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2.5. Magnetohydrodynamic stability in the incompressible shearing sheet
2.5.1. Basic equations

For an incompressible shearing sheet of uniform density p, kinematic viscosity v and

magnetic diffusivity 7, the equation of motion and induction equation may be written
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ot dy Hop

B B
(— - 2Ax—> B+v-VB=-2A4B,e,+ B-Vv +1V’B,

ot Jy
where now
I 2
¢ =—+ sz
P
and
B2
M=p+ —
2410

is the total pressure (gas plus magnetic). The velocity perturbation and magnetic field are
both solenoidal,
V-v=V-B=0.

A simple solution with a uniform magnetic field is
v =0, 1) = constant, B = B(t),

with

B, = constant, By = Byo — 2AB,t, B, = constant.

(© GIO 2005 61



2.5.2.  Dispersion relation
Consider the stability of this solution to sheared plane-wave disturbances. Let
v = Re{o(t) exp[ik(t) - 7|},
¥ = Re {$(t) explik(t) - 7]}
B =B(t) + Re {B(t) exp [ik(t) - 'r]} ,

with dk
E = 2Al€y €.

The wave amplitudes satisfy

4o S .
94, e, + 290 x b = —ik) + — (ik - B)B — vk,
de Lop

dB ~ 1 B\ A
Fra —2AB, e, + (ik- B)v — nk*B,

ik-v=ik-B =0.

Again, the nonlinear wave-wave self-interaction terms vanish.

The background field B affects the dynamics only through the Alfvén frequency
wa =k -va = (uop) %k - B,

which is constant:

d _ _ _
&(k -B) = 2Ak,B, — k,2AB, = 0.

wp measures the restoring effect of magnetic tension on the disturbance.
The analysis of general disturbances is difficult. Consider purely horizontal disturbances

with a purely vertical wavevector:

ke=ky =0, ©,=B.=14=0.

The equations have constant coefficients and admit solutions of an exponential form o

exp(—iwt), where w is the frequency eigenvalue. Instability occurs if
Im(w) > 0.

We obtain
—iwd, — 200, = iwab, — VE*T,,
—iwdy +2(Q — A)v, = iwABy - 1/]{:217y,
—iwb, = 1WAV, — nkz%x,
—iwgy + 2A4b, = lwp Ty — nkzl;y,
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where b = (,uop)_l/ 2B. For a non-trivial solution, w must satisfy the magnetorotational

dispersion relation

—iw + vk? —2Q —iwa 0
det | 22-4) —iw+ vk? 0 , —iwa | _,
—iwa 0 —iw + nk 0
0 —iwa 24 —iw + nk?

which simplifies to
2
(w + Wk?) (w4 ink?) —wd | —42Q — A)(w + ink?)? — 4QAw3 = 0.

Recall that 4Q(Q — A) = x2.

In the absence of a magnetic field,
w ==tk — iV]CQ,
the combination of an inertial oscillation (if k2 > 0) with viscous damping.

2.5.83. Ideal case

In the ideal case v = 1 = 0, the dispersion relation is a quadratic equation for w?,

wh — (2w} + K?)w? + WA (Wi — 4QA) =0,

with solutions

9 2 1/2

Assume that £ > 0, since otherwise the flow is already hydrodynamically unstable according
to Rayleigh’s criterion. Both roots are then real, and the sum of roots is positive. Therefore
at least one root is positive. Instability occurs if and only if the product of roots is negative,
ie. if

dQ

—2rQ— > wi.
T d’l“>wA

This is the magnetorotational instability (MRI). The unstable mode corresponds to the root
1/2
2_ 2 1.2 16wy ©2° /
W = Wp + Qli 1-— 1 + T

The maximal possible growth rate (as a function of k) is obtained by minimizing this ex-

pression with respect to wi:

K2 KA

—1/2
O 40?2 ( 16wi§22> /
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which implies

2 K
WA = — W
and
(wz)min = —AQ.

Therefore the maximal possible growth rate is the Oort parameter (shear rate) A. For a
Keplerian disc (k = ) the maximal growth rate is %Q and the optimal vertical wavenumber
is

VL)
16 va
In the limit B, — 0 this corresponds to a smaller and smaller length scale. Ultimately

diffusion will become important.
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