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2 Background analysis

2.1 Fourier series
Consider the following spaces 2f-periodic functions on the real line:
Cr([—m, 7)) ={ue C"R) :u(x + 27) = u(z)},

per

for r € [0,00]. The caser = 0 is the continuour-periodic functions, while the
caser = oo is ths smoot2r-periodic functions. For functions = u(zy,...z,) we
define the corresponding spad&s, ([, 7]") of C" functions which ar@r-periodic
in each coordinate. (All of these definitions generalize mious ways for classes of
functions with periods other thadw, e.g. G, (I ]}_,[0, L;]) consists ofC" functions

per
u = u(z1, ... x,) Which areL;-periodic inx;.)
Given a functionu € Cp5,.([—n,7]) the Fourier coefficients are the sequence of
numbersi,, = u(m) given by
1 +m

a(m) = Uy, = — e ™y (z) d meZ.
2 ) .

Integration by parts gives the formu@@(m) = (im)*u(m) for positive integralo,
which shows that the sequence of Fourier coefficients isidlsagecreasing (bi-infinite)
sequence: this means thiat s(Z) where
s(Z) ={u: Z — c such thati|, = sup |[m*a(m)| < coVa € Z, }.
meZ
This in turn means that the serigs, _, 4(m)e"™* converges absolutely and uniformly

to a smooth function. The central fact about Fourier sesethat this series actually

converges ta, so that each € C¢ ([, 7]) can be represented as:
1

+7
u(z) = Zﬁ(m)ei’m, where a(m) = %/ e Mry(z) dr .

The whole development works for periodic functions= u(z4,...z,) with the se-
guence space generalized to

s(z™) ={a:7Z" — c such thafd|, = sggn |m®a(m)| < oo Va € Z7 } .

Here we use multi-index notation, in terms of which we have:
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Theorem 2.1.1 The mappping
C;:T([—ﬂ', W]n) - S(Zn) )

1 )
u —  a={u(m)}nezn where u(m) = (27r)"/ e " u(x) dx
[77777‘-]”

is a linear bijection whose inverse is the map which takeés >~ ... a(m)e"* and
the following hold:

1. u(z) = Y,,cqn U(m)e™* whered(m) = @f[_w - e~ "™y (z) dz (Fourier
inversion),

2. 0°u(m) = (im)~a(m) forall m € Z",a € 77,

3. Gy S [0(@) [ dz = 32,50 [a(m)|? (Parseval-Plancherel).
2.2 Fourier transform
Define the Schwartz space of test functions:
S(R™) = {u € C®°([R") : |ulas = sup |2°0°u(z)| < 0o, Vo € Z",3 € Z1 .}
zcR"

This is a convenient space on which to define the Fourier fivtamsbecause of the fact
that Fourier integrals mterchange ra_pldlgl of decreadh winoothness, so the space of
functions which are smooth and rapidly decreasing is iavdninder Fourier transform:

Theorem 2.2.1 The Fourier transform, i.e. the mapping
F:SR") — SR,
u U where 4(§) = Fo—e(u(z)) :/ e ST y(x) dr
Rﬂ,

is a linear bijection whose inverse is the m&p ' which takesv to the functionv =
F~1(v) given by
1

o(x) = e-Hf‘xv
(@) = e [ €O .

and the following hold:

1. u(z) = ﬁ Jon W(§)e™*de whered(E) = [, e”““u(z) dx (Fourier inversion),

2. 0°u(€) = Foe(9°u(2)) = (i€)*a(€) and (9°0)(€) = Foe((—iz) u(x)) for
all x,§ e R, a € Z7,

3. [on 0(&u(§) dE = [, v(z)i(x)dz,
4. o [ 0(©a(€) dE = [, v(z)u(z) dr (Parseval-Plancherel),

(Qﬂ-)n

5/\

* 0 = 40 whereu x v = [u(z — y)v(y) dy (convolution).

IS
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2.3 Banach spaces

A norm on a vector spac¥ is a real function: — ||z|| such that
1. ||z|| > 0 with equality iff z = 0,
2. ||cz|| = |c|||z|| forall ¢ € C,
3. [lz+yll < flell + vl -

(If the first condition is replaced by the weaker requiremgrthat ||z|| > 0 then the
modified conditionsl’, 2,3 define a semi-norm.) A normed vector space is a metric
space with metrié(z, y) = ||z — y||. Recall that a metric oX isamapd : X x X —

[0, 00) such that

1. d(z,y) > 0 with equality iff x = v,
2. d(z,y) = d(y, z)
3. d(z,2) < d(x,y) +d(y, z) forall z,y, z in X.

(This definition does not require that be a vector space.) The metric Spacg d) is

complete if every Cauchy sequence has a limit point: to beiggat{r;}32, has the
property thatve > 0 there existsV(e) € N such thatj,k > N(e) = d(xj,z5) < €

then there exists € X such thatim;_,, d(x;,z) = 0.

Definition 2.3.1 A Banach space is a normed vector space which is completey(inn
metricd(z, y) = ||z — yl)).

Examples are

o " with the Euclidean nomjjz|| = (3, |z[?)z.

e C([a,b]) with || f|| = supy, 4 | f(z)| (uniform norm).

e Spaces op-summable (bi-infinite) sequencés,, = u(m)}mez

I"(Z) = {u: Z — € such thatul|, = (D |u(m)[”) )7 < oo}
and generalizations such &$7Z") and{”(N).
e Fors € R the spaces of bi-infinite sequendes,, = u(m) }.ez
(2) = {u: Z — ¢ such thatfully = (3 |(1+m?)Fu(m)|)» < oo}

and generalizations such &$7") and/?(N).
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e Spaces of measurahl functions forl < p < oo
LP(R") = {u: R" — C measurable withju||, = (/ u(z)||P dz ¥ < oo}

and generalizations such &8([—, 7|") and L*([0,00)) etc. Forp = oo the
spacelL>(R™) consists of measurable functions which are bounded on time co
plement of a null set, and the least such bound is called thenéal supremum
and gives the nornflu||~. In this example we identify functions which agree
on the complement of a null set (almost everywhere). Readppendix for an
informal introduction to the Lebesgue spaces and a listailte from integration
that we will use in this course

Completeness is important because methods for proving thagaation has a so-
lution typically produce a sequence of “approximate sohsi’, e.g. Picard iterates for
the case of ode. If this sequence can be shown to be Cauchy mrsomm then com-
pleteness ensures the existence of a limit point which igthative solution, and in
good situations can be proved to be a solution. The basidt isghe contraction map-

ing principlewhich can be used to prove existence of solutions of equatdrihe
orm Tz = z, i.e. to find fixed points of mappings : X — X defined on complete
(non-empty) metric spaces:

Theorem 2.3.2Let (X, d) be a complete, non-empty, metric space &hdX — X a

map such that
d(Tyy, Tys) < kd(yy, y2)

with & € (0,1). ThenT has a unique fixed point iX; in fact if y, € X, thenT™y,
converges to a fixed point as — oo.

Proof We first prove uniqueness of any fixed point: notice thatyf = y; andT'y, =
2 then the contraction property implies

d(y1,y2) = d(Ty1, Ty2) < kd(y1, y2)

and therefore, sinceé < k£ < 1, we haved(y;, y2) = 0 and soy; = ys.
To prove existence, firstly, by the triangle inequality:

d<Tn+r+1y0’ Tnyo) < Z d(T”+m+1yo7 T7L+my0>
m=0

r

< ORI o, T o) < Y K d(Tyo, o) -

m=0 m=0

But0 < k < 1implies that)_ . k™ = 13 < oo and hence&y, forms a Cauchy

sequence iX. So by completeness of, 7"y, — y somey. But thenT™ "1y, — Ty,
becausdl is continuous by the contraction property, and7p = y andy Is a fixed
point. ThusI” has a unique fixed point. O
Existence theorem for ordinary differential equationsgpdVe now review the proof of
the existence theorem for ode via the contraction mappiegrém in the Banach space
of continuous functions with the uniform norm. We first ndte following result:

Lyou will not be examined on any subtle points connected withltebesgue integral

4
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Theorem 2.3.3 (Corollary to the contraction mapping principle) Let(X, d) be acom-

lete, non-empty, metric space and suPst@( — X is such thaf/™ is a contraction
or somen € N. ThenT has a unique fixed point iX; in fact if y, € X, thenT™y,
converges to a fixed point as — oo.

Proof By Theorem 2.3.2]™ has a unique fixed poing,. We also have that

T"(Ty) =Ty = T(T"y) = Ty.
SoTvy is also a fixed point of ™ and fixed points are unique & = y. Also 7"y, —
y implies thatT™" 1y, — Ty = y and so on, until™"*+("=Yy, — 4 as n — oo). All
together this implies that™y, — v. O

Theorem 2.3.4 (Existence theorem for ode).et f (¢, x) be a vector-valued continuous
function defined on the region

{(t,z) : [t —to] <a,l||z—a0]| <b} CRXR"
which also satisfies a Lipschitz conditionain
Lf(t 21) = ftw2)|l < Ly — 2.
DefineM = sup |f(t,z)| andh = min(a, ). Then the differential equation

Z—f = f(t,x), z(ty) = xo (2.1)

has a unique solution fa¢ — to| < h.

Proof This is a consequence of the contraction mapping theoreredgp the com-
plete metric space:

X = {2 €[ty — hyto + A, B") : |2(t) — wo| < MAVEE [to — h,to + h]},

endowed with the metrid(z,,z5) = sup ||z1(t) — z2(t)|| . (Recall that a limit in the
[t—to|<h
uniform norm of continuous functions is itself continugus.
Introduce the integral operat@r by the formula

(Tz)(t) = x0 + /tt f(s,z(s))ds. (2.2)

The conditionMh < b implies thatT : X — X. Notice thatr € X solves (2.1) if
and only if Tz = z, by the fundamental theorem of calculus. In particulareobs that
Tx = x 1mplies thatr € X is in fact continuously differentiable.

We now assert that, fat — ¢,| < h,

Lk
1T (1) — Tras(1)]| < it tol*d(z1, 25).
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Fork = 0, this is obvious, and in general it follows by induction since

S 1 (s, TE "y (5)) = f(s, THaa(s)) |1 ds
Lft'; | T+ Y21 (s) — T* tay(s)]|ds

(kLTkl)! ftto |s — to|*1 ds d(xy, o)

Lt — tol*d(zy, 2s).

1Ty () — T o (1) |

VANVANRVARRVAN

This implies thatl'* is a contraction mapping for sufficiently large and so the result
follows from Theorem 2.3.3. O

Theorem 2.3.5 (Gronwall Lemma) Letu € C([to, t1]) satisfy
t
u(t) <A+ B/ u(s)ds
to

for ty <t < t; and some positive constards B . Then
u(t) < AePU10) - forty <t <t.

Proof DefineF(t) = A+B ftz u(s)ds - by the fundamental theorem of calculus this is

aC' function which verified” = Bu < BF. It follows thate=5! F'(¢) is non-increasing,
so thate P! F(t) < e P F(t,) , and hence

u(t) < F(t) < F(ty)ePt%) = AeB~to)
forty <t <t. o

Theorem 2.3.6 In the situation of Theorem 2.3.4, lgt), w(¢) be two solutions of2.1)
defined forty <t < t; < to+a and such thatjy(t) — x| < band|jw(t) — || < bon
[tg, tl] . Then

ly(t) —w(t)| < lly(to) — w(t)||e" ")

fortggtétl.

Proof w(t) = y(t) — w(t) satisfies, by the Lipschitz property:

lu@)] = lly(@) = w(@)]| = lly(to) —w(to)+/ (f(s,9(s)) = f(s,w(s)))ds |

to

< Ju(to)]| + L / Ju(s)llds

The result is now an immediate consequence of Gronwallguagty. O
Theorem 2.3.6 says that for ode defined by Lipschitz vectlutdithe solutions va

continuously with the initial data: this is the crucial stay property which is centra

to the notion ofwell-posednessTo be precise, we would say the Initial value problem

(2.1) is well-posed with Lipschitz continuoysis well-posed because for each initial

6
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valuez(0) in a neighbourhood of, there exists a unique local solution which depends
continuously onc(0).

For pde the same definition is used, and is very importantelienthe issue is more
subtle: this is because norms (or, possibly, some othetdgpal notion which allows
one to define continuity) are used in the definition of wels@ad. If a pde can be solved
for a solutionu which is uniquelydetermined by some set of initial and/or boundary
data{f;} then the problem is said to be well-posed in a ngfrm || if in addition the
solution changes a small amount in this norm as the data eh&ings would be satisfied
if, for example, for any other solutiondetermined by datfg; } there holds the stability
estimate:

lu—ol <CO NI —95ll;),  forsomeC >0, (2.3)
J

where|| - ||; are some collection of norms which measure what kind of cearmd data
ﬁroduce smalll chan%es of the solutidfinding the appropriate norms such thé.3)
olds for a given problem is a crucial part of understandihg problem - they are gen-
erally not known in advancénce this is understood, it is helpful with development of
numerical methods for solving problems on computers, allglyteu in an experimental
situation how accurately you need to measure the data to emgked prediction.
To fix ideas consider the problem of solving an evolution éigueof the form

Oyu = P(0;)u

where P is a constant coefficient polynomial; e.g. the c&¥é,) = :0? corresponds
to the Schddinger equatio®,u = i0>u. If we are solving this with periodic boundary
conditionsu(z, t) = u(z + 27,t) and with given initial data.(z,0) = ug(z) for ugy €
C> (|-, n]). Formally the solution can be given as

per

u(x,t) = Z etPlim)Fimay (1) (2.4)

mEZ

and if the initial datau, = > ug(m)e'™* is a finite sum of exponentials then (2.4) is
easily seen to define a solution since it reduces also to a §oin. In the general case it
IS necessary to investigate convergence of the sum so thaes define a solution, then
to prove uniqueness of this solution, and finally to find nofiorswhich (2.3) holds.
For this final step the Parseval identity is often very hdlp&nd for the case of the
Schibdinger equation the series (2.4) does indeed define a@oliar smooth periodic
dataug, vy and

max/ |u(m,t)—v(:v,t)|2dx§/ luo(z) — (@) da .

teR

This inequality would be interpreted as saying that the &timger equation is well

posed inL? (globally in time since there is no restriction o

In general an equation defines a well posed problem with og$pespecific norms,
which encode certain aspects of the behaviour of the solsitmd have to be found as
part of the investigationthe property of being well posed depends on the nofims
Is related to the fact that norms on infinite dimensional eespaces (like spaces of
functions) can be inequivalent (i.e. can correspond t@bffit notions of convergence),
unlike in Euclidean space”.
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2.4 Hilbert spaces

A Hilbert space is a Banach space which is also an inner ptaghace: the norm arises
1

as||z|| = (z,z)? where(-,-) : X x X — C satisfies:

1. (z,z) > 0 with equality iff x = 0,

2. (x,y) = (y,2),

3. (ax +by,2) =a(x,2)+b(y, z) and(z, ay + bz) = a (z,y)+b (z, z) for complex
numbersz, b and vectors, v, z.

(FuntionsX x X — c like this which are linear in the second variable and amedir in
the first are sometimes called sesqui-linear.) Crucial pta=eof the inner product in

a Hilbert space are the Cauchy-Schwarz inequality y) | < [|z[|||ly[| and the fact that
the inner product can be recovered from the norm via

1 , : : : L
(w.y) = 7 (le+yl* = llz —ylI” = ille +dy|* + ille —yl") . (polarization)

Examples include€?(Z") with inner product)_  u(m)v(m) and L*(R™) with inner
product (u,v) = [wu(z)v(xz)dx. Another example is the Sobolev spaces: firstly in
the periodic case

H'(R/27Z) = {u € L*([=m.a]) « Jullf = Y (L+|mf)|a(m)]® < oo},  (2.5)

meZ

whereu = >_ i(m)e"™? is the Fourier representation, and secondly

H'E) = {ue @) Julf = [ (+IePlaeFds <o}, (26

whereu is the Fourier transform.

The new structure in Hilbert (as compared to Banach) spadés inotion of orthog-
onality coming from the the inner product. A set of vectf#s} is called orthonormal if
(€n, €m) = Onm-. We will consider only Hilbert spaces which have a countaithonor-
mal basis{e, } (separableHilbert spaces). In such spaces it is possible to decompose
arbitrary elements ag = > u,.e,, Wwhereu,, = (e,, u). (The case of Fourier series with

em(z) = €™ /\/21,m € Zis an example.) The Parseval identity in abstract form reads
lull* = 321 (en, u) |* and:

Theorem 2.4.1 Given an orthonormal sefte,, } the following are equivalent:
e (e,,u) =0 Vnimpliesu = 0, (completeness)
o [[ul|>=>"|(en,u)|* Vu € X, (Parseval),

o u=> (e, u)e, Yu e X (orthonormal basis).
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A closed subspac&;, C X of a Hilbert space is also a Hilbert space, and there is an
orthogonal decomposition

X=X X

whereXi = {y € X : (z1,y) = OVz; € X;}. This means that any € X can be
written uniquely asc = z; + y with 2; € X, andy € Xi-, and there is a correponding
projectionPyx, xz = x;.

Associated to a Hilbert space is its dual space’ which is defined to be the space
a bounded linear maps:

X' ={L:X —cC, with Llinearand||L|| = sup |Lz| < oo}.
zeX,||z]|=1

The definition of the norm otX” ensures thatL(z)| < || L]|||=]|-

Theorem 2.4.2 (Riesz representation)Given a bounded linear map on a Hilbert
spaceX there exists a unique vectgre X such thatLz = (y,z); also || L|| = ||y|.

The correspondence betweerandy gives an identification of the dual spadg with
the original Hilbert spaceX.

Proof KerL is a closed subspace whose orthogonal complerfi€at)* is one-
dimensional: to see this léf, [, lie in (KerL)*- with Li; = ¢; for some non-zero
numberscy, co. ThenL(cyly — c3ly) = 0, so thateyl, — cpl; € (KerL) N (KerL)+

and hencé,, I, are linearly dependent, establishing tAah(Ker L)+ = 1. Choose any

non-zero vector € (KerL)= - it is unique up to multiplication by scalars. Lete X
be arbitrary, then

(U’x)v € ((KerL)*)* =KerL,

x_
Il

and hencd.x = (y, z) whereyL(v)v/||v]?. O
A generalization of this (for non-symmetric situations) is

Theorem 2.4.3 (Lax-MiIgf_ram lemma) Given a bounded linear map: X — Rona
Hilbert spaceX, and a bilinear map3 : X x X — R which satisfies (for some positive

numbers|B|, v):
o [Bz,y)l < |Bll[l«llllyll vz,y € X (continuity),
e B(x,z) >v|z|]|*> Voze X (coercivity),
there exists a unique vecterc X such thatLz = B(z, z)Vx € X.

Proof The uniqueness statement is a consequence of the coe@msgtymption. To
prove existence, first apply Riesz representation to the gmap B(x,y) for fixed z,
to deduce the existence of a vector € X such thatB(z,y) = (w,,y). Puty = w,,
then we deduce thdtw, ||? < ||B]|||z||||w.|, and hencéw,| < ||B]|||z||. But also the
assignment: — w, IS linear on account of the bilinearity @, and therefore we can
write w, = Az whereA is a bounded linear majj — X with | A|| < ||B||, and

B(z,y) = (Ax,y).
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We now make three assertions abdutrirstly: by the coercivity assumptiqz, z) >
v||z||?, so thatA is injective Secondly: AX, the range of4, is a closed subspace
Indeed ify, — y is a convergent sequence with = Ax,, then coercivity implies
Yy = 2mll? < (A(@n = ), Tn = Tm) = (Un = Yms Tn — Tm) , SO thal]|z, — 2, <
Y U Yn — ymll- It follows that{z,} is cauchy, and so there existse X such that
r, — x, and by continuityAz = y, so AX is indeed closed as claimed. Thirdly:
AX = X because otherwise there exists a non-zero vectwith (y,u) = 0Vy € AX,
i.e. (Az,u) = B(z,u) = 0 for all z, which gives a contradiction to coercivity by
choosingr = u. ThusA is a bounded linear bijection, with bounded inverse.

Finally, apply Riesz representation again to wiiter) = (w, z) for somew € X

(and allx € X.) Then, since we just proved is surjective, there existsc X such that
Az = w, and so

L(z) = (w,x) = (Az,x) = B(z,z), Ve e X

completing the Froof. O

A bounded linear operatoB : X — X means a linear max — X with the
property that there exists a numbgs|| > 0 such that| Bu|| < || B||||u|| Yu € X. Asin
Sturm-Liouville theory we say a bounded linear operatoriagdnalizable if there is an
orthonormal basige,, } such thatBe,, = A, e,, for some collection of complex numbers
A Which are the eigenvalues.

2.5 Distributions
Definition 2.5.1 A periodic distributionl” € C2 ([—m, w|™)" is a continuous linear map

T: Cx.([=m ") — C, where continuous r%eans thatfif and all its partial deriva-
tiveso“ f,, converge uniformly tof thenT'(f,) — T'(f). Here we callCye, ([—m, 7]")
the space of test functions.

A tempered distributio” € S’'(R") is a continuous linear mafi’ : S(R") — C,
where continuous means that||if, — f|l..s — 0 for every Schwartz semi-norm then

T(f,) — T(f). Here we callS(R") the space of test functions.

In both cases for, € R™ any fixed point (which may be taken to lie jir 7, 7]" in the
periodic case) the Dirac distribution definedd@y(f) = f(x,) gives an example.

Remark 2.5.2 The notion of convergence 6ifs, ([—7, 7" andS(R") used in this defi-

nition makes these spaces into topological spaces in whecbdhvergence must be with
respect to a countable family of semi-norms. These are eeanop Frechet spaces, a
class of topological vector spaces which generalize theonaif Banach space by using
a countable family of semi-norms rather than a single norrdegbne a notion of con-
vergence. Using this notion of convergence one can chetkit@dourier transforniF

is continuous as is its inverse, and the Fourier inversiaotem can be summarized by

the assertion thaf : S(R") — S(R") is a linear homeomorphism with inverge™!.

Remark 2.5.3 Notice that integrable functions define distributions in aural way:
in the simplest case if is continuou2r-periodic function then the formuld,(f) =

f[_7r . g(z) f(x) dz defines a periodic distribution and clearly the mapping> 7, is an
injection of ., ([, 7]) into (Cpe,([—m,]))". Similarly if g is absolutely integrable

onR" then the formuldly(f) = [.. g(z)f(x) dx defines a tempered distribution. The

10
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mappingg — T, is, properly interpreted, injective: iff € L'(R™) thenT,(f) = 0
for all f € S(R™) implies thatg = 0 almost everywhere. On account of this remark

distributions are often called “generalized functions”.h& Dirac example indicates
that there are distrubutions which do not arise’gs

Remark 2.5.4 In these definitions distributions are elements of the dpalce of a
space of test functions with a specified notion of convergémrceopology). Another
frequently used class of distributions is the dual spac&€P{R") the space of com-
pactly supported smooth functions, topologized as follofys— f in Cg° if there is a
fixed compact sek’ such that allf,,, f are supported ik and if all partial derivatives
of 0 f,, converge (uniformly) t@* f. This class of distributions is more convenient for
some purposes, but not for using the Fourier transform, factvpurpose the tempered
distributions are most convenient because of remark 2\tich allows the fourier
transform to be defined on tempered distributions “by dyalkis we now discuss.

Operations are defined on distributions by using dualityaogfer them to the test func-
tions, e.g.:

e GivenT € S'(R") an arbitrary partial derivative“T is defined byo“T'(f) =
(DT (0 ).

e GivenT e S'(r") its fourier transfornil” is defined byl'(f) = T'(f).

e GivenT € S'(R") andy € S(R™) the distributionyT is defined byxT'(f) =
T(xf). This is also the definition if is a polynomial - it makes sense because a
polynomial times a Schwartz function is again a Schwartzfiam.

It is useful to check, with reference to the fact in remark.2.hat distributions are
generalized functions, that all such defintions of operetion distributions are designed
to extend the corresponding definitions on functions: eogafSchwartz functiog we

have
8aTg = Taag 5

where on the lefv* means distributional derivative while on the right it is theual
derivative from calculus applied to the test functignThe same principle is behind the
other definitions.

There are various alternate notations used for distribgtio

T(f) = (T, f) = / T(2)f(x) d

where in the right hand version it should be remembered tieaekpression is purely
formal in general: the putative functiof(x) has not been defined, and the integral

notation is not an integral - just shorthand for the dualiyring of the definition. It is
nevertheless helpful to use it to remember some formulaeeXample the formula for
the distributional derivative takes the form

T (f) = / 0T (2)f(x) dz = (~1)° / T(2)0" (x) dx = (—1)/T(@" )

which is “familiar” from integration by parts. The formulfd(z — o) f(z) dz = f(zo)
and related ones are to be understood as formal expressiotisefproper definition of
the delta distribution above.

11
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2.6 Positive distributions and Measures

In this sectioA we restrict t@27-periodic distributions on the real line for simplicity. &h
delta distributiony,, has the property that if > 0 thend,,(f) > 0; such distributions
are called positive. Positive distributions have an imgatrtcontinuity property as a
result: if T is any positive periodic distribution, then since

N flle < f@) < [ fllz~.  [IfI] =sup|f()]
foreachf € O, ([—m, 7]) it follows from positivity that7'(|| f|| . 4= f) > 0 and hence

by linearity that
—cl|lfllze <T(f) < |l fllze

wherec = T'(1) is a positive number. This inequality, applied withreplaced by
f — fa, means that iff,, — f uniformly thenT'(f,,) — T'(f), i.e. positive distributions
are automatically continuous with respecuttiform convergengen strong contrast to
the continuity property required in the original definitioim fact this new continuity
property ensures that a positive distribution can be exddnohiquely as a map

L: Cper([-m,7]) = R

i.e. as a continuous linear functional on the space of caoatis functions. This exten-
sion is an immediate consquence of the density of smoothiturcin the continuous
functions in the uniform norm (which can be deduced from thedfétrass approxima-
tion theorem). A much more lengthy argument allows such atfanal to be extended

as an integral(f) = [ fdu which is defined for a class of measurable functigns

which contains and is bigger than the class of continuoustifoims. To conclude: pos-
itive distributions automatically extend to define contins linear functional on the
space of continuous functions, and hence can be identifidd avclass ofmeasures
(Radon measures) which can be used to integrate much ldegses of functions (ex-
tending further the domain of the original distribution).

2.7 Sobolev spaces

We define the Sobolev spaces for 0, 1,2, ... on various domains:
OnR™: we have the following equivalent definitions:

=Y 0%l < oo}

alal<s

— {ue I’@®"): / (1 + EIP)[a(6) P de < oo}

R™

H*R") = {u€L*®R"): [|ul

yresmpeny 126
= C°(R?) :

In the first line the partial derivatives are taken in the misttional sense: the precise
meaning is that aldlistributional (=weak)partial derivatives up to orderof the distri-
butionT;, determined by: are distributions which are determined by square integrabl
funtions which are designatettu (i.e. 9T, = Ty, With 0%u € L? in the nota-
tion introduced previously). The final line means tl#atis the closure of the space of

2This is an optional section, for background only

12
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smooth compactly supported functiofi§®(R™) in the Sobolev nornf| - || zs. The quan-
tity [[u]|%. = [o. (1+]|€]1%)*|a(€)]? d¢ appearing in the middle definition defines a norm
which is equivalent to the nortnu|| ;- appearing in the first definition. (Recall that ||
andﬂ -~ﬂ are equivalent if there exist positive numbéts C, such that|u| < Cfjul|

and |lu|| < Cyjul| for all vectorsu; equivalent norms give rise to identical notions of
convergence (i.e. they define the same topologies).

Theorem 2.7.1For s = 0,1,2... the Sobolev spacH*®(R") is a Hilbert space, and so
complete in either of the norms

=Y l0%ulz. or IUH%S—An(1+||£|\2)slﬁ(€)\2d£

ala|<s

[l

which are equivalent. Given any € H*(R") there exists a sequeneg of C3°(R")
functions such thafu — u, | zs — 0 asv — +oo0. If u € H*(R") for s > % + k with

k € Z, thenu € C*(R") and there exist§’ > 0 such that

luler = 37 sup |0%u(a)| < Clul

a|<k TER

e (2.7)

e The fact that* functions can be approximated Bi°(R") functions means that
for many purposes calculations can be done Wifi(R"), or S(R"), functions

and in the end the result extendedHo. See the second worked problem to see
how this goes to prove (2.7) with= 0.

e Fors = (0 we haveH® = L? and the nornj| - || zo is exactly thel? norm, while
| - ||zo is proportional (and hence equivalent) to thé norm by the Parseval-
Plancherel theorem.

e Strictly speaking the assertian € C*(R") in the last sentence of the theorem
only holds after possibly redefiningon a set of zero measure. This subtle point,
which will generally be ignored in the following, arises leseu is really only

a distribution which can be represented by l&hfunction, and as such is only
defined up to sets of zero measure.

On (R/(27Z))" : In the 2xr-periodic case the following definitions are equivalent:

o= Y l10%ul72 < oo}

alal<s

= {D_ alm)e™ = Yy (1+ [ml*)*la(m)[* < oo}

mezn meZ™

B e LA

per

Hpo([=m,7]") = {u€ L*([=m,a]") : |lul

per

Again the quantity apearing in the middle line defines an\edent norm which can be
used when it is more convenient. Since we are consideringtbelcases = 0,1,2, ...

the Fourier serie§ ", _,. u(m)e"™* always defines a square integrable function, and as

?‘ increases the function so defined is more and more regulardiee), and as above we
ave:

13
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Theorem 2.7.2Fors = 0,1, 2. ... the periodic Sobolev spadé&;, . ([, 7]|") is a Hilbert
space, and so complete in either of the norms

o=y l0%ulf. or Jullf= ) (1+[Im]*)la(m)?

alal<s mezm

[l

which are equivalent. Given any € H? (|-, n]") there exists a sequeneg of

per

2 ([—m,m]") functions such thatu — u, ||gs — 0 asv — +oo. If u € H*([—7, 7|")

per

fors > 2 + k with k € Z, thenu € C*(R") and there exist§’ > 0 such that

luler = Y sup [0%u(x)| < Cllul

la|<k xE[—m,m|"

e (2.8)

Similar comments to those made after Theorem 2.7.1 applyoofse. To keep the
notation clean we do not indicate “periodic” in the notatikn norm on a space of
periodic functions, only the space - it should be clear fromdontext.

With the concept of tempered distribution understood, passible to extend the
definition of the Sobolev spacés®(R™) for all s € R: since the Fourier transforria of
any tempered distribution is well-defined, we just say

H®") = {ue S'E"): / (14 IR [a(6) P de < oo} (2.9)

R™

(Notice, it is implicit in this definition that the temperedsttibution  is in fact repre-
sented by a measurable function.)

These various definitions of Sobolev spaces require somdfigaitbns for the case
of general domain§, startin% with the notion of the weak partial derivativen(s we
did not define distributions if).

Definition 2.7.3 Alocally integrable function defined on an open s@tadmits a weak
artial derivative corresponding to the multi-indexf there exists a locally integrable
unction, designate@“u, with the property that

/u@axdx:(—1)|a|/aauxdx,
Q Q

A useful fact is that in this situation:

for everyy € Cg°(Q2).

|0%u||2 = Sup{/ uwd*xdx : x € CP(Q) and|| x|z =1.} (2.10)
Q

Then employing this notion of partial derivative we definer =0,1,2,...):

=Y 9%ulf: < oo}

alal<s

HY(Q) = {u e L(Q) : [ul

gwith all L? norms being defined by integration o). This space is to be distinguished
rog1 the gzorrespondmg closure of the space of smooth fanstsupported in a compact
subset of2:

Hy(Q) = C@)

14
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Since these functions are limits of functions which vanish neighbourhood di they
are to be thought of as vanishing in some generalized sen8€ dat least in the case
s = 1,2,... and if Q has a smooth boundanf2.) The cases = 1 gives the space
H}(Q) which is the natural Hilbert space to use in order to give akafeamulation of
the Dirichlet problem for the elliptic equatiofu = f on ().

In one dimension, witk) = (a, b) C R the relation betweeH ! ((a, b)) andH_ ((a, b))
can be stated simply becausefale H'((a,b)) are uniformly continuous (similar to the
argument in the last part of the 2nd worked problem) and

Hy((a,b)) = {f € H'((a.b)) : f(a) = f(b) =0}

More details and proofs can be found in the relevant chagttreobook of Brezis. In
this course we need to be able to use Sobolev spaces to stadgptiwe will see that
the H* spaces are easy to work with for various reasons:

1. The “energy” methods often give rise to information abpufdz or [ |Vul||*dx

whereu is a solution of a pde, and this translates into informatiooud the solu-
tion in Sobolev norms. As a specific example: conservatiognefgy

1
5 /(uf + |[|Vu||?) dv = E = constant,

whenw is a solution of the wave equation .

2. The Parseval-Plancherel theorem means that informatmo&obolev norms is
often easily obtainable when the solution is written dowimgi-ourier methods.

3. The Sobolev spacd$® are Hilbert spaces (complete) whose elements can be ap-
proximated by smooth functions: in practice, this meanslasethe dual advan-
tages of smoothness of the functions and completeness sp#ue of functions.

Thus typically we will do some computations for smooth siolug of pde which give
information about their Sobolev norms, and then using dgmee will extend the in-
formation to more general (weak) solutions lying in the Setacspaces themselves.
The use of the full Sobolev space is crucial in any argumdging on completeness,
typically in proving existence of a solution e.g. by vametal methods or by the Lax-
Milgram lemma.

2.8 Appendix: integration

The aim of this appendis to give a brief review of facts from integration needed -
completeness of thé? spaces, dominated convergence and other basic theorems. We

first consider the case of functions on the unit inteffgall]. A main achievement of
the Lebesgue integral is to construzmimpletevector spaces of functions where the
completeness is with respect to a norm defined by an integehl as thel? norm || - || .2
defined by

1
112 = / )P de.

3This section gives a brief introduction to the results onésgiue integral which we make use of. You
should be able to use the results listed here but will not lzenéxed on the proofs or on any subtleties
connected with the results.
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This is a perfectly good norm on the space of continuous fanstC'([0, 1]), but the
resulting normed vector space is not complete (and so notnadbaspace) and is not
so useful as a settln% for analysis. The Lebesgue frameworkdes a larger class of
functions which can be potentially integrated - theasurable functions’he complete

Lebesgue spack’ which this construction leads to then consists of (equivegeclasses
of) measurable functiongwith || f||2. < oo; here itis necessary to consider equivalence

classes of functions because functions which are non-zdyoam sets which are very

small (in a certain precise sense) are invisible to the nalegnd so have to be factored

gu}of ;[jhe discussion. The “very small” sets in question aléed null sets and are now
efined.

2.8.1 Null sets and measurable functions off), 1]

An interval in [0, 1] is a subset of the forrtu, b) or [a, b] or (a, b] or [a, b) (respectively
open,closed, half open). In all cases the length of thevatés | /| = b—a. A collection
of intervals{/,} coversa subsetd if A C U,/,.

Definition 2.8.1 (Null sets) For a setA C [0, 1] we define th@uter measuréo be

Al, = Inf I, : Acul,t,
A= A }
whereC consists of countable families of intervals[in1]. A setN C [0, 1] is null if
|I]. =0, i.e. if for all ¢ > 0 there exist{1,,}° , € C which coversd with " |1,,| < e.

Definition 2.8.2 We sayf = g almost everywhere (a.e.) fix) = g(z) forall z ¢ N
for some null sefV. We say a sequence of functiofysconverges tg a.e. if f,,(z) —
f(z) forall z ¢ N for some null seiV.

Eqkl)JaIity a.e. defines an equivalence relation, and two atgnv functionsf, g are said
to be Lebesgue or measure theoretically equivalent. Ondawiynk about measurable
functions is provided by the Lusin theorem, which says a mede function is one
which is “almost continuous” in the sense that it agrees waittontinuous function on
the complement of a set of arbitrarily small outer measure:

Definition 2.8.3 (Measurable functions) A functionf : [0, 1] — R is measurable if for
everye > ( there exists a continuous functighi : [0,1] — R and a setF* such that
|F€|. < eand f(z) = f(x) forall x ¢ F°<. We write L([0, 1]) for the space of all
measurable functions so defined.

Theorem 2.8.4 L(]0, 1]) is a linear space closed under almost everywhere convergence
given a sequencg, € L([0, 1]) of measurable functions which converges to a function
[ a.e. itfollows thatf € L([0, 1]).

Definition 2.8.3 is not the usual definition of measurabikltyhich involves the
notion of a distinguished collection of sets, thelgebra of measurable sets - but is
equivalent to it by what is called theusin theoren{see for examplé2.4 and§7.2 in
the bookReal Analysidy Folland). The Lusin theorem gives a helpful way of thirkin
about measurability (the Littlewood 3 principles - g3 in the bookReal Analysis
by Royden and Fitzpatrick). A companion to the Lusin theoigthe Egoroff theorem
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which states that given a sequengec L([0,1]) of measurable functions which con-
verges to a functiorf a.e. then for every > 0 it is possible to find a sef’ C [0, 1] with
|E|. < e such thatfn — f uniformly on E¢ = [0,1] — E. Thus two of Littlewood’s
principles say that “ a measurable function is one which egjreith a continuous func-
tion except on a set which may be taken to have arbitrarilylissize” and “a sequence
of measurable functions which converges almost everywbeneerges uniformly on
the complement of a set which may be assumed to be arbitsmig}l”.

2.8.2 Definition of L?([0, 1])

An integral fol f(x)dx can be defined of any non-negative measurable functiomuaiti

the value can be-oo . When the function is continuous, or indeed Riemann integrabl
this integral agrees with the Riemann integral, and it hasféflowing properties (for
arbitrary non-negative measurable functighg):

1. folcf(x x—cfo r)dxif ¢ >0,

2. fo dl‘—fo x) + g(x))de,
3. fo dx<f0 z)dzif f < ga.e.

ExerC|seFor non- negatlve measurable functiofis;, show that iff = ¢ a.e. then

fo r)dr = fo
Acceptlng that such a definition exists, we can now definelthgo, 1]) spaces,

which are Banach spaces of functions on which there existslledsfined notion of the
integral (called the Lebesgue integral).

Definition 2.8.5 For 1 < p < oo defineL?([0, 1]) to be the linear space of measurable
functions o0, 1] with the property that

1
IfIE, = / )P d < oo

For the case = oo: firstly, say thatf is essentially bounded above with upper (essen-
tial) bound M if f(z) < M for x ¢ N for some null setV. Then let essup f be the
infimum of all upper essential bounds. Then:

Definition 2.8.6 L>°(]0, 1]) is the linear space of measurable functions[onl]| with
the property that
|| f|lze = esssup |f| < .

A crucial fact for us is that considering the spaces of edeaivee classes of functions
which agree almost everywhere we obtBi@anachspaces, also writteh?([0, 1]): these
“Lebesgue spaces” are vector spaces of (equivalence slagséunctions which are
completewith respect to the norrf - || .». (The fact that, strictly speaking, the elements
of these spaces are equivalence classes of functions winiek almost everywhere, is
often ]:ta)lken as understood and not repeatedly mentionedtieaelhe spaces are made
use o

The spaced.”(]0, 1]) contain the continuous functions, and the Lebesgue integra
which is defined on the whole of these spaces, is equal to thedtin integral when
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restricted to Riemann integrable functions. Thég¢[0, 1]) spaces are special cases
of LP(M) spaces which arise from abstract measure spAdemn which a measurg
(and ac-algebra of measurable sets) is givermeasures the “size” of elements of this
collection of measurable sets. In the general setting ttegial of a function is often
defined in terms of the measure of sets on which the functibelst?iven values: for
example, one development of the integral takes as startimg e following definition
for the integral of a non-negative measurable function:

[ tau= [ utir=apaix. (2.11)

The point here is that as increases, the setsf > A} decrease and their measure
w({f > A\}) decreases also, so that (2.11) is well-defined as the Rieingegral of a

rﬂonotlone function. See the bodkalysisby Lieb and Loss for a development along
these lines.
Other examples of measure spaces used in this course are

o 17([a,b]) with norm ([* | f(z)[? dz)>,
o ([~ 7]") with norm ([._ . lu()[? dz)r , and

o LP(Q) with norm( [, |f(z)[? dx)% , where() C R™ is open; the cas@ = R" will
occur most often.
2.8.3 Assorted theorems on integration
Theorem 2.8.7 (Hblder inequality) [ fgdx < || f||z»||gllz« for any pair of functions
f € LP, g € L4 (on any measure space) with! + ¢~! = 1 andp, ¢ € [1, o0].

Corollary 2.8.8 (Young inequality) If f € LP(R") andg € L*(R") thenf*g € LP(R")
and|[f * gll» <[ fllzollgllr for 1 < p < oo

Theorem 2.8.9 (Dominated convergence theorem)et the sequencg, € L' con-
verge tof almost everywhere (on any measure space) and assume thatekists a

nonnegative measurable functi@n> 0 such that| f,,(z)| < ®(x) almost everywhere
and [ ® < co. Thenlim,, . [ f, = [ fandlim, . ||fn — fllz1 = 0.

Corollary 2.8.10 (Differentiation through the integral) Letg € C*(R™ x Q) where
Q C R™is open, and considdr(\) = [, g(x, \)dz. Assume there exists a measurable
function®(z) > 0 such that

o [, P(z)dr < o0,
o sup,(lg(z, A) + [Oag(z, A)]) < @(z).
ThenF € C'(Q) ando\F = [, Org(x, A) dz.

18



Copyright © 2014 University of Cambridge. Not to be quoted or reproduced without permission.

Corollary 2.8.11 If f is a C*(r™) function with all partial derivatives)“ f of order
la] < k bounded, ang € L'(R") thenf x g € C*(R") andd*(f * g) = (0“f) x g for
la| < k.

Theorem 2.8.12 (Tonelli) If f > 0is a nonnegative measurable functipn R' xR™ —

R then
/1fxymw—/(/ﬂnmwym:/(/ﬂ%ww)w

R! xR™

Theorem 2.8.13 (Fubini) If f is a measurable functiofi : R! x R™ — R such that

/ F(a,y)| dedy < oo

REXR™

/‘ﬂawmwz/(/ﬂ%w@)m:/(/ﬂ%wmyw

REXR™

then

Remark 2.8.14 In these two results it is to be understood that when we write down

repeated integrals that an implicit assertion is that thadtionsy — [ f(z,y)dz and
z +— [ f(z,y)dy are measurable and integrable.

Theorem 2.8.15 (Minkowski inequality) If f is a measurable functiofi : R! x R™ —
R andg : R™ — R is measurable, then

H / £, 9)9(9) dyll ey < / 1@ ) o amlo(v) dy (2.12)

where

e / o) de,

with the understanding as above that thls means that if thiet hgnd side of(2.12)is
finite then the functiorf(z, y)g(y) is integrable iny for almost every: and the resulting

functionz — [ f(z,y)g(y) dy is measurable an2.12)holds.

2.9 Worked problems

1. Prove that if a continuousr-periodic functionf € Cpe,([—m, 7]) satisfies
A~ +ﬂ- .
flm) = 2m) ™t [ e payda =
forallm € Z, thenf is identically zero. Deduce thatjfe Cp¢, ([~ 7]) thenf =5, f(m)eime,
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AnswerAssume for the sake of contradiction that there existsvith f(z¢) # 0. Replacingf(-)
by +f(- — z9) we may assume w.l.0.g. thaf0) > 0. Now:

+m
(z)(e +cosz)f dr =0

forall k € Z, ande € R, by the assumption that all Fourier coefficients vanish. Bstinuity of

[ there exist®) € (0, 7/2] such thatf(z) > f(0)/2 > 0 for || < J. NOWmaxs<|, /< cosz < 1
andcos 0 = 1, so there exists

e ¢ > 0suchthate +cosz| <1—¢/2ford < |z| <m;
e 1€ (0,6) suchthate + cosz| > 1+ ¢/2for || < 7.

Now

/JFTr f(x)(e+cosz)* dr = /

— ol <n

+ +/ f(z)(e+ cos J;)k' dx
In|<|z|<d 5<|z|<n

ek f(0 €\k
> 1+ )2 2 1——

> (14 ) 5 —2msup fl(L - £)F,
since the middle integral is 0 becausg’ > 0 on(—4,+¢), and also sincé < w/2 andcosz > 0
on [0,7/2]. Now letk — +o0: the final term has limit zero, while the first term has limito

providing a contradiction.
For the last part observe that fére C,.,.([—, 7]) the Fourier coefficients satisfy

supm™|f(m)| < oo
m

for all N (rapidly decreasing) and therefore the sefi€s, ., f (m)ei™® converges absolutely to
define a continuous periodic function whose Fourier coeffits aref(m). (The latter assertion
follows from the fact that the sum and integral can be intanged when integrating an absolutely
and uniformly convergent power series.) Thereféite) — >, f(m)eim is a continuougr-
periodic function whose Fourier coefficents all vanishhkrefore vanishes itself by the previous
part, completing the proof.

. For positives the Sobolev space is defined as

H'R") = {f € L*(R") : || f|

e = [ 1EPYIFOF ds < oo}

Show that ifs > n/2 thenH*(R™) C C'(R") and there exists a positive numk&rsuch that
sup [f(2) < Cllf - - (2.13)
T€ER™

In the casen = 1 prove, using calculus only, the inequality

sup ()] < C" ( JA (agcf)Q)dsc)é - (2.19)

for all f € S(R) and for some positiv€’. Comment on the relation with the first part of the
question. Prove that all functiornfse H'(R) are uniformly continuous oR .
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AnswenWe will first establish the inequality fof € S(R™). By the Hilder inequality:

/ (1+[1€]1%)2 fE)ers
w3

1 2
< ([ w1

The integral on the second line is finite, since adoptingmpmardinategr, 2) it is just

el A
fomo ]

which is finite for2s — n + 1 > 1, i.e. fors > n/2. This establishes the stated inequality (2.13).
Exactly the same calculation shows thaf]|,: < C| f||z-. Now to complete the proof, just
approximatef € H*(R") by a sequencg, of Schwartz functions as in Theorem 2.7.1: since the
constant in (2.13) is independentofve can take the limit — oo. Then sincée|f — f,||g: — 0

the sequencg, is Cauchy in the nornii®, and hence also Cauchy in the unifofii norm by
(2.13). This implies that the limif € C°(R™) and obeys (2.13).

For the one dimensional inequality calculate, by th#der inequality that
[

2(x) — fAy)| = ' 2)f'(2)dz 2 NZdz.
P2(@) - W)l |2/y f()f()dIS/Rfo)d

el = | [ feear| -

d:c’

2

5@ - 1wl =1 [ Pl < o -l

and

For f € S(R) lety — +oc in the second inequality and the result follows for syfcHt holds for
generalf € H'(R) by density (strictly speaking up to sets of measure zerog firt inequality
implies uniform continuity.

Relation with the first part of the question: the ParsevalPherel theorem implies that:

2 ne . L Frevi2 20 Frey 2
[ e = o [UF©F + eI R de.

So that the result of the second part is really a special dabe €irst part, but the proof is different.

2.10 Example sheet 2

1. Obtain and solve the ODE satisfied by characteristic qugve- y(x) for the equation(z? +
2)%uy, — (22 4+ 1)2u,, = 0. Show that there are two families of such curves which caniiitéenw
in the formy — x + 272 arctan 2”2z = Eandy +z — 272 arctan 2”2z = n, for arbitrary real
numberst, n. Now considering the change of coordinatesy) — (£, ) so determined find the
form of the equation in the coordinate systénn).

2. Which of the following functions ofr lie in Schwartz spac&(R): (a) (1 + z?)~1,(b) e~ 2,
(©e=*" /(1 + x2)? Show that iff € S(R) then so isf(z)/P(z) where P is any strictly pos-
itive polynomial (i.e.P(z) > 6 > 0 for some reab.
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3. Show that anyi = {t,, }mez in [2(Z) defines (for any > 1, s € R) a periodic distribution via

the formula

Fa(e) = 27 Y di-mp(m) (2.15)
meZ

for each test functionp = >_ @¢(m)e"™* e Cp2 ([—m,x]). Show that ifa € s(Z), then this

distribution agrees with the periodic distributi@i) determined in the usual way by the the smooth
functionu = > ,,e™* .

. Use Fourier series to solve the following initial valuelplem

Opu = O2u u(0,z) = f(x)

for © € [—m,n] with periodic boundary conditions(t, —7) = u(t, ) and f smooth andx-
periodic. Discuss well-posedness properties of your smistfor theL? norm, i.e. ||u(t)||z> =
(ff: lu(t, z)|2dz) 2, using the Parseval-Plancherel theorem. Extend yourtrestile H norm.

*Show that if f € L?([—m, n]) your Fourier series formula gives a distributional soluotiaf the
equation, in a precise sense which you should define.

. Show that the heat equatiépu = §%u, with 27-periodic boundary conditions in, is well-posed

forwards in time inZ2 norm, but not backwards in time (even locally). (Hint comeptite? norm
of solutionsu,, for negativet corresponding to initial values, (0, x) = n~1ten*.)

. (i) Use Fourier series to solve the Sgtiinger equation

Opu = i0%u u(0,2) = f(x)
for initial value f smooth and periodic. Prove in two different ways that thererily one smooth
periodic solution.

(ii) Use the fourier transform to solve the Schrodinger dmumafor z € R and initial valuef €
S(R). Find the solution for the case= e,

. (i) Verify that the tempered distribution on the real line defined by the functid,,,(z) =

(2m)~te—™l=l, (for positivern), solves

—d? 9
(W +m*)u =4y
in §’(R). For whichs € R does the functiork,, lie in H*(R)? For whichs € R does the
d-function lie in H*(R)?[Use the definition (2.9).]

(ii) Verify that the function on the real ling(z) = 1 for x < 0 andg(z) = e~ * for x > 0 defines
a tempered distributioff, which solves inS’(R)

T + T = —6,.

. (a) Write down the precise distributional meaning of theagpn

~A(jz|™Y) =476y iInS'(R?)

in terms of test functions, and then use the divergence éneto verify that it holds. (Hint: apply
the divergence theorem on the regiih< |z| < R} — {0 < |z| < €} for R sufficiently large and
take the limite — 0 carefully).

(b) Find the fundamental solutiafi,,, € S’(R?) of the operatof —A + m?) with m > 0 and in
the case of domaiR? . Indicate the modifications of (a) required to prove this.
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9. For each of the following equations, find the most genemltered distributiofl” which satisfies
it.
2T =0, 2dT/dx =0, 2*T =6y, xdT/dx = b

dT/dx = 6y, dT/dx +T =6y T — (d/dx)*T = d.
(Hint: see Friedlandej2.7).

10. Solve the equation™T = 0in S’(R).
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