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Mathematical Tripos Part 11 Prof. M. J. Perry
Electrodynamics Michaelmas 2011
Problems 3.

SI units are used with ¢ = 1. The signature is —4++. Please send comments/amendments
etc. to malcolm@damtp.cam.ac.uk

1. For a localised charge density p(x)e™™! and current density j(x)e~** use current con-
servation to show that

/ d3l’ JZZ]J(X) = EijkMk — inij

where
M = %/ d*rx x j(x), Qij = %/ d’x 215p(x).

Hence show that if [ ¢z p(x) = [ d*zxp(x) = 0 then at large distances and for large wave-
lengths the leading contr1but1ons to the scalar ¢(x)e™** and vector potentials A (x)e™ !
are

and

Ai(x) ~ 4“707161' "iw(n x M); — %eiww2anij,

where r = |x| and n = x/r. Writing Q,; = Q;; + Pd;; where );; = 0 show that the terms
involving P may be removed by a gauge transformation, at least at large distances. These
results represent magnetic dipole and electric quadrupole radiation.

2. (2B02421) Derive Larmor’s formula for the rate at which radiation is produced by a
particle of charge ¢ moving along a trajectory x(t).

A non-relativistic particle of mass m, charge ¢ and energy F is incident along a radial
line in a central potential V(7). The potential is vanishingly small for r very large, but
increases without bound as » — 0. Show that the total amount of energy £ radiated by

the particle is
_ wd? /
~ 3mm? JE V)

Suppose that V' is the Coulomb potential A(r). Evaluate £.

where V(ry) = E.

3. (2B99421) The electromagnetic field strength tensor can be written in terms of the
vector potential A, as
F,=0,A,—0,A,.
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Explain how this four-vector version is related to the three-vector formulation in terms of
a vector potential A and a scalar potential ¢.

In a gauge such that J,A" = 0, derive the field equation for A" in the presence of a
four-current J*.

A small loop of wire lies in a plane with unit normal n, and encloses an area S. A current
Iy coswt flows around the loop. Show that in the radiation zone at displacement r from
the centre of the loop

Altr) =1 xn IO G~ ] 10 (i> |

42 72

[You may use the result

%dﬂ?l Xy = —Seijknk ]

4. If V# is the 4-velocity of a particle show that

>V vy
Vil —-V,
ds? * ( ds? )

gives zero when contracted with V,.

The effects of the electromagnetic radiation which is produced by an accelerating charged
particle can be described by including in the non-relativistic equation of motion a damping
“self-force” equal to av, where « is a constant and *denotes d/dt,

mv =q(E+ v xB)+av.

Using the above results find a relativistic equation, which is equivalent to this in the non-
relativistic limit, of the form

ave
ds

m fr, where  f*V, = 0.
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5. Suppose the current density vanishes, j = 0. Consider the following Lagrangian density
for the electromagnetic fields:

2

. 1
L=36|Vo+ Al - 5,1V % Al? — po,
Ho

a function of ¢, ¢,, A; and A;. Obtain the conjugate momenta for ¢ and A; and the
Lagrange equations. Build the Hamiltonian density and show that it is the electromagnetic
field energy density.

6. Consider the following action for the electromagnetic field

1
S = / d'z | ——F"™F,, + J'A, ) .
4410

F;w - a;LAl/ - a;LAlM (1)

Assuming

show that requiring §S = 0 for arbitrary variations 0 A, which vanish at infinity implies
one half of the Maxwell equations

O F" = —poJ”. (2)
Show also that S is gauge-independent.
Next consider
Sp = / d'z (iFWFW — LFW(aMAV - 9,A,) + J“Ay) :
4pto 2410
Show, using (1) that Sp = S.

Now forget (1) and regard A, and F* as independent quantities. Show that requiring
0Sp = 0 for arbitrary variations A, which vanish at infinity implies (2) as before. Show
also that requiring 0Sp = 0 for arbitrary variations § F** implies (1) and hence the other
half of the Maxwell equations.
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7. A particle of mass m and charge ¢ is subject to a potential V' (x) and a magnetic field
B(x) described by a vector potential A(x). The wave function ¢(x) of the particle satisfies
the Schrodinger equation

i(—mv —qA)*) +Vip = Eip.
2m

Consider the gauge change
, h
Ax) — A'(x) = Ax) + EV@(X).

Show that if the phase of the wave function is changed via

Y(x) = ¢/ (x) = "M (x)
then the form of the Schrédinger equation is unaltered.
Verify also that the current density

§= 5 (—ih VY o+ (IRVE)) — 2 A% )

is invariant under this change.

8. In the Ginzburg-Landau model for superconductivity the energy expressed in terms of
the complex field ¥ (x) describing the superconducting charge carriers of charge ¢ and mass
m in a magnetic field B = V x A is given by

£ = [ @ (GoIBE+ 5 [0V = AT [(-nY = gAYl + v+ 350070 )

where 3 > 0. Show that this is invariant under 1) — %y and A — A + hV/q. Setting
Y = y/ne'® show that minimising &£ requires

2 h
V x B =yl (A——V¢),
m q

and that if @ < 0, n = ng = —a/. Setting n = ny derive the equation
B_1p-
VB — B = 0,

and describe briefly the interpretation of A and the connection of this equation with the
Meissner effect where in the interior of a superconductor A = AV ¢/q. How is this expres-
sion for A crucial for flux quantization through a superconducting ring?



