Dynamics of Astrophysical Discs Mathematical Tripos, Part 111
Professor Gordon Ogilvie Lent Term 2020

Lecture 3: Global and local views

In the global view of an astrophysical disc we consider the full disc, usually in cylindrical polar
coordinates (1, ¢, z).

In the local view (known as the local approximation, local model, shearing sheet, shearing box,
Hill’s approximation, etc.) we consider a small volume of the disc in the neighbourhood of an orbit-
ing reference point, using local Cartesian coordinates (z,y, z) in the radial, azimuthal and vertical
directions.

3.1. Local view of orbital dynamics

Select a reference point in a circular orbit of radius ry in the midplane. The orbit has angular velocity
Qo = Q(rg), etc. (We drop the subscript ‘c’ on properties of circular orbits, but use a subscript ‘0’
for the time being to indicate evaluation on the reference orbit.)

Introduce local coordinates (z,y, z) through

r=ry+x, ¢:Q0t+£, z =z
To
Expand the Lagrangian for a particle of unit mass,
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to second order in (z,y, z) to obtain
L:L0+L1+L2+...,

where
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Ly = B (([CQ + 3]2 + 22) + 2Qpxy + 59(2)352 - §q)rr0$ - §®zz02 :

The terms Ly (a constant) and L; (a total time-derivative) make no contribution to Lagrange’s
equations and generate no motion. For small (z,y, z), the motion is dominated by L.

Lo is separable into horizontal and vertical parts:
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LQ = Lh + Lv = § (.Z'2 + yQ) + 2Qo.Z'y — 5(@7«7»0 - Q(Z))$2:| + |:§Z2 - §(I)ZZ022:| .

The motion due to Ly is
= 290?/ - (q)rrO - Q(Q))xv

zZ= —(I)ZZ()Z.



At this level of approximation, (z,y,z) may be interpreted as Cartesian coordinates in a frame
rotating with the orbital angular velocity 2. The equation of motion includes the Coriolis force and

the tidal potential

1 1
CI)t - §(q)rr0 - Q(Q))a72 + §(I)zz022;

which comes from the expansion of the sum of the gravitational and centrifugal potentials, ® — %Q%’rz
to second order in (z, z).

From the radial force balance,
®,(r,0) = rQ? = ®,,(r,0) = Q? — 208,

so the tidal potential is
1
(I)t = —QOSO.Z’Z + 593022
In practice the orbital shear S > 0, so ®; has a saddle point at the origin.

Rewrite the equations of motion in the local view as

T — QQOy = 29050.%,

Three conserved quantities are
0L,
Py = =y + 2007,
y = ay
oL 1
ZQZ Ly = (7% + %) — QoSo?,
0q; 2
oL 1
v = z_v - Lv = 3 + Q2

These can be related to the expansions of A and ¢ in the local view. Consider the conserved quantities
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= constant + 3 (&* + 97 + 2%) — QoSoz* + 5930,22 + - (exercise).

The local representation of the family of circular orbits in the midplane is
T = constant, y = —Sox, z=0,

which can be interpreted as an orbital shear flow with shear rate Sy = ¢o€2y. Note that, in the
rotating frame of the local view, the Coriolis force balances the tidal force for these orbits.



To obtain the general solution of the local equations of motion, note that

& — 200(p, — 20%z) = 22 Soz
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for some real constant x; and complex oscillation amplitudes A and B. These are the local rep-

resentation of (slightly) eccentric and inclined orbits. The three conserved quantities evaluate to
(exercise)

Py = (290 - 50)960,
_ 1o 2 So 2

1

Having derived the local model, we usually omit the subscript zero on €2, S, Q,, ., etc. These
quantities are regarded as constants, evaluated at rg.



3.2. Symmetries of the local model

The local view has some symmetries inherited from the global view:

e Translational symmetry in y: y — y + ¢

e Reflectional symmetry in z: z +— —2
It has additional symmetries not present in the global view:

e Translational symmetry in x (when combined with a Galilean boost in y):

x—x+c, y+—y — Spct

e Rotational symmetry by 7 about the z axis (we cannot tell the inside from the outside):

T — —x, Y= =Yy

e e,

e Scale-invariance (no characteristic length-scale, because we zoomed in to scales < rg):

X X
e Separability of horizontal and vertical dimensions

The combination of translational symmetries in x and y means that the local model is horizontally
homogeneous.

Exercise: Interpret the motion of a test particle in the local approximation for a Keplerian disc
(Q,. = Q, = Q). Starting with the case in which g = 0 and B = 0 but A # 0, show that the epicyclic
motion consists of a retrograde ellipse with an axis ratio of 2. Show that including B # 0 produces
a tilted ellipse, and that including xg # 0 makes the centre of the ellipse (the guiding centre of the
epicycle) drift in the azimuthal direction at the orbital shear rate.



