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2.2.3.  Induction equation
The steady induction equation in ideal MHD,
V x (ux B)=0,
implies
uxB=—-—FE=VJ,,

where @, is the electrostatic potential. Now
ux B = (uy,+ugey) x (By,+ Bsey) = |eg x (ugBp — B¢up)] + [up X Bp} :
For an axisymmetric solution with 90®,/d¢ = 0, we have
u, X B, =0,
i.e. the poloidal velocity is parallel to the poloidal magnetic field. Let
pup, = kB,

where k is the mass loading, i.e. the ratio of mass flux to magnetic flux.

The steady equation of mass conservation is
0=V-(pu) =V - (pu,) =V - (kB,) = B, -Vk.

Therefore
k= k(1)
i.e. kis a surface function, constant on each magnetic surface.
We now have

qu k}qu
UXB:e¢X(U¢Bp—B¢Up): 7—W vw

Taking the curl of this, we find

kB
O:V(%——‘f’> X Vib.

r rp

Therefore
qu kB¢

)

r rp
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where w()) is another surface function, known as the angular velocity of the magnetic surface.

The complete velocity field may be written in the form

kB
U=—+Trwey,
P

i.e. the total velocity is parallel to the total magnetic field in a frame of reference rotating
with angular velocity w. It is useful to think of the fluid being constrained to move along

the field line like a bead on a rotating wire.

2.2.4. Thermal energy equation

The steady thermal energy equation for an ideal fluid,
u-Vs=0,

implies that

is another surface function.

2.2.5.  FEquation of motion

The azimuthal component of the equation of motion is

urugy 1 BBy
p(wp Vug + = )_MO (Bp VBy+—
1 1
P - V(rug) — WBP -V(rBg) =0
’f‘B¢
-B, -V | krug——— ] =0
Ho
and so B
B¢
rug = ——+4,
Y
where
t=L()

is another surface function, the angular momentum invariant. This is the angular momentum
removed in the outflow per unit mass, but part of the torque is carried by the magnetic field.
Finally, consider the kinetic energy equation formed from the inner product of u with

the equation of motion,

pu-V(3u?) = —pu-V® —u-Vp+u-(J x B).
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Now

u-Vp = pu-Vuw,

since u - Vs = 0. Therefore
pu-V(Eu?+ @ +w)=u-(J x B).
Consider the divergence of the Poynting flux,

1 1
V-(—ExB) =—(B-VxE—-E-VxB)

Ho Ho
=—-FE-J, (steady state)
=(uxB)-J (ideal MHD)
=—u-(J x B).

On the other hand
—E:uxB:rwe¢xB

and so
—E x B =rw(ByB — B’ey).
Thus B
rw rw
u-(JxB)=V- [— B,B — B’e } :B-v<—¢>.
( ) o Do ) 0
The steady kinetic energy equation is then
rwB
uy, -V Su? 4+ w— ¢>:0.
pUp <2 ,u()k
Therefore B
1,2 rwbe
su” + @+ w— =g,
2 pok
where
e=¢e(y)
is another surface function, the energy invariant.
An alternative invariant is
e =e—tw
1 2 rwBy ( 7’B¢>
=s5u"+P4+w-— —|rug— — |w
’ ok pok
= %uz—i-(I)—i-w—rquw
= %u% + Lug — rw)? + 0% + w,
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where
% = P — %WQT’Q

is the centrifugal-gravitational potential associated with the magnetic surface. One can then
see that ¢’ is the Bernoulli function of the flow in the frame rotating with angular velocity
w. In this frame the flow is strictly parallel to the field and the field therefore does no work
because J x B L Bandso J x B L (u—rweg).

The component of the equation of motion perpendicular to the magnetic surfaces has
not been used yet. This ‘transfield’ or ‘Grad—Shafranov’ equation ultimately determines
the equilibrium shape of the magnetic surfaces. It is a very complicated nonlinear partial

differential equation and cannot be reduced to simple terms. We do not consider it here.

2.2.6. The Alfvén surface
Define the poloidal Alfvén number (cf. the Mach number)

A=—2
VAp
Then ) )
42 Hopup ok
="p =,
P
and so A p_l/ 2 on each magnetic surface.

Consider the two equations

pugy = kBy + prw,

rB
TUg = MT/ZS + /.
Eliminate By to obtain
2w — A%
")
1 A%\ ¢
= (m) et (ﬁ) r
For A < 1 we have
Up R TW,

i.e. the fluid is in uniform rotation, corotating with the magnetic surface. For A > 1 we
have
l
Uy N —,
o~
i.e. the fluid conserves its specific angular momentum. The point 7 = ra (1)) where A =1 is

the Alfvén point. To avoid a singularity we require

(= T?Aw.
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