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Mathematical Tripos Part IT Lent Term 2025
General Relativity Dr. J.M. Evans
Example Sheet 4

1. A static spacetime has line element
ds® = —e>/< 2ag? + gij dx'da’
where ¢ and g;; are independent of 2% = ct, and i, j = 1,2, 3. Show that
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where n, = (1,0,0,0).
Let u® be the 4-velocity of a co-moving observer (i.e. an observer at rest in these coordinates, so that
u' =0 and u’ug = —c?). Show that

1
Vate = —guﬁva¢ and so V.0 = u'BV[gua.
Show further that
9*PV Vs = Ropuu’
and hence that 1
gijvivjﬁll) + C—Zg”viqbvjqb = Raguauﬁ.

[ Hint: you may find it helpful to start from the Ricci identity ua,py — Ua;yp = R‘Samug. ]
What does the last equation reduce to in the Newtonian limit (weak gravity) with Tos = puqug?

2. A perfect fluid has 4-velocity u® which is tangent to the fluid flow lines (the integral curves of u®)
and which satisfies u®u, = —c?. If the fluid has particle number density n, density p and pressure p, then
the particle flux density N and energy-momentum tensor 7% are given by

NO — nua7 Taﬁ _ (p—|—p/02)uau6 _|_pgozﬁ7
and both are conserved: V,N® = VT = 0.

(i) If the fluid has zero pressure, show that V,(pu®) = 0 and that the fluid flow lines are geodesics.
Show also that p/n is constant on each such geodesic.

(i) If the fluid has pressure, find an expression for V,(pu®) and show that

1 o (07 1 «
(p+ ij)uﬁvﬁu + V% + 22U uﬁV[gp =0.

3. Consider a perfect fluid, with definitions and notation as in question 2, and a static, weak-field metric
of the form given in question 1, but with g;; = d;;. In the Newtonian limit, ¢/c? ~ v?/c? < 1, where v is
a typical speed, so that u® = (¢,u). Show that, to lowest order,

on
5 +V-(nu) =0,

where V is the usual vector operator in 3-dimensional flat space. What is the corresponding equation for
p? Show that, in the Newtonian limit, puﬂui;g = —p; (1=1,2,3) and hence that
ou

1
a+(U’V)U— 7V¢)75Vp.
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4. The Friedmann-Lemaitre-Robertson-Walker (FLRW) metric with ¢ = 1 is given by:

2 32 2 2 7002
ds® = —dt* + a(t) (l_kTQ—f—rdQ)
and @1 k) 2,
3(a” + 2aa + a* +

Cu=""p— Cr=""7 g

For a dust universe with T}, = p, show that pa® = py, where py is a constant.

(i) In the case k = 0, show that aa®> = A%, where A is a constant, and deduce that the universe expands
for ever. Without further calculation, explain how this conclusion is affected in the case k < 0.

d 1
(ii) In the case k > 0, we define a new time coordinate n by dit? = oo where R? = k. Derive the
a
equations
a(n) = B(1 —cosn), t(n) = BR(n — sinn),

where B is a constant, and hence show that the universe recollapses within a finite time.

(iii) For the solution in (ii), set » = Rsiny in the line element and use the formula for the 3-space volume
element

AV = (gyx 900 o) *dx db d¢

to determine the volume of the universe at a given scale factor (the angular coordinates run from 0 to =
for x and 6, and from 0 to 27 for ¢). Hence find the maximum volume in terms of MG, where M is the
total mass of the universe, and use dimensional analysis to restore the dependence of the result on c.

5. Obtain the geodesic equations for the closed (k = 1) FLRW dust universe, using 7, x, 0, ¢ coordinates

and show that there are null geodesics with § = x = %77. How many times can a photon encircle the

universe from the time of creation to the moment of annihilation?

6. Show that the Einstein-Maxwell equations (i.e. the Einstein equations with energy momentum tensor
for an electromagnetic field 7% = F(WFﬁ7 — %FV‘;Fngaﬂ) can be written

Rag = t(Fory Fg" — LgapFo s FY0).

For a line element of the form
1
f(r)

the only non-zero components of the Ricci tensor are given by

Ru/(Pf)=—fRy =Lf"+ f'/r, Rop= Ryp/sin®0=1—rf —f.

ds® = —f(r)2dt? + ——dr* + r*(df* + sin® 0 dp?) ,

In the case

Fy. = —F, = Qz and F,3 =0 otherwise,
r
show that a solution can be found that reduces to the Schwarzschild solution when @ = 0.

Find an analogous solution in the case Rog = Agag.
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7. For the Schwarzschild metric, a retarded time coordinate v is defined by u = ¢t — r*, where
dr/dr* = F(r) =1—2M/r. Show that, with this definition, the line element can be written

ds® = —F du? — 2du dr + r*(d6? + sin® 0 d¢?) .

Consider a spacecraft that is freely falling radially into a Schwarzschild black hole, with 4-velocity V¢
and proper time 7. The spacecraft emits monochromatic radio signals, of wavelength \., which propagate
radially outwards and are received, with wavelength \,, by a distant observer who is at rest with respect
to the Schwarzschild coordinates.

Show that

No Aty  Au,  Au. V"
X AT AT AT ¢
where, for example, At, is the proper time interval during which the observer receives one cycle of the
signal and A7 is the time for the spacecraft to emit one cycle.

Now show that V,, = —K, where K is a constant, and that

K2 2
V":K+ I;; F‘C7 Vr:_/KQ_FCQ.

Deduce that on the world line of the spacecraft near the horizon du/dr ~ —2/F, and that u ~ —2r*
and F ~ e~ u/(4M),

Conclude that, just as the spacecraft is about to cross the event horizon, the observer sees the frequency
red-shifted with an observer-time dependence x exp(—ct/(4M)).

8. Show that, for an observer with proper time 7 moving in the Schwarzschild spacetime,
? = Fc*i? — 2 JF — r?(02 + sin? 0 ¢?),

where ¢ = dt/dr etc., and F = 1 — 2M/r. Show, that for an observer within the Schwarzschild horizon,
72 > —c?F however the observer moves. Deduce that any observer crossing the Schwarzschild horizon will
reach r = 0 within a proper time wM/c.

9. Let M be the torus (S* x S') and define the metric go5 on M by
ds* = sinf (d¢? — db?*) + 2cosfdfdg,
where 0 < 6 < 27 and 0 < ¢ < 27. Show that, for a null geodesic,
& + 2(]59C0t9 —0*=0,

where dot is differentiation with respect to an affine parameter, and deduce that the curves given by
¢ = —21Insin(6/2) + ¢g and ¢ = —21Incos(6/2) + ¢o are null geodesics. Use another first integral of the
Euler-Lagrange equations to show that in both cases § = pA, where A is an affine parameter and p is a
constant.

Show that one family of null geodesics wraps round the torus an infinite number of times within a
finite range of the affine parameter, never reaching the null curve 8 = 27, and that the other family of
null geodesics crosses this curve.

Is this space geodesically complete? Is the Riemann tensor well-behaved (no calculation required)?
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10. (i) A weak gravitational field has the spacetime metric gag = Nas + €hap + O(€?), where 145 is the
Minkowski metric and e is small. Show that

Ropys = 5€(haspy + Pay.as — hav.ps — hpsay ) + O(€9).

Let h = h?., and define hag = hag — $h1ag. Check that hag = hag — hnes where b = I
that

~, and show

Rag = %6( 7[‘%0‘5 + Eoﬂﬁfy + Eﬁw,(yy + %77043 DE) + 0(62),

where O = 1?9, 0. What is the linearised vacuum Einstein equation for h,s?

(ii) An infinitesimal coordinate transformation, which is also known as a gauge transformation, is given
by % — z% — ¢f*(z). Show that

hag = hag + fag + fa,a + O(e),

but that the curvature tensors are unchanged to leading order in €. Deduce that if f* is chosen to satisfy
afe = —ho‘ﬁﬁ, then in the new coordinates the gauge condition h"“ﬂﬁ = 0 holds. Conclude that, with
this choice, the linearised vacuum Einstein equation for weak fields is the wave equation:

OTras = 0.

(iii) Consider a gravitational wave solution hap = Heap %57’ with H,3~ = 0 (note: this is an ansatz

for hag, not hag). Show that, in order to satisfy both the linearised Einstein equation and the gauge
condition in (ii), % must be a null vector and H,gk® = %kaHﬁB must hold.

(iv) Corresponding to the remaining freedom to make gauge transformations, show that there is an arbi-
trariness in the solution given by Hog — Hap + kavg + vokg for any v,. How many degrees of freedom
are there for a gravitational wave propagating in a given direction k*? If k% = k(1,0,0, 1), show that we
may take the independent components of H,s to be Hyy = —Hos and His = Hoy.
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