)

N
JZD—rJn + U(f)

Here is the operator which acts on functiond (x) as r{ wherer is the radial coordinate
and f is the unit operator. Using the above commutation relationshow that H commutes
with [ for i = 1;2:3 and therefore also with("2:

M, C1=[";C% =0 (101)
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The commutation relations (100) and (101) imply thatf, ['2 and any one of the three
operators(;, i = 1;2;3 form a set of threemutually commuting operators We must choose
only one of the ['; because they do not commute with each other (95,95). By comt®n we
choosel's. Labelling the Cartesian coordinates in the usual way as; = X X, = Y, X3 = Z,
we also denote this operator a&, or the \z-component of angular momentum”. Thus we

choose a set of mutually commuting operators,
n 0
& B AT O (102)

2 As the operators commute we can nd simultaneous eigenstatef all three (See Ex-

ercise in Chapter 3).

2 The corresponding eigenvalues are the observables enettgyal angular momentum

and the z-component of angular momentum.
2 The set (102) ismaximal. In other words, we cannot construct another independent

operator (other than the unit operator) which commutes witheach oft, ('2 and (5.

Eigenfunctions of angular momentum

In spherical polar coordinates we have (see Appendix),

: 1
I R c L b
C = 1 S|n2(|.l) Sln(u)@l..l Sln(u)@l..l + @A (103)
(; = ii~@@A (104)

Look for simultaneous eigenfunctions dt? and (5 of the form Y (1) exp(imA),
Ciexp(mA) = ~mexp(imA)

Wavefunctions must be single-valued functions oR® and should therefore be invariant under

Al A+ 2Y, The function exp(imA) is invariant provided,
exp(Zaim) = 1 ) m2Z

Thus the eigenvalues of 3 have the form~m for integer m. Equivalently, the z-component
of angular momentum is quantized in integer multiples of. This agrees with Bohr's quan-

tization condition.

89



Copyright © 2008 University of Cambridge. Not to be quoted or reproduced without permission.

Similarly we must have,
C2Y(W) exp(imA) = Y (1) exp(imA)

for some eigenvalue . Using the explicit form (103) for('2 we Tnd that Y (L) must obey the

equation,

u
@ m? _ s
sin() @u W Y = i 5 Y\ (105)

This is the associated Legendre equatioThe non-singular solutions are known aassociated

gn@»%%ﬂ? i

Legendre functions

Pi.m (cos())
(sin(p))'™

Y (W)
o™
d(cos()™
where P (cos()) are (ordinary) Legendre polynomialgsee IB Methods). The expression

P, (cos() (106)

(106) solves equation (105) with eigenvalue,
o= 1(+1) -2 with 1 =0;1;2:::
There is also a further constraint on the integer$ and m which reads,

im- |- +m

The simultaneous eigenfunctions df? and 5 are therefore labelled by two integers> 0

with i m- | - +m and take the form,

Yim (A = Pim (cos@) exp(imA)

They obey,

l,—\ZYI;m (P-;A) I(1+1) ~2YI;m (U;'A)
CaVim (A = M~Yim (1A

2 The functions Y., are known asSpherical Harmonics

2 The integerl is called thetotal angular momentum quantum numbewhile the integer

m is called theazimuthal quantum number

2 The constraintj | - m - +1 is the quantum version of the classical inequality,
iL - Ls - +L

which follows becausé ; = L cos{).
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Some Spherical Harmonics:

Yo;o =1
Y1, 1 = sin(W) exp(j iA) Y1,0 = COS(}) Y1, 1 = sin(p) exp(+iA)
, . i ¢
Yo 2 = sin?(W) exp(” 2iA) Yz, 1 = sin(J) cos) exp(” iA) Ya,0 = '3 cos(y i 1

The Hydrogen Atom: Part Il
Time-independent SchrAdinger equation in three spatialrdensions,
2 R R
ﬁ:i%rzA + UX)A = EA

In Cartesian coordinates,

r 2 = @ + @ + @
@%x @y @2
In spherical polars,
u 1

1
r? @

T rer r2 sinf(L)

@ @ @
Sln(U)@u S'“(U)@u + @A

Thus using (103) we can write,

which gives,

For the Hydrogen atom,

e

U A~ U(r) = Ve

and the time-independent SchrAdinger equation becomes,

~ ~2IJ
HA= | —

FA , 20A (2, @
2m dr? r dr 2mr2

A .
YAy

A = EA (107)
Look for a simultaneous eigenstate of,
n o]
B 02
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by setting,

A A = or) Yim (1A (108)

whereY,, is a spherical harmonic. In particular, as above, we have,

L2 (A = 1(1+ 1) ~Yim (1 A:

Substituting (108) into (107) we obtain a second order lingehomogeneous ODE fog(r),

2 I'l d2 ﬂ 2
~ g 2dg ~2I(1 + 1) 3
i — — + - = + —— g ; =
' 2m  dr? rdr 2mr 2 g i AY/a"or g B (109)
As before de ne rescaled constants,
o2_ . 2ME o = e#Me
= ! T 2y
in terms of which SchrAdinger equation becomes,
d’g 2dg I(l +1) - )
-9 4+ -2 . + -0 —
dr? rdr ' r2 g rg g 0 (110)

Analysis proceeds exactly as for the spherically symmetroase,

2 Large+ asymptotics of the wavefunction determined by rst and lasterms in (110).
Inthe limit r!'1  we have,

dzA . 271

az ! A

which implies that the solutions of (85) have behaviour,

0

Ar) » exp(§°r) asr!il (112)
We must choose an exponentially decaying solution for a noatizable wavefunction.
2 Wavefunction should be nite atr = 0.

2 As before, it is convenient to seperate out the exponentialependence of the wave-

function and look for a solution of the form,

g(r) = f(r)exp(i °r)

The SchrAdinger equation (110) now becomes,
d’f 2 o I(l+1)

+ _ . 0 .
dr? r (Li r)dr ! r2

f o+ Fl(—i 20) = 0 (112)
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Equation (112) is a homogeneous, linear ODE with gegular singular pointat r = 0. Apply

standard method and look for a solution in the form of a poweresies aroundr =0,
L, R
f(r)y = r* anr" (113)

Substitute series (113) forf (r) in (112).

2 The lowest power ofr which occurs on the LHS isar” 2 with coetcient 3% 1)+
2% 1(1+1) = 34%+1)) i I(l+1). Equating this to zero yields theindicial equation,

Ut 1) = 1(1+1)
with roots %=l and %= j | 1.
2 Root %= jlj 1) g(r) » 1=r'""! nearr = 0. This yields a singular wavefunction

which violates the boundary condition at the origin. Thus wechoose root%= | and

our series solution simpli es to,

f(ry = r a,r" (114)

2 Now collect all terms of order'*"i 2 on the LHS of (112) and equate them to zero to

get,
(n+ D(n+1j La, +2(n+ Dayj [(I1+1)a, |

20(n+|i 1)anil+(_i Zo)anil =0

or more simply,

(2°(n+1)i )
n(n+2l+1)

a, 8 1 (115)

This recurrence relation determines all the coetcents, in the series (114) in terms of

the rst coexcent ag. As above, there are two possibilities,
2 The series (114) terminates. In other wordS npax > 0 such thata, =0 8 N, Npax.

2 The series (114) does not terminate. In other word®nn,.x > 0 such thata, =0 8

N, Nmax-
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As before, the second possibility does not yield normalizigbwave functions. To see this

note that Eqn (115) determines the largex behaviour of the coezcientsa, as,

2
o 2 asnri (116)
anil n

We can now compare this with the power series for the function

)4 n . (20)n
h(r) =exp(+2°r) = bnr with b, = Y
n=0 ’
whose coezcients obey,
b _ ()" (hj 1) _ 2
b1 (20)M! ol oo

We deduce that (116) is consistent with the asymptotics,

f(r)» h(r)=exp(+2°) ) g(r)= f(r)exp(j °r) » exp(+°r)

asr 'l which is consistent with the expected exponential growth (11) of generic solutions

of (110). This corresponds to a non-normalizable wavefumah which we reject.

To give a normalisable wave-function therefore, the seri€s14) must therefore terminate.

There must be an integern,.,x > 0 such that a, = 0 with a,,,;1 & 0. From the

max max

recurrence relation (115) we can see that this happens if aodly if,

2N =0 ) 0= —

2N
for an integerN = nna + 1 > 1. Recalling the de nitions,
This yields the spectrum of energy levels,
E=Ey = ;%% (117)

for N =1;2;::..

2 The resulting spectrum of energy eigenvalues is identical that of the Bohr atom and

to our analysis of the spherically symmetric wavefunctions
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2 The new feature is that there is a largelegeneracy at each level. To see this note that
the energyEy given in (117) only depends omN and not on the angular momentum

quantum numbers,

Thus the total degeneracy at each level is,

i1 X!
1
1=0 il
Xi 1
= @2l +1)
I:ﬁ q

1
2 éN(N;1) + N = N?

D(N)

The full spectrum

AN;I;m (r; U;A) = » Lng () exp(i ») Yim (U;A)

where,

T emr
» = =

2N ANY4'y~2
L (») is a Generalised Laguerre polynomiahnd Y, (4; A is a spherical harmonic. The
quantum numbers are,
2 N =1;2;3;:::is the principal quantum number

2 1=0;1;:::;N i 1is the total angular momentum quantum number.

2 The integerm with j I - m - +1 is the quantum number for thez-component of

angular momentum.

Bohr model of atom emerges for states witbm = | * N >> 1. In this case the

z-component of angular momentumL, = m~
L = P [(1+1)~2" N~

N~ and the total angular momentum
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The radal probability distribution,

H - 1
2.2 2(1+1) r
reg(r) » r exp j i+
» 1N exp i
Attains a maximum where,
2N
. =0 118
—i = (118)
Thus the peak value is at,
2N 2
I peak ' — = N2r1

wherer; = 2= is the Bohr radius. Thus the radial probability distribution is therefore
peaked around the radius of theéN 'th Bohr orbit.

Appendix

Fundamental constants

2 Planck's constant,~=1:05 £ 103 Js

N

Speed of light,c=3 £ 10° msi?

N

Charge of the electrone=1:60 £ 10 ° C

N

Mass of the electronm. =9:11 £ 10 3! kg
2 Mass of proton,m, =1:67 £ 10 %’ kg

2 The vacuum permittivity constant, "o = 8:854 £ 10 2 Fmi L.

Basic facts about atoms

An atom has a positively chargechucleussurrounded by negatively charged electrons.
Nucleus: Z protons, each of positive charge . Z is known as the atomic number. Also
hasA i Z neutrons, each of mass, ' my, which carry no electric charge. Total mass of

the nucleus,
M = Zmy, + (Aj Z)m,"' Am,
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Coherent A
Beam d I

Screen

Figure 43: Double slit di®raction .

A is known as the atomic weight.

A neutral atom has Z electrons each of negative chargee. If some are removed the atom
becomes a positive ion.

The electrons are much lighter than the protons and neutronef the nucleus: mg=m, '
1=1837. Nearly all the mass of the atom resides in the nucleus.

Electrons are held in the atom by the electrostatic attracthn between each electron and the
nucleus.

Protons and neutrons are bound in the nucleus by thstrong nuclear force Though short-
ranged, this is much stronger than the electrostatic repulsn between protons. The electrons
do not feel the strong force.

Diameter of nucleus» 10 ¥ m. Diameter of whole atom» 10 ° m. Because the size of the
nucleus is so much smaller than that of the whole atom, for thpurpose of understanding
atomic structure the nucleus can be treated as a point charge

Chemical properties of atoms are determined only by the nureb of electronsZ.

Isotopes are atoms with the same value @ but di®erentA. They have the same chemistry
but di®erent radioactive properties.
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Figure 44. Double-slit di®raction pattern: plot ofl againstx

Di®raction

The experimental set-up for double slit di®raction is showm Figure 43.

Coherentmeans that waves arrive at each slit in phase.

As shown in Figure 43 the path di®erence between rays from ttveo slits is ¢ 1.

When D >>d the path di®erence is approximately equal to (d=D)x.

Light and dark regions on the screen occur when waves from ttwveo slits interfere construc-
tively and destructively respectively.

In particular, dark regions occur where the paths di®er by lfaa wavelength,
ol Ugﬂx _ Hn+}ﬂ
D 2 °
wheren is an integer.
The resulting pattern of light and dark bands can be illustréed by plotting the intensity, |,

of the light hitting the screen as a function ofx as in Figure 44
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Useful formulae

2 Non-relativistic mechanics  Free particle of massm, moving at velocity v. Speed

vV = jvj << c¢. Momentum and energy of the particle are given as,

1
= E = — 2
p = mv 2mv
Thus we have
_ pi?
2m

2 Relativistic mechanics Free particle of massn, moving at velocityv. Speedv = jvj.

Momentum and energy of the particle are given as,

o=p_ M E=p M
1 ve=¢ 1 ve=¢

Thus we have,
P
E = m2c* + jpj2c?:
For the special case of a massless patrticle this reduceEte ¢jpj.
2 Wave motion Complex wave-form,
Aexp(kexi ilt)
De ne the following quantities,

{ Wave-vectork.

{ Wavelength, is given as, = 2%a3k].
{ Angular frequency! .

{ Frequency® = 1=2%

Velocity of wave vy, IS given as,

.!—.:O:
jkj

Vwave =

For electromagnetic waves this is equal to.
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Useful Integrals

VA r 4
— . 2y — /4
I (&) = dx exp(j ax?) = — (119
il
The integral exists for complexa provided <[a] > 0. The integral,
Z ., r__
1 U
| = 2 iax’) = = — 12
2(a) , dx x° exp(j ax?) > 2 (120)
is obtained by di®erentiating (119) with respect to the pamaeter a.
Another useful integral is,
r__
Z 5 Ya H bzﬂ
J(a;b = dx cospx) exp(j ax?) = — exp j — (121)
1 a 4a

Again the integral exists for complexa and b provided <[a] > 0.

To prove (121), rst note that

r __
Yy

J(@0) = l(a= 2
Di®erentiating J (a; b wrt to byields,
Z,
a _ i ' dx x sin(bx) exp(j ax?)
@b 1

Integrating by parts on the RHS then gives

. . Z
@ _ sinx oo T b 2
@b 2a exp(j ax<) X i . dx s cospx) exp(j axv)
b
= 5 J
Integrating this relation we obtain,
M T r = H !
P Y P
J(@ab = J(a0)exp i & - a exp j Za

We can now use (119) and (121) to do the Gaussian integral dissed below equation

(24) in the text,
Z,,

A(x;1) dk exp (F (k)

il
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with,
1
F(k) = i§®k2+ k + *

where the complex constant®, and ° are de ned in the text. Noting that exp(j iz) =

cosf) i isin(z) for any complex numberz we nd,
Z H 1 )l
A(x;t) = € dk (cos(k)i isinik)) exp i §®k2

il
The second term in brackets vanishes as the integrand is andbfdinction of k. The remaining

integral can be evaluated using (121) witth= i and a= ®=2, to get,
r _— VI — ﬂ
A(x;t) = “exp — +
N I C M

as claimed in the text.

Miscellaneous

General case of uncertainty principle Extend proof given in the text to cases where
hxi, hpi & 0. drop subscripthi= for brevity.

De ne,
A = pihpi
B = AXjhxi
Note that,
- ®
M2% =  (pihpi)?
- . ®
= p’i 2ptpi + hpi®
= h%ij 2hpi?+ hpi?

Piih piz = (¢ p)?

Similarly FB2i = (¢ x)2.

Can also check that,

A B] = [D:R]i [hpi;R]i [P;hxi]+ [hpi;hxi]

[D;R] =i i~f
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Now de ne,
ayx) = AjisB 2(x)

Use identical argument to that given in the text to show that,
zZ .,
j2¢(x)j?dx , 0 ) 4MA%hB% | -~

il

Heisenberg uncertainty principle then follows from the rakions PA%i = (¢ p)? and hB?i =

(¢ x)? obtained aboven .

Angular momentum operators in spherical polar coordinates

Relation between cartesian and spherical polar coordinate

X1 = rsin(W) cos@) x, = rsin()sin(A) xs = r cos)

Using the chain rule,

e _ "o @ "ol @ "el e
@x @x @r @x @u @x @A
sin(Ad) @

@d r sin(l) @A

sin( 1) cosQA) —= + cos(p) COS@)—

and similarly for @=@»»and @=@x

Proceeding in this way, we obtain

U 1
Cl = ji~ Xz—@l @
@x' ’@x
H @ @‘ﬂ
= i~ cos@)cot(u) sm(A)
Similarly we nd
H @ @‘H
C, = i~ sin(A)cot(u)@Ai cos(&)@
and,
Cg = |i~@@A
Finally can check that,
: H 1
~ : @ @ @’
2 _ N2 2 2 .
(2=02+ 05+ (5 = L St Sln(li)@u Sln(li)@u + @A
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The alternating tensor  Indicesi, j, k=1;2;3. "j =0 unless all indices are di®erent,
i 6] 6 k6 i. Ifall indices are di®erent, thert'y, =+1 if ( ijk ) is a cyclic permutation of
(123) andj 1 otherwise.
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